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1. Introduction and main result

It is commonly accepted that the free Dirac equation, apart from some peculiarities,
describes free relativistic electrons. This free model gives approximate descriptions
of many of the particles found in nature. In order to obtain a closer description
of the real world, we must include some (new) nonlinear terms. A general form of
nonlinear Dirac equations of space-dimension n can be written as

g = —ieh S andy 30 + UG~ J(a,0), ()

where 1 : R x R* — CV stands for the wave, & > 0 is the Planck’s constant, c is
the speed of light, m is the mass of the electron, ({ay}}_,, 5) is an (n + 1)-tuple of
Dirac matrices:

(1) g*=pand af =a; for k=1,--- ,n,ie [ and o are self-adjoint.
(2) 82 =1, axB+ Bay, = 0 and orj + ajay = 20;5 for i, j =1, .
*Corresponding author.
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Proposition 1.1. [31] There is an (n + 1)-tuple of Dirac matrices in My(C) when

N = 2[%1], where [r] is the integral part of a nonnegative real number r. Moreover,we

have ({ouw}i_y, B) has the form

_ (0 . _(Ixp O
ak_(az 0) for k=1, ,n, and 5—( 0 —IN/Q)’

where the ay are % X % matrices (which are Hermitian if n is odd).

There are many reasons why physicists concern theories in n-dimensional space-
time. By modeling spacetime in different dimensions, a physical theory becomes
more mathematically tractable. For example, in string theories, extra dimensions of
spacetime are required for their mathematical consistency. In bosonic string theory,
physicists are interested in the equation with n = 25, while in superstring theory, it
is with n = 9, and in M-theory, it is with n = 10. For the nonlinear Dirac equations
of space-dimension n, U(x) denotes the potential, and f(x,1) models the nonlinear
self-interaction involving a varying pointwise distribution. To preserve causality,
we insist that the external force may involve only functions of fields at the same
space-time point, for instance, [1|¢) is fine, but ¥(¢,x) - ¥ (t,y) is not allowed (we
used the notation u - v to express the inner product for the complex scalars u,v).
These nonlinear terms, which describe the self-interaction in Quantum electrody-
namics, are considered to be possible basis models for unified field theories (see [19],
[20], [23] etc. and references therein). A first example is the “psi-fourth” theory, in
which, the corresponding equation become

2
g = —ien ekt + metpy — P, )

where x is the dimensionless coupling constant. Although the “psi-fourth” theory
may seems to be theoretical, we emphasize that models of the real world do contain
a [1|?1 interaction in some special situations (see [26], there also exists a ||y
interaction). Meanwhile, more interesting (interaction) theories can be obtained by
including several scalar fields.

In the two space-dimension case, dealing with the Cauchy problem of (1), a local
well-posedness result for the Yukawa interaction model (in which the nonlinear term
has the form f(z,v)1 = @B with ¢ being a Klein-Gordon field determined by 1) is
proved by Bournaveas in [8] and is later improved by d’Ancona, Foschi and Selberg
[9]. Their proof relied on the null structure of the nonlinear system. And a first
global well-posedness result for large data in two space dimensions of Yukawa model
is established by using Bourgain type function spaces, see Griinrock and Pecher
[22]. However, the important global well-posedness problem remains open for other
general interaction models. When a stationary solution (or soliton-like) of (1) is
considered, we find that the problem is rarely studied so far. Here, by stationary
solution, we mean that a solution of the type

P(t,z) = p(x)e ™" ¢ ER, (3)

where ¢ is a complex scalar function independent of the time coordinate.
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We point out that the works mentioned above mainly concerned with the au-
tonomous equations of Yukawa model. There are not so many results concern with
the nonlinear fourth order interaction. And no results were related to the semi-
classical approximation. To fill this gap, in the present paper, we are interested in
the existence and concentration behavior of stationary semi-classical solutions to the
equation (1) in space-dimension n > 2 with some general self-coupling nonlinearity
involving the subcritical and critical exponent of the relevant Sobolev embedding.

To describe the transition from quantum to classical mechanics, the existence of
solutions ¢y, h small, possesses an important physical interest. More precisely, for
case of notations, denoting ¢ = h, o = (ay, -+ ,ay) and a -V = > 7 g0, we
are concerned with (substitute (3) in (1)) the following stationary nonlinear Dirac
equations: _
—iea - Vo +afp +V(r)e = P(x)g(lel)e, (4)
—ica- Vo +afp +V(x)p = Pa)g(|pl)p + W ()| e, (5)
where a = me > 0, V(z) = U(z) — w.

In order to state our results in a specific way, some notations are needed. We set

k:=min V(x), V¥ := {:EER”: V(z) ZH}, Koo = liminf V' (z),

zeR™ |z|—o0
m = max P(x), ={zeR": =m}, Mme = limsup P(z),
FISING |z|—o00
[ = m%XW( z), W ={zeR": W()=1}, Ilx:=IlimsupW(z),
zER™ |z|—o0
o = RV, = s P, = Vi, e = g PO,

Then on the pointwise distribution, we will use the following assumptions:

(H1) V and P are of C*-smooth in R", |V|. < a and inf P > 0.
(H2) W is C' smooth in R™ with inf W > 0 and I, < 1.
(H3) koo > K and there is x, € ¥ such that P(x,) > P(x) for all |x| > R, some R

large.
(H4) mo < m and there is x, € & such that V(z,) < V(x) for all |z| > R, some
R large.

To show the concentration phenomena, we introduce the following notations: in the
case (H3) assume that P(z,) = m, and set

Ay ={z eV : Plx)=m,}U{zs &V P(x)>m};
in the case (H4) assume that V' (z,) = x, and set
Ay ={ze P :V()=k,}U{s g P: V(z)<kp}.

We find o7, and <7, are bounded sets since ¥ and # are bounded. Moreover,
Ay = o, =Y NP provided ¥ N P +# (.

Olwl g(s)sds, we make the following

On the nonlinear self-coupling, writing G(|w|) :=
hypotheses:
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(G1) g(0) =0, g € C'(0,00), ¢'(s) > 0 for s > 0, and there exist p € (2,2*) with
2% = 21 > 0 such that g(s) < ¢ (14 sP72) for s >0 ;

n—1’

(G2) there exist o > 2, 8 > 2 and cg > 0 such that cos” < G(s) < §g(s)s? for all
s>0.

A typical example is the power function G(s) = sP.

Recall that a nonzero solution is called the least energy solution (or the ground state
solution) means that it has the lowest energy among all nonzero solutions. The first
existence and concentration result for the semiclassical least energy solution can be
stated as follow.

Theorem 1.2. Assume that (H1) and (G1)—(G2) are satisfied.

(I)  Suppose that (H3) holds.

Then, for e > 0 sufficiently small, (4) has a ground state solution
©e € Ny WH(R™, CV).

If additionally VV and VP are bounded, then p. satisfies:

(i)  There exists a maximum point x. of |p.| with lim._,odist(x., o%,) = 0, such
that, for some C,c >0

lpe(z)] < Cexp ( — —z|x — x€|> .

(i) Setting z-(x) = @.(ex + x.), for any sequence x. — xo as € — 0, z. converges
in H' to a ground state solution of

—ia-Vz+abz+ V(xg)z = P(xo)g(|z])z.

If particularly ¥ N P # 0 then lim._,odist(x., ¥ N P) = 0 and z. converges
in H' to a a ground state solution of
—ia - Vz+afz 4+ kz =mg(|z])z.

(II)  Suppose (H4) holds. Then, replacing <7, with <,, all the conclusions under
(I) remain true.

The next result is concerned with (5), that is, the Dirac equation involving the
critical exponent of the relevant Sobolev embedding (including the “psi-fourth”-
type interaction in the space-dimension two). Firstly, by virtue of (G2), let v > 0
denote the least energy (such energy is attained, see the proofs in Section 3) of

—ia- Vu + aBu = |ul”?u.

2/(0—2)Sn o—2
Set R, = (CO—) ,
2n -y
where o and ¢y are the constants in (G2) and S denotes the Sobolev constant

Slul3. < Jull%, for allu € HY*(R",CN). (6)
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We used the notation H'/2(R", CV) to express the completion space of C2°(R", CV)

with the norm
i = 161+ aOF dc,

where u + 4 is the Fourier transform of u € L%

We now make the following assumptions:

(H5) Koo > Ky and there is x, € W, makes P(x,) > P(x) for all |x| > R, some
R > 0 large, where Wy ={x € W : V() = Ky }.

(H6) mo < my, and there is x, € #, makes V(x,) < V(x) for all |x| > R, some
R >0 large, where W, ={x € W : P(x) = my}.

