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1. Introduction

This paper treats the following problem involving non-homogeneous differential
operators

ou (1)

—div(a(z, |[Vu|)Vu) + a(z, [u])u = Xa(z) f(u) + b(z)g(u) in Q,
0 on 012,

%:

where € is a bounded domain in RY (N > 3) with smooth boundary 9, g—g
is the outer unit normal derivative, f,g : R — R are continuous non-constant
functions, A € R, a,b € L'(Q) are non-negative non-constant functions and the
function a(z,t) : Q x R — R will be specified later.

The main features of this paper are the following:

(I) the presence of a non-homogeneous differential operator and the treatment
in a suitable Orlicz-Sobolev function space;

(IT) the use of the Ricceri four critical point theorem, which is a powerful an-
alytic tool for multiplicity results in nonlinear problems with a variational
structure.
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Orlicz-Sobolev spaces have been used in the last decades to model various phe-
nomena. These function spaces play a significant role in many fields of mathe-
matics, such as approximation theory, partial differential equations, calculus of
variations, non-linear potential theory, the theory of quasi-conformal mappings,
non-Newtonian fluids, image processing, differential geometry, geometric func-
tion theory, and probability theory. These spaces consist of functions that have
weak derivatives and satisfy certain integrability conditions.

We refer to Chen, Levine and Rao [4], who proposed a framework for image
restoration based on a Laplace operator with variable exponent. A second major
application of non-homogeneous differential operators with variable exponent is
the modeling of some materials with inhomogeneities, for instance electrorhe-
ological (non-Newtonian) fluids (sometimes referred to as ‘smart fluids’), cf.
(3, 8,9, 20, 21, 22]. Materials requiring such more advanced theory have been
studied experimentally since the middle of the last century. The first major dis-
covery in electrorheological fluids is due to Willis Winslow in 1949. These fluids
have the interesting property that their viscosity depends on the electric field in
the fluid. Winslow noticed that in such fluids (for instance lithium polymetachry-
late) viscosity in an electrical field is inversely proportional to the strength of the
field. The field induces string-like formations in the fluid, which are parallel to
the field. They can raise the viscosity by as much as five orders of magnitude.
This phenomenon is known as the Winslow effect. For a general account of the
underlying physics we refer to Halsey [11] and Pfeiffer et al. [16]. An overview
of Orlicz—Sobolev spaces is given in the monographs by Rao and Ren [17] and
Radulescu and Repovs [21].

The starting point of our approach to problem (1) has been [18], in which the
author considers the following ordinary Neumann problem

{ —’ +u = Aa(z) f(u) + b(x)g(u) i [0,1],

u'(0) =4/(1) =0, 2)

where A € R and f,g : R — R, a,b: [0,1] — [0,400] are four continuous non-
constant functions. Thanks to a new multiplicity result established in the same
[18], Ricceri has proved that the problem above admits at least three non-zero
solutions.

In [2], the authors extended problem (2) to the following p(z)-Laplacian case

—Apu + |u|p(x)_2u = Xa(z)f(u) + b(x)g(u) in Q,

a—:j:() on 0f2,

(3)

where Q is a bounded domain in RY with smooth boundary 052, % is the outer

unit normal derivative, f,¢g : R — R are continuous non-constant functions,
A € R, a,b € L'(Q) are non-negative non-constant functions and p € L>() is
such that

N <p :=inf p(z) < p" :=supp(z) < +o0.
e zeQ
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It is useful to note that, in the particular case when in (1) we have a(z, t) = t?(*)~2
forallt € R, p > 1 with p € L*>°(Q2), then problem (1) becomes the p(z)-Laplacian
equation, namely equation (3). It is clear that this is a natural extension from the
earlier studies on nonlocal problems in classical Sobolev spaces and on nonlinear
non-homogeneous problems in Orlicz-Sobolev spaces.

In this paper, motivated by the above facts and the recent paper [18], we establish
some sufficient conditions under which the problem (1) possesses three non-zero
weak solutions in the Orlicz-Sobolev space.

This paper is organized as follows. In Section 2, some preliminaries and the
abstract Orlicz-Sobolev spaces setting are presented. In Section 3, we present
our main result and its proof with some remarks and applications.

2. Functional setting

As already said in the introduction, our approach in facing problem (1) is based
on the very recent multiplicity result established in [18], that we recall below for
the reader’s convenience (see also Theorem 1 of [19] for a similar result).

