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Hamilton Jacobi equations of the form H(z,u, Du) = 0 are considered with H(z,r,p) non-
decreasing in r and quasiconvex in p. A viscosity solution may be represented as the value
function of a calculus of variations or control problem in L°°, i.e., as a minimax problem. For
time dependent problems of the form u; + H(t,x,u, Du) = 0 we require that H(¢,z,r,p) is
convex in p and nondecreasing in 7. The viscosity solution is then given as the value of an L™
problem.
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1. Introduction

One of the primary reasons to study control problems with L cost functions,
apart from the intrinsic practical applications, is the representation of solutions
of Hamilton-Jacobi equations. This is true also of classical, i.e., integral cost
control problems which may be used to represent solutions of Hamilton-Jacobi
equations with convex hamiltonians. The representation theorems in the classical
case began from the very inception of viscosity solution theory. One may consult
(3], [16], [19], and the references there.

Classical control problems lead to convex hamiltonians of the form

H(Z’,p) =Supp-z— L([L’, Z)
which naturally leads to the Legendre-Fenchel construction of
L(SL’,Z) =Supp-z— H(I,p)
p

The connection is that H(z,p) is recognized as the convex conjugate of the run-
ning cost L(z, z). This construction allows one to represent a viscosity solution
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of H(x,Du) = 0 or u; + H(t,x, Du) = 0. For example, a viscosity solution of
u+ H(x, Du) =0 is

u(xr) = inf / e "L(E(r), E(r)) dr .
£0)=z Jq

If one wanted to include u dependence in H, the only recourse was to add a
discount factor term in the running cost. This greatly restricts the types of u
dependence allowed. Quincampoix and Plaskascz [18] attacked this problem in a
way that permits more involved u dependence, but it involves an implicit scheme
using differential inclusions which includes u dependence in the running cost. The
idea we use here is explicit.

It is the purpose of this paper to extend the classical results to general u depen-
dence, except for the requirement that u — H(x,u, p) be nondecreasing which is
almost required for uniqueness. The context in which we will do this is to use
L*° control and quasiconvex conjugates. Recall that a quasiconvex function is
one which has all sublevel sets convex and so they are also known as level convex
functions. A Fenchel type theory of quasiconvex conjugates may then be used.
We identify H(x,r, p) as the first conjugate of what turns out to be a quasiconvex
running cost L(z, z) as well as an essential sup cost. Quasiconvex conjugates have
the property that they depend on two variables, » and p and this leads to the
identification for u and Du dependence. That identification led to the Hopf-Lax
formula with u dependence (see [1] and the references there). Also, quasiconvex
conjugates may be defined in different ways and that gives us several represen-
tation theorems depending on whether p — H(z,r, p) is quasiconvex or convex.
Both conditions still involve L*> problems. For a background on L*° control and
calculus of variations problems refer to [8],[9],[10].

1.1. L% control

We begin by reviewing and extending the following optimal control problem in
L first studied in [9)],

utt) = int esssup (s 609606 + [ K 6001, ¢() )

CEZ[(]’t] SE[O,t]

v (stewn+ [ wreege ar) )

d
S = H.86). ), 0<s<t, GO =zeR )
Z[0,t] ={¢:[0,t] = Z C R?| ( is Lebesgue measurable} (3)

where Z is given control set.

We will use the following assumption on the dynamics. These conditions are
stronger than necessary.
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(t,z,2z) — @(t,z, z) is continuous, ¢ = f, h, k

|f(t,@,2) = f(t,y,2)| < Crle —y|, and |f(t, 2,2)| < Cp(1+ [x])

|k(t, 2, 2) = k(t, y, 2)| < Crle —yl, and [k(t, 2, 2)] < Cp(1 4 |z]) (H)
|h(t,x,2z) — h(t,y,2z)| < Cplx —y|, and

g € BLSC(R") = {bounded and lower semicontinuous on R"} )

for constants C, C,, Cy, > 0.