(H7) (mo) 2722 D=2 c R

a+Keoo

(H8) FEither o < 3 or (aiﬁ

)(271—1)(0—2)—2m0_02 . l(n—l)(o—Q) < Ra-

To describe the concentration, let us denote, in the case (H5),
€, ={x €W, P(x) > P(z,)} U{z e ¥ \#,: P(z)> P(z,)}
U{z &W : V(z) <k, or P(z) > P(z,)};
and similarly, in the case (H6),
Cp={x €Wy V(z) < V() U{z e W \#: V(z)<V(z,)}
U{z g# : P(x)>my,or V(z) <V(z,)}.

Then %, and %, are bounded nonempty sets. Moreover 6, = ¢, =¥V N NW
provided ¥ N Z N W # (. Generally speaking, ¥ N P N W # () is not necessarily
satisfied, by introducing %, and ¢, we describe the concentration behaviour in a
competing sense.

Theorem 1.3. Let V(z) < 0, and assume (H1), (H2), (H7) and (G1)-(G2) are
satisfied.

(I)  Suppose (H5) holds.
Then for e > 0 sufficiently small, (5) has a ground state solution
©e € Ny WH(R™, CV).
If additionally VV, VP and VW are bounded and (H8) holds, then . satisfies:

(i)  There ezists a mazimum point x. of |¢.| with lim. o dist(z., 6,) = 0, such
that, for some C,c >0

lpe(x)] < Cexp ( — —z\x — w5]> )

(i) Setting z.(x) = pe(ex + x.), for any sequence x. — xy as € — 0, z. converges
in H* to a ground state solution of

—ia-Vz+afz+ V(rg)z = P(xg)g(|z])z + W(xg)|z
If particularly ¥ NP NW # 0 then lim._ o dist(z., ¥ NP NH) =0 and z.

converges in H' to a a ground state solution of

—ia-Vz+afz+ rkz=myg(lz])z + 1|z

2 _2Z.

2 722.
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(II)  Suppose (H6) holds. Then, replacing €, with €, all the conclusions under (I)
remain true.

It is standard that (4) and (5) are equivalent to, by letting u(z) = p(ex),

—ia- Vu+ apu+ Vo(z)u = P.(x)g(Jul)u, (7)
—ia - Vu + aBu + Vo(z)u = Pa(x)g(|u|)u + Weo(z)|ul* ~2u, (8)

where V.(z) = V(ex), P.(x) = P(ex) and W (x) = W(ex). We will in the sequel
focus on these two equivalent problems. Our proofs are variational: the semiclassical
solutions are obtained as critical points of an energy functional ®, associated to the
equivalent problems.

There have been a large number of works on existence and concentration phe-
nomenon of semi-classical states of nonlinear Schrodinger or Schrédinger-Poisson
systems arising in the non-relativistic quantum mechanics, see, for example, [2; 3,
4, 28] and their references. There are many results on existence and concentration
phenomenon of semi-classical states of nonlinear Dirac equation with different space
dimensions (Table 1). For the case of n = 3, the paper [12] studied the existence of
a family of ground states of the problem

—iea - Vo +afp = W(x)|p|P ¢

and showed that the family concentrates around the maxima of W(z) as ¢ — 0.
The paper [13] study the existence and concentration of a family of ground states
of the following problem

—iea - Voo +aBp+V(x)p = > W;(z)lplp.

J=1

The paper [14] studies the semiclassical ground states of the Dirac equation with
critical nonlinearity

—iea - Vo +aBp + V(z)p = W(z)(g(le]) + |ol)e.

And the papers [16, 17] studied the existence of a family of semi-classical ground
states of nonlinear Dirac-Maxwell systems arising in the relativistic quantum me-
chanics in space-dimensional three and showed that the family concentrates around
some certain sets as ¢ — 0.

Table 1.1: Space Dimensions and Critical Indices

n 213456 | 7]81]9
N 214148 81616 | 32
* __ 2n 7

=t 43|53 F 5|74




Y. Ding, Q. Guo, T. Xu / Concentration of Semi-Classical States ... 31

For the case of n = 2, Dirac matrices is given by Pauli matrices

S e )

Many authors use o1, 09, o3 instead of oy, as, § in two dimensional Dirac equation.
Two dimensional Dirac equation has been widely used in Condensed Matter Physics
to study the Dirac materials, i.e. graphene, topological insulators, superfluid phase
of 3He. The paper [6] shows the existence of an exponentially locallized stationary
solution for the following Dirac equation with Kerr nonlinearity by using the shooting
method.

—leq1O1p — icaap + afp — wp = ’SD|290-

The paper [7] studies the existence of infinitely many stationary solutions for a
nonlinear Dirac equation with infinite mass boundary conditions. As for the con-
centration of semi-classical states for the two dimensional Dirac equation, it follows
directly from Theorem 1.2,

Corollary 1.4. Letw € (—a,a), P,W € CYR™,R"), loo <1, My < My, and

(a i w)3078m;021072 < Rzr

Assume (G1)—(G2) are satisfied. For € > 0 sufficiently small, the following Dirac
equation possesses a ground state solution . € Ny W14(R? C?).

—ieanOip — ieaz0ap + aByp — wy = P(2)g(|ol)p + W (@)lel*p (9)

If additionally VP and VW are bounded, then . satisfies:

(i)  There exists a mazimum point x. of |p.| with lim._,odist(x., €,) = 0, such
that, for some C,c >0

()] < Cexp (= Zla—a]),

where €, = W, U{z ¢ W : P(z) > my}.
(i) Setting z.(x) = pe(ex + x.), for any sequence x. — xy as € — 0, z. converges
in H* to a ground state solution of

—i 012 — i00sz + afiz — wz = P(x0)g(|2])z + W (wo)|2|*2 .

If particularly P NW # 0, then lim._odist(z., ZN#) =0 and z. converges
in H* to a a ground state solution of

—i0 012 — iz + aBz — wz = myg(|z|)z + 1|22

Mathematically, the problems in Dirac equations are much more difficult compared
with Schrodinger equations because they are strongly indefinite in the sense that
both the negative and positive parts of the spectrum of Dirac operator are un-
bounded and consist of essential spectra.
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An outline of this paper is as follows: In Section 2 we treat the linking argument
which gives us a min-max scheme. In Section 3, we study the limit equation and give
some characterization of the least energy level. Lastly, in Section 4, the combination
of the results in section 2, 3 lead to the proof of Theorem 1.2 and Theorem 1.3.

2. The variational framework
2.1. The functional setting and notations

In the sequel we denote by | - |, the usual L%norm, and (-,-) the usual L*inner
product. Let Hp = —ia-V+af denote the self-adjoint operator on L? = L*(R"*, CV).
We find by Fourier analysis that the domain D(Hp) = H' = H'(R",CV).

Let us first study Hp for its spectrum. As we have seen, Hp is a differential operator
with constant coefficients. So, in the Fourier domain ¢ = ({3, -+ ,(,), it becomes
the operator of multiplication by the matrix

2 . - . Cl[N/z Zn: Cuay >
Hp(C) = ;Qﬂk +af = ( S Gal —ka}N/g .

Lemma 2.1. o(Hp) = o0.(Hp) = R\ (—a,a), where o(-) and o.(-) denote the
spectrum and the essential spectrum.

Proof. Since FHpz = HpFz, therefore if A € o(Hp), then det(Ay — ﬁD) = 0.
()‘ - a)[% - Zzzl Ckak
Thus, det =0

- 22:1 Cray, ()‘ + a).f%

For ag, k = 1,...,N, it is clear that a;a} + aja; = 0, aja; + aja; = 0, and aaj, =
aja, = I%, for 1 <1i,5,k <n. Then we have

O Gai) (D Gar) = [Spes
k=1 h=1

where ¢ = ({1, ..., ;). Therefore, if A # a, we have
(A= a) = det((A+a)ly = (3 Gap) (A —a) " y) (Y Gan)) = 0.
k=1 k=1

For the case of A = a, we have A # —a, then by the same way we have

Therefore, A = a® + |(|?, by the fact of
o(Hp) ={N€R: N =a®+|C]*, V¢ € R},

we have o(Hp) = 0.(Hp) = R\ (—a,a). O
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Now, the space L? possesses the orthogonal decomposition:
LP=L"®oL, u=u"+u, (10)

so that Hp is positive definite (resp. negative definite) in L™ (resp. L7). Let
E :=D(|Hp|"?) = H?(R",C") be equipped with the inner product

(u,v) = R(|Hp|"*u, |Hp|"*v),
and the induced norm |Ju|| = (u,u)"/?, where |Hp| and |Hp|"? denote respectively
the absolute value of Hp and the square root of |Hp|. Since o(Hp) = R\ (—a,a),

one has
alul < |jul* forallu e E. (11)

Note that this norm is equivalent to the usual H'/?-norm, hence E embeds contin-
uously into L9 for all ¢ € [2,2*] and compactly into L} for all ¢ € [1,2*). It is clear
that E possesses the following decomposition

E=FE"®E with E*=FEnL* (12)

orthogonal with respect to both inner products (-, ), and (-, -). This decomposition
induces also a natural decomposition of L”, hence there is d, > 0 with

dp|u* [P < |ulp for all u € E. (13)

Associate with (7) and (8), we define the “energy” functional

() = 5 (1 I = o) + 5 [ Velolul? = 9w

N | —

for u = u* + u~, where

/ P.(z)G(|ul) for subcritical case (7),

U (u) =
1 *
/ P.(z)G(|ul) + > | W.(z)ul* for critical case (8).

