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1. Introduction

This paper studies the connection between Aubry-Mather theory and certain mean-

field games (MFG) that model price formation. More precisely, we consider the
MFG system

—uy(t,x) + H(z,w(t) + ug(t,z)) = (t,x) € [0,T] xR
my(t, x) - (H ( w(t) + u(t, z))m )m (t,z) € [0,T] xR, (1)
— Jz Hy t) + uq(t, z))ml(t, ) Q( ) t€0,T]
subject to initial-terminal conditions
{u(T, x) = up(z) LeR @
m(0,x) = mg(x)

where @, ur, and mg are given functions, myg is a probability measure on R, and the
triplet (u, m,w) is the unknown. Here, the state of a typical agent is the variable
x € R and represents the assets of that agent. The distribution of assets in the
population of the agents at time ¢ is encoded in the probability measure m(-,t).
The agents change their assets by trading at a price w(t). The trading is subject to
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a balance condition encoded in the third equation in (1). This integral constraint
that guarantees supply ((t) meets demand is represented by the term on the left-
hand side of that condition.

As introduced in [36], u is the value function of an agent who trades a commodity
with supply @) and price w. The function u is characterized by the first equation in
(1) and the terminal condition in (2). Each agent selects their trading rate in order
to minimize a given cost functional (see (7) below). The optimal control selection
is —H,(z,w(t) + uy(t,x)). Under this optimal control, the density m describing
the population of agents evolves according to the second equation in (1) and the
initial condition in (2). The third equation in (1), which we refer to as the balance
condition, is an integral constraint that guarantees supply meets demand.

Remark 1.1. The notion of solutions of (1) and (2) we consider is the following:
u € C([0, T] xR) solves the first equation in the viscosity sense, m € C([0,T], P(R))
solves the second equation in the distributional sense, and w € C([0,T7).

The system (1) and (2) corresponds to the case € = 0 studied in [36]. Under As-
sumptions 2.5, 2.7 and 2.9 (see Section 2), the authors used a fixed-point argument
and the vanishing viscosity method to prove the existence of a solution (u, m,w),
where u is Lipschitz and semiconcave in x, and differentiable m-almost everywhere,
m € C([0,T], P(R)) w.r.t. the 1-Wasserstein distance, and @ € W'([0,T]). Fur-
thermore, under Assumption 2.10, they obtained uniqueness of solutions, further
differentiability of u in = for every z, and the boundedness of u,, and m. ]

The connection between Hamilton-Jacobi equations and Aubry-Mather theory is
now well established; see, for example, [42], [18, 19, 20, 21], [5, 16, 17], or [40].
In particular, several generalizations of Aubry-Mather theory were developed to
address problems like diffusions and study second-order Hamilton-Jacobi equations
[29, 30]. In particular, duality methods, since the pioneering papers in [23] and [41]
have been explored in multiple contexts, see for example [37]. Of great interest are
the applications to the selection problem in the vanishing discount case, [31], [33],
[34] and [45] and to the large time behavior of Hamilton-Jacobi equations [9], [35].
Recently applications of Aubry-Mather theory were developed for MFGs in [12] to
study long-time behavior, and in [11], where the authors construct Mather measures
to prove the existence of solutions for ergodic first-order MFG systems with state
constraints.

The prototype MFG system corresponds to an optimal control problem for an agent
who optimizes a cost function that depends on the aggregate behavior of other
agents encoded in the population distribution m. In [36], the optimal control set-
ting of the MFG system (1) and (2) corresponds to an agent interacting with the
population through the price. At the same time, the balance condition between
demand and supply is satisfied. This type of interaction arises in price formation
models, where the commodity price being traded is an endogenous rather than an
exogenous variable.

Price formation models were studied previously in [3] and [46] in the contex of
revenue maximization by a producer. Earlier price models in the context of mean-
field games include [6, 7, 8, 43] and [39]. Applications to electricity markets were
examined in [1, 22, 44] and [14]. Price models with a market clearing condition
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were introduced in [2], [26], [32], [36] and [47]. The former work addresses a model
for solar renewable energy certificate markets. Finally, [27] examines the effect of a
major player.

The variational problem that we consider is a relaxed version of the Lagrangian
formulation introduced in [36] to derive (1) and (2). We prove a duality formula
(Theorem 1.3) between solutions of the MFG system and minimizers of a variational
problem in the set of generalized Mather measures. For that, we begin by introducing
the Legendre transform, L, of H; that is,

L(x,v) =sup{—pv — H(z,p)}. (3)

peER

Our variational problem is

T
wt [ [ L)+ o) duttno), ()
peH(mo) Jo R2

where H(my) is the set of admissible measures, which will be defined in Section 3
for mg € P(R). These measures are Radon positive measures on [0,7] x R? that
satisfy the following three conditions. First, the moment condition

[ (et e . 0) < o0
T x

where (; and (5 depend on the growth of the Hamiltonian in Assumption 2.2 and
satisfy condition (11). Second, for some probability measure v on R, the Radon
measure verifies

/[OT} y oi(t, z) + v, (t, x)du(t, x,v) :/
T x

Rgp(T,:L')dV—/gp(O,:v)dmo (5)

R

for all suitable test functions ¢. We refer to the previous as the holonomy condi-
tion, as it is motivated by the holonomy condition introduced in [42]. Lastly, the
admissible measures satisfy the following balance condition

/[OT] . n(t) (v — Q(t))dult, x,v) =0

for all  continuous. If ur € C'(R) with % bounded (see Assumption 2.4), the
holonomy condition applied to ¢(t,z) = ur(x) (see (13)) provides the identity

[ wb@dutta) = [t~ [uram,
[0,T)xR2 R R

Using the previous identity, the variational problem (4) is equivalent to

T
inf / / L(z,v) d,u(t,x,v)—i—/uT(x)dl/(x), (6)
llE’P(R) 0 R2 R

HEH(mo,v)

where H(my,v) is the set of measures that satisfy the moment condition, the holo-
nomy condition for some probability measure v on R, and the balance condition.
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The difference between (4) and (6) is the term — [, ur(2)dmyg, which is independent
of p.

The motivation for this relaxed problem is as follows. In [36], each agent selects a
control variable o aiming to solve

T
inf /O Lz (), a(t) + w(H)a(t)dt +ur(x(T)), (7)
where #(t) = a(t), and A, the set of bounded measurable functions, is the set of
admissible controls. The price w is chosen so that the aggregate supply meets the
demand. Here, following Mather’s theory (see for example [31]), we introduced a
relaxed version of problem (7). This relaxation is problem (6). The key idea is that
each optimal trajectory ¢ — x*(¢) with optimal control ¢ — a*(t) solving (7) defines
the measure dp*(t,z,v) = dt x ds_. 0 X ds,.,- This measure is supported on the
path ¢t — (2*(t),a*(t)) and satisfies (5). Accordingly, the function in (7) becomes

/OT /RQL(;C,UHW du*(t,x,v)—l—/RuT(x)dy*(x)

where dv* = d,+(7); that is, the variational cost for the measure equals the variational
cost for the optimal trajectory.

Our first result for the variational problem on measures (6) is a duality formula
between minimizing measures and Hamilton-Jacobi equations that involves the fol-
lowing function. Let h: P(R) x P(R) — R U {+o0} be

inf / L(z,v) + vup(x)du(t, z,v), if H(mg,v) # 0,
0

h(mo, l/) = < pu€H(mo,v)
+00 if H(mg,v) = 0.

(8)

The main assumptions on L and ur are stated in Section 2, after which, in Section
3, we develop a framework of Mather measures suitable for the MFG system (1) and
(2). Finally, in that section, we prove the following theorem.

Theorem 1.2. Let h be given by (8) and let ( = ((1,(2) satisfy (11). Suppose
Assumptions 2.1-2.5 hold. Assume that vy € P(R) is such that H(mo,vr) # 0.

Then h(mg,vr) = — inf sup (— /Rgo(O,x)dmo(:E) + / o(T, x)dvy(x)

O () R
+T(—90t+6277+H(x,sox+n+U’T))>,

where (t,x) € [0,T] xR, ¢ € A([0,T] x R) and n € C([0,T)).

The previous result is proved in Section 3 using Fenchel-Rockafellar’s duality theo-
rem.

Next, in Section 4, we establish additional results for the MFG system (1) and (2).
In particular, in Proposition 4.2, we prove that w solving (1) and (2) is Lipschitz
continuous. This result was stated but not proved in [36]. Here, we give the full
details of the proof.
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Finally, in Section 5, we establish our main result, which is summarized in the
following theorem.

Theorem 1.3. Let (u,m,w) solve (1) and (2). Suppose that Assumptions 2.1-2.10
hold. Then we have

/R(U(O,x)—uT($)) dmo(:)s)—/o Q(t)w(t)dt = inf /QL(ZB,U)—FUUIT(x)d;L(t,ZE,U).

pEH(mo)

In the previous theorem, we set Q = [0, 7] x R? and H(my) is given by (15). This
theorem states that the value of (4) is characterized by the solution of the MFG
system (1) and (2). Although m does not appear explicitly on the right-hand side
of the previous expression, it determines the balance condition for the MFG. Notice
that for this minimization problem, ur is fixed, whereas the terminal measure v is
varying (see Section 3).