Theorem 2.1 ([18, Theorem 1]). Let X be a reflexive real Banach space; J :
X — R be a coercive and sequentially weakly lower semicontinuous C* functional
whose derivative admits a continuous inverse on X*, I, I, : X — R two C!
functionals with compact derivative. Assume that there exist two points ug, vy € X
with the following properties:

(i)  wp s a strict local minimum of J and J(ug) = I1(ug) = Iz(ug) = 0;
(ii)  J(vo) < I1i(vo) and Iy(vg) > 0.

Moreover, suppose that, for some p € R, one has either

Sup inf (A(J(u) = Li(u) = p) = Io(u))
< inf S;gg(MJ (u) = Ii(u) = p) — I>(u)) (4)

Sup inf (J(u) = Li(u) = Alp + Ix(w)))
< inf sup(J(u) — Ii(u) — Mp + I2(u))). (5)

uEX >0

Finally, assume that

I I
max { lim sup ﬁ, lim sup M} <1
oo (1) umsug S (1)

and

: Ih(u) . Ir(u) }
max 4 limsu , limsup ——= ¢ <0. 7
{uuu%g T) e J(u) (7)
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Under such hypotheses, there exists \* > 0 such that the equation J'(u) = I1(u) +
XI5 (u) has at least four solutions in X. More precisely, among them, one is ug

as a strict local, not global minimum and two are global minima of the functional
J—1 — XL

Remark 2.2. It is important to remark that, in view of Theorem 1 of [6], con-
dition (4) is equivalent to the existence of u;,v; € X satisfying

J(ur) — Ii(u) < p < J(v1) — I1(v1), and

sup(J_Il)fl(]_onD [2 — [2(U1) Sup(J_Il)fl(]_onD [2 — [2(1)1)
p—J(ur) + I (ur) p—J(vi)+ Ii(v)

Likewise, condition (5) is equivalent to the existence of uy,v; € X satisfying

I(v1) < p < Iy(uy), and

J(u1> — Il(ul) — inf[2([p,+oo[)—l(g]‘ — 11) < J(U1> — Il(vl) — il’lf[2([p’+oo[)—1(,] — Il)
L(u) —p Ir(v1) —p

In order to study problem (1), let us introduce the functional spaces where it will
be discussed. We will give just a brief review of some basic concepts and facts of
the theory of Orlicz-Sobolev spaces, useful for what follows; for more details we
refer the reader to Adams [1], Diening (7], Musielak [15] and Rao and Ren [17].

We now recall some facts on the theory of Orlicz-Sobolev spaces that will be used
in the present paper. Suppose that the function a(z,t) :  x R — R is such that
the mapping ¢(z,t) : 2 x R — R, defined by

| az, )t for t#0,
S0<I’t)_{0 for t=0

satisfies the condition

(p) forall x € Q, p(x,-) : R — R is an odd, increasing homeomorphism from
R onto R, and

t
O(x,t) = / o(x,8)ds, Vx € Q, t >0
0

belongs to class @ (see [15], p. 33), i.e. the function ® satisfies the following
conditions:

(1) forallz € Q, ®(x,-) : [0, +00) — R is a non-decreasing continuous function,
with ®(z,0) = 0 and ®(z,t) > 0 whenever ¢ > 0, limy_,,, P(z,t) = oo,

(®y) for every t >0, ®(-,t) : 2 — R is a measurable function.

Since ¢(z, -) satisfies condition (¢), we deduce that ®(x, ) is convex and increas-
ing from R* to R*.
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For the function ®, we define the generalized Orlicz class,

Ke(Q)) = {u : Q — R, measurable; / O(x, |u(x)|) de < oo}

Q

and the generalized Orlicz space,

L*(Q) = {u : Q — R, measurable; lim /Q(I)(QZ, Au(z)|) de = O}.

