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We derive duality assertions for vector optimization problems in real linear spaces based on a
scalarization using recent results concerning the concept of relative solidness for convex cones (i.e.,
convex cones with nonempty intrinsic cores). In our paper, we consider an abstract vector opti-
mization problem with generalized inequality constraints and investigate Lagrangian type duality
assertions for (weak, proper) minimality notions. Our interest is neither to impose a pointedness
assumption nor a solidness assumption for the convex cones involved in the solution concept of
the vector optimization problem. We are able to extend the well-known Lagrangian vector duality
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such a setting.
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1. Introduction

Duality theory is a fundamental tool in mathematics. Particularly, the dual varia-
tional principles of Dirichlet and Thompson or duality statements in linear or non-
linear convex optimization (for instance in approximation theory) are very useful
from the theoretical as well as computational point of view. It could be beneficial
to consider a dual problem to a given optimization problem if the dual problem has
(under additional conditions) the same optimal value as the given primal optimiza-
tion problem. In particular, a solution of the dual problem could be determined
with other methods of variational analysis or numerical mathematics. The objective
function values of feasible elements of one problem generate bounds for the objective
function values of the other problem. Duality statements can be used in order to
derive effective primal-dual algorithms for solving the given optimization problem.
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Moreover, there are important interpretations of the dual variables, instancing the
Lagrangian method, saddle points, equilibrium points of two person games, shadow
prices in economics, perturbation methods or dual variational principles.

Certainly, the advantages mentioned above require an appropriately constructed
dual program. Anyway, these advantages are incentive enough, to look for dual
problems in vector optimization with corresponding useful properties too. There
are a lot of books and (survey) papers, which are dedicated to that aim (see for
instance Adan and Novo [3], Breckner [8], Jahn [23], [24], [25], Bot and Grad [4],
Bot, Grad and Wanka [5], Bot and Wanka [7], Herndndez, Léhne, Rodriguez-Marin
and Tammer [21], Lohne [28], [29], [30], Luc [32], Sawaragi, Nakayama and Tanino
[39] and references therein).

In scalar as well as in vector optimization, there are three important approaches to
construct a dual problem (see Luc [32]):

o Conjugation,
o Lagrangian,
e Axiomatic Duality.

Specifically in vector optimization, one has to take care how to handle the structure
of the "inner” optimization problem in the Lagrangian and Conjugation approach.
Nevertheless, there is no unified approach to dualization in vector optimization.
Naturally, the solution of a vector optimization problem is not a singleton, but in
general it is a set of efficient elements. This leads to difficulties since by solving
the "inner” optimization problem in the Lagrangian or Conjugation approach, one
obtains a set of solutions. Furthermore, the definition of infimum (or supremum) of
a subset of a partially ordered space performs an important role in the progress of
duality theory in vector optimization. An interesting discussion of these aspects is
presented by Pallaschke and Rolewicz in [36] and by Nakayama in [34].

There are at least three essential ideas which are employed for overcoming the chal-
lenges that arise when generalizing well-known duality statements from scalar opti-
mization theory to vector optimization in the literature (see Lohne, Tammer [31]):

1. The first idea and a very popular approach is the employment of a scalarization
in the formulation of the dual problem (see Schonfeld [40], Breckner [8], Breckner
and Kolumbén [9, 10], Jahn [23, 24, 25], Bot, and Grad [4], Bot, Grad and Wanka [5,
Chapter 4], Gopfert, Riahi, Tammer and Zalinescu [15], Gutierrez, Huerga, Novo and
Tammer [19] and references therein). Separation results, scalarization techniques
and well-known duality assertions from scalar optimization are applied in order to
develop appropriate dual problems for the primal vector optimization problem, to
show duality statements or in order to solve the dual problem. This procedure is
applied in the proofs of duality statements in many papers (see e.g. [5], [7] and
references therein). Nevertheless, this approach has the disadvantage that even
in the case of linear vector optimization a duality gap may arise, while the usual
assumptions for duality statements are satisfied as shown in [20] (see also Bot,
Grad and Wanka [6], Luc [33]). In order to close the duality gap, one has to
add assumptions that are not necessary in duality theory for scalar optimization
problems.
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However, especially in the convex case, it is possible to derive useful duality asser-
tions, corresponding optimality conditions and primal-dual algorithms based on a
scalarization by linear functionals. The advantage of this approach is the beneficial
structure of the dual problem and the formulation of the duality assertions for the
natural solution concepts ((weak, proper) efficiency) of the primal and dual vector
optimization problem.

2. Taking into account the observation that a dual vector optimization problem is
naturally set-valued, a second category of dual problems is derived in the literature
(see Bot, Grad and Wanka [5, Chapter 7], Corley [11], Luc [32], Nakayama [34],
Tammer [42], Dolecki and Malivert, [12], Pallaschke and Rolewicz [36], Song [41],
Hamel, Heyde, Lohne, Tammer and Winkler [20], Sawaragi, Nakayama and Tanino
[39], Tanino [43, 44], Tanino and Sawaragi [45]). In these papers, duality statements
for vector optimization problems are derived without a scalarization "from the begin-
ning”. Rather, the dual problem is considered as set-valued optimization problem.
By embedding the primal problem into a family of set-valued optimization problems
depending from perturbation parameters and employing an extension of Fenchel’s
inequality, Tanino [44] has shown weak duality assertions taking into account the
set-valued structure of the primal and dual vector optimization problem. Moreover,
employing the relationship between a map and its biconjugate, Tanino has derived a
strong duality statement. Furthermore, a set-valued approach in combination with
Lagrangian techniques and perturbations of marginal relations is employed in order
to prove duality statements for general vector optimization problems (where the
solution concept is given by a transitive, translation-invariant relation) by Dolecki,
Malivert in [12].

Duality assertions in this approach are (mostly) formulated for solutions of set-
valued optimization problems that are more complicated to generate than solutions
of vector optimization problems.

3. Based on solution concepts with respect to the supremum and infimum in the
sense of a vector lattice, a third type of dual problems in vector optimization is
discussed in the literature. In order to prove duality assertions, Pallaschke and
Rolewicz [36] supposed special conditions concerning the order in the image space.
Employing corresponding notions of infimum and supremum in the sense of utopia
minimum (maximum), a duality theory for objective functions with values in vector
lattices is derived in [36]. Solution concepts based on infimal (supremal) sets are
introduced in the paper by Nieuwenhuis [35]. For these solution concepts, Nieuwen-
huis [35] and Tanino [43, 44] developed a duality theory. The solution concepts
based on infimal sets are closely connected to the concept of weakly efficient ele-
ments. An extension of these concepts to infimal sets being tightly related to other
kinds of efficiency is studied by Dolecki and Malivert in [12]. Léhne and Tammer
[31] discussed an embedding of the image space of the vector optimization problem
into a complete lattice without linear structure, namely a sublattice of the power
set of the original image space. In [31], the primal and dual problems are set-valued
optimization problems and hence interconnected with the approach of the second
category.

Also in the lattice approach to duality, the duality assertions are not formulated for
the natural solution concepts ((weak, proper) efficiency) in vector optimization.
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Although there are relationships to the natural solution concepts in vector optimiza-
tion (see Lohne [30, Section 3.5]), set-valued terms are involved in the formulation
of the dual problem.

The duality statements in our paper are related to the first approach based on a
scalarization. As already mentioned, the advantage of this approach is that the
statements are formulated for the natural solution concepts ((weak, proper) effi-
ciency) in vector optimization. Furthermore, the approach based on scalarization
leads to useful and applicable optimality conditions that can be employed for deriv-
ing primal-dual algorithms, especially proximal point algorithms or geometric algo-
rithms for solving vector-valued location problems (see [15, Chapter 4]). Predicated
on a scalarization, we develop our duality assertions using a real-valued Lagrangian
function.