2. Assumptions

Here, we present the main assumptions used in this paper. First, we consider
the usual convexity assumption on the Hamiltonian, H, for which we require the
strongest form of this property.

Assumption 2.1. The Hamiltonian H satisfies H € C?(R?), and for all z € R, the
map p — H(x,p) is uniformly convex; that is, there exists a constant x > 0 such
that H,y(x,p) > k for all (z,p) € R2

The previous assumption guarantees not only convexity but also coercivity of H in
the p variable (see [4], Corollary 11.17). Hence, the Legendre transform of H, given
by (3), is well-defined, and it is convex and coercive in the second argument ([10],
Theorem A.2.6).

The following four assumptions are used in Section 3 to establish duality results.
The following growth conditions for H and the regularity for uy and @) are required
used when we apply Fenchel-Rockafellar’s theorem.

Assumption 2.2. There exist 73 > 1, 75 > 1, a positive constant C', and non-
negative constants C; and Cy such that, for all (z,p) € R?
Y2 ’YQC
Cva
|Ha(z,p)| < C(lp]™ + 1),

| Hy(z,p)l < C(lp™~" +1).

+C,

Remark 2.3. Under Assumption 2.1, the Lagrangian L defined by (3) satisfies (see
[10], Theorem A.2.6)

v=—Hpy(x,p) if and only if p = —L,(x,v).
Furthermore, Assumption 2.2 implies a growth condition on L; that is,

73 Y2 (/72
LI C < L(x,v) < Cylz[" + [o[2Cr

m
Cylx|™ + YT 7

+C, 9)



6 Y. Ashrafyan et al. / A Duality Approach to a Price Formation MFG Model ...

where 1/75 + 1/7% = 1. To see this, note that the first condition in Assumption 2.2
bounds the Legendre transform of H between the one of the functions

"2 72
p— —Cy|z|™ +L—|—C and p— —Colz|" +|J’L - C.
72 Cve

Their transforms are the lower and upper bounds in (9), respectively.

Assumption 2.4. The terminal cost satisfies up € C*(R), and |u}| < C for some
C>0.

For the supply, we assume it is a smooth function of time.

Assumption 2.5. The supply function, @, is C*([0,T]).

The existence of generalized measures minimizing our variational problem (4) relies

on the moment estimates that we impose for the initial distribution (see Proposition
5.2).

Assumption 2.6. The initial density, my, is a probability measure in R, and it has
a finite absolute moment of order v > ~;; that is,

/ |z|Ymo(x)de < +o0.
R

Following [36], we guarantee the solvability of (1) and (2) by considering, together
with Assumption 2.5, the following conditions.

Assumption 2.7. The Hamiltonian H is separable; that is,

where V' € C?(R) is bounded from below, and H € C3(R) satisfies |H,p!, |[Hppp| < C
for some constant C' > 0.

Remark 2.8. Under the previous assumption, L, defined by (3), is separable as
well; that is
L(z,v) = L(v) + V(z),

where L is the Legendre transform of H. Recalling that the Legendre transform is
an involutive transformation, in case that £ is uniformly convex, we have L, > &’
for some ' > 0. Hence, ([10], Corollary A. 2.7)

1
Hyp < .

Furthermore, under Assumption 2.1, we obtain k < H,, < 1/k’. By abuse of
notation, we set H = H and £ = L when Assumption 2.7 holds. [

Assumption 2.9. The potential V', the terminal cost ur, the initial density func-
tion mg are C?(R) functions and V', up are globally Lipschitz. Furthermore, there
exists a constant C' > 0 such that

V<O, fup| <O, fmg| < C.
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The following condition guarantees the uniqueness of solutions of (1) and (2).
Assumption 2.10. The potential V' and the terminal cost uy are convex.

Remark 2.11. Assume the Hamiltonian, H, satisfies Assumption 2.7, with a po-
tential, V', satisfying Assumption 2.9. For Assumption 2.2 to hold, V' has to satisfy
C' > Lip(V') and the growth condition

Cilz|" — K <V(x) < Colz|" + K (10)

for some K > 0, whereas H has to satisfy |H,(p)| < C(|p|*~* + 1) and the growth
condition

p|? lp|2C
—C<HMp<E=24+C.
Cvs < Hp) = Y2

For instance, the Hamiltonian
a2
H(z,p) = (1+[pf*)* —V(z)

satisfies all the assumptions above if V' is a globally Lipschitz function that satisfies
(10).

3. Duality results

This section considers generalized holonomic measures for time-dependent problems
in R that are compatible with the integral constraint imposed by the balance con-
dition. We use this formulation to prove Theorem 1.2 and for the proof of Theorem
1.3 in Section 5.

Fix T > 0. For y; > 1 and v, > 1 (see Assumption 2.2), let { = ({1, (), where
0<G<m, and 1<( <7 (11

)
Let 2 = [0, 7] xR xR. Let R(£2) be the set of signed Radon measures on 2, R*(Q2)
be the subset of non-negative elements of R(2) ([24], pages 212 and 222 or [15],
Definition 1.9), and P(R) be the set of probability measures on R. We define

Hi = {,u e RY(Q): /Q(|x|c1 + |v|?)du(t, z,v) < oo} : (12)

This set is determined by the growth conditions for the Hamiltonian, as in Assump-
tion 2.2. Next, let

A([0,T] xR) = {p € C'([0,T] x R) : ¢, 0, € LZ([0,T] xR)}.

Notice that elements of A([0,7] x R) are globally Lipschitz continuous functions.
This set corresponds to the set of test functions for the holonomy condition, which
we define next. Given my, v € P(R), let

( 3

/ngt(t, x) + vp,(t, )du(t, z,v)

Halmo,v) = q p € RT(Q2) - _/SO(T,x)du—/@(O,x)dmo, ' (13)

Vo € A([0,T] x R)
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As mentioned in the Introduction, we refer to the condition defining the set Ha(mq, V)
as the holonomy condition. For a given v € P(R), the set Hy(mg, v) may be empty.
Nevertheless, as we show in Proposition 3.2, there are probability measures satisfy-
ing Ha(mo,v) # 0. In case my satisfies a moment hypothesis (see Assumption 2.6),
the identity that defines the holonomy condition is well-defined even if the terms
are not finite.

Corresponding to the balance condition in (1), we set

ng{uemm: [ a0~ Quydnte,z,) =0 vnecqo,ﬂ)}. (14)
Finally, we define

H(mg,v) := Hi N Ha(me,v) NHs, and H(mg) = U H(mo, V). (15)
veP(R)

Remark 3.1. For any p € H(myg) there exists a unique v € P(R) such that we
have u € H(mo, v). To see this, let pn € H(mo,v) N H(mo,v). Let p € C1(R). Then,
¢ € A([0,T] x R), and (13) holds for both v and 7, from which we obtain

[ o@ivt@) - [ earama(o) = [ ela)in) - [ c@yimo(o)

R

that is, [, @dv = [, @dv for any ¢ € C}(R). Hence, v = U ([24], Theorem 7.2). We
denote the unique measure v such that p € H(mg,v) as v*. O

In (15), it is possible for the set H(mg, ) to be empty, depending on v € P(R). In
any case, as we show in the next proposition, under mild assumptions on () and my,
we can guarantee that the set H(my) is not empty.

Proposition 3.2. Under Assumptions 2.5 and 2.6, the set H(myg) is not empty.
Proof. Let X(t) = [, Q(s)ds. Define v € P(R) by

/R f(@)dv(x) = / f(x + X (T))dmo(z) (16)

for all f € C.(R), and define p € R*(2) by

/Qz/)(t,x,v)d,u(t,x,v) :/0 /}Rzﬂ(t,x—I—Y(t),Q(t))dmo(x)dt (17)

for all v € C.(2). Next, we use the following cut-off function

1 ze(-1,1)
O(z) = {d(z)  (-2,2)\(-L1)
0 z R\ (=2,2),

where ¥ is chosen such that § € C'(R), 0 <60 <1, and [|0]|cr(r) < c.
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Let h,(z,v) = 0 (%) 0 (2:) (|2 + [v]®) and g, = L, (z)L,(v) (|2 + |v[2),

where 1,, is the characteristic function of the interval [—n,n]. Then, g, is a sequence
of measurable functions that satisfy

0 < gn(x,v) < |z| + 0|2 and gn(z,v) = 2| + |v]¢2

pointwise for (z,y) € R? Although the functions g, are not continuous, they
are Borel-measurable, and hence their integral w.r.t. u is well-defined. Note that
gn (7,v) < hp(2,v) < go(z,v) and h, € Ce(2). Then,

/g (2, 0)du(t, 2, ) < / o, )t 2, 0)

// 1), Q())dmo (x dt</ /gn$+X Q1)) dmo(z)dt

~ G (2
g/o /R’“X“)' + Q)@ dm(x)dt
T
g/ /2<11 (|2 + X)) + Q1) “dmo(x)dt
=20-1 ( /|$|Cldm0( )+ HX||L<1([0T ) T ||Q||L<2(0T]
- ( [ lefedmyto) + T@n@ng;) L TIQIE = C(Gry o Ty o, Q).