Theorem 1.1. Assume condition (H). Then the lower semicontinuous (lsc) en-
velope w5 of u defined in (1) is the unique lsc BJ solution of

H(t,z,u,up, Dyu) =0, (t,x) € [0,00) x R" (4)

and u(0,z) = g(z) V h(0,x), x € R", where h(t,z) = min.cz h(t,z, z). Here we
have the hamiltonian H : [0,00) x R" x R x R x R™ — R defined by

H(t,x,r,ps, pe) = mazxmin{pt —pe - ft,x,2) — k(t,z,2), r—h(t,z,2)} (5)
ze

Remark 1.2. A BJ Isc viscosity solution is a lsc function u such that (¢,z) €
argmin(u — ¢), ¢ € C! implies that H(t,z,u,p;, Dyp) = 0. These solutions
were introduced by Barron and Jensen in [7] for use in the study of lsc solu-
tions of problems with convex hamiltonians. The important feature of these
solutions is the fact that a lsc function may not satisfy the subsolution condition
(t,r) € argmax(u — @), € C' implies that H(t,z,u,p;, D) < 0. Conse-
quently, the requirement that u be a BJ lsc solution requires the strengthened
supersolution condition that not only must (¢, z) € argmin(u — ), ¢ € C imply
that H(t,z,u, o, Dew) > 0, but in fact H(t, x,u, ¢y, Dyp) = 0. It was shown in
[7] that this condition is sufficient to guarantee existence and uniqueness of a lsc
viscosity solution when the hamiltonian is convex in the gradient variable. This
was recently extended in [6] to hamiltonians quasiconvex in the gradient.

The sense in which a Isc function assumes the initial condition is

u(0,z) = g(z) V h(0,z) = inf{lign inf u(ty, z) |t 4 0,2 — x}
—00

Remark 1.3. Note that assuming (H) means H is continuous in all variables.
In fact, using the elementary inequality

lzVy—zVy|l=lz—zl—[zAy—2zAy[ <[z — 2|

we may verify that H satisfies the conditions for some Cy > 0,
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|H(t,x,r,p) — H(t,y,r,p)| < Cu(1l+ |p|)|z -y (6)
|H(t,z,r,p)—H(t,JL’,s,p)| SCH|T_S| (7)
|H(t,z,r,p) — H(t,2,r,q)| < Cu(1+|z])|p — q (8)

In addition, it is clear that r — H(t,x,r, p;, p,) is nonincreasing and (py, py) —
H(t,x,r,p;, p:) is quasiconvex. The quasiconvexity is most easily verified by
showing that {(ps, p.) | H(, -, -pt, pz) < a} is convex for all o € R.

Proof. It is shown as in Barron and Liu [8] (with & = 0 but the result easily
extends) that u. is the unique lsc BJ viscosity solution of

u + F(x,u, Dyu) =0, (t,x) € (0,00) x R" (9)
u(0,z) = g(z) V h(0,z), where (10)
A(t,z,r)={z¢€ Z | h(t,x,z) <r}, shortly A in (12) (11)
Flt...p) :{ Iili;{’{_p fltx,z) —k(t,x,2) | 2 € A(t,z, 1)}, i j i g (12)

Since this hamiltonian F'(t,z,r, p) is not continuous in r, computing the upper
and lower semicontinuous envelopes of F, the definition of a lsc BJ viscosity
solution means that if (p;, p.) € D wse(t,z) , D™ us(t, x) the superdifferential
of wise at (t,x), we have

(@) py+ F*“(t,z,u,pr) >0 and (b)) pp + Fise(t, x,u,p,) < 0. (13)

In (13) we compute the upper and lower semicontinuous envelopes of F' as in [9],

F*(t,x,u,p,) = limsup  F(s,y,v,q) =lim F(t,z,v,p,) = F(t,z,u+0,p,)
(s,y,v,9)—(t,z,u,pa) vlu

and

Fi(t,x,u,p,) = liminf  F(s,y,v,q) =lim F(t,z,v,p;) := F(t,z,u—0,p,).
(s7y7v7q)—>(t7m7uypcv) vTu

Next we need the following lemma.

Lemma 1.4. The function u is a Isc viscosity solution of (13) if and only if
(pty ) € D™ wise(t, ) implies
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H(t,x,u,p, pe) = mazxmin{pt —pe - ft 2, 2) — k(t, 2, 2), u(t,x) — h(t,z,2)}
zEe

=0 (14)

That is, ws. is a lsc viscosity solution of (13) if and only if wys. is an lsc BJ
viscosity solution of (14).