Taking into account these advantages, we follow the approach to duality by Jahn
23, 24, 25] based on a scalarization for problems with linear topological image spaces.
Because there are interesting applications for entropy problems, in mathematical
finance and risk theory, we derive our results for vector optimization problems where
the objective function takes its values in a linear space. Especially, in game theory
(see Example 4.23) the problems are studied in such general framework. Futhermore,
in arbitrage theory (see the class of financial market models in [37, Section 2], and
Riedel [38]), the investigations are done in the framework of general real linear spaces
of financial positions instead of linear topological spaces to improve the applicability
for practical purposes. Moreover, in the literature related to monetary measures of
risk (see Follmer and Schied [14]), the class of capital positions is adopted to be the
linear space of bounded functions containing the constants.

We employ solution concepts formulated with respect to domination structures
where generalized algebraic interior notions (the relative algebraic interior (or the
intrinsic core) and the lineality space of a convex cone) are involved (recently de-
veloped by Gunther, Khazayel and Tammer in [18], compare also Adédn and Novo
[1, 2], Grad and Pop [17]). Our intention is to consider problems, where nonpointed
cones are considered. For example, such problems arise in game theory (see Example
4.23). Furthermore, problems with nonpointed cones are also discussed in the book
by Grad [16]. Moreover, we approve that new generalized convexity assumptions
are fulfilled and suppose generalized regularity assumptions in the context of our
algebraic interior notions in order to prove novel strong duality statements.

2. Preliminaries

Throughout the paper, let E # {0} be a real linear space, and let
E'={2'": E— R |2 is linear}

be the algebraic dual space of E. It is well-known (see, e.g., Khan, Tammer and
Zalinescu [26, Sec. 6.3]) that E can be endowed with the convex core topology 7.
(which is the strongest locally convex topology on E), that is generated by the family
of all the semi-norms defined on E. According to [26, Prop. 6.3.1], the topological
dual space of E, namely (E,7.)*, is exactly the algebraic dual space E'.
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In what follows, R, denotes the set of nonnegative real numbers, while P := R, |
denotes the set of positive real numbers. For any two points x and  in E, the
closed, the open, the half-open line segments are given by

2,7 = {1 =Nz + AT | A€ 0,1}, (2.7):={(1-Nz+)F| e (0,1)}
2,7) = {(1 =Nz + AT | A€ [0, 1)}, (2.7 = {(1— Nz +IF|Ae (0,1}

Consider any set {2 C FE. Let the smallest affine subspace of E containing {2 be
denoted by aff Q. The following two (algebraic) interiority notions will be of special
interest (c.f. Holmes [22, pp. 7-8]):

e the algebraic interior (or the core) of Q, which is given as
corQ:={xeQ|Vve FEJe>0: z+[0,¢]-vCQ},
e the relative algebraic interior (or the intrinsic core) of €2, which is defined by
icorQ:={xeQ|Vveaff(Q—-Q)Ie>0: x+[0,e]-vCQ}.
Recall that € is solid if cor Q # (); relatively solid if icorQ # 0. It is well-known

that

icor if aff Q = F|
cor{) =
0 otherwise,

and if € is relatively solid,
corQ+#() < aff Q=F.

The algebraic closure of ) is defined using all linearly accessible points of  (c.f.
Holmes [22, p. 9]) as

aclQ:={rx e E|3T€Q: [T,2) CQ}.
It is well-known that
int,;, Q Crint,, Q CicorQ) CQ CaclQ2 Cecl, Q2 CaffQ,

where cl; €, int, ) and rint, {2 denotes the closure, the interior and the relative
interior of ) with respect to the convex core topology 7., respectively. As usual, a
set Q C FE is said to be convex if (z,z) C Q for all z,z € Q. Having a convex set
() C E, it is known that

acl2 Ccl, 2, corQ=int, Q, icor()=rint, €,

where all stated sets are convex as well. If, in addition, 2 is relatively solid, then
we have

acl Q) = cl,, .
Recall that (2 is algebraically closed if acl 2 = §2; 7.-closed if cl,, 2 = Q.

The following separation result will be used later for proving our main strong con-
verse duality theorem (see Theorem 4.14 and Lemma 4.12).
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Proposition 2.1. Assume that 2 C E is conver and 7.-closed set, and x € E.
Then, the following assertions are equivalent:

1° z¢qQ.
2 Jd'eF,aceRVweQ: 2(r) <a <2 (w).

Proof. Applying a separation result by Jahn [25, Th. 3.18] for the space (E, 7.),
we easily get this proposition. [

Recall that a cone K C E (i.e.,, 0 € K =R, - K) is convex if K + K = K; nontrivial
if {0} # K # E; pointed if /(K) := KN (—K) = {0}. The set £(K) is known as the
lineality space of K. Notice that ¢(K) C K C aff K, and K is a linear subspace of
E if and only if K = ((K).

In the sequel, we assume that

K C FE is a convex cone with K # ((K). (1)
The (algebraic) dual cone of K is defined by

Kt ={d e F|Vke K: 2'(k) > 0}.

It is well-known that acl K+ = Kt = (aclK)™ = (cl,, K)™. Moreover, if K is
relatively solid, then

04 K" \UK")={2' € E'|Vk€icorK : 2/(k) >0}
= {2’ € K"\ {0} | 3k € icor K : 2'(k) > 0}
(see Khazayel et al. [27, Th. 4.8 and Rem. 5.8]). Moreover, we have
P-(KT\UKT)) = KT\UKT) = (KT\UKT)+(KT\UKT)) = (KT\(KT))+ KT,

hence K1\ /(K ™) is convex. If K (respectively, K1) is solid, then Kt (respectively,
K) is pointed. Let us further define the following two subsets of K,

K#*:={y e B'|Vke K\ {0}: ¢/(k) >0},
KY:={y e B|Vkec K\UK): y/(k) >0} C K"\ LK.
It is easy to check that
P-K#* = K#* = K#* 4+ K* = K*+ Kt and P-K®=K%=K“K%=K*yK*,

hence K# and K% are convex sets. Obviously, we have

K K% if K is pointed,
0 otherwise.

Lemma 2.2. [27, Th. 4.1, Cor. 4.5] Suppose that K is T.-closed and satisfies (1).
Then, the following assertions hold:

1°  dcor Kt C K%,
2°  If E has finite dimension, then icor K* = K.
3°  If K* is relatively solid, then K is pointed < K7 O K% < K% #£ (.
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3. Vector optimization

Let us assume that a real linear space E is preordered by a cone K such that (1) is
fulfilled. It is well-known that K induces on E a preorder relation <y defined, for
any two points y,y € E, by

YSgy <= yey—K.

For notational convenience, we consider the binary relations <x and <y that are
defined, for any two points y,y € F, by

y<gy = yecy—(K\{(K)),
Yy<gy &= yEy—icorkK.

3.1. Minimality concepts

Consider any nonempty set ¥ C E. We are going to recall definitions of some
minimality concepts in vector optimization (see Jahn [25, Ch. 4] or Khan, Tammer
and Zalinescu [26, Sec. 2.4] for an overview).

Definition 3.1. (Minimality) A point § € Y is said to be a minimal element of
Y w.rt. K if for any y € Y the condition y <y ¢ implies § < y. The set of all
minimal elements of Y w.r.t. K is denoted by

MIN(Y,K) ={geY |VyeY :y<kxky = 9§ =k y}

Notice that MINY,K)={geY |ByeY : y<kT7}

Definition 3.2. (Weak minimality) A point § € Y is said to be a weakly minimal
element of Y w.r.t. K if there is no y € Y such that y <x 7. The set of all minimal
elements of Y w.r.t. K is denoted by

WMIN(YY,K) = {FeY |AyeY : y<kT}

As usual for Henig-type proper efficiency concepts (see Giinther, Khazayel and Tam-
mer [18]), (generalized) dilating cones for the cone K (which satisfies (1)) will play
an important role. The considered proper efficiency concepts in this paper will be
based on two specific families of convex cones

C(K):={C C E|C is a convex cone with K \ {(K) CicorC and C # ¢(C)}
and
D(K):={D C E | D is a nontrivial, convex cone with K \ ¢(K) C cor D}.