where C((y, (2, T, mg, Q) is finite by Assumptions 2.5 and 2.6. Using the previous
inequality and the Monotone Convergence Theorem, we conclude that p satisfies
(12). Therefore, for any ¢ € A([0,7] x R), we have

/ el )] + ol (t, 2)|dpalt, 2, v) < oo,
(18)

/\goTx+X( )| dmo(z /\ngx |dmo(x) <

Define M = n%gx% 1 X (t)] and ¢"(t, z,v) = " (t,2)6 (£), where ¢"(t,2) = ¢(t,2)0 (£).
te|0,
Because ¢ € A([0,T] x R), from the definitions of ¢™, ¢", and 6, we have

m go t, m pt,x)d (2)] <C 19
m t, < m O (t = m oi(t, < C
(tmz%)ékat( v U)| (t,x ?X | t( m)| (tz)e[(?};“ le t x (”)} -

" < m ol (t = m 0 (t, )0 + = gp t 0’ < C.
”gbz”C(Q) - (t,x)e[(?,}i{“]xR| +(t, )] (t, )E[SDJ{“ | z) ( ) (t,z) ( )‘

Relying on these estimates from Assumption 2.6, we have

oF +vohdu(t, z,v)

n<|z|<2n Jn<|v|<2n
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< L GOl 10
e 6o B (2
/ /20 1Q(t)|+1) ( ( (z+X(2)) —3) 9< ny 3)) dmo(x)

<TC dmg(x) = o(1). 20
N /M<|a:< n+M (@) o) 20)

Furthermore, Assumption 2.6 with (19) implies that

([0 xmanis

< |o"(T,z + X(T))| dmo(z) < C |z|dmg(z) = o(1),
n—M<|z|<2n+M n—M<|z|<2n+M
[ | <c el dmo() = o(1), (21)
n<|z|<2n n<|z|<2n

where 0(1) =0 when n— oco. Note that ¢" € C.(Q) and supp(¢™) =10, T|x[—2n, 2n]?.
Consequently, for all n > ng, where n, satisfies % <1, by (17), we have

/0 /_2" _: OP(t, z,v) + veli(t, z,v)du(t, z,v)
= /0 /R{W(ta T+ X(1),00t) + Q) (t, x + X (1), Q(t))dme(z)dt
B / /9 (%> (0 (8,2 + X (1) + Q1) (t, & + X(t))) dmo(x)dt

// 0" (b + X () dmo(x)dt

2n—X(T) 2n
:/ ©"(T,x + X(T))dmg(z) — / ©"(0, z)dmo(z). (22)

—2n—X(T) 2n

On the other hand, (20) and (21), yield

/ /n<|x|<2n /n<|x<2n r (t, x) + vl (t, x)dp(t, z, v)

_ (/:n X(1) +/_2R_X(T)> ©" (T, x + X(T))dmo(x)

+ /n<|$|<2n ©"(0, z)dmo(z) = o(1).



Y. Ashrafyan et al. / A Duality Approach to a Price Formation MFG Model ... 11

Therefore, (22) with the definitions of ¢", ¢", 6 implies

/ / /_n% (t,2) + vpu(t, 2)du(t, 2, v)

:/ ST, + X(T))dmo() — / (0, 2)dmo(x) + o(1). (23)

—n

With similar arguments, by using (16), we prove that

n

/ " (T, 3+ X(T))dmo() — / (0, 2)dmo()

—-n —-n

= /n o(T, z)dv(x) — /n ©(0, z)dmo(z) + o(1). (24)

—-n —-n

Combining (23) and (24), we obtain

/OT /Z / 1 ot ) + vpu (b, 2)dp(t, 7, v)
_ /_T; (T, z)dv(z) — /_:: ©(0, z)dmo(z) + o(1).

Letting n — oo in the preceding identity and using (18), we conclude that p satisfies
(13). Lastly, proceeding as before, we prove that p verifies (14). Hence, u € H(my, v)
and, therefore, H(mg) # 0. O

The minimization in (4) is an infinite-dimensional optimization problem. To study
the connection between solutions of (1) and the dual problem of (4), we compute
the dual problem using Fenchel-Rockafellar’s theorem ([48], Theorem 1.9.):

Theorem 3.3. Let E be a normed vector space and let E* be its topological dual
space. Let f and g be convex functions on E with values in R U {4+00}. Denote by
f* and g* the Legendre-Fenchel transforms of f and g, respectively, defined by

fr(@®) = sup ((z%,2) — f(x)), g"(«") = sup ((«", z) — g(x)).

zeFE zeFE

Assume there exists xo € E such that f(xg),g(xg) < +00, and f is continuous at x.
Th inf = —f(—y) — 9" (y). 2
en inf f(2) +g(z) = max—f*(-y) - "(y) (25)

In the previous result, it is part of the theorem that the supremum in the right-hand
side of (25) is a maximum.

Now we introduce the notions needed to apply Theorem 3.3. Recall that we have
Q2 =1[0,7] x R xR. Let ¢ = ({1, (2) according to (11). Consider the normed vector
space

B o(t,x,v)
lollc = su p\l T

o(t, z,v)
m — Y
|2],|v| =00 14 ’.T‘Cl +"U’<2

Ce(Q) == e C(Q) - (26)

= 0 uniformly for t€ [0, 7]
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Remark 3.4. Let ( satisfy (11). The dual of (C¢(2),] - ||¢) is

Ut = {,u €ER() : /9(1 + |2 + |v|?)d|p| (t, 2, v) < oo} .

To see this, let

|2],|v[ =00

Co(Q2) := {w €eC(Q):  lim (t,z,v) =0, uniformly for ¢ € [O,T]} )
From the Riesz Representation Theorem ([24], Theorem 7.17), we have that

Co(Q2)" and R(2) are isomorphic. (27)

Define @ : Co(Q2) — C¢(Q2) by ®(¢) = ¢ := (1 + |x[* + |v|?)¢p. Then @ is a linear
isometry since ||®(¢)|lc = |||l Now, given f € C¢(Q)*, define F' € Cy(Q2)* by
F = fo®. Using (27), there exists i € R(£2) such that

<Rw=lymaw@w@@

for all ¢ € Cp(2). Given ¢ € Cr(2), let ¢ = D~ 1(¢) = € Cp(2). Then

¢
L|a|o1+]v]o2

dji(t, , v)
1+ |z + o)’

(f.6) = (F.) = /Q o(t, x,0)

Hence, because (x,v) — 1/(1+|z|* +|v|%) is continuous and bounded, the measure
du(t,z,v) == [1/(1 + |2|* + |v|?)]df(t, z,v) is a Borel measure finite on compact
sets. Therefore ([24], Theorem 7.8), i is a Radon measure on €. Notice that any
Hahn, and therefore, Jordan decomposition of i ([24], Theorem 3.4) provides a
corresponding decomposition for p, which yields d|u| = [1/(1 + |z|% + |v|?)]d|f].
Therefore,

/ﬁ+m@+m%mwwm:/dmmxw<w
Q Q

On the other hand, any u € U¢ defines a linear map on C¢(Q) by

ors [ ot 0)dl
Q
From the following inequality

d)(t? x? U)
1+ |z|S + |v|¢

[}+mﬁ+m% wﬂswm4u+MW+m%w¢

we see that this linear map is also bounded. Hence, we conclude that C¢(€2)* and

US(Q) are isomorphic. It can be proved that they are isometrically isomorphic (see
[24], Theorem 7.17). O

Define (see Remark 3.4): U = {u cU: u>0, / dp = T} : (28)
Q
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Notice that U is the set of non-negative Radon measures that satisfy (12) and for
which (13) holds for (¢, z) = t. Now, we define an operator related to the left-hand
side of (13). Take v € R. Define, A”: C*([0,T] x R) — C¢(Q) by
p > A = —pr — vy
Indeed, because ¢;, ¢, € C([0,T] x R), and
A%
T+ Jof6s + ol

1+ (v 0,
< lleles LIRS T (1+sup¢) < Clgllen.

L+ |z + |ue ver 1+ |v]

we have A%p € C¢(Q2) and A" is bounded. Therefore, AV is a linear and bounded
map. We use this map to define the following sets. Let C C C¢(2) be the closed
subspace

ot w,v) = A%p(t,x) — (v —Q(t))n(t)
C=cly, {¢ €CD ¢ ome 0 e M[0,T] xR), n e C([O,T])} ’ (29)

where @ satisfies Assumption 2.5, and cl}, denotes the closure with respect to |- ||c.
Notice that C is convex because A" is linear.

Given a linear and bounded operator B : C([0,7] x R) — R, let

u2<B>=clweak{ueu<: / Apdpu(t, z,0) = Bo, vsoeAqo,T]xR)}, (30)
Q

where cl,.,, denotes the closure with respect to weak convergence of measures ([15],
Definition 1.31.). The choice of the operator B determines whether Us(B) # (). For
instance, given vy € P(R), for the operators

B@:/Rgo((),x)dmo(x)—/Rg)(T,x)dVT(x), (31)

and AY as before, (30) corresponds to (13), and Proposition 3.2 implies Us(B) # 0.
Analogously, (see (14)) we define

Us = clyear {u cus . /977(15)(11 —Q(t)) du(t,z,v) =0, ¥n € C([O,T])} . (32)

Remark 3.5. Let B as in (31). If mg, v € P(R) are such that H(my, ) # 0, then
H(mo, V) = Z/{l QZ/{Q(B) ﬂZ/{3.