Plainly, under our assumptions, ®. € C?(E,R) and any critical point of @, is a
(weak) solution to the corresponding equation. For notation convenience, in the
sequel, if there is no confusion we will use ®. to represent the energy functional
without explain the situation.

2.2. Technical results

In this subsection, we will give some general versions of results that valid in both
subcritical and critical cases. To use a unified expression, we will use

2%

vo) = [ PG+ 5 [ W@l

When the subcritical case occurs, we simply set W = 0.
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For further consideration, for r > 0, set B, = {u € E : ||u| < r}, and for e € E*,
E.:=E~ ®R"e with Rt = [0, +-00).

By virtue of the assumptions (G1)-(G2), for any 6 > 0, there exist rs > 0,¢5s > 0
and ¢ > 0 such that

g(s) < d forall 0 < s <rg; (1)
G(s) <68+ cssP forall s >0
~ 1 0—2 0—2
and G(s) == 59(5)52 —G(s) > Wg(s)s2 > TG(S) > cps” (15)

for all s > 0, where ¢y = ¢o(0 — 2)/2.

Lemma 2.2. For all € € (0,1], . possess the linking structure:
(1) There are r > 0 and 7 > 0, both independent of €, such that ®.|z+ > 0 and
@EIS;F > 7, where
Bf=B.NEt={ue E":|jul| <r},
and St=0B'={ue E": ||ul| =7}
(2) For any e € E* \ {0}, there exist R = R, > 0 and C = C, > 0, both

independent of €, such that, for all ¢ > 0, there hold ®.(u) < 0 for all
u € E.\ Bg and max ®.(FE,) < C.

Proof. Recall that |ulh < Cp||ul[P for all u € E by Sobolev embedding theorem.
(1) follows easily because, for u € E* and ¢ > 0 small enough

1 1
B.(0) = 3l + 5 [ Vilo)luf? = v
a— V] (Wl o+
> T Ve g o+ chlu) — =l

with C} independent of u and p > 2 (see (14)).

For checking 2), take e € ET \ {0}. In virtue of (13) and (14), one gets, for
u=se+v €k,

1 1 1
() = sell = 510l + 5 [ Vew)lse +of - w.fa)
(16)
a+ Vi a2 a= Vi 15 :
< 171> e R 5 . L Ol plo
<=5, S el 5 |v]|* — cody inf P - s7|e|?
proving the conclusion. O
Now let us define (see [5, 30]) ¢ = inf max®.(u). (17)

2€E+\{0} u€E;
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As a consequence of Lemma 2.2, we have
Lemma 2.3. There is C' > 0 independent of € such that T < c. < C.

Proof. Tt follows from (1) of Lemma 2.2 and the definition of ¢, that ¢. > 7. Take
e € Et with |le|| = 1. By (16) we deduce ¢, < C = C,, completing the proof. [

Recall that a sequence {u,} C FE is called to be a (PS).sequence for the functional
¢ € CHE,R) if ®(u,) — ¢ and ®'(u,) — 0, and is called to be (C).-sequence for ®
if ®(u,) — cand (1 + ||uy||)®' (u,) — 0. It is clear that if {u,} is a (PS).-sequence
with {||u,||} bounded then it is also a (C').-sequence.

Recall that, by (G1), there exist 71 > 0 and a; > 0 such that

a— |V|oo

TPl for all s <y, (18)

g(s) <

and, for s > 7y, g(s) < a15772, 50 g(s)7 7! < ays? with

UQ::L>3

p—2
which, jointly with (G2), yields (see (15))

9(s)7 < asg(s)s® < asG(s) forall s > 7. (19)

Lemma 2.4. For every pair of constants c¢1,co > 0, there exists a constant A > 0,
depending only on ¢y, ca, such that for any u € E with

[P-(u)] < e and lull - [[PL(u)]| < e, (20)
we have llu|| < A.

Lemma 2.4 has an immediate consequence which implies the boundness of a (C').-
sequence:

Corollary 2.5. Consider € € (0,1], and {uS} is the corresponding (C)..-sequence
for ®.. If there exists C' > 0 such that |c.| < C for all €, then we have (up to a
subsequence if necessar
ence i necessary) o < A
where A is found in Lemma 2.4 depends on the pair ¢, = C and c5 = 1.

Proof of Lemma 2.4. Take u € E such that (20) is satisfied. Without loss of
generality we may assume that ||u| > 1. The form of ®. implies that

/B()MA
IWW—%/%@WWU =% [ P - u)

and — %/Wg(aﬁ)|u!2*_2u- (" —u")=0L(u)(ut —u") < co. (22)

1
|u =& (u) — §<I>’€(u)u < ¢y + e, (21)
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By (15) and (21), one sees that max{|u|,, |u
c1, co. It follows from (22) that

o} < Cy where C; depends only on

Wl ugz <oy o [ Rt 0 )
+%/W€(x)|u]2*_2u (ut —u).

This, together with (18), (11) and the boundness of |u

o9+, shows that

WV ceyen [ P@alue @) (23

[u|>71

Recall that (G1) and (G2) imply 2 < 0 < p. Setting t = %, one sees

1
2<t<p, —+—-—4+-=1
ogp o t

By Holder’s inequality, (19), (21) and the embedding of E to Lf, we have

/| R gl (24)

/0 O’ i o l/t
<1PLe(f o) () (f ) < cu
UZ"’l

where C3 > 0 depends only on ¢y, cs.

Now the combination of (23) and (24) shows that
lull* < Mo + M]lul| (25)

with My and M; dependent only on the constants ¢, co. Therefore, either |ju|| <1
or there is A > 1 dependents only on ¢y, o such that ||ul| < A, as desired. O

Let . := {u € E\{0}: ®.(u) = 0} be the critical set of .. By virtue of Lemma
2.4, using the same iterative argument of [18, Proposition 3.2] and [16, Lemma 3.19],
we obtain the following

Lemma 2.6. Ifu € J with |P.(u)] < C. Then

(1) if the assumptions of Theorem 1.2 are satisfied for any q > 2, we have u €
Wha(R", CN) with |lu|lwra < Cy, where C, depends only on C' and q;

(2)  if the assumptions of Theorem 1.3 are satisfied for any q > 2, we have u €
WEI(R™, CN) N L where |u|o depends only on C.

loc

Remark 2.7. Let .Z. be the set of all least energy solutions of ®,. If u € .Z., then
O (u) = c. (this will be proved in section 4). Therefore, as a consequence of Lemma
2.6, we see (together with the Sobolev embedding theorem) that there exist Coy > 0
independent of € such that

[uloo < Cyp  for all u € Z..
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3. Preliminary results

In this section, we will investigate some results that essentially relate to our main
theorems.

Firstly, let us consider the following autonomous equations
—ia - Vu + afu+ I = pg(|u|)u (26)
—ia - Vu + afu + M = pg(jul)u + x|ul* u (27)
for u € H'(R™,CV), where A € (—a,a), u,x > 0 are constants (varying in different

equations).

3.1. Equation (26)

The solutions of (26) are critical points of the functional

i) = 5 (1 I = [ ?) + Sl = [ G(lul

l\'J|" l\DIH

= 5 (Il 1* = [l %) + —| 5= %u(u)

defined for u = vt +u~ € E = ET & E~. Denote the critical set and the least
energy of .7,, as follows

={ue E\{0}:.7),(u) =0}, and vy, :=inf {F3,(u) : u € ), }.
In order to find critical points of .7,,,, we will use the the following abstract theorem

which is taken from [5, 11].

Let E be a Banach space with direct sum decomposition £ = X @Y, u=x+y
and corresponding projections Py, Py onto X,Y, respectively. For a functional
® € CHE,R) we write &, = {u € E: ®(u) > a}.

Now we assume that X is separable and reflexive, and we fix a countable dense
subset . C X*. For each s € .% there is a semi-norm on E defined by

ps: E—=R, ps(u)=|s(x)|+|y|]|] foru=z+ye XY
We denote by T the induced topology. Let w* denote the weak*-topology on FE.
Suppose:
(®g) There exists £ > 0 such that ||ul| < &||Pyul| for all u € ®y.
(®;) For any ¢ € R, ®. is Ty-closed, and " : (P, T») — (E*,w*) is continuous.
(®2) There exists p>0 with £:=inf &(S,Y) >0, where S,Y :={ueY :||u||=p}.