It is easy to check that D(K) C C(K), and K C acl(K \{(K)) C acl(icor C) = aclC
for C € C(K), as well as K C acl D for D € D(K).

Definition 3.3. (Proper minimality in the sense of Henig) A point 5 € Y is said
to be a classical Henig properly minimal element of Y w.r.t. K if thereis D € D(K)
such that 7 € MIN(Y, D). The set of all classical Henig properly minimal elements
of Y w.r.t. K is denoted by PMIN,(Y, K).
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In particular, we like to consider the following Henig-type solution concept, which
was recently studied by Giinther, Khazayel and Tammer [18] in more detail.

Definition 3.4. (Extended proper minimality in the sense of Henig) A pointy € Y
is said to be a Henig properly minimal element of Y w.r.t. K if there is C' € C(K)
such that 7 € MIN(Y,C). The set of all Henig properly minimal elements of Y
w.r.t. K is denoted by PMIN(Y, K).

Next, we present some important relationships between the considered solution con-
cepts.

Lemma 3.5. Suppose that K satisfies (1). Then, the following assertions hold:
1° PMIN.(Y, K) C PMIN(Y, K) C MIN(Y, K) C WMIN(Y, K).
2 IfC(K)=D(K) (e.g., if K is solid), then PMIN.(Y, K) = PMIN(Y, K).
3 IfCK)=0 (= DK)=0 < K¥=10), then

PMIN, (Y, K) = PMIN(Y, K) = (.
4° PMIN.(Y,K) = UDGD(K) MIN(Y, D) = UDGD(K) WMIN(Y, D).
5° PMIN(Y,K) = UOec(K) MIN(Y,C) = UCEC(K) WMIN(Y, C).

K
K

Proof. This lemma is a direct consequence of Giinther, Khazayel and Tammer
[18, Lem. 4.3 and 4.4] by application to the identity mapping f = idg on E and
Q=Y. Il

Lemma 3.6. Suppose that K is relatively solid and satisfies (1). Then, the following
assertions are satisfied:

1° WMIN(YY,K)=WMIN(Y+K,K)nY, MIN(YY,K)=MIN(Y+K,K)NY,
PMIN.(Y, K) = PMIN.(Y+K,K)NnY, PMIN(Y,K) = PMIN(Y+K,K)NY.
2°  If K is pointed, then
WMIN(Y, C) = WMIN(Y + K,C) for any C € C(K),
MIN(Y, K) = MIN(Y + K, K),
PMIN.(Y, K) = PMIN.(Y + K, K), PMIN(Y, K) = PMIN(Y + K, K).

Proof. 1° It is easy to check that we have WMIN(Y, K) € WMIN(Y + K, K),
MIN(Y, K) € MIN(Y + K, K), PMIN,(Y, K) € PMIN,(Y + K, K) and finally
PMIN(Y, K) € PMIN(Y + K, K) taking into account some ideas used in the proofs
of [18, Th. 5.4 and 5.5] (with f:=idg and Q :=Y). Since Y C Y + K, we directly
get the reverse inclusions in 1°.

2° Assume that K is pointed. First, we show that MIN(Y + K, K) C Y. Consider
z€ MIN(Y + K,K), ie., z=y+ k forsome y € Y and k € K. If £ € K\ {0},
theny € y+k— K\ {0} = z— K\ {0}, hence z ¢ MIN(Y + K, K), a contradiction.
Thus, z =y €Y.

Let us show that WMIN(Y + K,C) = WMIN(Y,C) for any C € C(K). As in
the proof of [18, Th. 5.2] (with f := idg and Q := Y), we have the inclusion
WMIN(Y, C) C WMIN(Y + K, C). Consider = € WMIN(Y + K, C), i.e., z =y + k
for somey € Y and k€ K. If k € K\ {0}, theny € y+k— K\ {0} Cz—icorC,
hence z ¢ WMIN(Y + K, C), a contradiction.
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Thus, z = y € WMIN(Y + K,C)NY € WMIN(Y, C).
Finally, using Lemma 3.5 (5°) we get

PMIN(Y,K) = | ) WMIN(Y,C)= [ ] WMIN(Y + K,C)
Cec(K) CeC(K)

— PMIN(Y + K, K).

Similarly, since D(K) C C(K) we get PMIN.(Y, K) = PMIN.(Y + K, K) taking into
account Lemma 3.5 (4°). O

In the next lemma, we state some localization results for weakly minimal elements:

Lemma 3.7. Suppose that K is relatively solid and satisfies (1). Then, the following
assertions are satisfied:

1° IfK Caff(Y —Y), then WMIN(Y, K) C Y \ icor Y.

2°  IfY is solid, then WMIN(Y, K) CY \ corY.

3°  WMIN(Y, K) CY \icor(Y + K).

4°  If K is solid, then WMIN(Y, K) CY \cor(Y + K) =Y \ (Y + cor K ).

Proof. All assertions follow from Giinther, Khazayel and Tammer [18, Lem. 3.3]
(with f :=1idg and Q :=Y). N

In our vector dual problems (see Section 4), we will be interested to find maximal
elements of a dual image set Y C E w.r.t. the convex cone K. Thus, it is convenient
to define the following sets

MAX(Y, K) := MIN(Y, —K), WMAX(Y, K) := WMIN(Y, —K),
PMAX,(Y, K) := PMIN.(Y, - K), PMAX(Y, K) := PMIN(Y, — K).

3.2. Linear scalarization

Our vector duality approach will be based on the employment of a linear scalariza-
tion in the formulation of the dual problem. Scalarization concepts and well-known
duality assertions from scalar optimization are applied in order to develop appro-
priate dual problems for the primal vector optimization problem, to show duality
statements or in order to solve the dual problem. Therefore, in this section we recall
known linear scalarization results.

Consider any nonempty set Y C FE. The following five propositions are direct
consequences of the results in [18].

Proposition 3.8. [18, Th. 5.1] Suppose that K satisfies (1). Then:

1° Foranyy € K*\{(KT), we have argmin, .y y'(y) € WMIN(Y, K).

2°  For anyy € K%, we have argmin,y y/'(y) € PMIN,(Y, K) € PMIN(Y, K).

3°  Foranyy € KT with argmin .y y'(y) = {7} for some €Y, we have
y € MIN(Y, K).

4°  Assume that K is pointed. For any y € K7, we have
argmin, .y 3'(y) € PMIN(Y, K) € PMIN(Y, K).
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Proposition 3.9. [18, Th. 5.2] Suppose that K is relatively solid and satisfies (1).
In addition, assume that Y 4+ K 1is relatively solid and convex. Then, the following
assertions hold:
1° WMIN(Y, K) C U argmin, .y y'(y).

y' €K T\{0}
2°  If K" is pointed, then

WMIN(Y, K) = U argmin, ey ' (y).

y'eK\{0}
3°  Ifye WMIN(Y,K) and g + icor K Cicor(Y + K), then
€

U argmin, ¢y v (y).
Y EKHT\L(KT)
4° If WMIN(Y, K) +icor K Cicor(Y + K), then

WMIN(Y, K) = U argmin, cy ' ().