To see this, notice that (28), (30), and (32) imply U NUs(B)NUs C H(mqg, v). For the
opposite inclusion, let 1 € H(mo,v) and let A = {(t,z,v) € Q: 1 <|z|% + |[v]2}.
We have that || = u because g > 0. Writing [, du = [, du+ [,. dp, where A°
denotes the complement of the set A, we see that

/ dp < / 2l + foldu < / 2l + ol < oo,
A A Q

and [ e dp is finite because A€ is compact and p is a Radon measure. Hence,
i € US. Moreover, since u satisfies (13) and (14), we have that u € Uy(B) N Us.
Using ¢(t,z) =t in (13), we obtain that u € U;. Therefore p € Uy NU(B)NUs. [
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Now we introduce the functionals which we will use in the context of the Fenchel-
Rockafellar theorem. Define f : C¢(2) - R U {400} by

f(@) =T sup (4t x,v) — L(z,v) — vuyp(z)). (33)

(t,x,v)eQ

Since f is the supremum of affine functions, f is convex. The following result proves
continuity for this map.

Lemma 3.6. Let ¢ satisfy (11). Under the Assumptions 2.1, 2.2 and 2.4 the map
[ is continuous on C¢(£2).

Proof. Let (¢ )nen, ¢ € Cc(€2) be such that lim, ||¢, —¢||c = 0. The first condition
in (26) and the convergence of ¢, guarantees the existence of C' > 0 such that
onlle, [|@]lc < C for all n; that is,

|6u(t, 2, 0)], |6, 2, 0)] < C(L+ |2 +[v®) forall (t,2,0) €Q, n€N.
Let a > C. By Assumption 2.2, using (9) (see Remark 2.3), we have

|v|wé

71
Crfz[™ + %CW&/W

—C < L(x,v), forall (z,v)€ R

Adding the term vu/-(x) to both sides of the previous inequality, we get

1 1O Ca ™ + (o2 + vug(x) — 1C0CYN _ L(x,v) + v ()
fyéC'Yé/'YQ ]_ _|_ |x|§1 + |/U|C2 - 1 + |x|<1 + ‘U|C2
for all (z,v) € R?. By Assumption 2.4, u% is bounded. Hence, according to (11), the

left-hand side of the previous expression goes to +oo when |z|, |[v| — +o00. Hence,
we can find r > 0 such that |z|, |[v| > r implies

L(z,v) + vul(x)
L5 affr 1 o]

IA

—a.
Let (z,v) € ([-r,r]?)¢, where A° denotes the complement of the set A, and let
t € [0,T]. Using the previous bound, we have
On(t, 2,v) — L(x,v) — vulp(z) < ¢n(t, z,v) — (1 + |2 + |v]?)
< (C —a)(1+ 2| + |v|?) <0,
for n € N. Hence,

f(gbn) =T sup (gbn(t,x,v) —L(ZL‘,’U) _UU,T(x))v

(t,z,v)€[0,T) X [—r,r]2

and the same holds for ¢. Because the convergence on C¢(€2) implies uniform con-
vergence on [0, T] X [—r,7]?, we obtain f(¢,) = f(d). ]

Proposition 3.7. Let { satisfy (11). Suppose that Assumptions 2.1, 2.2 and 2.4
hold. Let p € US. If p # 0 then f*(p) = +oc.
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Proof. Let o € U¢ be such that p # 0. Regarding 4 as a linear map, by Remark
3.4, there exists ¢ € C¢(2) such that 0 < ¢ and [, (¢, z,v)dp < 0. Let ¢, = —ng,
for n € N. Thus, the sequence (¢, )nen in C¢(€2) satisfies

¢n <0 and / Gndp — +o0. (34)
Q

Let bn = ¢n+vup, for n € N. By Assumption 2.4, we have vuy € C¢(Q2). Therefore,
¢n € Cc(Q) for n € N. Moreover, [, pndp — +o0 as well. From (33) we get

f(on) =T sup (¢n—1L).

(t,z,v)EQ

By Assumption 2.2, using (9) (see Remark 2.3) and the first condition in (34), we
get

|v|
on(t,x,v) — L(z,v) < —=Cy|z|"* — SO +C<C.
Thus, f(¢,) < TC. Hence, we conclude that
+oo=tim [ Gud—TC <lim [ Gudu— (6) < 1°(0) =

Proposition 3.8. Let { satisfy (11). Suppose that the Assumptions 2.1, 2.2 and
2.4 hold. Let p € US. If u >0, then

f*(M)Z/QL—i-vu’T di+ sup (/quﬁdu—ngp@/)).

YeCc(Q)

Proof. From (9), we can add a constant C' to L and assume that 0 < L. Using
Remark 2.3, let L, be a sequence in C¢(Q2) such that 0 < L, < L,;; < L and
L, — L pointwise. Fix n € N, ¢ € C¢(Q) and let ¢ = ¢ —vu, — L,, € C¢(€2). Then

[ otn—16)= [ @+ Lot vy~ Top o+ Lo - 1)
0 0
> / (Y + Ly, + vuy) dp — T'sup .
Q 0
By the Monotone Convergence Theorem, we have [, L,du — [, Ldp. Therefore,

f*(u) = sup /gzﬁdu f(o /L—I—vqu;H— sup (/Q@/)du—ngpz/)>. O

$eCc (D PeC(Q)

Proposition 3.9. Let ¢ satisfy (11). Suppose that the Assumptions 2.1, 2.2 and
2.4 hold. Let f be as in (33) and let f* be its Legendre transform; that is,

S () =¢€Sélcp (/cbdu f(e )

JoL+vup dp pelh

+00 otherwise

Then, fr(n) = {
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Proof. By Proposition 3.7, if 41 % 0 then f*(u) = +oo. Let p > 0. If u & Uy, by
definition, [, du # T (see (28)). Define ¢o = a + vup, — C € C¢(2), where o € R
and C' is given by Assumption 2.2. Then, by (9), we obtain

f(¢a) =Tsup(a—C—L)<Ta.
Q
Adding o fQ dp and rearranging the previous expression, we get

a/ﬂdu—TozSa/QdM—f(%),

which implies that

(/Q = T) Supar = SHP/QOédu — f(#a) < *(n)-

a€ER aceR

From the preceding inequality, we conclude that f*(u) = +o0o. On the other hand,
if p1 € Uy, by definition, [, dp = T. For any ¢ € C¢(2), we have

[o-L-vipdus [supo-L—vip) dp=Toup (6~ L vity) = f(o).
Q Q Q Q

Rearranging the previous inequality, we obtain

/Q¢du—f(<b) g/QHWIT an

and we conclude that f*(u) < [, L+vul, dp. Finally, we take ¢ = 0 in Proposition
3.8 to obtain f*(u) > [, L + vuf dp. The result follows. O

Now, we define the second functional we use in the Fenchel-Rockafellar theorem.
Recall the definition of C in (29). Fix (see (30) and (32))

I € Us(B) NUs. (35)
Define g : C¢(2) = RU {400} as
— dm, C
9(¢) = /Q¢ hoos (36)
400, otherwise.

Proposition 3.10. Let  satisfy (11). Suppose that Assumption 2.5 holds. Assume
that B : C([0, T]xR) — R is a linear and bounded operator such that Us(B)NUz # ().

0, —p € Us(B) NU:
Then g*(,u):{ p e Ua(B) Ol

+00, otherwise.

Proof. Let € US and define i = p+ 71 € R(Q).
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Assume that —u € Us(B) NUs. Then, [ satisfies
[ %= 0= Q) di=o

for all ¢ € A([0,7] x R) and n € C([0,7]). Because fi defines a linear and bounded
functional on C¢(2) (see Section 3.4), the continuity under || - || guarantees that
Jo @ div =0 for all ¢ € C; that is, [, ¢ du = — [, ¢ dii = g(¢) for all ¢ € C. Hence,

g"(p) = sup (/qﬁdu g( )—Sup(/qﬁdu 9( >=0-
peCc(Q) ¢eC

Now, assume that —u & Us(B) NUs. Then, either —p & Us(B) or —u € Us. In the
first alternative, there exists ¢ € A([0,7] x R) such that

- | Adnta.q5) # B
Q

we have /A”godﬂ = / A”gpd,u—l—/A”gpdﬁ# 0.
Q Q Q

Define ¢ = A%¢. Then ¢ € C and satisfies fﬂqg dii # 0, and using (36), we obtain

¢€Sg<p (/cbdu g( )—ilég(/cbdu g( ) /cbdu g(¢ /cbdﬂ

Let o, = n sgn (fQ 1) d/fL), where sgn(-) denotes the sign function, and ¢, = a, A%,

for n € N. Because a,p is a sequence in A([0,7] X R), ¢, is a sequence in C.
Furthermore, the previous inequality implies

g*(u)Znsgn(/Qédﬂ)/Qqug

for all n € N. Hence ¢g*(u) = +00.
In the second alternative, there exists n € C([0,77]) such that

/Q 1) — Q1)) dp 40,
we have /Q 1w — Q)pdfi = /Q 0o — Q)pdy £ 0.