The following theorem is a special case of [5], Theorem 3.4 (see also [11], Theorem
4.3).
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Theorem 3.1. Let (Py) (Do) be satisfied and suppose there are R > p > 0 and
e € Y with ||e|]| = 1 such that sup ®(0Q) < k where

Q={u=x+te: x€ X,t>0,|ul| <R}
Then ® has a (C).-sequence with k < ¢ < sup (Q).

The following lemma is useful to verify (®;) (see [5] or [11]).
Lemma 3.2. Suppose ® € C'(E,R) is of the form

1
O(u) = §(Hy|]2 —|zll’) = ¥(u) foru=z+yeE=XaY
such that
i) U e CYE,R) is bounded from below;
(i) W:(E,Ty) — R is sequentially lower semi-continuous, that is, u, — u in E
implies ¥(u) < liminf ¥(u,),
(i) V' : (F,T,) — (E*,w*) is sequentially continuous.
(iv) v:E =R, v(u = |[ul]?, is C* and v’ : (E,T,) — (E*,w*) is sequentially
continuous.

Then ® satisfies (Pq).
Next, we present the existence result for the limit equation (26).

Lemma 3.3. Let A € (—a,a), for each > 0, we have

(1) A #0 and vy, > 0,

(2) v is attained and M = eEElE‘l{{O} L%E}Ef Tu(u). (28)
Proof. Since the characterization of the least energy in (28) will be proved when
we treat the non-autonomous equation (the situation here is much simpler), we only
give the existence result.

With X = E~ and Y = E7 the condition (®g) holds since G(|u|) > 0 for any u € E.
Together with the linking structure (see Lemma 2.2) we have all the assumptions of
Theorem 3.1 verified. Therefore, there exists a sequence {u,,} satisfying 7, (um,) —
¢ > 0 and (1 + [|[unl]) 7y, (um) — 0 as m — oo. Using the same arguments in
proving Lemma 2.4, we get {u,,} is bounded. Now by the classical concentration
compactness principle (cf. [24]) and the translation-invariance of .7,,, we infer there

is u # 0 such that 7} (u) = 0.

~

If uwe J#,, onehas J,(u) = A,(u) — %Q\’M(u)u = M/G(u) > 0. (29)

For proving vy, > 0, assume by contradiction that vy, = 0. Let u; € ., \ {0} such
that 7, (u;) — 0. It is obvious that {u;} is bounded. Furthermore, by (15) and
(29), we deduce u; — 0 in L7 as j — oo.

On the other hand, 9}, (u;)(u} — u;) = 0 and (11) imply that
a— |

a

ol < % [ gl 5 =) < w [ gllusDlu] -1 =y
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By (19) (with a suitable choice of r; smaller) and Holder’s inequality, one sees

a — )\| o 1/00 /a0
2 ut? < e [ o) sl < uCa(Fiutw)) "

—IA . . .
Hence ag—(‘z' < 0, which is a contradiction.

Lastly, again, by using the concentration compactness principle, we check easily that
Yau is attained. Ending the proof. ]

For later use, because o € (2,2*) appeared in (G2), let us consider the equation
—ia - Vz+afBz = |2]7 %2

with the energy functional defined by

1

Sy(2) == 5

1
+112 _ —112) _ ~|~lo
(=711 = 1127117) = —J=1
and the least energy denoted by 7. The following lemma is due to [14, Lemma 4.6]
(see also [16, Lemma 3.5]) with some obvious modifications.

Lemma 3.4. In the case g(s) = cos” 2 and A < 0, the corresponding least energy
of (26), which denoted by v, (o), satisfies

a ) 0122 +n—1

)—2/(0—2)
a—+ A

Tau(o) < ( (cop 7.

Proof. We only give a sketch of the proof. By observing that, setting z(z) =
u(ax/(a+ X)), (26) is equivalent to

, a\ _ap
—toe- Vz+afz + a+—>\(]_ B)z = ChL)\9(|Z|)Z

with the energy functional defined by

2 _ .12 a\ 2 _ap
(1412 = 17 IP) + 2225 el — 25 [ e

Tu(2) =

N

Here, we used the notation z(z) = (z(x), 22(z)) € C2 x C2 for z € E. Denoted by
Yu/x(0) be the least energy of .7,/5, we have

(0) = ()" (@)

a+ A

Now, let g(s) =cos” % and A <0. Equation (28) makes us aware of 7,/x(0) <7,/

provided A < 0, where v,,, denotes the least energy of

- _ ok o2
ta - Vu+ afu a+)\|u| u.
Following the lines in [14, 16], we find 7,/ < (252)%(=2)y  as desired. O

acop
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3.2. Equation (27)

The solutions of equation (27) are critical points of the functional

- A X
(17 = 1) + 1l = [ Gilul) = 2

= 5 (Il 1* = [l %) + —| 5 = G (1)

%ux(u) :

l\3|’—l l\Dlr—t

defined for u = v +u~ € E = ET & E~. Denote the critical set and the least
energy of .7, as

Ky = {u € E\ {0} : Ty, (1) =0}, and Y = inf { Dy (u) : u € Hyy )

Firstly, we have

o 11\ 2 ra— AN\
Lemma 3.5. 7, s attained if vy, <l := <§ — 5) ~X2*f2< e >
Proof. Let {u,} be a (C).-sequence with ¢ = 7,,,. By the statements in Lemma
2.4, {u,} is bounded in E. From Lion’s concentration principle [24], {u,} is either
vanishing or non-vanishing.

Assume that {u,} is vanishing. Then |u,|s — 0 for s € (2,2*). By (G1), (G2):

(2" = 2)x

[t 3-
2.2 I

2% -

1 /
c+o(1) = Py (un) — §%ux(un)un =

Moreover,

a2+ AR / wn - (uf —u7) — xR / Pty - (1 — 203 = o(L).

Thus, 2wt — |+ o(1).

a— |\
Pl 12 <

Observe that S|ul3. < ||ul|* (see (6)), we have

Sl 1 2 ra— A\ 7=
=z (- 1) ()

a contradiction.

Therefore, {u,} is non-vanishing, that is, there exist 7,6 > 0 and z,, € R" such that,
setting v, (z) = u,(x + x,), along a subsequence,

/ a2 > 6.
B:(0)

Without loss of generality we assume that v, — v. Then v # 0 and is a solution of
(27). And so 7y, is attained. O
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Lemma 3.6. For A <0, v,y 15 attained if

a (2n—1)(c—2)—-2 9
2D R 30
<a + )\> poX 7 (30)

Proof. Observe that, for the nonlinearities, we have
NCO o
Glw) 2 G0) 2 2 [ 1uf.

So, from Lemma 3.3 ii), we deduce

inf max P, (v) < inf max 7, (u) = < Vaulo).

ec Et\{0} u€k, e€ET\{0} u€E,
a ﬁ—‘rn—l
i (o) o, <
RS (co ) v
that is, (30) is satisfied, then vy, < €. So 7,y is attained by Lemma 3.5. 0

3.3. Characterization for least energy level

Recall the minimax scheme (see (17)): ¢.:= inf max®.(u).
2€E+\{0} u€E.

Although the value of ¢. can be different in subcritical case and critical case, we see
it as an abstract value and give it a general characterization (let us remind that the
next few results in this subsection are applicable to the limit equations with obvious
modifications).

Following Ackermann [1] (also see [12, 13, 15]), for any fixed u € E*, let the map

¢y : B~ — R be defined by ¢, (v) = ®.(u + v). We have, for any v,w € E~,
Pa(v)[w, w] < —[lw]*.

Meanwhile, we additionally find that

a+ |V|C>O |V|C>Q

|> forallve E-

pu(v) < | -

lv

So there exists a unique bounded C' smooth map h. : E* — E~ such that

O (u+ he(u)) = max O (u + v),

veE-
and v# h(u) & P (u+v) < P (u+ he(u)).
It is clear that, for all v € E—, 0 = ¢/, (h:(u))v. In the sequel, we define
LoE* SR by L) = @uu+ ha(u).
and Ne={ue E*\{0}: IL(u)u =0} .