A—0t

The space L*(f2) is a Banach space endowed with the Luzemburg norm

ole =int {pe> 0 [ o (o) o <1}

or the equivalent norm (the Orlicz norm)

|u (@) :sup{‘/uv dz|; ve L2(Q), /
Q

Q
where ® denotes the conjugate Young function of ®, that is,

D(z, |[v(x)|) do < 1} ,

O (x,t) = sup{ts — ®(z,s); s€e R}, VzeQ t>0.

s>0

Furthermore, for ® and ® conjugate Young functions, the Hélder type inequality

holds true:
‘ / uv dx
Q

where B is a positive constant (see [15], Theorem 13.13). In this paper we assume
that there exist two positive constants ¢ and ¢° such that

to(x,t)
O(x,t)

The above relation implies that ® satisfies the Ay-condition, i.e.

< Bluls|vlg, Yue L*(Q), veL(Q), (8)

1 <o < <pl<oo, Ve, t>0. (9)

O(x,2t) < K®(x,t), Yo2eQ, t>0, (10)

where K is a positive constant (see [14, Proposition 2.3]). Relation (10) and
Theorem 8.13 in [15] imply that L?(Q) = Kg(Q2). Furthermore, we assume that
® satisfies the following condition:

for each z € Q, the function [0,00) 3 t — ®(x,V/t) is convex . (11)

Relation (11) assures that L®(Q) is an uniformly convex space and thus, a reflexive
space (see [14, Proposition 2.2]).
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On the other hand, we point out that assuming that & and ¥ belong to class ®
and

U(z,t) < K1 @(x, Ko t) +(z), Yoel, t>0, (12)

where n € L'(Q), n(xz) > 0 a.e. € Q and K;, K, are positive constants, then
by Theorem 8.5 in [15] there exists the continuous embedding L*(Q2) C LY(Q).
Next, we define the generalized Orlicz-Sobolev space

Whe(Q) = {u e 1*(), 2

L*(Q),i=1,..,Ns.
T e L), i LN

On W1%(Q) we define the equivalent norms

[ullLe = Vul o +[ule,  |lullze = max{] [Vu] [e, lule},

full=int {0 [ o (2490 o (o, T o <

More precisely, for every u € W1®(Q), we have
Jul < 2fullae < 2[ullie < 4full (13)

(see [14, Proposition 2.4]). The generalized Orlicz-Sobolev space W1®(Q) en-
dowed with one of the above norms is a reflexive Banach space. In the following,
we will use the norm || - || on E := WhH®(Q).

The following lemma is useful in the proof of our results.

Lemma 2.3. Letu € E. Then

O(x de > ||ul|?®if |Jul|| > 1; (14)

O (z do < ||lul|?’ if |ul| > 1; (16)

n—
| (2t 19uta <x,\u<x>|>) do<ul™ el <1 (15)
T

/Q <(I>(x, |Vu(x)|) + O(x, \u(a:)])) dr > HuH“”O if JJul| < 1. (17)

For the proof of the previous result see, for instance, Lemma 2.3 of [13].

We point out that assuming that & and ¥ belong to class ®, satisfying relation
(12) and inf,cq ®(z,1) > 0, inf,cq U(x,1) > 0, then there exists the continuous
embedding Wh®(Q) — Wh¥(Q).
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In this paper we study the problem (1) in the particular case when & satisfies
M [tP@ < ®(x,t), Yz eQ, t>0, (18)

where p(z) € C(Q) with p~ := inf,cqp(z) > N forall z € Q, and M > 0 is a
constant.

By the relation (18) we deduce that E is continuously embedded in Wr(®)(Q)
(see relation (12) with W(x,t) = [¢t[P®)).

Moreover, as pointed out in [10] and [12], WP®)(Q) is continuously embedded
in WP (Q) and since p~ > N, we deduce that W' (Q) is compactly embedded
in C°(Q). Thus, E is compactly embedded in C°(Q) and there exists a constant
¢ > 0 such that

[ulloe <cllull, VuekE, (19)
where [|u||s = sup,cq |u(z)|.

Example 2.4. Define

|t|P(®)=2¢

———— for t#0 d 0)=20
10g(1+|t|) or 7£ y all 90(1‘7 ) )

o(x,t) = p(z)

where p(z) € C() satisfying N < p(z) < +oo for all z € Q. Some simple
computations imply

o |t|P(®) It sP(@) J
Hy=—"1__
(%) log<1+rt\>+/o L+ s)(log(1 + )2 ©

and the relations (), (®;) and (®3) are verified. For each x € Q fixed, by
Example 3 on p. 243 in [5], we have

to(x,t)

<p(z), Vt>0.