Define ¢ = —(v—@Q)n. Then ¢ € C and satisfies Jo b dpin # 0. Proceeding as before,
we obtain ¢g*(p) = +o0. O

Theorem 3.11. Let ( satisfy (11). Suppose that the Assumptions 2.1-2.2 and 2.4—
2.5 hold. Assume that B : C([0,T] x R) — R is a linear and bounded operator such
that Us(B) NU3 # D. Then

inf (Tsup(—got—i—Qn%—H(x,gox—i—n—l—u’T)) —ng) :max<—/L—|—vu’T du),
Q

P\ (ta) "

where the supremum is taken over (t,z) € [0,T] x R, the infimum is taken over
v e A([0,T] xR), n € C([0,T]), and the mazimum is taken on p € Uy NU(B) NUs.
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Proof. Recall that f is convex, and by Lemma 3.6, f is continuous on C¢(£2). By
definition, ¢ is convex. Therefore, to use Theorem 3.3, we need to find ¢ € C¢(12)
such that f(¢),g(¢) < +oo. Take p(t,z) = Ct — ur(z), where C is given by
Assumption 2.2. Then ¢ = A’¢ = —C + vu/, € C. By Assumption 2.2 and (9), we
have f(¢) < 0. From the definition of g (see (36)),

and by Assumption 2.4, By is finite. Hence, relying on the duality relation between
C¢(Q) and US (see Remark 3.4), we apply Theorem 3.3 to get

inf  (f(9) +9(9)) = max(=f(=p) = ¢"()) = max (= f*(n) = g"(=p1))..

¢€Cg (Q) Uus

From Proposition 3.9 and Proposition 3.10, it follows that

max (—f*(p) — g"(—p)) =  max (—/QL+W’T du)-

/LEUC WEUINU2(B)NU3

By (36),
il (f(6) +9(0) = inf (T sup (6~ L— i) — [ ¢dﬁ> ,

€Cc(Q)
and using the definition of C in (29), the selection of 7z in (35), and the definition of
the Legendre transform (3), we obtain

inf (T sup (¢ — L — vul) — / gzﬁdﬁ)
Q Q

¢eC

= inf Tsup (A0 — (v — — L —ou _/Av o Ji
WGA([O,T]XR)( Qp( p—(=Qn vur) LY (v—Q)n M)
neC((0,T])

peA([0,T]xR)

= inf (Tsup (= +Qn—v(pe +n+up) — L) — Bso)
Q
neC([0,T])

@eA(0,T]xR €[0,T]xR veER

— inf | (T sup (—(pt +Qn+sup (—v(ps + 1+ up) — L)) — B@)
necory N O

- inf T Su - + +HI7 z T +U, )—B .
Py, ( ()0 1] xR ( oot @+ H{@, gz 1+ ) 90)
nec((o.1)

The result follows. [
Now, we use the duality result from Theorem 3.11 to prove Theorem 1.2.

Proof of Theorem 1.2. Let B be given by (31) and consider the set Us(B) ac-
cording to (30). By assumption, H(mo,vr) # 0, from which (8) and Remark 3.5

imply
h(mg,vr) =  inf / L+ vupdp = inf / L + vul dp.
" 0

HEH (mo,vr) WEULNU2(B)NU3

In particular, Us(B) N U3 # (. The conclusion follows by invoking Theorem 3.11
and the previous equality. [
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4. Preliminary results on MFG

Here, we consider approximations of Lipschitz continuous solutions of the Hamilton-
Jacobi equation in (1). We provide a commutation lemma, which states that the
approximated solutions are sub-solutions of an approximate Hamilton-Jacobi equa-
tion. Then, we improve the result in [36], where the authors proved that w solving
(1) and (2) satisfies w € WH([0,T]). A better result can be established as w is
Lipschitz continuous, as we prove here. This result, in turn, enables the use of the
commutation lemma.

4.1. A commutation lemma

The commutation lemmas presented in [35] and [40] are applied to a Hamilton-
Jacobi equation where the state variable is constrained to the d-dimensional torus;
that is, periodic boundary conditions. Here, we present a version of this lemma
that is valid for the non-periodic case and takes into account the dependence of the
Hamilton-Jacobi equation on the price variable.

We start by introducing smooth approximations to the solutions of (1).
Let p, 8 € C°(R;[0,00)) be symmetric standard mollifiers, i.e.

supp p,supp 0 C [—1,1], p(t) = p(—t), O(z) = 0(—x), and ||p|[L1w) = |0 L1 @) = 1.
For 0 < a < T, set p*(t) := a'p(a™'t), t € R and 0%(z) :== a*0(a"'2), z € R.
Then, we have that ||p®(|z1®) = [|0%]|11®) = 1, and

/ T () [ avas. [ () [ o dis <. (37)

For w € C([a, T| x R), define w* € C*([a, T| X R) as

w*(t, ) / /00‘ w(t —s,x —y)dyds, (t,x) € [a,T] xR. (38)

Lemma 4.1. Suppose that the Assumptions 2.1 and 2.2 hold. Let (w,m,w) solve
(1) (see Remark 1.1). Assume further that w is Lipschitz in x and w is Lipschitz.
Let w™ be defined as in (38). Then, there exists C' > 0 depending on w, H and the
Lipschitz constants of w and w such that

—wi + H(z, w4+ wl) < C'a,  forall (t,x) € [a,T] x R. (39)

Proof. To obtain the desired inequality, we write the left-hand side of (39) as a
convolution between p*0* and the left-hand side of the first equation in (1). Thus,
for the first term, we have

—uplta) = [0 [ et = s = y)duds (40)

For the second term, by Jensen’s inequality ([28], Theorem 204), we have

H(z, o(t) + we(t,2)) = H (x / ") / 0 () (1) + walt — 5.7 — y>>dyds)
/ / 6°(y) H (z, o (t) + wa(t — 5, 2 — y))dyds. (41)
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Let t € [a,T], s € [0,a], z,y € R, and
q(t,x;s,y) == H(x,w(t) +w,(t—s,x— y)) — H(:B —y,w(t—8) +w(t—s,x— y))
Using Assumption 2.2 and the Lipschitz continuity of w and w, we get
(z,@(t—s) +w,(t —s,2—y)) — Hlz —y,@(t — s) + wy(t — 5,2 —y))]

< Clo(t) —w(t —s)| (|o(t — 8) +w,(t —s,2 —y)[* ' +1)

+ Clyl(|w(t — s) + wy(t — s,z —y)[* + 1)
< C's (|t —s) +we(t —s,x —y)* 7 +1)

+ COlyl(lo(t = 5) +w,(t = s,x = y)[* +1) < C'(s +yl),

where C’ depends on w, 79, and the Lipschitz constants of w and w. From the
previous inequality and (37), we obtain

| o) [ o wataisduds < [006) [ 070)C s+ s < o (32)
Then, from (41) and (42), we have
H(z, =(t) + wi(t,2))
< [ 000) [ HE (e = )+ e = 5.0 = g)dyds + Ca

Using the preceding inequality and (40), we get
—w + H(z,w + wf)
< / PQ(S)/ ea(y) [_ wt(t_sa x—y) + H(l‘—y, w(t—s) + wx(t—s, fL'-y))] dde + Claa
0 R

which implies (39). O]

4.2. Lipschitz continuity of the price

We begin by recalling the following techniques and results from [36] if Assumptions
2.5, 2.7, and 2.9 hold. Firstly, to prove the existence of a solution (u,m,w) of
(1) and (2), the authors used the vanishing viscosity method, which relies on the
following regularized version of (1)

—uy(t,x) + H(z,w(t) + ug(t, z)) =
my(t, x) — (Hp(x w(t) + ux(t,z))m ( ))373 = €My, (t, ) (43)
— Ju H, t) + ua(t, x))m(t, x)dz = Q1)

(t,x) € [0, T] x R, subject to (2), where € > 0. Secondly, the proof of existence of a
solution (u, m¢, w®) of (43) and (2) uses a fixed-point argument, as follows.
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Assume that @w® € C'([0,T) is such that (u¢, m¢, @) solves (43). Differentiating in
time the third equation in (43), we get

/ pm(t, z)dx — /R (Hpptig (t, x)m(t, z) + Hymy(t, ) de = Q(t).  (44)

Next, we differentiate the first equation in (43) w.r.t. z, and using the second
equation in (43), we replace in (44) to obtain

/ (Hpptzem + Hymy) dx

/ o ( eAux—kHum—kH)mdx—l—/H (eAm + (mH,),) dx.

Here, it is a key assumption that H satisfies Assumption 2.7, because in that case
H,, = 0. Thus, the previous identity and (44) show that (u, m, @w®) satisfies

—Q— [ Hyp(w, @ +u) Hy (2, @ +us )me + e Hpp (2, @ +us) (1S, )*me dz
S Hpp(x, @€ + ug)me dx

, (49)

W =
where w*(0) is determined by

/ H, (2, (0) + u(0, 2))mo(x) dz = —Q(0).
R
Thus, given w*, we consider the following ODE for *

_Q - fR Hyp(w, @ + ug) Hy (2, @€ + ug)me + eHyppp (2, w° + u;)(%x)QmE dx

Jg Hpp(x, @ + ug)me dx

Je =

Y

and we consider the map w® — ¥°. In [36], authors proved that this map has a
fixed-point that belongs to W1([0, T]).