Plainly, critical points of I. and ®. are in one-to-one correspondence via the injective
map u — u + h.(u) from ET into E. For any v € ET and v € E~, setting z =
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v—nhe(u) and [(t) = O (u+h ( )+tz), one has [(1) = ®.(u+v), I(0) = O (u+h.(u))
and '(0) = 0. Thus /(1 fo £)I"(t)dt implying

O (u+v)— D (u+ he(u) = /0 (1 —6)®” (u+ he(u) +tz)[z, 2] dt

:_/01( )(||Z|| +/ (x )|z|2dm) dt — /Ol(l—t)\lfg(u+hg(u)+tz)[z,z] dt,

and hence

| =0t bt + e e+ G+ 5 [ V)l
=& (u+ he(u)) — D (u+v). (31)

Remark 3.7. It is standard to see that, for the limit equations, the functionals 7,
and 7, have the similar properties mentioned above. Therefore, one can define
correspondingly Ay, Ry, s Aauy, €te. These symbols will be used in the sequel
without any more specification.

Lemma 3.8. For any u € E*\ {0}, there is an unique t. = t.(u) > 0 such that
t-u € .. Furthermore, there exists T,, > 0 independent of € such that t. < T,.

Proof. The proof is quite technical, for details we refer [1, 15]. We only give a
sketch of the proof. Firstly, we observe that for any u € E\ {0} and v € E,

(\Ifg(u)[u, u] — \I//E(u)u) + 2(\I/g(u)[u,v] — ‘Ifg(u)v) + U (u)[v,v] > 0

Invoking the arguments in [1], if z € ET \ {0} with I’(z)z = 0, we see by a delicate
calculation that,
I(2)[z, 2] <O. (32)

Now for a fixed u € E* \ {0}, we set f(t) = I.(tu). From Lemma 2.2, we see that
f(0) =0, f(t) > 0 for t > 0 sufficiently small, and f(t) - —oo as t — oo. Thus
there exists t. = t.(u) > 0 such that

I.(t-u) = sup I.(tu).

>0
dl.(t 1
It is clear that (tu) = I (t-u)u = —I.(t.u)t.u = 0,
dt |, t
and consequently by (32) I’ (tou)[teu, teu) < 0.

Therefore, one sees that such ¢. > 0 is unique. Moreover, by noting that

O, (teu + he(t-u)) = max O (w),

’weEu

together with (16) we have the existence of T;, > 0 proved. O
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Proposition 3.9. There holds:
(1) c. =inf,ep I (u).
(2) Letue A and set E, = E~ @ RYu. Then max O (w) = I.(u).

WE Ly,
Proof. Denoting d. = inf,c 4 I.(u), given e € ET, if u = v + se € E, such that
O (u) = max,ep, P(z) then the restriction ®.p of &. on FE. satisfies
(®.|g.)'(u) = 0 which implies v = h.(se) and I’(se)(se) = 0, i.e. se € A". Thus
d. < c.. While, on the other hand, if w € A4 then (®.|g, ) (w + ho(w)) = 0, hence,
c. < maxyep, P(u) = I.(w). Thus d. > c.. It follow that c. = d.. Since (2) is a
direct conclusion of Lemma 3.8, we complete the proof. O]

As a consequence of Proposition 3.9, if .Z. (the set of least energy solutions) is not
empty, then ®.(u) = ¢, for all u € Z.. And thus, from Lemma 2.6, we have |u| is
uniformly bounded for all £ > 0.

Going back to the limit equations discussed in subsection 3.1 and 3.2, here and in the
sequel, when x = 0, by vy, and ,,, we mean the least energy and the associate
functional of the subcritical equation (26), i.e. v, and Z,,. Following the previous
proposition (with some modifications), we soon have

Lemma 3.10. Let A\, A2 € (—a,a), p1, 2 > 0 and x1,x2 > 0. Suppose Ay > Ao,
w1 < o and x1 < xo. Assume additionally that the corresponding least energys are
achieved. Then Y iy = Vropsxs -

In addition, if max{\; — Ao, 12 — pt1, X2 — X1} > 0, then Y uixa > Voopsxs -

Proof. Let u; be the ground state solution for 73, ,,,, and set e = uf. Then
T = Daapa (U1) = max P (W)
Suppose uy € E, is such that D, .y, (Us) =maxyer, ousy, (W). We deduce that

Tpixa = f%\mwa(ul) > %IHIXI(UQ)
Al — As

(x2 — x1) *
= Frapwala) + 25 2l oz = ) [ Gua + X2
)\1 — )\2 (X2 - Xl) *
2 Vapzxa T T’“ﬂ% + (2 — ) /G(\sz) + T|U2 -
This completes the proof. ]

3.4. Auxiliary results

Assume that the sequence of functions ‘75, pg and WE arein CNL*®(R™",R),0 <e <1,
satisfy

(%) sup,, \V.(2)| < a, inf., P.(z) > 0, inf., W(x) > 0; Vo(z) = X\, P.(z) = 1 and
Wg(x) — x uniformly on bounded sets of x as € — 0 with vy, achieved (e.g.
A, i, X satisfying (30) when x > 0 and A € (—a,0]).
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Consider the equations

—ia- Vu+ afu+ Vo(w)u = Poa)g(lul)u+ We(@)u* u (33)

and — o - Vu + aBu + I = pg(|u))u + x|ul* "*u (34)

for u € HY(R™,CN), A € (—a,a), u > 0, x > 0 and denote

() = 5 (a2 = ) + 5 [ VeColuf? = &)

where CTJE(U):/ﬁs(x)G(\uD—i-%/Ws(m)‘uZ*

As in the previous subsection, define the associate iza, IAE, ,/@, Ce, etc.
Note that, by setting VO(z) = Vi(z)—=A, P%(z) = p—P.(z), Wo(x) = x—W.(z), we

have

B.(0) = Tl + 5 [VE@IP + [ PG + 50 [Wo@NP ()

l\DI»—t

Lemma 3.11. limsup,_,o¢: < Vauy-

Proof. In virtue of the assumption (x), let u = u™ + u~ be a least energy solution
of (34) and set e = u™. It is clear that e € A3,y hauy(e) = u™ and Iy, (€) = Yauy-

According to Lemma 3.8, there exists an unique t. > 0 such that t.e € J@
Then we have . < I(te), (36)

and {t.}.c(0,1) is bounded. Without loss of generality, we assume that t. — ¢y as
e — 0.

Claim. For any fixed u € E*\ {0}, ho(u) = hauy(u) as € — 0.
Indeed, by (35), we deduce that

A

(CI)‘S(Z‘S) B (i)‘?(w)) + (‘%\#X(w) - t7)\#)((25)) (37)
= 5 [VE@ (P )+ [ P (Gl - Gllw) + 5 W2 (2 —Juf?)

where z, = u + ng(u)7 w = u + hy,y(u). Denoted by v. = 2. — w, we find

[ V@ e = ) = [Vt + 2 / Vo
and [ 2@ (G11zD ~ 6uh) + 5 [ W) (= uf?)

§R/PO g(|w])w - ve—i-?R/Wo )w* 2w - v,

1
+/ (1= 5)9) (w+ sve)[ve, ve] ds — / (1 —8)U"(w + sv.)[ve, v.] ds .
0 0
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Remark that, similar to (3.3), we infer

1 . 1 1 [ - . .
/0 (1= )82 (22 — se)ew, vl ds 3 el + / V(@) o] = b (22) — bo(w)
and
! " 1 2 /\
(= 9w soolen v s+ Sl + S0 = Fi ) = Tl

Then we get from (37) (jointly with (G1))
Vel + Aloe |5

<%/V0 wv5+§R/PO g(lw))w - va—l—%/WO

< / VO@)] - o] - Jue] + e / PO()] - ] - o]

+cl/\PEO(:U wlP? \ve\—i-/\WO
0 0 2 0 p/(p—1) P (»=1)/p
<o [ (V@) + 1P ) ke e ([ 1B @0 pl) " 0,

([

Since w decays at infinity in the sense for ¢ = 2, p, 2*, we have

lim sup/ lw|?=0.
R—oco  Jiz|>R

w22
w - U,

2*1

e

2/ =D}y, 2*>(2*1)/2*

Ve 2 - (38)

We find (due to (x))
[ (2@ + 1Pt = o),
JIR@P O DLl o), and [ 2D

= o(1),

as e — 0. Thus (38) leads to ||ve|| = ||he(u) — Py (w)]| = o(1) as € — 0 provided
A € (—a,a). So the claim is proved.