Thus, the relation (9) holds true with ¢g = p~ — 1 and ¢° = p* := sup,.q p(z).
Next, ® satisfies the condition (18) since

Oz, t) > PO YVreQ t>0.

Finally, we point out that trivial computations imply that

P@E VD)
dt? -

for all x € Q and ¢ > 0. Thus, the relation (11) is satisfied.
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The following lemma is useful in the proof of our results.

Lemma 2.5. Ifv:Q — [0, +00] be a non-zero function in L*'(?) and h : R — R
a continuous non-zero function, we denote by T, ;, the functional defined on E by
putting
7,0(0) = [ A(ah(u(o)do
Q

for all w € E. Then, one has

T h
tim sup 248 < mmax{o lim sup (5)} (20)
ums0 |lul|® es0 o [€]P
and
T h
lim sup L(u) < )|Y|| 1) max {0 lim sup (f)} (21)
=00 l|0]|#0 el —+oo [€]#0

Also, the functional T, y, where H is defined by H (¢ fo t)dt for all € € R,
turns out to be in C*'(E,R) and its derivative is gwen by

T () = / A (@)h(u(z)) v(x)dz

for all u,v € E. Moreover, the compact embedding of E in C°(Q) implies that
T g« E — E* is compact.
The proof of the previous lemma is similar to proof of Lemma 2.1 in [2].

We can deduce that u € F is a weak solution to problem (1) if and only if u is a
critical point of the functional

/ (CID(x, |Vu(z)]) + ®(x, |u(a:)|)> de — X, r — Thc
Q
which represents, therefore, the energy functional related to problem (1).

3. Main results
Now, we present our main result.

Theorem 3.1. Let f,g: R — R be two continuous non-constant functions and
let a,b: Q — [0, +00] be two non-constant functions in L*(Q). Assume that

AL
(f1) max{hmsup hmsup }_ ,

|€]—+00 =0 |€|

13
(91) supgeR/ g(t)dt < 400, limsup 2%—rb— < —5 )
0 €0 [9)4 c?|1b]| 1)
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Finally, suppose that there exist ¢ > ¢max {1, (116]| 21 (@) supg G)%;O} and & € R
such that

13
(f2) 0< t)dt = sup f dt<sup/ f@t)dt
0

0 I€|<o ¢eR
||b||L1 Q [©
(g2) max {\§1|@0, |§1|§00} < W()/o g(t) dt.

Under such hypotheses, there exists \* > 0 such that the problem

—div(a(z, [Vu|)Vu) + a(z, [ul)u = Xa(z) f(u) + b(z)g(u) in Q,
Ou =0 on 0f)

o

has at least three non-zero solutions, two of which are global minima of the
associated enerqgy functional.

Proof. Our aim is to apply Theorem 2.1. Take Iy, I equal, respectively, to
Ty, Ty p defined in Section 2. For each u € E, let the functional J : E — R be
defined by

J(u) ::/Q(@(:B,]Vu(m)\)jL@(x, |u(g;)\)) dz.

Since @ is convex, it follows that .J is a convex functional, and hence it is sequen-
tially weakly lower semi-continuous. By Lemma 2.3, we see that J is coercive,
and arguing as in the proof of [13, Lemma 3.2], we have that J' : £ — E* is
a uniformly monotone operator in E. By applying the Minty-Browder theorem
(Theorem 26.A of [23]), J' admits a continuous inverse on E*.

Moreover, similar arguments as those used in [14, Lemma 4.2] imply that J €
CY(E,R) with the derivative given by

(J'(u),v) = /Qoz(x, \Vu(z)|)Vu(z) Vo(z) dx +/Qoz(x, |u(x)])u(x) v(x) d

for every v € E. Also J is bounded from below.