Using (45), we can deduce the Lipschitz continuity of w, where (u, m, @) solves (1)
and (2), as we show next.

Proposition 4.2. Suppose that Assumptions 2.1, 2.5, 2.7 and 2.9 hold. Then, there
exists a solution (u,m,w) of (1) and (2) such that w is Lipschitz continuous.

Proof. The existence of a solution (u, m, @) of (1) and (2) is guaranteed by Theorem
1 in [36]. We aim to prove that w, obtained in [36], is Lipschitz. To obtain this
solution, the authors considered, for € > 0, solutions (u, m¢, @w®) of (43) and (2) that
satisfy (45). Extracting a sub-sequence if necessary, it is guaranteed that w® — w
uniformly. To prove that w is Lipschitz, we consider the right-hand side of (45). By
Assumption 2.1, we have

1 1

t < — forall te]|0,T]. 46
~ Jz Hpp(z, @ +uS)me de ~ & ora o7 (46)
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By Assumptions 2.7 and 2.9, |H,| = |V’'| < Lip(V'), where Lip(V') denotes the
Lipschitz constant of V. Hence, Assumption 2.7 implies that

Lip(v)

t— / H,p(z, @ +ul)Hy (s, w4+ ul)m* do < forall te[0,7]. (47)
R

By Assumption 2.7 and Assumption 2.1, we have

/ /| oop (1, ¢+ uS) | (uS,)*m dadt
<C’/ / uS, ) mSdxdt < —/ /pr x, @+ ul) (ul, ) *mddt. (48)

Assumptions 2.7, 2.9 and Proposition 5 in [36] guarantee that the term

/ /pr(x,we—i—u;)(u;m)zmedxdt (49)
o Jr

has an upper bound that is independent of e. Hence, using Assumption 2.5, (46),
(47) and (48), we can write (45) as w* = U< + e, where

_ -Q - f]R Hyp (2, @€ + uy) Hy (v, ¢ + uf)mde

9 = € L>([0,T]),
o0 Jg Hpp(z, @€ + ug)me dx (.71
g = e (@ T ) (g, 'm dr
! Jo Hpp(@, @ + us)me da T
satisfying 199l 2o,y < €7 and |9 || o,y < C

for ¢ — 0, where C’ is independent of €. Hence, ([25], Proposition 1.202) passing
to a sub-sequence, there exists u € R([0,7]) such that ¥ converges in the weak-x
topology to u; that is,

T T
/19577 dt—>/ ndy forall neC([0,T]). (50)
0 0

Passing to a further sub-sequence if necessary, ([25], Proposition 2.46) there exists
Voo € L*([0,T]) such that 95 converges in the weak-x topology to ¥; that is,

T T
/ 9<.n dt—>/ Joon dt  for all 5 € L'([0,T]). (51)
0 0
Let n € C1((0,T)). By uniform convergence, we have that

T T T T
/ (1920+€19§)77dt:/ wn dt:—/ wn dt—)—/ wn dt,
0 0 0 0

and by (50) and (51), we have that

T T
/ (95, + €95) 7 dt — / Doon dt.
0 0

Hence, @ = ¥4 in the sense of distributions. Thus, @ € W1([0,T]), which is
equivalent to ([15], Theorem 4.5) w being Lipschitz continuous in [0, 7. O
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5. Proof of Theorem 1.3

Here, we use the results from Sections 3 and 4 to prove Theorem 1.3. We divide the
proof into two lemmas, Lemma 5.1 and Lemma 5.6.

Lemma 5.1. Let mg € P(R). Suppose that the Assumptions 2.1-2.10 hold. Let
(u,m,w) solve (1) and (2). Then,

/R(U(O,x) — up(z)) dmo(x)—/o @w(t)Q(t)dt < inf /QL(x,U)—i-vu’T(x)du(t,x,v).

HEH (mo)

Proof. By Assumptions 2.5, 2.7, 2.9, and 2.10, Theorem 1 in [36] guarantees the
existence of a unique (u,m,w) solving (1) and (2). Because u is continuous (see
Remark 1.1), let w® be the function given by (38); that is,

w(t, z) = /000 p(s) /R(‘)O‘(y)u(t —s,x —y)dyds, (t,z) € [a,T] x R. (52)

For (t,z) € [0,T] x R, set
u(t,r) = w® (%t + a,x) ,

which is C*([0, T] xR) due to (52). By Assumptions 2.7 and 2.9, the map = — u(t, )
is Lipschitz for 0 < ¢ < T ([36], Proposition 1), and the Lipschitz constant depends
on T and the estimates for V' and up. Hence, u, is bounded independently of t.
Therefore, u$ € L>([0,7] x R) because

ud(t,z) = wl (L2t + a, z)

= / p(s) / 0% (y)u, (52t + o — 5,2 — y) dyds.
0 R

Furthermore, recalling that u is a viscosity solution to the first equation in (43) with
e = 0, we have that the first equation in (43) with ¢ = 0 holds a.e. (¢,x) € (0,7) xR.
Using this and the facts that u, € L>((0,7) x R) and @ € W'*([0,T]), we deduce
that u; € LS.((0,T) x R). Thus, uy € L*((0,7) x R) because

loc

up(t,z) = Z=2w) (522 + o, @)

= %/0 p“(S)/R@“@)ut (L=t + a — s,z — y) dyds.

Hence, u®* € A([0,T] x R). Now, by Proposition 3.2, take u € H(mg) . By (13), we
have

ua(T,x)dV“(x)—/ua(O,x)dmo(x). (53)

R

/Qu?(t, x) + vul(t, z)du(t, x,v) = /

R
By Assumption 2.1 and (3), using p = @ (L5t + ) + u$(¢, z), it follows that

—vul(t,x) < L(z,v) + v (52t + o) + H(z, @ (L2t + o) + ul(t, ). (54)
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Moreover, by the Lipschitz continuity of v in « and Proposition 4.2, we apply Lemma
4.1 to w® defined by (52) to get

—wy (L2t + o, 2) + H (v, (52t + o) + wl (52t + o, 2)) < Cay,
for (t,z) € [0,T] x R; that is,
—r—uf + H (v, @ (52 + o) +ug (t,2)) < C'a,  for (t,x) € [0,T] x R. (55)
Therefore, by (53), (54), (55), and using ¢ =t in (12), we have

/ u®(0,x)dmo(x) — | u(T,x)dv"(x)
R R
= / —ug(t,x) —vul (t, x)du(t, x,v)
Q
< [ —updutt..0)+ [ L vpdutt 0
Q Q
+ / vw (B2t + o) + H (v, @ (52 + o) +ul) du(t, z,v)
Q
< [ Lo odutta) + [ vm (5524 a) dutto) + (7 - a)Cla
Q Q
+ / H (m,w (%t + a) + ug‘) — %H (x,w (%t + a) + ug‘) du(t, z,v).
Q
Taking o« — 0 in the previous inequality and using (14) with n = @, we obtain
/u(O,x)dmo(x) - / u(T, x)dvH(x)
R R
< / L(z,v)du(t,z,v) /Q (t)du(t, z,v). (56)
Q

By Assumption 2.4, up € A([0, 7] x R), which, by (13), provides

/Q ol (2)dp(t, 7, v) = /R wp () — /R wr () dimo.

Recalling that u(T, z) = ur(x), we replace the previous in (56) to get
[ w0,2) ~ ur()dmo(z)
R
< / L(z,v) + vupdu(t, x,v) + / Qt)w(t)du(t, z,v). (57)
Q Q

Finally, taking o(t, z) fo s)ds in (13), we have

/Q (t)du(t,x,v) = /Q

/R<u(07$)_UT )) dmg(x / Q(t) dt</L(a:,v)—|—vu'Td,u(t,x,v).

Since p € H(myg) is arbitrary, the preceding inequality completes the proof. O

Hence, (57) becomes
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For the second part of the proof of Theorem 1.3, we rely on (43), the regularized
version of (1), subject to (2). We recall that, if Assumptions 2.5, 2.7 and 2.9 hold,
([36], Theorem 1) there exists a solution (u¢,m¢, w®) of (43) and (2), where u*
is a viscosity solution of the first equation, Lipschitz and semiconcave in x, and
differentiable mf-almost everywhere, m¢ € C([0,7], P(R)) w.r.t. the 1-Wasserstein
distance, and @ € WH1([0,T]) is continuous. Moreover, if € > 0 or ¢ = 0 and
Assumption 2.10 holds, this solution is unique. Using the previous results for the
solution of (43) when € > 0, we take ¢ — 0 to exhibit a measure p € H(myg) for
which the inequality

/R (0, 7) — ug()dmo(x) — / " ()00t > /0 : /R L, v) + vy (n)dp(t, 7, v)

0

holds. We begin by establishing the following moment estimate for the probability
measures m® when € > 0.