From ¢, — ty as ¢ — 0 and the continuity of h, we obtain ﬁg(tse) — Ry (to€).
Consequently, /Veo(x)]tee + he(te)]? =0,
/PEO(x)G(HEe + ﬁg(tge)|) — 0 and /Wf(:v)]tge + ilg(tge)\z* — 0,

as € — 0. This, jointly with (35), implies

D (tee + he(toe)) = Ty (tee + he(tee)) + o(1) = Drux(toe + hauy(toe)) + o(1),
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that is, I.(t-e) = Dy (toe + hauy(toe)) + o(1)

as € — 0. Recalling that by Lemma 3.3

y/\ux(toe + hkux(tO‘f)) < géaEX '%ux(w) = ’i\ux(e + hAux<€)) = Vpx -

Therefore, by (36), we have, as desired,

limsup ¢, < lim sup _fa(tae) < Vapx O

e—0 e—0
In the sequel, for \ € [k, k| and p € [my, m], we set
VANz) = max{\,V(2)} and P*(x) =min{u, P(2)},
and let V2 (z) = V*(ex) and P*(x) = P*(ex). Consider the functional

1

() = 5 (P = ) + 5 (VAP ~ [ Pr@Gul) - 5 [ W)l

1
2
with R, A A ete defined as before. By definition and Lemma 3.10, for

X € [0,1], we know that vem < Yv0)P©)x < YA (©0)PH(0) -
This together with Lemma 3.11, if VA (), P*(x) and W.(x) satisfy (), then

Tapx < A and  lim Sélp M < YA (0)Pr(0)x (39)
e—
and particularly lin% M = wapey i V(0) < Xand P(0) > . (40)
e—

4. Proofs of the main results

We are now ready to present the proofs of the main results on the nonlinear (sub-
critical and critical) equation:

—io - Vu + aBu + Vo(z)u = Pa(x)g(|u|)u + We(x)|ul* ~2u. (41)

Recall that, by the assumptions in Theorem 1.2 and Theorem 1.3, the condition ()
is always satisfied. Observe that, for any zo € R", setting V.(z) = V(ex + exo),
P.(z) = P(ex + exy) and W.(z) = W(ex + exy), if 4 is a solution of

2% -2~

—io - Vi + afi + Ve(z)a = P.(2)g(|a))a + Wa(z)|a* ~%a,

then u(z) = a(x — xo) solves (41).

4.1. Proof of Theorem 1.2 in case (I)

Assume (H1), (H3) and (G1)—(G2) are satisfied. By virtue of above observation,
without loss of generality, we can assume that 0 € " and P(0) = m,. Then we find
(x) is satisfied with A = k, p = m, and y = 0.
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Lemma 4.1. c. is attained for € > 0 small enough.

Proof. Given ¢ > 0, let {u,} C A be a minimizing sequence: I.(u,) — c.. By the
Ekeland variational principle we can assume that {u,} is in fact a (PS)..-sequence
for I. on E* (see [25, 32]). Then w,, = u, +h.(u,) is a (PS)..-sequence for ¢, on FE.
It is clear that {w,} is bounded, hence is a (C)..-sequence. We can assume without
loss of generality that w,, — w. = wl +w. € J# in E. If w. # 0 then ®.(w,.) = c..
So we are going to show that w. # 0 for all small € > 0.

For this end, take v € (k, k), let us consider the functional ®¥*. Following the
proof of Lemma 3.11, one finds

lim sup ¥ < ,,,. (42)
e—0
Assume by contradiction that there is a sequence ¢; — 0 with w., = 0. Then

Wy = Up + he,(up) = 0in B, u, — 0 in Lj for ¢ € [1,2*), and w,(x) — 0 a.e. in
r € R". Let t,, > 0 be such that ¢,u, € Ji/a;’“ Since u, € 4., it is not difficult to
see that {t,,} is bounded and one may assume ¢, — to as n — oco. By (H3), the
set A, := {z € R": V.(z) < v} is bounded. Remark that hZ!(tyu,) — 0 in E and
hZH(tpun) — 0 in Ly, for ¢ € [1,2*) as n — oo (see [1]). Moreover, by virtue of

Proposition 3.9, @, (t,u, + hg]“(tnun)) < I, (u,). We obtain

< T () = OV (bt + WY (tnun))
1
= &, (b + Y (tnun)) + 5 / (Ve; () = V2 () [twttn + W2 (tpun)

I / (P.;(x) = PE()) G ([tnun + B2 (tpun)])
1

<TG+ [ (V) = V@)t + B )
A

+ / (P, () = my) G ([tnun + B (thun)|).
{m:PEj (:E)va}
Since {t,u, + h;‘_‘(tnun)}neN is bounded, and m,, > ms,, we have

lim sup / (P, (2) = 1) G ([ntin + B (yun)]) < 0.
2 >R

R—o0

Thus

1
B <L)+ 5 [0 = V) )
A

+ / (P, (2) = ) G (Itwttn + (L)) = e, + o(1)
{x:ng (ac)va}

as n — oo. Hence < e By (39), 1 < clt, we see that 7,, < c;. Recall

that 4 = P(0) and in virtue of Lemma 3.11, letting j — oo yields v, < Yepu,
contradicting 7., < 7., (see Lemma 3.10). O



48 Y. Ding, Q. Guo, T. Xu / Concentration of Semi-Classical States ...
For the later use, letting D = —ia - V, we rewrite (41) as
Du = —afu — V.(z)u+ f(ex,u)u,

where f(z,u)u is a abstract setting of the nonlinearities. Acting the operator D on
the two sides of the above representation and noting that D? = —A, we find

Au= (a® = V2(z))u — f*(ex,u)u+ D(Ve(z) — f(ex,u))u.
] if u # 0,

0 ifu=0,

Letting sgnu =

by the Kato’s inequality [10], there holds A|u| > R[Aw - (sgnu)]. Observe that

ER[D(VE(x) — flez,u))u- ﬂ] =0,

Jul
hence Alu| > (a® = V2(2))|u| — f*(ez,u)|ul. (43)

We remind that (43) together with the regularity results for u (see Lemma 2.6)
implies that there is M > 0 (independent of ¢) satisfying

Alu| > —M|ul.

It then follows from the sub-solution estimate [21, 29] that

()] < Co / o)y (44)

with Cy > 0 independent of x, € and u € Z..

Lemma 4.2. Suppose that VV and VP are bounded. There is a maximum point
Y. of |uc| such that dist(eye, 9%,) — 0. Moreover, for any such y., denoted by
lim. ey = yo and v.(x) := u.(x + y.), then v. converges in H' ase — 0 to a
ground state solution of —ic- Vu+ afu+V(yo)u = P(yo)g(|ul)u.

Proof. The proof will be carried out through several claims.

Claim 1. There exists {Z.} C R™ such that dist(ez., <,) — 0. Moreover, denote
by lim,_,0eZ. = yo and v.(x) := u.(z + Z.), then v. — v as ¢ — 0 in F with v being
a ground state solution of

—ia - Vu+ afu+ V(yo)u = P(yo)g(|u|)u.

Indeed, let €; — 0, u; € .Z;, where .Z; = £,,. Then {u;} is bounded. A standard
concentration argument (see [24]) shows that there exist a sequence {z;} C R™ and
constant R > 0, 6 > 0 such that

liminf/ u ) > 6.
J=e0 JB(z4,R)
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Set v;(z) = u;(x + ;) and define

Vi(z) = V(gj(z + 1)) and Pi(z) = P(e;(z + 7).

One easily checks that v; solves

i - Vv + aBv; + Vj(w)v; = Pi(x) - g(lv; vy (45)
with the energy

() 1= (071 = Iy 1) + 5 [ @k = [ A6

ﬂwwz/am&MWWW

Additionally, v; = v in E and v; — v in L

loc

for ¢ € [1,2%).

We now turn to prove that {¢;z;} is bounded. Arguing indirectly we assume that
£;|Z;| — oo and get a contradiction.

Without loss of generality we may assume V(¢;z;) = Vi and P(g;z;) = Px. By

the boundness of VV and VP, one sees that V() — Vi and Pj(z) — Ps uniformly
on bounded sets of z. Clearly, kK < ks by (H3). Since for any ¢ € C°

0= lim (HDU]"’“;;‘(-I)’UJ_pj(x)gﬂvj‘)vj) ¢

j—00

= lim (HDU+VOOU—POOQ(|U|>U) ),
j—}OO

we have that v solves —ia- Vv + afv + Voov = Pyg(|v|)v. Therefore,

Seo(V) 1=

N | —

WWW—MW%+—wPf&/bwwzwﬁw

It follows from Kk < ks < Vo and p = m, > my > Py, by Lemma 3.10, one has
Ve < Voo P - Moreover, by the Fatou’s lemma, one sees that

j—o00

i [ )G = [ PuGlol).
Consequently we have the contradiction

Vienw < WaePoo < Soo(v) < limsupe.; < ey

Jj—00

Thus {€,;z;} is bounded. And hence, we can assume y; = €;T; — yo. At this
moment, we see that v solves

—io- Vo +afv +Vyo)v = Plyo)g(|vl)v- (46)

Meanwhile, we obtain

_ Vi(y
(11 = 1o 17) + 22203 — P [ G1o1) 2 -

So(U) =

N —
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Further, use the fact that V(e;z +y;) = V(yo), P(e;xz +y;) = P(yo), and
Lo
Si(6) = Sue) = 5w = Plan) [ G,

by Fatou’s Lemma and Lemma 3.11 (applied to S; defined right below (45)), we get

VYV (y0) Pyo) = So(v) < liminf Ce; < lim sup Ce; < VW (yo)P(yo) - (47)

Jj—o0 j—o0

Now, we are ready to show lim;_, dist(y;, <%,) = 0. In fact, it sufficient to check
that 1o € «,. Suppose that yo € 7, It is easy to see that ypy\wy) > V-
Together with (47) and limsup, ,, ¢.; < 7., (see Lemma 3.11), we would have a
contradiction.