Proof. To this end suppose (p¢, p:) € D~ wus.(t, z), (13) holds and, furthermore,
H(t,z,u,py,pe) < —y < 0. Then, for any z € Z,

min{p; — p, - f(t,x,2) — k(t,z, z), u(t,x) — h(t,x,z)} < —.

If w> h, then p; + max.c a¢zu)(—Dz-f(t, @, 2) — k(t,z,2)) < —v. On the other
hand, if u < h—~ then F = —o0. In either case we have p, + F(t,z,u+0,p,) <0
which contradicts (13)(a).

Assume H(t,z,u,p;, p:) > v > 0. Then there is a z € Z such that

min{p; — p, - f(t,x,2) — k(t,z,z),u — h(t,z,z)} > 7.

Thus p, + F(t,z,u—0,p,) = pr + Max.c a@e,u—0)(—pe - f — k) > gives a contra-
diction of (13)(b).

Conversely, suppose (14) holds. If (13)(a) is false, there is v > 0 so that p; +
F(t,z,u + 0,p,) < —y < 0. By definition of F, for every z € Z such that
h(t,x,2) < u, pr — pe-f(t,x,2) — k(t,z,2) < —v. If A(t,z,2) = 0, then u <
h(t,x, z). Therefore, in either case min{p; —p, - f —k,u—h} < 0 for every z € Z.
Consequently, H(t,x,u, p;, p.) < 0, a contradiction of (13). The remainder of the
argument is similar. O

The proof that u is a lsc viscosity solution of u, + F(¢, z,u, Du) = 0 is based on
the forward and backward dynamic programming principles. Refer to [8] and the
next section.

Remark 1.5. 1. An important point in the proof is the equivalence (in the vis-
cosity sense of semicontinuous solutions) of

H(t,z,u,us, Dyu) = maxmin{u, — f(t,x,2) - Dyu—k(t,z,2), u—h(t,z,2)} =0

and
w+F(t, v, u, Dyu) = uy+max{—f(t,z,2) - Dyu—k(t,x,2) | z € Z, h(t,z,z) < u}
=0.

In the first case the hamiltonian H(¢,z, 7, ps, p,) is continuous in all variables
and quasiconvex in (p;, p,), while in the second it is not continuous (in u) but
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it is convex in (p;, p,) as long as {h < u} # (). This equivalence for continuous
viscosity solutions was observed in [14] for L> problems without running cost
and further used in [15] for max-plus stochastic control.

2. One may obtain a direct proof of the uniqueness of u;,. using the formulation
with H = 0 by using the recent result for semicontinuous viscosity solutions
of quasiconvex hamiltonians in [6] and simple modifications of the proof of [3,
Theorem 5.16] or [5, Theorem 5.14].

The relaxed version of the L* control problem is given by

at.) = inf esssup (B(s o) o) + [ Flr, &, )

peZ[0,t] s€f0,4

where

o~

Bt ) =~ esssuph(t,,2), Bitoop) = [ b0, duz)
Z

z2€Z

= T &l s >0, 0 =a e R, Fltia) = [ (60,2 duce)

)

[0,t] ={p:[0,t] = Z C R?| pu(s) € M(Z) is Lebesgue measurable for a.e.
s € 10,t]} and M(Z) = {p regular probability measures on Z}

In other words, we extend the system so that the class of controls z [0,¢] are
Young measures, or relaxed control functions. The relaxed L*° control problem
was studied in [10] and [2, Theorem 3.2].

Theorem 1.6. Assume (H). The lower semicontinuous envelope of the value
function u : [0,00) X R" — R is U; i.e., U = .

Proof. This proof uses uniqueness of viscosity solutions to prove that the relaxed
and ordinary values are the same. Writing shortly A for A(t, z,r) and M for
M(t,z,r) in the following two formulas, we have

F(t.z.r.p) = { rilz{—p fta,2) = k(t,x,2) | 2 € A}, ﬂfjig

F\(t,l’,’l“,p) — { Iili;({_p ’ f(t>$au) - k(tax>u) | He M}> iiﬁ i g
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Here M(t,z,7) ={pn € M(Z) | ﬁ(t, x, 1) < r}. Therefore, since it is easy to verify
that [’ = ﬁ, s and u are both BJ Isc viscosity solutions of wu; —i—ﬁ(t, x,u, Dyu) =
0 with w.(0,2) = u(0,2) = g(x) V h(0, x). The fact that there is only one BJ lsc
solution then implies u;,. = u. O