Proposition 5.2. Suppose Assumptions 2.1, 2.2, 2.5, 2.7-2.10 hold. Assume further
that my satisfies Assumption 2.6. Then, for 0 < € < 1, the solution (u¢, m¢, @) of
(2) and (43) satisfies

/ |z|"m(t,x)dx < C'  for almost every t € [0,T],
R

where the constant C' is independent of €.

Proof. By Assumptions 2.7, 2.9 and 2.10, there exist a unique solution (u¢, m¢, w°®)
of (2) and (43) ([36], Theorem 1). Then, by Assumptions 2.1, 2.2, 2.5, 2.7 and 2.9,
and the bounds on @ and uf, (see Proposition 4.2 and [36], Propositions 1 and 6),
we have, for 0 < e < 1,

| Hp(@ () + uz(t, )| < C (|o(t) + ug(t,2)[* 7 + 1)
)

(Il [l227" + Lip(u)*™") +1)

1672_1 + CQ S 07 (58>

where C'(v,) = max{272, 1} and Lip(u¢), and therefore Cy, Cy, and C' are inde-
pendent of @ and e. Furthermore, u¢ defines the optimal feedback in a stochastic
optimal control problem, for which the optimal trajectory satisfies

dx = —Hy (i, @ (1) + us(t, %) )dt + V2ed IV, (59)

where W, is a one-dimensional Brownian motion (see [36]). Using Assumptions 2.2
and 2.7, the vector field

(t,2) = Hy(x, @ (t) + ug(t, x)) = Hy(w (1) + ug(t, )

is bounded and uniformly Lipschitz. Hence, m(t,-) = L(x;), where £(x) denotes
the law of the random variable x, is a weak solution of the second equation in (43)
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([13], Lemma 4.2.3), and by Assumption 2.10, this weak solution is unique. Hence
me(t,-) = L(x¢). Writing (59) as

Xt—x+/ HXt, )+U tXt dt+/\/_th,
where = € R, and using (58), we have, for 0 < e < 1,
sl <27 (Jaf7 + 277 (T0C7 + V26 W)

<27z + O 4+ CHW, (60)

where C] and CY are independent of w® and e. Because W; is normally distributed
w.r.t. the measure m®(t, x)dx in R, we have

2t)V/2
E[|[W]"] /thPm (t,x)d ( ) F(”TH),

where I'(-) denotes the Gamma function. Integrating (60) w.r.t. m<(¢,z)dz, using
the previous formula, and recalling the initial condition for m® in (2), we obtain that
m¢ satisfies

(2T)7/?

I,

/R [ (t, 2)da < 2! /R ["mo(x)dz + C! + C,

By Assumption 2.6, the right-hand side of the previous inequality is bounded inde-
pendently of €, for 0 < € < 1, as stated. Il

Let ¢t € [0, 7). Define 3¢ € P(R?) by

U(x, p)dfi(x,p) = / Y@, @ (t) + ug(t, ))m(t, z)dz for all ¥ € Ce(R?),
R2 R

R R .1 ¢z, 0)
where Ce(R%) ={o € C(R"): 1l ﬁ}r‘r_lm 1+ 2| + |v|e =0}

and ¢ = (v1,7). Note that the well definiteness of the measure ¢ is ensured by
Proposition 5.2. Relying on the definition of £f, we define uf € P(R?) by

[ vle—Le o)) = [ vlep)dsier) forall v € C(R)

If Assumption 2.1 holds, the relation v = —Hp(z,p) if and only if p = —L,(x,v)
(see Remark 2.3), implies

e, Hyle,p)d5i(wp) = [ ola)di(a.v)
R? R?
Finally, we define ¢, u¢ € US N RH(Q) by

T
/ F(t 2, 0)dB<(t, 2, 0) = / £t 2, 0)dB5(x, v)dt
Q 0 R2
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T
and [ttt = [ oo (61)
Q 0 R2

for all f € Cz(2) (see Remark 3.4). Under Assumptions 2.1, 2.2, 2.5, 2.7, 2.9 and
2.10, the non-negative and finite Radon measures p¢ defined by (61) have a weak
limit in U¢ as € — 0.

We show the existence of a weak limit of the Radon measures € defined by (61).

Proposition 5.3. Suppose Assumptions 2.1, 2.2, 2.5-2.10 hold. Then, there exists
€ USNRT(Q), where ¢ = (71,75), such that, up to a sub-sequence, the sequence of
Radon measures pu© defined by (61) weakly converge to p; that is, for all f € Cz(9)

/Qf(t,x,v)d,ue(t,x,v)—>/Qf(t,a:,v)du(t,x,v). (62)

Proof. By (58) and Proposition 5.2, we have

T
/ / (1 + |z|” + [Hp(z, w(t) + u;(t’x))”ngrl) me (¢, z)ddt
0 R
T N N
< / / <1 + |'Th -+ C'YQ+1) mf(t, x)dxdt < C(l + C'YQ+1>.
0 R

Using the previous inequality, an argument similar to that in the proof of Proposition
3.2 shows that the probability measures ¢ defined by (61) satisfy

/ (14 lal + o5+ du(t, . 0)

Q
T / _,

:/ / (1 Ja = ol ™5*1) dp (vt < C(1+ C5), (63)
0 R2

where C' and C are independent of e. Hence, u¢ € U NRH(Q), with ¢ = (71, 7).
Furthermore, (63) implies that the measure v¢ = (14 |z + [v["2) p(¢, z,v) be-
longs to R*(£2) and

/ (% + |x|* + |v|*) dv(t, x,v) < C,

Q

where 0 < ag < min{(y — 1), > (v + (v — 1), 711} Therefore, as € — 0, the
sequence v° is tight ([38], Proposition 2.23). Hence, by Prohorov’s Theorem ([38],

Theorem 2.29), there exists v € RT(Q) such that, up to a sub-sequence, which we
still denote by v, v weakly converges to v; that is,

/w(t,x,v)due(t,x,v) %/w(t,x,v)dy(t,x,v) for all ¢ € Cp(Q). (64)
Q Q

Now, taking = v/(1 + |z[" + |v|"2), we notice that p € US NRT(Q). Moreover,
recalling the definition of v from (64), we deduce (62). O
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Next, we show that the weak limit provided by Proposition 5.3 belongs to H(my).

Proposition 5.4. Suppose the Assumptions 2.1, 2.2, 2.5-2.10 hold. Let p € R(2)
be such that, up to a sub-sequence, the Radon measures p¢ defined by (61) weakly
converge to . Then, p € H(my).

Proof. The existence of u is given by Proposition 5.3. By (63), we have that
w € Hy. Let (u,m,w) be the solution of (1) and (2) ([36], Theorem 1) . Let
p € CH[0,T] x R). Because m is a weak solution of the second equation in (1), we
have

/ / et @) — Hy(w, @ + uy)a(t, x))m(t, x)dx

:/RQO(T,a:)m(T,x)dx—/RQO(O,x)mo(x)d%
and by (61)

/ant(t,:c) + v, (t, 2)du(t, z,v) = /OT /R2 oi(t, ) + v (t, ) dus(z,v)dt
= [ [ ) - Bl pyeaton) asite.
/ /cpt (t,x) (x, " + ul) . (t, ) m(t, z)dzdt.

Now, taking into account (63) and arguing as in the proof of Proposition 3.2, we
deduce that the previous two identities also hold for any ¢ € A([0,T] x R). Hence,
w € Ha(mg,v) for v =m(T,-) € P(R). Finally, the third equation in (43) gives

[0 =@yt = [ [ ne)(-Huto. o+ )~ Qi iz =,
0
for alln € C([0,T7), which implies that u € Hsz. Therefore, u € H(my) as stated. [

Next, we prove the following technical lemma.

Lemma 5.5. Let x, > Y, Yo — +00 and lim = = 1. Suppose that ¢ € L'(R)

n—oo JIn

and [, |z|”¢dx < co for some o >0 . Then,
:vn-i-y
lim —/ / x)dzdy = / o(x (65)
n—o0 2T, —yn Sty
Proof. Exchanging the order of the integrals on the left-hand side in (65), we get
xn+y 0 T+Yn Tn—Yn Tn
/ / x)dxdy = (b(x)/ dydz + / (b(x)/ dydx
—Yn Yn+y —2yn —Yn 0 —Yn

Tn—Yn Tn 2n Tn
+ / 6(z) / dydz + / 6(x) / dydz
0 T4+Yn Tn—Yn —Tn+x

2, 0 0 22,
=2z, / o(x)dx + 2(yn — ) o(z)dr + o(z)xdr — /0 o(z)zda.

—2yn —2yn —2yn
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Dividing the preceding equation by 2x,, and letting n — oo we deduce (65). O

Now, relying on the previous results, we complete the second part of the proof of
Theorem 1.3. This is the content of the following Lemma.

Lemma 5.6. Suppose Assumptions 2.1-2.10 hold. Let (u,m,w) solve (1) and (2).