Claim 2. v; - v in E.

In order to prove Claim 2, recall that, by (47),

i [ )G = [ PunGlu).

j—00

By the decay of v, using the Brezis-Lieb lemma, one obtains |v; — v|, — 0, then
]v;t —v*|, = 0 by (13). Denote z; = v; —v. Remark that {z;} is bounded in £ and
z; = 0 in L7, therefore z; — 0 in L9 for all ¢ € (2,2*). The scale product of (45)
with 2 yields

(v, 27) = o(1).

Similarly, using the decay of v together with the fact that z]i — 0 in LI for

q € [1,2%), it follows from (46) that loc
(v, 27) = ol1).
Thus ||z} || = o(1), and the same arguments show that
125 I = o(1),

we then get v; — v in E.

Claim 3. vj(x) — 0 as |z| — oo uniformly in j € N.

Assume by contradiction that there exist 6 > 0 and z. € R" with |z.| — oo with

5 < Jue(z)] < Co / foe(y)dy

Bi(ze)

Since v. — v in F, we obtain, as € — 0,

1/2 1/2 1/2
6§ C()(/ |'Ug|2> S CO</|U5_U|2> +OO</ |U|2> _>O7
By (z¢) Bi(z<)

a contradiction.
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By virtue of Claim 3 it is clear that one may assume the sequence {z;} in Claim 1
to be the maximum points of |u;|. Moreover, from the above argument we readily
see that, any sequence of such points satisfies €;Z, converging to some point in 7,
as j — oo.

In order to verify that v; — v in H', observe that by (45) and (46), we find
Hp (v —v) = Pi(x)g(|v;)v; — Plyo)g (oo — (Vi(@)v; — V(yo)v) -
Using Claim 2 and the uniform estimate in Remark 2.7, it is easy to check that

Hp (v; —v)|s — 0 as j — oo. Therefore v; — v in H'(R",CY), completing the
J J
proof. ]

Lemma 4.3. There exist C' > 0 such that for all ¢ > 0 small

a? — |V
ue@)] < Cexp (| T gy )

Proof. By Claim 3 in of the proof Lemma 4.2, we may choose 6 > 0 and R > 0
such that |v.(x)| < ¢ and

2 \% 2
Plervufa)) < )V
for all |x| > R and € > 0 sufficiently small. This, together with (43), implies that

a? —|V|?
2

Alv.| > Zlve| for all |z] > R and € > 0 small.

And at this point, applying the maximum principle (see [27]), we easily have

a? — V]
ou(a)] < Cresp (- 1/ S ey

uniformly for ¢ small and |z| > R. By virtue of Lemma 2.6, we have

()] < Cexp (1) E B2 )

for x € R™ and all £ small. The proof is hereby completed. O

Proof of Theorem 1.2 in case (I). Define
ve(r) =u(z/e) and x. =cey..

Then ¢, is a least energy solution of (4) for all £ small, z. is a maximum point of
|oe|, and the conclusions (i) and (ii) follow from Lemma 4.3 and Lemma 4.2. O
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4.2. Proof of Theorem 1.2 in case (II)
Since the proof is similar to the case (I), we only give a sketch of the proof.

Assume (H1), (H4) and (G1)—(G2) are satisfied. Without loss of generality, we can
assume that 0 € &2 and V(0) = k,. Then we find (%) is satisfied with A = k,, u =m
and y = 0.

Lemma 4.4. c. is attained for € > 0 small enough.

Proof. Let {u,} C 4. be a minimizing sequence: [.(u,) — c. such that w, =
Up + he(uy) is a (PS)..-sequence for . on E and w,, — w. in E as n — 0.

Take v € (Ms, m), let us consider the functional 2. Following the proof of Lemma
3.11, one finds

limsup & < vy, (48)
e—0
Assume by contradiction that there is a sequence ¢; — 0 with w., = 0. Then

Wy = Up + e, (up) = 0in E, u, — 0 in L] for g € [1,2*), and w,(z) — 0 a.e. in
xr € R". Let ¢, > 0 be such that ¢,u, € 5/1@” Since u,, € 4, it is not difficult to
see that {t,} is bounded and one may assume t,, — ty as n — oo. By (H4), the set
A. == {z € R": P.(z) > v} is bounded. Remark that hg\;’(tnun) — 0 in F and
h?g”(tnun) — 01in L} for ¢ € [1,2*) as n — oco. Moreover, by virtue of Proposition
3.9, &, (tpun + h;\J’_’(tnun)) < I, (u,). We obtain

v < [;”(tnun) = @g‘ﬂf’(tnun + h;\;’(tnun))

Ej—

(Vsj (z) — Va?(x)) |tntn, + hé\;’(tnun)P

N | —

= O (tnti + W2 (tnun)) +
o 0Dl

S5 o (V) = )
{x Vg )<k

P

+ / (st (LU) - V)G(|t”un + h;‘:(tnun”)

j

We already have / (Ve, (@) = p) [tnun + hg‘j”(tnun)]2 < 0. Thus

z: Ve, (m)gﬁp}

2 < I (un) + 1/ (Vz, () = hp) [tntin + h2Y (tnun ) |
2 {(E:VEJ. (m)gﬁp} ’

[ () = )G+ 1 (1)) =, o)

that A = V(0) and in virtue of Lemma 3.11, lettmg J — oo yields yx, < 7y, which
stands in contradiction to v, < Yau- ]

as n — oo. Hence cé‘ﬂ’_’ < ;. By (39), v < cE , we see that 7, < c;. Recall
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Lemma 4.5. Suppose that VV and VP are bounded. There is a maximum point
Ye of |uc| such that dist(ey.,.e,) — 0. Moreover, for any such y., denoted by
lim. ,pey. = yo and v-(z) := u.(xr + y.), then v. converges in H' ase — 0 to a
ground state solution of —ic- Vu+ afu+V(yo)u = P(yo)g(|ul)u.

Proof. The proof follows the same steps as in the proof of Lemma 4.2.

Claim 1. There exists {Z.} C R” such that dist(ez.,o4,) — 0 and denoted by
lim.,peZ. = yo and v.(x) := u.(x + Z.), then v. — v as ¢ — 0 in £ with v being a
ground state solution of —ic- Vu + afu+ V(yo)u = P(yo)g(|ul|)u.

Indeed, let €; — 0, u; € .Z;, where £ = £,,. Then {u;} is bounded. A standard
concentration argument shows that there exist a sequence {z;} C R" and constant

R >0, 6 > 0 such that
liminf/ lu | > 6.
J7e° JB(z;,R)

Set v;(x) = uj(x + z;). One easily checks that v; solves

Hpvj + Vi(z)v; = Pi(x) - g(|vj])v;, (49)

with the energy
1 _ 1 N N
S(w) = 5 (1 1P = 15 17) + 5 [ Gl = [ Bo)6(us)
= 0,(u) = [ B@G(lul) =<,

Additionally, v; — v in E and v; — v in L}  for ¢ € [1,2*).

We now turn to prove that {¢;z;} is bounded. Arguing indirectly we assume that
£j|Z;] = oo and get a contradiction.

Without loss of generality assume V(e;z;) — Vi and P(¢;Z;) — Px. By the

boundness of VV and VP, one sees that V;(z) — Vi, and Pj(x) — Ps uniformly
on bounded sets of x. Clearly, m > mq, by (H4). Since for any ¢ € C2°

J]—00

0= lim [ (Hov + Vi(a)os - Blalaluiu) o
= lim (HDU+VOOU—POOg(]v|)v) ),

J—00

we have that v solves —ia- Vo 4 afv + Vv = Pyg(|v])v. Therefore,

Seo(V) :=

N —

_ Vo
(1P = o7 %) + 2ol = P [ 60D 2 2w

It follows from A = k), < koo < Voo and g = m > my > Py, by Lemma 3.10, one
has vy, < Y. p.- Moreover, by the Fatou’s lemma, one sees that

iim [ B(2)G() = [ PuGlol).

j—o0
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Consequently we have the contradiction

o < Voo Poo S Soo(v) S lim sup C€j S M -

Jj—o00

Thus {¢;z;} is bounded. And hence, we can assume y; = ¢;T; — yo. At this
moment, we see that v solves

—ia- Vo +afv + V(yo)v = P(yo)g(|v|)v. (50)

Meanwhile, we obtain

So(0) = 2(ot P — o 2) + L piyy) [ 60D = wipn-

2

N —

Furthermore, we have

VYV (yo) Plyo) = So(v) < liminf Ce; < lim sup Ce; < VW (yo)Plyo) - (51)

J—0 j—o0

Now, we are ready to show lim; , dist(y;, <%,) = 0. In fact, it sufficient to check
that yo € «7,. Suppose that yo € «7,. It is easy to see that vpy)we) > Vau-
Together with (51) and limsup, ., ¢;; < 7., (see Lemma 3.11), we would have a
contradiction.