Remark 1.7. While the original L* problem may not have an optimal control,
there exists an optimal relaxed control of the relaxed problem p* € Z[t,T]. To
see why, we set n(s) = [ E(T, 2“(7‘), w(T)) dr. Since p +— E(t, x, ) is affine (and so
convex), u(-) +— n is weak* continuous. Then

) > esssup (R(s,E(s), u(s)) + 1(s))

s€(t,T)

is weak® lower semicontinuous in view of the fact that u — ﬁ(t,x, i) is quasi-
convex (see [10]). Existence of an optimal relaxed control then follows in the
standard way.

2. Representation theorems for Hamilton-Jacobi equations

Solutions of Hamilton-Jacobi equations may be represented as value functions for
control problems when the hamiltonian is convex or quasiconvex in the deriva-
tive variables. In this section we will summarize the representations of a wide
variety of equations. The new feature in these representations is the appearance
of dependence of the hamiltonian on the solution in a non trivial way.

Each representation which follows is motivated by L* control or calculus of varia-
tions and quasiconvex conjugates of functions. In this paper we use three distinct
conjugates:

Given a function f:R" — R U {400} consider the condition:

For every ~ > inf f, there is a continuous affine function C
which is a minorant of f on E,(f) = {z | f(z) <~} (C)
Given such a function define
fA(r,p) =sup{p-x A7 — f(x) |z € R"}
[P (@) = sup{(p-z Ar — f*(r,p)) | r €R,p € R"} (C1)
fi(r,p) = sup{p -z — f(z) |z € {f(z) <7}}
fE(x) =sup{(p-x — fi(r.p) Ar|r €R,peR"} (C2)
f#(r,p) =sup{p-z [z € {f(z) <r}}
f##(x) = mf{r | sup p-a— f#(r,p) <0} (C3)

peRn
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One can find a proof in [17] and [1] that a lower semicontinuous function f
satisfying (C) is quasiconvex if and only if f = f%%, f = f# or f = f##. It is the
form of the first conjugates f%, £, f# which lead to formulas for Hamilton-Jacobi
equations with u dependence. The conjugates (C3) have been used in [11],[12] to
develop Hopf-Lax explicit formulas for equations of the form w, + H(u, Du) = 0,
u(0,2) = g(z). The main drawback of (C3) is that it requires the hamiltonian,
which will be of the form H(r,p), to be convex and homogenous degree one in p.

2.1. H(z,u,Du) =0, H quasiconvex in Du and nondecreasing in u
We are given H : R" x R x R" — R assumed throughout to satisfy

(Al): p— H(x,r, p) is quasiconvex and for each K > 0 there is a constant C(K)
such that H(z,r,p) > Klp| — C(K), Y(x,r,p),

(A2): r — H(t,z,r,p) is nonincreasing.
Define L :R" x R" — R,

L(z,z)= sup {(p-zAr—H(x,m,p))} (15)

reR,peR™
Using the quasiconvex conjugates (C1), we have

H(z,r,p)=sup(p-zAr— L(z,2))
zeR™

We have the following
Theorem 2.1. Set u: R" — R U {+o0},

ute) = it essoup (L(e(s), €00 + [ Le0).€0)

£0)=2 5¢[0,00)

Then, if use < +00, Use 15 a lower semicontinuous BJ wviscosity solution of
H(x,u,—Du) =0, z € R™.

Proof. We will sketch the proof. We may assume u is lower semicontinuous
because otherwise we work with u;,.. Suppose ¢ € C!, and y € argmin(u — ).
We must show that H(y,u(y), De(y)) = 0. The fact that H(y,u(y), De(y)) > 0
is proved in the same way as in [9]. We will show that H(y,u(y), De(y)) < 0.