Now, take ug = 0 and vy = &;; of course, (i) is evident. Moreover, thanks to (fs),
(92) and Lemma 2.3, one has

J(vo) = / S(e e dr < |9 max{e]?, 6]}

IN

&1
1Bl / o(t) dt = The(v9)

and

&1
Tor(vo) = llallpyey [ f(t)dt >0,
0
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which proves (ii). Now, if ||ul| > 1, due to Lemma 2.3 we have

Tha(uw) _ Tha(u)
J(u) = ulle

and thanks to Lemma 2.5 we get

lim sup Tb’G(u)
lull—+oo (1)

3
t)dt
< bl maX{O, limsupM} <0
glotoo  [E]P0

If ||u|]| < 1, due to Lemma 2.3 we have

Tb,G (u) Tb,G (u)
Jw = Tl

and thanks to Lemma 2.5 and (g;) we get

T,
lim sup ha(v)

§
. g(t)dt}
< b max < 0, limsu fo— <1
e~y = ¢ Pl { P

£—0 |€|¢O

So (6) is fulfilled. Likewise, from Lemma 2.5 and (f1), we get

£
T, £) dt
lim sup (1) < a1 (o) maX{O, limsupM} <0
lull—too () elotoo €]

and

3

. Tor(u) 0 { , INVIQ) dt}

lim su ’ <c?|la max < 0, limsup *&-——~— % <0,
u—0 P J(u) — lallz @ €0 P |£]#° -

which satisfy (7). Finally, let us check that (4) holds. being o > ¢, we have that

o ©0
1 — ||b||L1(Q) Squ < (—) — Hb”Ll(Q) Squ
R & R

and so it is possible to choose p € R such that
o ¥o
max {0, 1 — |0l 1y S%P G} <p< <E) = [0l 210 S%P G.

Let u € E such that J(u) — Ty g(u) < p. If ||u|| < 1, by the definition of ¢ and
the choice of p we get

lull* < 7(u) < p 4 [l exoy sup G

and then, being p + ||b]| 1) supg G > 1, we obtain

1

1
Jull < (o + |1b]| 2y S%PG) < (p+ bl SﬁpG) 70 <

a9
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On the other hand, if ||ul| > 1, we get

[ull?* < J(u) < p+ (bl L1(q) S%]DG,

and then

L

lull < (p + [Ibll1 0 SﬁpG) s

SIS

Thus, owing to the embedding of E in C°(Q2) we have the inclusion

{ueE: J(u) —The(u) < p} C {u € E : sup lu(z)] < a}. (22)

e

Now, in order to fulfill the equivalent formulation of (4) recalled in Remark 2.2,
choose u; = vy and take as v; any constant d such that F'(d) > sup_, , F. Such
a d does exist by (f2). Thanks to (g2) we have

&1
J(ul) — Tb70(ul) S |Q| max {|£1|¥’07 |§1|4,00} _ ||b||L1(Q)/ g(t) dt S 0< p-
0

Moreover, J(v1) —Tp,¢(v1) has to be necessarily strictly greater than p, otherwise,
by (22) we would have |d| < o and F(d) < sup(_,, F}, a contradiction. Then,
due to (f2) and to the choice of d, we readily obtain that

sup Ta,F S Ta,F(ul)
(J=Tp,c) "t (]—00,p])

and

sup Ta,F < Ta,F(vl)-
(J=Tp,c) "1 (]—00,p0])

Thus, the following inequalities hold

SUP-T1,6)~ (=00 Tor = Tar(u) o SUPG_1,, )1 (=00 Torr =~ Tarr(v)
p—J(u) + Ty a(ur) p—J(v1)+ Ty a(vr)

and, each assumption of Theorem 2.1 being satisfied, our problem admits at least
three non-zero weak solutions, two of which are global minima of the energy
functional. O

Remark 3.2. It is worth pointing out that, if assumption (f3) of Theorem 3.1
is replaced by the existence of

o > cmax {1, (15[ 21 (@) sup G)“”lo}
R

and &1,& € R, with £& > 0, such that

&1 § &2
0< [ f(t)dt=sup / fydt < [ ), (23)
0 0

0 §l<o
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under the additional assumption || > C%O, we can ensure that the three non-zero

solutions of the thesis of Theorem 3.1 are non-negative (respectively non-positive)
provided & > 0 (respectively & < 0). To see this, it suffices to apply Theorem
3.1 to the functions fy, go : R — R defined by

) fE) ifE>0, _Jg§) if&>0,
h@y_{o ife<o Md %@»_{0 if ¢ <0,

when & > 0 or by

) fE) ifE<o, ) g§) ifE<0,
ﬁ@%_{o feso, %@y_{o ite>0,

when & < 0. In fact, conditions (f;) and (g1) ensure that f(0) = 0 and g(0) = 0,
namely, that fo and gy are continuous functions. Therefore, condition Q] > C%O
guarantees that |£;] < o, in fact by (g2) one has

16| 1 () supgr G —

Yo <L
G < = <

Hence, the function f; satisfies assumption (fs).