Y EKT\U(KT)

N

Proposition 3.10. [18, Th. 5.3] Suppose that K satisfies (1), and Y + K is conver.
If either K and Y + K are relatively solid (e.g, if E has finite dimension) orY + K
1s solid, then

MIN(Y, K) C U argmin, .y y'(y).
y'eK\{0}

Proposition 3.11. [18, Th. 5.4] Suppose that K satisfies (1), and Y + K is convex.
Then:
1° PMIN,.(Y, K) = U argmin, ey ' (y).
y’EK&
2°  If K is T.-closed, and E has finite dimension, then
PMIN.(Y, K) = U argmin, ey ' (y).
y’ Eicor K+

Proposition 3.12. [18, Th. 5.5] Suppose that K is relatively solid and satisfies
(1). In addition, assume that Y + K is convex. Then:

1° Ify € PMIN(Y, K) and g + icor K Cicor(Y + K), then
y e U argmin, ey ' (y).
y’EK&
2° If PMIN(Y, K) +icor K Cicor(Y + K), then
PMIN(Y, K) = U argmin, .y ' (y).
y’GK&
3°  If K is 1.-closed, E has finite dimension, and
PMIN(Y, K) + icor K Cicor(Y + K),
then PMIN(Y,K) = | argmin,, ¢'(y).

y/ Eicor K+
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Remark 3.13. The previous five propositions can also be applied to the set Y + K
in the role of Y. Since K is a convex cone, we have Y + K + K =Y + K.

4. Duality for abstract vector optimization problems
4.1. Abstract vector optimization problem

Given two real linear spaces X and F, a nonempty feasible set {2 C X, and a vector-
valued objective function f : X — E, we consider the following vector optimization
problem:

(P) {f(a:) — min w.r.t. K

x €,

where the image space E is preordered by a cone K such that (1) is fulfilled. Natu-
rally, one is searching for (weakly, properly) efficient solutions of the problem (P),
i.e., one is interested to compute elements of

Bf(Q [ f, K) == [ MIN(f[Q], K)], WEf(Q| f, K) == f~ [WMIN(f[], K)],
PER(Q | £, K) = f~ [PMIN,(f0], K)], PE(Q| f,K) == f~ [PMIN([Q], K)].
In the following, we are primarily interested in computing elements of
MIN(f[Q], K), WMIN(f[Q], K), PMIN.(f[Q],K) and PMIN(f[Q], K),
but also the elements of the sets
MIN(f[Q]+ K, K), WMIN(f[Q]+ K, K), PMIN.(f[Q]+ K, K), PMIN(f[Q]+ K, K)
are of interest, where f[Q2] + K is known as the upper image of (P).

We assume that the feasible set in (P) has the following structure
Q:={zeQ|g(x) e -C},

where () C X is a nonempty, convex set, V' is a linear space endowed with the convex
coneC CV ,andg:Q — V.

Remark 4.1. If C is a nontrivial and convex cone in V', then g(x) € —C' in the
formulation of € describes generalized inequality constraints. By putting C' := {0y }
(hence C* = V), one could model the case of equality constraints since we have
g(x) € {0y} <= g(x) = Oy. In particular, the setting X := R", F := R™,
K = RT, Q= R%, V := R? with the case of inequality constraints (C' := RY)
or the case of equality constraints (C' := {Ors}) as well as the case of combined
inequality and equality constraints (C':= R% X {Ope } with ¢ = ¢1 + ¢2, ¢1,¢2 € N)
has great importance in applications (e.g., in economics; see also Example 4.23).

4.2. Primal and dual optimization problems

We consider now the following surrogate scalarized problems to the primal vector
problem (P) employing different classes of linear functionals:

«  Pui: Compute elements of J, ¢ e argminge sjopx ' (y)-

« P2 Compute elements of U, ¢ je+p(se+) ar8Min e ok ¥ (Y)-
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We consider the (Lagrangian-type) dual vector problem to (P) given by

(D) {idE(y) — max w.r.t. K

yev,

where U C F is the dual feasible set and idg represents the identity mapping on the

linear space E. More precisely, we are interested in the following instances of (D):

e D;: Compute elements of MAX(idg[¥!], K) = MAX (U, K), where
UV={jeE|IK e K% eCVareQ:(Kof+dog)(x) =K@}

e Dy: Compute elements of WMAX(idg[V?], K) = WMAX(¥?, K), where
V2:={geE|IK e KI\UK"),d e CTVzeQ: (Kof+dog)(z)>K(H)}.

Remark 4.2. Duality assertions for an abstract vector optimization problem of

type (P) were initially studied by Jahn [23], [25, Sec. 8.2] in the setting that f

and g are cone-convex maps, where both image spaces ¥ and V' are assumed to be
topological linear spaces.

In our work, we concentrate on an algebraic setting in real linear spaces. Instead
of assuming K-convexity of f we will deal in certain results with a K-convexlike
function f (i.e., f[Q2] + K is a convex set). In particular, our interest is neither to
impose a pointedness assumption (thus the case K# = () # K% may happen) nor
a solidness assumption for K and its dual cone K*. In certain results related to
the weak minimality (weak maximality) concept, we will impose a relative solidness
assumption on K. Therefore, the duality approach presented in the next sections
can be seen as an extension of the approach proposed by Jahn [23], [25, Sec. 8.2].

Remark 4.3. It is easy to check that the following hold:
1°  For any ' € K, we have
argming ¢ o, i ¥ (¥) = argming ¢ o1 o) ¥ (y) 2 argming ¢ rro; ' ()
= fIQ] Nargmin, ¢ o4 5 ¥ (y),
and if K is pointed, then argmin, ¢y ;¢ ¥'(y) = argmin,c ro; 5’ (y).
2°  Forany 3y € Kt \ {(K™"), we have
ATGMIN ¢ i)k ¥ (Y) = argminge o) 4 (icor k) ¥ (¥) 2 argming e po) ¥'(y)
= fIQ] N Argming ¢ i i v (y).
4.3. Weak vector duality

In the weak duality assertions, we show the relationships between the primal and
dual image sets without any additional (convexity, regularity) assumptions.
Theorem 4.4. The following assertions hold:
1° V' C{geE|3IK ek ye flQ: k() <K}

={yeE|IK c KEVy e fIQ+ K : K(y) <K(y)}
20 VC{geE|[IK e KT \UKT)Vy € fIQ: K(7) <K (y)}

={geFE|IK e KT \UK"Vye fQ+K: Ky <Ky}
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Proof. 1° We fix some 3 € W', Then, there are k' € K% and ¢ € C such that
(K of+cog)(x)>K(y) foralzel.
Observing that (¢ o g)(x) <0 for ¢ € C*T and x € Q, we get
(k"o f)(z) > K'(y) forall z € Q,
or equivalently, K(y) > K'(y) forallye f[Q]. (2)
Since k'(k) > 0 for all k € K, and 0 € K, we get that (2) is equivalent to
K(y) > K'(y) forallye f]Q + K.

The proof of assertion 1° is complete,

2° The proof is similar to the one for 1°. [

Theorem 4.5. The following assertions hold:

1° Ifpe flQ+ K andd e V', thend—p ¢ K\ {(K).

20 Ifye (f[Q+ K)NWl, then y solves both Py and D;.

3 Ifpe fIU+ K and d € V2, then d — p ¢ icor K.

4°  Ifye (f[Q + K)NY2 then y solves both Py and Ds.

Proof. 1° Takep € f[Q]+ K and d € ¥'. On the contrary, assume d—p € K\/(K).

For any k' € K%, we have k'(d — p) > 0, or equivalently, k¥'(d) > k’(p). This
contradicts Theorem 4.4 (1°).

2° Let y € (f[Q + K)N ¥l With 1°, we get d ¢ y + (K \ {(K)) for all d € ¥!,
hence § € MAX(¥!, K), i.e., § solves D;. By Theorem 4.4 (1°), it follows that ¥
solves P;.