Then /R(u((),x)—uT( x)) dmy(z) — / w(t)Q(t)dt

inf / / (z,v) + vup(z)du(t, z,v).
;LE'H mo) R2

Proof. By Assumption 2.1 and (3), the following identity holds
L(z,v) = Hy(z, —Ly(x,v))(—Ly(z,v)) — H(x, —L,(x,v)). (66)

Let t € [0,T]. By Remark 2.3 and (58), we have

/L(a:, —Hy(x,w" 4+ uy))m*(t,x)dx < / (Calz|™ + C)me(t, x)dx,
R R

where C' is independent of x and e. From the previous inequality, Assumption 2.6
and Proposition 5.2, and an argument similar to that in the proof of Proposition 3.2,
we get that the integral [p., L(z,v)dpus(z, v) exists and is finite. Hence, we integrate
both sides of (66) w.r.t. u§, and we use the definition of 5§ to obtain

/]R? L(SL‘, U)dui(l‘, U) = w2 Hp<x7 —LU<ZIZ', U))(_Lv(xa U)) o H(:L‘, —Lv(l‘, U))dui(ﬂ% U)

Hy(z,p)p — H(z,p)dBi(z,p)

RZ

= /R (Hp(z, @ 4 uf) (@ +uf) — H(z, @+ uf))mdz.  (67)

Let a € [—3,0] be such that [m®(¢,a)| < co. By Proposition 5.2 and Assumption
2.6, we have that [, |z|m‘dz < co. Rewriting the first momentum of m®

/ |z|mdx = / |z|mdx + Z/ rmfdx +/ |z|mdr < oo,

n—a—1

we deduce that there exists Ny such that for all N > N

N+1 —N-—a N+1 -N
/ xm%lx%—/ |z|m dx :/ xmgdxjt/ |x—almf(t,x—a)dx <

N —N—a—1 N —-N-1

2|0

The previous estimates with Chebyshev’s inequality imply

N+1 C
re€|[N,N+1 $m>—‘< N/ amtdr < —
{z €| E } \/—
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(2 €[-N—1,-N]: |o—alm(t,z—a) }‘«/‘/N el < \/ﬁ_

Because a € [—1,0], there exists a sequence {,} such that

Tp >0, lim x, = +o0,
n— oo

(68)
lim x,m<(t,2x,) = lim xz,m(t, -2z, — 2a) = 0.
n—oo n—oo

Let v, =z, + a.

By Assumption 2.6 follows that there exists o > 0 such that [, 2] meda < oco.
Then, relying on Proposition 5.2 and using Lemma 5.5, we rewrite (67)

/ L(z,v)du;(z,v)

$n+y
= lim —/ / (z, @+ uf) (@ + uf) — H(z, @ + uf))m dady

n—00 22, yn-ty

$n+y
= lim — (@, @+ uf)m (u — ur)
n—00 21‘” yn+y B

+ Hy(z, @ +uf) (@ + up)m® — H(z, @ + uf)m|dzdy.  (69)
Because H is separable, u(t,-), ur € Lip(R), from Proposition 5.2, we deduce

Tn+yY

/ Hy(z, @ + ul)m*(u® — ur)

< lim —/ |z|mdz = 0.

n—o00 Ty,

—Yn+Y

Integrating by parts the first term on the right-hand side in (69), using the preceding
equality, and the definition of 3§, (69) becomes

/ Lz, o)y (, v)

In+y
= lim —/ / p(@, @ +uf)m) (u —up) — H(z, =" + uf)m ] dzdy
n—o00 22, Ynty &
Tn+Y
pim - [ / Hy.) (= + )55 ). (70
n—>o<> 22, unty JR

Next, we prove well definiteness of several integrals. Note that Assumption 2.6 and
the definition of puyg, yield

[ ol )it = | [ ol (o + )|

= ‘/ Hy(z, @ + uf)|z|” (@ + up)mSdz| < O,
R

for 71 < v1 +0 < 7. Relying on the preceding estimate and considering Lemma 5.5,
we obtain

im0 T e e = - [ ol i), (@)

n—00 22, ynty JR
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By the second-order energy estimate in (49) and using Young’s inequality, we have

T T
/ / S, ||z|2mSdedt < / /(u;x)ZTTLE + |z|"m dzdt < C.
o Jr o Jr

Hence, Lemma 5.5 implies that

T Tn+yY
/ / |uS, |m daxdt = lim —/ / / lug,, |mdadydt < C.
0 R n—o0 2T, Ynty

Using the previous estimate and taking into account that u¢ € Lip(R) for all ¢t € [0, T,

we get
Tn+y
lim — / / / gu;dxdydt‘
n—o0 22, Unty
< lim g / m(t, 2 +y)ug (t, xnty) — m(t —yn+y)ug(t, —yn+y)dydt
n—00 n Y

Tn+Yy
+ lim — / / / |ug,,|m dadt
n—>oo x” —Yn Ynty
< lim —/ /m ]ux\dydt~|—/ /\umlmﬁdydt< C. (72)
n—00 Ty

Because |m*(t,a)| < oo from (68), we have

1 Tn In+ty
lim — / meu’ dy
n—00 22, . ——
n —Yn
- nh—>nolo E /xn_yn mw(t7 y)u (ta y)dy - /_2yn mx<t7 y)u (t7 y)dy ‘

1
< lm —— (m(t, 2z, [u(t, 22,)| + m (¢, =2y, ) |u(t, —2y,)| + 2m(t, a)|u(t, a)|
+ 2/ e[ | dz) = 0. (73)
R

Furthermore, (72) and (73) yield
Tn+y
lim — / / / mgxuﬁdxdydt‘
n—00 22, —yn J—ynty
Tn+Yy
lim — / / myu’
n—oo 20, —un

dydt
Tn+Yy
lim —/ / / ;ufcdxdydt‘ <C. (74)
n—00 22, —yn Sty

—Yn+y
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Note that (72), (73) and (74) also hold for ur.

Because w € C[0, T}, then H(z, w+ut) € L7,

([0, T]xR), which with the regularity
of heat equation implies that u, € C([0,7] x R) and u,, € L} ([0,T] x R) for every

p € [1,00). Therefore, the second and the first equation in (43) imply
—(Hp(x, w’ + u;)me)x(u6 — uT) = (emS, —ms) (u6 — uT),
—H(z,w" + ul,)m* = — (eu, + uy) me.

Relying on (74) and using the preceding identities and the identities in (71) after
integrating on [0, 7] the equation in (70), we obtain

/L(x v)dpy(z,v)d / / @ + up)dpg(z,v)dt
0 R2

Tn+Y
+ lim — / —mlt ut — uT) +emy, (u6 - uT) — uym* — euy, m-drdydt

n—oo 21 —yn —yn+y

Tnty
= lim — / / / (uf — uT))t + ems, (u® — ur) — euf,m dadydt
—yn

n—o0 22, Yn-ty
— / v(@ + up)dpg (z,v)dt. (75)
0

Taking into account (73) and integrating by parts, we have

Tn+y
lim — / / / ms,u — us, m-drdydt
n—o0 2T, Unty
Tn+Y
zhm—// meuS — u,mS dydt
n—oo 2T, B
Yn+Y
Tn+yY T
< lim — meu dydt +C’/ /Trfdxdt
n—00 an ety o Jr

— 0. (76)
Thus, recalling the definition of p¢, (61), and by using (74), (76) in (75), we get

/L(x v)du(t, z,v)

Tn+y
= lim — / / / (u® —urp)), — emS,urdedydt
n—o0 22, Yn-+y

—/v(we+u/T)duE(t,x,v).
Q

After rearranging the terms in the previous equation, we obtain

$n+y
/L(x v) + vupdp(t, z,v) = lim —/ / ) — ur(z))modady
Q —Yn

n—00 22, Yn-+y

Tn+YyY
— ¢ lim —/ / / ms urdrdydt — / vaduc(t, x,v). (77)
n—oo xn —Yn Yyn+y Q
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Now, we pass to the limit in (77) as follows. By Assumptions 2.1, 2.5, 2.7 and 2.9,
Theorem 1 in [36] guarantees the existence of a sequence such that u® — u and
w® — w uniformly, where, for w, u solves the first equation in (1) in the viscosity
sense. Furthermore, by Proposition 4.2, w € WH=([0,T]). Remark 2.1 implies
that L(z,v) 4 vup(z) belongs to C¢(2), therefore extracting a further sub-sequence
out of the previous sequence, Proposition 5.3 gives the existence of a weak limit
pw € USNR(Q) for ¢ and (62) holds for L(x,v) + vulp(z). Using these, by letting
¢ — 0 in (77), we obtain

/ L(z, ) + vily (2)dp(t, 2, v)
— lim — / / T 0,2) — wp()ymodzdy — /Q vw(t)du(t,z,v).  (78)

n—00 22, n +y

Furthermore, by Proposition 4.2, @ € W>°([0, T|), and by Proposition 5.4, u € H(my).
In particular, o € Hsz. Therefore,

[wtiyinte.rn = [ @t

By Assumption 2.6 and Lemma 5.5, we deduce that

lim — / / (0, 2) — () modady = / (0, 2) — up(z)dmo(z).

n—o0 22, n +y R

Therefore, from (78), we obtain

/ L(x,v) + vup(z)du(t, z,v) = / u(0, ) — ur(z)dmo(x / Q(t)
Q R
which completes the proof. ]
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