From Theorem 3.1, applied with f = g and a = b, via Remark 3.2, we get:
Corollary 3.3. Let |2] > L and f : R — R be a continuous function such that

£

t)dt
(f3) SUD¢cr fog f(t)dt < 400, limsup fof# <0
£—0 |§|¢
Moreover, suppose that there exist 0 > 0 and &1,& € R, with £&,& > 0, such that
(f1) 0< [ ft)dt = supige, [ f(8)dt < [57 f(t)dt and
|| max {|&|%0, |&|#"} _ loads
INFIGL c#0 supeer Jo f(t)dt

Under such hypotheses, for every non-constant function a : Q — [0, +oo[ in L*(Q)
satisfying

(f5)

1 Q{I&]™, &)}
supg F'° [ f(4) dt

O-‘PO

CP0 SUDg fog F)dt

(f6) max{ } < la||pro) <

there exists X\ > 1 such that the problem

—div(a(z, |[Vu|)Vu) + a(z, [u])u = Xa(z)f(u) in €,

%—0 on 02,

has at least three non-zero solutions which are non-negative or non-positive ac-
cording to whether & >0 or & < 0.
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Another consequence of Theorem 3.1 is as follows:

Proposition 3.4. Let f : R — R be a continuous function and ¢, 7,0,v four
positive constants, with ¢ < T < o < v, such that f(§) > 0 for all £ €] — oo, —v]U
[—0,0] U s, 7], while f(§) <0 for all§ €] — v, —a] U|0,s] U [, +00[, and

0< /OTf(t) dt < /O_Uf(t) dt.

Moreover, let g : R — R be a continuous function and let b : Q — [0, +o0[ be a
function in L'(Q) such that

r ¢ [ g(t) dt 1
g(t)dt >0, sup/ g(t)dt < 400, limsup *
/o ¢ek Jo &0 € e |Ibll @)
and
1 [Qmax {|7[*, |7|*"} 0%
i , i < Wl < |
{ supg G fo g(t)dt @) CP0 SUPgc fOE g(t)dt

Under such hypotheses, for each mnon-zero function a : Q — [0, +oo[ in L*(€),
there exists \* > 0 such that the problem

—div(a(z, [Vu|)Vu) + a(z, [ul)u = Xa(z) f(u) + b(z)g(u) in Q,
% =0 on 0f)

has at least three non-zero solutions, two of which are global minima of the
associated enerqy functional.

Proof. The same assumptions also imply that f(f f(t)dt <0 for all £ € [—0o,¢],
and so (f1) holds. Consequently, if we take £&; = 7, the assumptions of Theorem
3.1 are satisfied and the conclusion follows. [

Example 3.5. Let Q = {(x,y) € R* 22 + ¢y* < 3}. Put

|t|P@v)=2¢

———— for t#0 d 0)=20
lOg(l—f—’tD or 7é , all ()0(1'7y7 ) )

o(r,y,t) = p(z,y)

where p(z,y) = 2* + y* + 3 for all (z,y) € Q. Some simple computations imply

ol |t[P@) i sP (@) p
(9.0 = a7 1) +/0 (1 +5)(log(1+ )% “”

such that the relations (¢), (1) and (Ps) are verified. The relation (9) holds
also true with o = 2 and ¢" = 6.

Define the function f: R — R by f(t) = —t5 — 7t* + Tt3 4 43t? — 42t.
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Let g : R — R be a continuous function and let b : Q — [0, +00] be a function in
L'(2) such that

2 3 Sg(t) dt 1
/ g(t)dt >0, sup/ g(t)dt < o0, limsup Js g(ﬁ) 5
0 ¢eR Jo =0 |£’ c ”bHLl(Q)
and
1 1927 < |1l - 9
max , < 10l -
supg G f02 g(t)dt @ C? SUpgcg f(f g(t)dt

Then, the conclusion of Proposition 3.4 does hold for the following problem

. w|P(Tv) =27y, w|P(Tv) =24, .
le (p(.il?, y) |v10;(1+‘vu§ > _I— p<x> y) llo‘g(l—Hu\) = )\&(l’)f(“) + b(az)g(u) m Qa
0
8_1; =0 on 0f2.
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