3° Take p € f[Q] + K and d € U2, On the contrary, assume that d — p € icor K.
Then, for any k' € KT\ /(K1) we have k'(d — p) > 0, or equivalently, k¥'(d) > k'(p).
This contradicts Theorem 4.4 (2°).

4° Let y € (f[Q + K) N W2 Assertion 3° yields d ¢ y + icor K for all d € U2
hence j € WMAX (P2, K), i.e., § solves Dy. By Theorem 4.4 (2°), we conclude that
1y solves Ps. n

4.4. Strong vector duality

In order to state strong duality assertions for our vector problems, we need some
duality results and regularity conditions for scalarized problems.

Consider a scalar function ¢ : () — R. Then the classical Lagrangian function
L,:Q x C*t — R is defined by

Ly(xz,c):=¢(x)+ (dog)(x) foranyze Q.
According to Jahn [25, Def. 8.6], the scalar problem

inf o(z) (3)

e
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is called
o normal if inf p(x) = sup inf L,(x,c);
zeQ ceC+ zeQ
o stable if it is normal and sup inf L,(z,c) has a solution.
eCt e

Lemma 4.6. Define Q(C) :={z € Q| g(z) € =C} for any convex cone C C V.

Then, we have inf x)> inf =inf sup L 4
zeQ(C )(P( ) z€Q(clr. C) SO( ) :BGQc€CI')+ ( ) ( )

Proof. For showing the equality in (4), assume for simplicity that C' is 7.-closed
(i.e., cl,, C = C). First, we show that

sup Ly (2, ) = p(x) + sup (¢ og)(x) = (5)

ceCt ceC+ +oo  for g(x) ¢ —C.

{@(x) for g(x) € ~C.
Consider z € Q. Clearly, if g(z) € —C, then (' o g)(z) < 0 for all ¢ € CF, hence
SUPycc+ (Cog)(x) = 0and supycot Ly(z, ) = ¢(x). Now, assume that g(z) ¢ —C.
By the separation result in Proposition 2.1, we get some 2/ € C* and a € R such

that
' (g(x)) > a > a'(—c) forall ce C. (6)

Assuming z’(¢) < 0 for some ¢ € C, we get a contradiction in (6), since tc € C' for
all t > 0 and a'(—tc) = —t2'(c) — 400 for t — +oo. Thus, we have 2’ € C*. From
(6), we get for ¢ = 0 the condition z'(g(z)) > 0. Due to sz’ € C* for all s > 0,
and (sz)(g(x)) = +oo for s — +oo, we have supyco+ (¢ 0 g)(z) = +oo, hence
SUPyect+ Lo(x, ") = +00. Therefore, (5) holds true.

Under the assumption that C' is 7.-closed, we conclude that

inf x) = inf = inf sup L,(z,c).
z€Q(cly. C) SO( ) zeQ(C )SO( ) CCEQCIECI?+ L’D( )

If C(C cl,, C) is not necessarily 7.-closed, then we get

inf r)> inf z)=1inf sup Ly,(z,d)=1inf sup L
zeQ(C) SO( ) z€Q(clr, O) SO( ) xeﬁc’e(clTC )+ 90( ) z€Q ¢reC+ ( )

which shows the desired formula (4). O

According to the well-established Lagrangian duality theory, the problem (3) (re-
spectively, problem (4) under 7.-closedness of C) can be seen as the scalar primal
problem while the corresponding scalar dual problem is

sup inf L,(z,c). (7)

ceCt zeQd

Remark 4.7. From scalar generalized Lagrangian duality theory it is well-known
that weak duality between the primal problem (3) and the dual problem (7) holds

t i.e.
e e sup inf Ly(z, ) < inf sup Ly(z,c) < inf ¢(x). (8)

deC+ zeQ zeQl cC+ zef
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Strong duality between the primal problem (3) and the dual problem (7) means that
(7) has a solution and

sup inf L,(z, ) = inf ¢(x).

/eCt zeQ zef

Notice, if C'is 7e-closed, then inf,cq ¢(x) = inf _gsup.cc+ Ly(z, ') by Lemma 4.6.

Lemma 4.8. (3) is stable if and only if inf,cq p(z) = inf
deCr.

Proof. Clearly, if (3) is stable, then

v Lo(, &) for some

inf p(z) = sup inf L,(z,c) = inf L,(z,c)
z€f ceCt zeQ zef

for some ¢ € C*. Assume that inf,cq ¢(2) = inf _g L,(z,c) for some ¢ € C*. By
the weak duality condition in (8), we get

sup inf L,(z,¢) < inf o(z) = inf L,(z,&) < sup inf Ly(z,c),
eCt zeQ zeld zeQ deCt z€Q

hence (3) is stable. O
Remark 4.9. According to Grad [16, Rem. 2.10] (applied for (E,7.) and (V, 7)),

if ¢ is convex, g is C-convex, Q is convex, and the generalized Slater condition
(SC) 3ze€Q: g(z) € —corC

is valid, then strong duality between the primal problem (3) and the dual problem
(7) holds true. Several other regularity conditions for ensuring strong duality are
given by Bot, Grad and Wanka in [5, Section 3.2.3, 3.3.3] and by Grad in [16, Section
2.2.2].

We now consider the Lagrangian L. associated to our primal vector optimization
problem (P) scalarized by functionals &' € K% or k' € KT\ {(K™).

For deriving strong vector duality results, we need the following reqularity conditions:
(R1) For any k' € K¥ the scalar problem inf,cq (k' o f)(z) is normal, i.e.,

inf (K o f)(z) = sup inf Lyos(z,c).

BAS

ceCt zeQ

(R2) For any k' € K™\ ¢(K™) the scalar problem inf,cq (k' o f)(x) is normal, i.e.,
inf (k' o f)(x) = sup inf Lyos(z,d).
z€l) ceCt+ zeQ
(R3) For any k' € K¥ the scalar problem inf,cq (k' o f)(x) is stable, i.e., there is
¢ € C* such that
inf (k’l @) f)(SC) = 1H£ Lk’of<x, Cl).

Sy z€Q
(R4)  For any k' € K\ ¢(K™) the scalar problem inf,cq (k"o f)(x) is stable, i.e.,
there is ¢ € CT such that
inf (k"o f)(z) = inf Lyos(z, ).

€N xeQ)
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Since K¢ C KT\ /(K*) C K* we have

(R4) = (R3) = (R1) and (R4)= (R2)= (R1).
Remark 4.10. Assume that f is a K-convex function on the convex set Q. Apply-
ing [25, Lem. 2.7 (b)], for any &’ € KT the composition &’ o f is a convex function
on . Thus, if g is C-convex on € and the generalized Slater condition (SC) is valid,

then (R1), (R2), (R3) and (R4) are satisfied.

In the following theorem, we derive strong direct duality statements.

Theorem 4.11. The following assertions hold:

1°  Ify solves Py, and the reqularity condition (R3) holds true, then y solves D;.
2°  If g solves Py, and the regqularity condition (R/]) holds true, then § solves Ds.

Proof. 1° Assume that § € argmin, o k'(y) for some &' € K% and assume
that § = f(z) + k for some z € Q and k € K. Obviously, we have k'(k) = 0 and
f(Z) € argmin, ¢ o) K'(y). Then, using (R3) there is ¢ € CF with

K(y) = K (f(z)) = inf (k"o f)(x) = inf (Ko f + ¢ o g)(z),

zeQ z€eQ
hence K@) < (Kof+cdog)(z) forallze
We conclude that § € (f[Q2] + K) N P!, and by Theorem 4.5 (2°), we infer that g

solves D;j.