The forward dynamic programming principle says that for each 7 > 0,

ute) = i esssup (L(€06).€00) + [ 260, €0) )

£0)=z ¢ [0,7]

v (utson + [ e & ar). a9
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The proof of (16) is straightforward. Indeed, for any 0 < 7,

u(z) = inf esssup (L@(s),s‘(s)) + [ 2ie.é0) dr)

£(0)=2 5¢[0,00)

= inf esssupesssup (L(ﬁ(s),é(s)) + /SL dr)
0

€)=z s¢f0,7] s€[r,00)

— inf esssup (L(g(s),g'(s))+ /0 sLdr)

£0)=z sefo,r]

V ess sup (L(g(s),é(s)) + /TL dr + /SL dr)

SE[T,00) 0 T

— inf esssup (L(g(s),g‘(s)) + /SL dr) Vv <u(§(7)) + /OTL dr) .

§(0)=z s¢(0,7] 0

One form of the backward dynamic programming principle says for each 7 > 0

w(£x(—7)) < esssup (L<5m<s>,£x<s>> +f T L(E(), &) dr)

s€[—T,0] —

v (v + [ iL@x(m,éw(r» o). an

where £,(0) = .

Now suppose H(y,u(y), —Dy(y)) > 5y > 0. Since H(z,r,p) = sup,(p -z —
L(z,2)) A (r — L(x, z)), we have the existence of z € R™ such that

—Do(y) -z — L(y, 2) > 4y and u(y) — L(y, 2) > 47.

Then, there is ¢ > 0 so that Dp(x) -2+ L(x, z) < —3v and u(y) > L(x, z)+ 3~ for
all © € B;s(y). Setting &,(s) =y + s 2, there is ¢ > 0 so that {,(s) € Bs(y), —o <
s < 0. Thus

d : 0
759(&(5)) + L(§(5),&(5) = =37 = () — ¢(&(-0)) +/ L<-3vo0.

—0

Since u — ¢ has a zero minimum at y, u(y) — u(§,(—0)) < @(y) — @(&y(—0)).
Consequently,

u(y) + / L+ 370 < a6, (—0)).

—0

Using (17) we conclude that

s

u(€y(~0)) < esssup <L<sy<s>,éy<s>> -/

s€[—a,0] —o

L&, £,() dr) < Liy2) + 27,
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if o is small enough. Finally, letting ¢ — 0 and using the lower semicontinuity
of u, we have u(y) < L(y,z) + . This contradicts u(y) > L(y, z) + 4y. The
remainder of the proof is similar. O

The uniqueness of the solution of H(z,u,—Du) = 0 may not hold with our
assumptions because of lack of coercivity. To guarantee uniqueness we consider
the problem with a discount factor,

o —Js : ° -7 :
) = jnf e LE(s) 60 + [ L, E0) dr

Using a similar proof as in [9] and [8] one may readily prove that u is the unique
BJ lower semicontinuous solution of

sup min{ou — Dyu -z — L(x, 2),u — L(x,2)} =0, =z € R"™ (18)

z€R™
Note that

SUp,epn min{ou — Dyu - 2 — L(z, 2), u(zr) — L(x, 2)} = 0 iff
SUp,epn min{ou — Dyu - 2 — L(z, ), du(x) — 0L(x, z)} = 0 so that
du+ F(z,—Dyu) =0, where
F(l’,p) = SUP cprn I'Illl'l{p 2 L(LU, Z)v —(5L(LU, Z)}

and p — F(z,p) is quasiconvex.

Equivalent formulations are,

z€A(x,u)

min{d u+ sup —Dyu-z— L(x,2), u— L(x)} =0, z€R" (19)
19
A(x,r) ={z € R"| L(z, z) < r}, L(z) = min,cgn L(z, 2).

and

ou+ G(z,u,—D,u) =0, =€ xR"

_ sup, A@yr) P2 — L(SL’, Z)7 if A(SC, T) % 0 (20)
Glz,7,p) = { —oo,6 if A(x,r)=10.

Observe that in the last formulation p — G(z,r, p) is convex if A(x,r) # ().

Remark 2.2. It is also possible to represent solutions of Dirichlet problems
H(z,u,—Du) =0, z € Q, with u = g on 0. For instance, we have for x € Q

u(z) = inf esssup L(£(s),&(s)) + /0 sL(g(r),gf(r)) dr

£(0)=z s¢ [0,72]

v (g@(fx)) + [ nie.ém dr) ,
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is the solution of

H(z,u,—Du) =supmin{—Du -z — L(z,2),u — L(z,2)} =0, z € Q,

with u(x) = g(z) Vinf, L(x, 2), = € 0. Here, 7, is the first exit time of &(-)
from Q. Note that 02 requires a condition guaranteeing exit in finite time. Given
H(x,r,p) quasiconvex in p, and boundary data g(x) < inf, L(z, z), x € 0, we
may write down the solution u using quasiconvex conjugates of H.

2.2. wu+ H(z,u,Du) =0, H convex in Du

Given H(z,r,p) convex and coercive in in p (see (Al)) and nondecreasing in r we
will represent the solution of u + H(x,u, Du) = 0,z € R™ as the value function
of an infinite horizon L*° control problem. Of course this is already known but
without the general dependence on u we demonstrate below.

Here we use the conjugates (C2). Define

L(z,z) = sup (p-z—H(z,rp))Ar
peR™ reR

and then
H(x,r,p) =sup{p -z — L(z,2) | z € A(z,7)}, A(z,r) ={2z € R" | L(x,z) <r}.
Then, under the condition A(z,r) # 0, for each r,

u+ H(x,u,Du) =u+sup{—Du-z— L(z,z) | z € A(z,u)} = 0. (21)

The hamiltonian in (21) has the form of the hamiltonian of an L* calculus of
variation problem with running cost. The unique solution of (21) is given by

u(x) = inf esssup L(£(s),E(s))e™® + /Os L(E(r),E(r)) e dr. (22)

£(0)=z s€[0,00)

As mentioned earlier, the discount factor e~ guarantees coercivity and hence
uniqueness, but even without this factor we have the representation of a viscosity
solution.

2.3. Time dependent problems

The results of the preceding section for convex hamiltonians also apply to various
time dependent problems. In this section we indicate the type of formulas we
may obtain from L control.

We are interested in equations of the form

w + H(t,x,u, Du) =0, t >0, v € R", u(0,z) = g(z),z € R". (23)
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Given the hamiltonian H (¢, z, 7, p), with p — H(t, z, 7, p) convex and r — H(t,z,7,p)
nondecreasing, define

L(t,z,z) = sup (p-z—H(t,z,r,p)) AT
peR™ reR

This function is quasiconvex in z — L(t,x, z). Then, using (C2), we have under
the condition A(t,z,r) # () for each r,

H(t,xz,r,p)= sup (p-z— L(t,x,2)).
z€A(t,x,r)

With this representation for H we have the Cauchy problem

ug + H(t,x,u,—Du) = u; + sup{—D,u -z — L(t,x,2) | z € A(t,z,u)} =0 (24)
w(0,z) = g(z) (25)

Theorem 2.3. Assume that (i) L is continuous in all variables, (i1) A(t, z,r) # 0,
for all v, and (i17) inf,cpn L(0,2,2) < g(z),z € R". The unique lsc viscosity
solution of (24) with initial condition u(0,x) = g(xz) € BLSC(R") is given by

u(t,z) = inf esssup <L(s,§(s),é(s)) + /OS L(T,{(T),S(T)) dT) (26)

£0)=z sefo0,]
v (stewn+ | L7 £(r), () ).

Remark 2.4. It is interesting to point out that if we want H(t,z,r,p) to be
merely quasiconvex in p then this representation does not hold and may not even
be possible using L>°. The reason is that the Hamilton Jacobi equation with time
dependence really has hamiltonian F'(¢, x,r, (ps, pz)) = pe + H(t, z,7,p,) and it is
not hard to check that even if p, — H(t,z,r, p,) is quasiconvex (and not convex),
then F' is not quasiconvex in (p;, p.), (see [12]).

Remark 2.5. Rampazzo [19] has shown that a convex hamiltonian can be rep-
resented as a classical optimal control problem rather than a calculus of varia-
tions problem. He constructs dynamics f, a running cost h, and compact con-
trol set (namely, the unit ball), so that the hamiltonian becomes H(t,z,p) =
max.cpo1)(p - f(t,2,2) + h(t,x,2)). This representation allows one to express
the solution of the equation as the value function of a standard control problem.
Except for including a discount factor, more general v dependence is not allowed.
It is an open problem to extend Rampazzo’s result to express H(t,x,r,p) as a
standard L*° control problem.
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