2° Assume that § € argmin, o) i K'(y) for some k' € K™\ ((K™") and § = f(z)+k
for some z € Q2 and k € K. Clearly, we have £'(k) = 0 and f(Z) € argmin,e o) £'(y)-
By the regularity condition (R4) there is ¢ € CT with

K(y) = K(f(x)) = inf (Ko f)(z) = inf (K o f +cog)(x),

re
and so K@) < (Kof+dog)(x) foralzel.
Thus, y € (f[] + K) NP2 and by Theorem 4.5 (4°), we get that § solves Dy. [J

For proving our strong converse duality theorem, we need the following lemma.

Lemma 4.12. Assume that f[Q)] + K is 1.-closed and convex. Then, we have:
1°  If the regularity condition (R1) holds true, and ¥' # 0, then

E\ (f[Q] + K) C cor ¥!.
2°  If the regularity condition (R2) holds true, and U? # (0, then

E\ (f[Q] + K) C cor U2

Proof. 1° Let (R1) be satisfied. Take some gy € E \ (f[2] + K). By the separation
result in Proposition 2.1, there are 3/ € E' and o € R such that

V() <a<y(y) forallye f[Q] + K. 9)
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Obviously, we have 3y’ € KT\ {0}. Since W' # (), there is y € ¢!, and so by Theorem
4.4 (1°), there exists k' € K* such that

K () < K(y) forallye f[Q + K. (10)
Since P- K¢ + R, - Kt = K%, we have
A=A+ (1= Ny € K¢ forall A € (0,1].
By (9) and (10), for all A € (0,1] and all y € f[Q] + K, we have
) = O+ (1= ) (y) = () + (1 N
Then, for a sufficiently small X it follows
2(y) = AR (7) + (1= Na > A () + (1 = N)y'(y) = 21(y)  forall y € fIQ] + K,

h 7)) < AE'(y I1-XNa< inf 2\(y)=inf(Z .
ence (7)< W) +(L-Na< inf AW) = inf( o @)

Due to (R1), there is ¢ € C't such that

A1) < inf(z) 0 f + ¢ o g)(x).
z€e)
Finally, we conclude

ge{yce B e K deCt: inf(Kof+cog)(x)>K(y)} Ccor¥l.

e

The proof of 1° is complete.

2° Let (R2) be satisfied. Take some § € E \ (f[Q2] + K). By the separation result
in Proposition 2.1, there are 3y € E’ and a € R such that

v (y) <a<y(y) forallye f[Q] + K. (11)

Obviously, we have ¢/ € KT\ {0}. Since U2 # (), there is § € ¥?, and so by Theorem
4.4 (2°), there exists k' € K+ \ {(K™) such that

() <K(y) forallye f[Q+ K. (12)
Since P- (KT \ /(K1) + R, - KT = K"\ {(KT), we have
A=A+ (1 =Ny € KT\ UK"') forall X e (0,1].
By (11) and (12), for all A € (0,1] and all y € f[2] + K, we obtain
2A(y) = A+ (1= Ny)(y) = A (@) + (1 = Na.
Then, for a sufficiently small X it follows
Ay) Z A (@) + (1= Na > M (5) + (1 =Ny (y) = 22(y) forally € f[Q] + K,

h (y (g 1-— < inf ! = inf (2} )
ence A7) < AE'(9) + (1 = Na < yefl[lgleK 2\ (y) ;EQ(ZA o f)(z)
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Due to (R2), there is ¢ € C'* such that

2(y) < inf(zy o f+c og)(x).
€
Hence, we get :

ye{ye E|I e KT\ UK, e CT: inf(K of+c og)(xr)>k(y)} C cor¥
e
The proof is complete. O

Remark 4.13. If f[Q] + K is relatively solid and convex, then f[Q] + K is 7.-closed
if and only if f[Q] + K is algebraically closed.

Under a closedness and convexity assumption on the upper image f[2] + K we can
state the following strong converse duality statements.

Theorem 4.14. Assume that f[Q2] + K is 1.-closed and convexr. The following
assertions hold:

1°  If g solves D1, and the regularity condition (R1) holds true, then § solves P;.
2°  Ify solves Dy, and the reqularity condition (R2) holds true, then y solves Ps.

Proof. 1° Assume that g solves D;. Clearly, by Lemma 3.7 (2°) we have § ¢ cor U,
and therefore § € f[Q] + K by Lemma 4.12 (1°). By Theorem 4.5 (2°), since
y € (f[ + K) N ¥ we infer that 7 solves P;.

2° Assume that 7 solves Dy. Lemma 3.7 (2°) yields y ¢ cor U2, and so gy € f[Q]+ K
by Lemma 4.12 (2°). Since y € (f[Q] + K) N¥2, by Theorem 4.5 (4°) we get that g
solves Ps. O

4.5. Main vector duality theorems

In this section, we will present our main vector duality theorems for the original
primal vector problem (P) and the corresponding dual vector problem (D) as given
in Sections 4.1 and 4.2. In problem (P), we will fix the weak minimality concept /
proper minimality concept and in (D) the weak maximal concept / maximal concept.
The proofs of our vector duality theorems are based on the previously shown results
and in particular are using linear scalarization results derived in [18] (see Section
3.2).

Now, consider (P) with the weak minimality concept, and (D) with the weak maxi-
mal concept and ¥ := U2,

Theorem 4.15. Suppose that K is relatively solid and satisfies (1). In addition,
assume that f[Q)+ K is relatively solid and convex, and that the regqularity condition
(R4) holds true. Then, the following assertions hold:

1° If ge fIQ N2, then j € WMIN(f[Q], K) and § € WMAX (P2, K).
2° If ye WMIN(f[Q], K) and y+icor K C icor(f[Q+K), then y€ WMAX (V2 K).
3° If WMIN(f[Q], K) +icor K Cicor(f[Q] + K), then
WMIN(f[Q], K) =U e K\ 0(f+) BTSN, ¢ rlo) y'(y)
— £[0] N WMAX (92, K) = f[Q] N W2,
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4°  IfWMIN(f[Q]+ K, K)+icor K Cicor(f[Q+K), and f[Q+ K is algebraically
closed, then

WMIN(f[Q] + K, K) = | ] argming oy (y) = WMAX (22, K).
Y EKHT\L(KTY)
Proof. 1° Follows by Proposition 3.8 (1°), Theorem 4.5 (4°) and Remark 4.3.
2° Follows by Proposition 3.9 (3°) and Theorem 4.11 (2°) and Remark 4.3.
3° Follows by 1°, 2° and Proposition 3.9 (4°).
4° Proposition 3.9 (4°) applied for f[Q2] + K in the role of Y yields
WMIN(f[Q]+ K, K) = U argming ¢ o4 i y'(y).

Y EKHT\LU(KT)
Moreover, by Theorem 4.14 (2°) we get WMIN(f[Q] + K, K) D WMAX(¥?, K).
The converse inclusion WMIN(f[Q] + K, K) C WMAX(¥?, K) follows by Theorem
411 (20). O

In the following, we consider (P) with the proper minimality concept (in the sense
of Definition 3.3), and (D) with the maximal concept and ¥ := W,
Theorem 4.16. Suppose that K satisfies (1), and f[QY] + K is convex. Moreover,
suppose that the regularity condition (R3) holds true. Then:
1° Ifye flQ N then y € PMIN.(f[Q], K) and y € MAX(V!, K).
920 If§ € PMIN,(f[Q], K), then § € MAX(¥!, K).
3°  PMIN.(f[Q), K) = | ] argmin, o)/ (y) = F[QQ "\MAX(U', K) = f[Q] N T".
yleK&
4°  If fIQ] + K is 7.-closed, then
PMIN(f[Q] + K, K) = | ] argmin,c o), x4/ (y) = MAX(¥, K).
yleK&
52 If f[Q] + K is T.-closed, and K is pointed, then
PMIN,(f[Q] + K, K) = PMIN.(f[0, K) = | argmin,c s ¢/()

— MAX(U!, K). YT

Proof. 1° Follows by Proposition 3.8 (2°), Theorem 4.5 (2°) and Remark 4.3.
2° Follows by Proposition 3.11 (1°), Theorem 4.11 (1°) and Remark 4.3.
3° Follows by 1°, 2° and Proposition 3.11 (1°).

4° Proposition 3.11 (1°) applied for f[2] + K in the role of Y yields
PMIN.(f[Q] + K, K) = U argmin, ¢ o4 x ¥'(¥)-
y’EK&
Moreover, by Theorem 4.14(1°) we get PMIN..(f[QH-K, K) D MAX(¥? K). The con-
verse inclusion PMIN.(f[Q] + K, K) C MAX(¥?, K) follows by Theorem 4.11 (1°).

5° If K is pointed, then ¢/(K) = {0} and K¥ = K#, hence the conclusion follows
from assertion 4°, Remark 4.3 and Lemma 3.6 (2°). O



244 C. Giinther et al. / Duality Assertions in Vector Optimization ...

In the next theorem, we consider (P) with the proper minimality concept (in the
sense of Definition 3.4), and (D) with the maximal concept and ¥ := Wl

Theorem 4.17. Suppose that K is relatively solid and satisfies (1). In addition,
assume that f[Q + K is convex, and that the regularity condition (R3) holds true.
Then:

1°  Ifyge fIQQNE!, then y € PMIN(f[Q], K) and § € MAX(¥! K).
2°  Ify € PMIN(f[Q], K) and y+icor K C icor(f[Q]+K), then j € MAX(¥!, K).
3°  If PMIN(f[Q], K) +icor K Cicor(f[Q] + K), then
PMIN(/[Q), K) = | argmin,c i v/(s) = £10] AMAX(W!, K) = Fl0] N0,
y’GK&
4°  IfPMIN(f[Q] + K, K) +icor K Cicor(f[Q] + K), and f[Q] 4+ K is T.-closed,
then  PMIN(f[Q] + K, K) = | ] argmin o), 5 ¥/ (y) = MAX(U', K).
yleK&
5°  IfPMIN(f[Q]+ K, K)+icor K Cicor(f[Q]+ K), the set f[Q]+ K is 1.-closed,
and K 1is pointed, then
PMIN(f0] + K, K) = PMIN(F[], K) = | argming g 5/(y)
— MAX(! K). U

Proof. 1° Follows by Proposition 3.8 (2°), Theorem 4.5 (2°) and Remark 4.3.
2° Follows by Proposition 3.12 (1°), Theorem 4.11 (1°) and Remark 4.3.

3° Follows by 1°, 2° and Proposition 3.12 (2°).

4° Proposition 3.12 (2°) applied for f[€2] + K in the role of Y yields

PMIN(f[Q2] + K, K) U argmin, ¢ r(op4 x Y "(y).

yeK&

Moreover, by Theorem 4.14 (1°) we get PMIN(f[Q] + K, K) O MAX(¥?, K). The
converse inclusion PMIN(f[Q] + K, K) € MAX(¥? K) follows by Theorem 4.11

(19).
5° If K is pointed, then ¢(K) = {0} and K* = K#, hence the conclusion follows
from assertion 4°, Remark 4.3 and Lemma 3.6 (2°). O

4.6. Dual vector problem

In this section, we like to take a closer look on the structure of the following two
instances of our dual vector problem (D):

o Compute elements of MAX(¥!, K), where
UVl={jeE|IKecKdecCVreQ: (Kof+dog)(z)>KH))}

o Compute elements of WMAX(¥? K), where
V2={jeE|IK e KT \UK"),deCtVzeQ:(Kof+dog)(z)=>K®H))}
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Remark 4.18. Obviously, the sets U! and ¥? have the following representations:

V' ={geF|3kK cK¥ecCt: inf Lyo(r,d)>K(®)},

ISy

WQ = {g ek | Hk?/ S K+\€(K+),C/ € O+ : 1n£ Lk/of(x,c') Z k’l(g)}

z€QN
It is easy to check that, under the validity of (R3), we have

U'={ycE|3Kc K%: sup inf Lyor(x,d) > K (y)}

ceCt zeQ

= {ge B|3K € K+ inf (W o f)(z) > K(p)}.

and under the validity of (R4),

V={ycE|3IKcK"\/(K"): sup inf Lyos(z,d) > K(9)}

ceCt xzeQd

—{ge B3N € KX\ UKY): inf (Ko f)() = K(7)}.

Theorem 4.19. Assume that the reqularity condition (R3) holds true. Define

M:={geE|IK e K¥: sup inf Ly.s(z,c) =K (9)}

ceCt zeQ

= {ge B|3K € K< inf (Ko f)(x) = K(5)}

Then, the following assertions hold:

1° (flQ +K)nM C MAX(¥!, K) C M.

2 flQNM = fIQ N MAX (V! K).

3°  If fI + K is 7.-closed and convex, then MAX(¥!, K) = (f[Q] + K) N M.

Proof. 1° Take y € MAX (V! K). Assume that

f:= sup inf Lyor(x,c) > k'(y) (13)

ceCt zeld
for some k' € K¥. Then, there is k € K \ {(K) with k'(k) = B — K(y) > 0,
hence k' (y + k) = k' (y) + k'(k) = . This shows that § + k¥ € ¥!'. Observing
y+key+(K\UK)), we get a contradiction to y € MAX(¥!, K). Thus, 8 < k' (7)

for all k' € K¥. Due to ij € Ul there is k' € K with 8 = k'(¥).
The remaining inclusion (f[Q]+K)NM C MAX (P!, K) follows by Theorem 4.5(2°).

2° This is a direct consequence of 1°.

3° The assertion follows by 1° taking into account that MAX(¥!, K) C f[Q] + K by
Lemma 4.12 (1°) and Lemma 3.7 (2°). O

Remark 4.20. Assume that the regularity condition (R3) holds true and that
inf,cq (K o f)(z) with ¥’ € K has a solution.
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Now, the aim could be first to solve the scalar dual problem

B := sup inf Lyos(z,c)
deC+ zeQ)

and then to compute an element = € () with

B = inf (K o f)(x) = K'(f(2))-

zeQ
By Theorem 4.19, we conclude f(z) € (f[Q]+ K)NM C MAX(¥!, K). Notice that

FINMAX(UH K) = fIQANM={y e fIQ] | IK € K*: inf (K o f)(z) =k (y)}

e

= f[Q) N .

Theorem 4.21. Assume that the regularity condition (R4) holds true. Define
My ={yeE|IK e K" \UK"): sup inf Lyos(z,)=FK(y)}
ceCt zeQ
= e B |3 e KX \UKY): inf (K o f)(x) = K(3)}.
Then, the following assertions hold:
1° (f[+K)nM, C WMAX(¥2 K) C M,,.
2 flIQNM = f[Q] N WMAX(¥?, K).
3°  If fIQ + K is T.-closed and conver, then WMAX (V% K) = (f[Q] + K) N M,,.

Proof. 1° Consider § € WMAX(¥? K) and suppose that (13) is valid for some
k' € KT\ ¢(K"). Then, there is k € icor K with k' (k) = 8 — k'(y) > 0, hence
K (y+k)=FK(y)+k (k) = 8. We conclude that y+k € ¥? and j+k € y+icor K, a
contradiction to j € WMAX(¥? K). Consequently, there is &’ € K+ \ {(KT) with
B =K (7).

Theorem 4.5(4°) provides the remaining inclusion ( f[Q]+K)NM,, € WMAX(¥? K).
2° This assertion is a direct consequence of 1°.

3° Since WMAX (U2 K) C f[Q] + K by Lemma 4.12 (2°) and Lemma 3.7 (2°), the
assertion follows by 1°. [

Remark 4.22. Assume that the regularity condition (R4) holds true and that
inf,cq (K o f)(x) with ¥ € K+ \ £(K*) has a solution. As already described in
Remark 4.20 (for the concept of maximality), the aim could be first to solve the
scalar dual problem
f:= sup inf Lyor(x,c)
c'eCt z€Q

and then to compute an element = € () with

B = inf (K o f)(x) = K'(f(2))-

e

By Theorem 4.21 (1°), we conclude f(z) € (f[Q] + K) N M,, € WMAX(¥? K).
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Notice that
f[Q)NWMAX (92 K) = f[Q N M,,
= {ye fIAIFeKTNUKT) : inf (Ko f)(z) = K (y)}
= f[Q] N V2.

In our vector duality approach, we neither imposed a pointedness assumption nor a
solidness assumption for the convex cone K involved in the solution concept of the
vector optimization problem (P). In the concluding example, we like to illustrate
our duality results in a finite-dimensional setting with a convex cone K which is
neither pointed nor solid (but relatively solid).

Example 4.23. Important examples of applied vector optimization problems (in
which a convex cone is considered that is neither pointed nor solid (but relatively
solid)) are given in the recent paper “Characterizing and computing the set of Nash
equilibria via vector optimization” by Feinstein and Rudloff in [13] in the context
of game theory. In [13], the authors show that it is possible to characterize the
set of all Nash equilibria for any non-cooperative game as an intersection of finitely
many sets of efficient solutions of certain vector optimization problems where the
underlying (ordering) cones are convex, not pointed, and not solid (but relatively
solid). Rearranging the components of these cones and by considering strategies in
finite dimensional Euclidean spaces, one can get cones of the following type:

Consider the Euclidean spaces X := R", £ := R™, V' := RY, the natural numbers
n,m,q € N, the convex set (2 := R}, the convex cone

K =R xR™ x {0}™  with m =my 4+ mg 4+ ms, my,mg,mg € N,

and its dual cone Kt =RT" x {0}™ x R™s,

For the Euclidean inner product defined on F = R™ (respectively, on V' = R?) we
will use the notation (-,-). For K we have the following properties

icor K = (int R"") x R™2 x {0}™ (i.e., K is relatively solid),
int K =corK =) (i.e., K is not solid),
U(K)={0}" x R™ x {0} (i.e., K is not pointed),

K\{((K)=(R7"\{0}) x R™ x {0}™?,
while for K we have
icor Kt = K = (int RT") x {0}™ x R™  (i.e., K" is relatively solid),
int K" =cor K+ =10 (i.e., K is not solid),
((KT)={0}™ x {0} x R™ (i.e., K" is not pointed),
KT\ OKT) = (R7\ {0}) x {0}™ x R™.
Thus, K and K are neither pointed nor solid (but relatively solid).
We like to consider the primal vector problem (P) with

. inequality constraints (i.e., C':=R%, C* =R%),
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o equality constraints (i.e., C':= {Ogpe}, Ct =RY) or

. combined inequality and equality constraints (i.e., C' := R% x {Ogs} and
C*t =RY xR with ¢ = ¢1 + q2, ¢1,¢2 € N).

According to our presented duality approach, we are interested in the following
instances of our dual vector problem (D):

« Compute elements of MAX(¥!, K'), where

={ygeR™ | Ik €icor K, € CTVzeRY : (K, f(x)) + (¢, g(z)) > (K',9)}.
« Compute elements of WMAX (U2, K), where

={geR™|IK e K" \UKT), deCTVzeR} (K, f(x))+(, g(x)) > (K, y)}.
We assume that the regularity condition

(R4): For any k' € KT\ {(K™) there is @ € C such that

inf (K, f(z)) = inf Ly sy (2, &) = sup inf Ly pp(z,c).

z€eQ ER" deC+ IER

is satisfied, hence

(R3): For any £’ € icor KT there is @ € C't such that

inf (K, f(z)) = inf Ly pop(x, @) = sup inf Ly popn(z, )

e xERi deC+ xER"

is valid. The dual sets ¥ and ¥? have the following representations:
U'={geR™|3IK cicor K*: sup inf Ly py(z,¢)> (K,9)}
cco+ TERY
={yeR™ |k €icor KT : 1n§f2 (K f(x))y > (K, 9)},
(S
U ={geR™|3IK e KT\ U(KT): sup mf Ly sy (z, ) > (K, 9)}
deC+ z€

= {geR™ [T € K*\U(K"): inf (¥, P = 00}

Moreover, the sets
M={geR™ |3k cicor K" : sup inf Ly so(z, )= (K,7)}
dec+ reRY
={yeR"| Ik €icor K+ : 1nsf2 (K', f(x)) = (K, 9)},
HAS
My ={geR"|3IK € K"\ UK"): sup inf Ly sz, )= (K 9}
cec+ TERY

= {7 eR™| 3K € KT\ UKT): inf (K, f(2)) = (K, 5)}

are of special interest. Let us summarize our main duality statements:

Assume that f[Q] + K is convex and algebraically closed. Then, the following
assertions hold:
1° If WMIN(f[Q], K) +icor K C icor(f[2] + K), then

WMIN(£[Q], K) = f[Q N WMAX(V? K) = f[Q] N M,,.
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20 If WMIN(f[Q] + K, K) +icor K Cicor(f[Q] + K), then

WMIN(f[Q] + K, K) = WMAX(¥? K) = (f[Q] + K) N M,
3°  PMIN.(f[Q, K) = f[QQ N MAX(V! K) = f]Q] N M.
4° PMIN.(f[Q + K, K) = MAX(¥!', K) = (f[Q] + K) N M.

50 If PMIN(f[Q], K) + icor K C icor(f[Q2] + K), then
PMIN(f[Q], K) = f[Q] " MAX(V!, K) = f[Q] N M.
6°  If PMIN(f[Q] + K, K) +icor K C icor(f[Q2] + K'), then
PMIN(f[Q] + K, K) = MAX(¥!, K) = (f[Q] + K) N M.

5. Conclusions

Following basically the duality approach proposed by Jahn [23], [25, Section 8.2],
we have shown new duality statements for (weakly, properly) minimal elements of
vector optimization problems in real linear spaces. We are employing scalarizations
by linear functionals using recent results concerning the concept of relative solidness
for convex cones (i.e., convex cones with nonempty intrinsic cores). It is important
to mention that we do not suppose the pointedness and not the solidness of the
convex cones K involved in the solution concept of the vector optimization problem.
The concept of weak minimality of the abstract vector optimization problem with
a linear image space is defined using the intrinsic cone and two concepts of proper
minimality are defined by generalized dilating cones where the intrinsic cone of K
and the lineality space ((K) of K are involved.

Furthermore, we have shown our duality statements under weak convexity assump-
tions; namely, we consider a K-convexlike primal objective function f.

We have studied certain types of surrogate scalarized problems to the primal vector
optimization problem, where the scalarizing linear functionals belong to subsets
of the dual cone K* (K% and K+ \ ¢(K%)). Taking into account the structure
of the scalarized primal problems, we have introduced corresponding dual vector
optimization problems where K% and K+ \ /(K*) are involved. Then, we have
derived weak and (under additional regularity assumptions) strong duality assertions
for (weakly, properly) minimal / maximal solutions.

In a forthcoming paper, we will apply our duality statements to vector-valued port-
folio problems and to entropy problems in order to derive useful dual problems in
consideration of the special structure of the objective function and the corresponding
Lagrangian.

Furthermore, we will apply the duality assertions for deriving algorithms to solve
vector optimization problems, especially to get estimations of lower bounds for the
primal problem and stopping criteria in primal-dual algorithms.

Because numerical procedures usually generate approximate solutions, it would be
interesting to derive corresponding duality assertions for approximate solutions of
the primal and dual vector optimization problem.

Acknowledgements. The authors are grateful to the anonymous referees for their
valuable comments.
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