Claim 2. v; - v in E.

Claim 3. vj(x) — 0 as |z| — oo uniformly in j € N.

By virtue of Claim 3 it is clear that one may assume the sequence {z;} in Claim 1
to be the maximum points of |u;|. Moreover, from the above argument we readily
see that, any sequence of such points satisfies €;, converging to some point in 7,
as j — o0o.

The proof is hereby completed. [

Repeat the arguments of Lemma 4.3, we will have

Lemma 4.6. There exist C' > 0 such that for all € > 0 small

a? — V]«
lus(z)| < Cexp(— \/%]x—xeo.

Proof of Theorem 1.2 in case (II). As proved in the case (I), define
¢e(z) = uc(z/e) and z.=cey..

Then ¢, is a least energy solution of (4) for all € small, z. is a maximum point of
|oc|, and the conclusion (i) and (i7) follow from Lemma 4.6 and Lemma 4.5. O

4.3. Proof of Theorem 1.3

Since when (H6) occurs, the proof is much similar to the lines when dealing with the
case (H5). We are going to prove the first part of Theorem 1.3. Assume V(x) <0,
(H1), (H2), (H5), (H7) and (G1)-(G2) are satisfied.
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Without loss of generality, we can assume that 0 € #, V(0) = k,, and also P(0) >
Meo. Then we find (x) is satisfied with A = k,,, p = P(0) and x = [.
Lemma 4.7. c. is attained for e > 0 small enough.

Proof. As before, let {u,} C .4 be a minimizing sequence: I.(u,) — c. such that
Wy, = Up + he(uy,) is a (PS)..-sequence for &, on F and w, — w. in F as n — 0.

Take v € (A, ko), let us consider the functional ®¥#. Following the proof of Lemma
3.11, one finds

lim sup e < vy (52)
e—0
Assume by contradiction that there is a sequence ¢; — 0 with w., = 0. Then

Wy, = Up + he, (up) = 0in E, u, — 0in L} for ¢ € [1,2*), and w,(z) — 0 a.e. in

r € R". Let t,, > 0 be such that t,u, € 4/1/65’“ Since u,, € A4, it is not difficult to
see that {t,,} is bounded and one may assume t, — t; as n — oo. By (H5), the
set A, := {z € R": V.(z) < v} is bounded. Remark that h!(tyu,) — 0 in E and
hZH(taun) — 0 in Ly, for g € [1,2%) as n — oo. Moreover, by virtue of Proposition
3.9, @, (tnun + W2 (tyuy)) < I (un). We obtain

it < I (tuy) = @2 (taun + A2 (taun))

1
= O, (Lpun + W2 (taun)) + 3 / (Ve (z) — Vs’;(x)) |t + hgf(tnun)|2

I / (P.;(x) = PE(2)) G ([tnun + B2 (tpun)])

1
<)+ [ (Vel) = )t + 2 )
A

+ /{xzpej ) (P, () = 1) G ([tntin + B2 (tnun)])

Since {t,u, + h;‘_‘(tnun)}neN is bounded, and u = P(0) > m.,, we have

R—o0

lim sup/ (ng(x) — M)G(|tnun + h;’]“(tnunﬂ) <0.
|o[>R
Thus

1
A

€j

+ Am:st(x)zﬂ} (Pé‘j (513) - M)G(|tnun + h;”(tnun)D =c., + 0(1)

as n — oo. Hence ¢ < c.;. By (39), uy < ¥, we see that 7., < c.;. Recall

that © = P(0) and in virtue of Lemma 3.11, letting 7 — oo yields

Youx < Vapxs

which contradiction with vy, < Y.y (see Lemma 3.10). O
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Lemma 4.8. Suppose that VV', VP and VW are bounded and (HS8) holds. There
is a mazimum point y. of |uc| such that dist(ey., €,) — 0. Moreover, for any such
Y., denoted by lim._,ey. = yo and v.(r) := u(x + 1), then v. converges in H' as
e — 0 to a ground state solution of

—ia- Vu + afu+ V(yo)u = P(yo)g(Jul)u + W (yo)|ul* *u

Proof. The proof will be carried out through similar steps in Lemma 4.2.

Step 1. There exists {z.} C R" such that dist(¢Z.,%,) — 0 and denoted by
lim. 0 eZ. = yo and v.(x) := u.(x + Z.), then v. — v as ¢ — 0 in £ with v being a
ground state solution of

—ia- Vu + afu+ V(yo)u = P(yo)g(Jul)u + W (yo)|ul* *u

Indeed, let ¢; — 0, u; € £}, where & = £,,. Then {u;} is bounded. By (HS8),
a standard concentration argument (see [24]) shows that there exist a sequence
{z;} C R™ and constant R > 0, § > 0 such that

liminf/ luj)* > 6.
J—o0 B(i‘j,R)

Set v;(x) = uj(r + z;), and define

~ A ~

Vi(x) = V(gj(x +7;)), Pi(x) = Plej(x+1z;)), Wilz)=W(e;x+z;)).

One easily checks that v; solves

A

Hpv; + Vi(x)v; = () - g(Jv oy + Wy (@)oo, (53)

with energy
1

S(05) = (I 1 - ||v;||2>+§/v;<x>|vj|2—/z%< () = 5 [ 1@

= 0,(u) = [ B@G(ul) + 5 [ W@l =

Additionally, v; = v in E and v; — v in L}  for ¢ € [1,2*).

We now turn to prove that {¢;z;} is bounded. Arguing indirectly we assume ¢,|z,| —
oo and get a contradiction.

Without loss of generality we assume V(¢;7;) — Vi, P(e;Z;) — Px and also
W (e;Z;) — Wao. By the boundness of VV, VP and VW, one sees that V;(z) — Vi,
]53(:76) — P and T/T/](:B) — W4 uniformly on bounded sets of x. Clearly, K, < Koo

by (H5). Since for any i € C°
0=tim [ (Hpos + V@), — B@)glesl)o; — Wy@)le;

Jj—00
2*—2
U) ' ?/1;

2*—2Uj) . ¢

= lim / (Hp v+ Voo — Pog(|v])v — Wi|v

J—00
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we have that v solves
—ia - Vo + aBv + Vet = Poog([v])v + Wag|v]* 0.

Therefore,

_ Ve Weo
(Jlo*])? = lo~|1%) + 7|U|§ — Poo/ (Jv]) — 2—|U

It follows from A\ = Ky < Koo < Voo, = P(0) > Mmoo > Poo and x =1 > loo > W
by Lemma 3.10, one has vy, < Vv pr.w.- Moreover, by the Fatou’s lemma, one
sees that

i [ P0G 2 [PuGllo) and i [ Wil = [ Wil
j—o0

J—00

2% > ’yVooPooWoo

l\DI»—t

Seo(v) 1=

*

Consequently we have the contradiction

Vo < Voo ProWoo < Soo(V) < limsup ., < Yauy -

j—o00

Thus {€,;Z;} is bounded. And hence, we can assume y; = ¢;T; — yo. At this
moment, we see that v solves

—iac- Vo +aBv +V(yo)v = P(yo)g(Jv])v + W (yo) v 0. (54)

Meanwhile, we obtain

1 _ V(yo)
- +112 _ 2 2 _
2(||U 12 =l |I?) + 51U

Pl [ Glol) - T2

2%
2*

So(U) =

Z WV (o) P(y0)W (o) -
Further, use the fact that

Viejx + ;) = Vi), Plejz+7;) = P(yo), Wigjz +1;) = W),

2*
2%

and So(v) = So(v) — %Sé(v)v — Py) / G(v) + %yv

by Fatou’s lemma and Lemma 3.11 (apply to S; defined right below (45)), we obtain

YW (o) Plyo) W (yo) < So(v) < liminfe,, <Hmsup c.; < v (y0)Piyo)w(yo) - (55)

Jj—oo0 j—o0

Now, we are ready to show lim;_, dist(y;,%,) = 0. In fact, it sufficient to check
that yo € 6,. Suppose that yo € €,. It is easy to see that Yy (o) Pye)W (o) > Vaux-
Together with (55) and limsup, ., ¢.; < Yauy (see Lemma 3.11), we would have a
contradiction.

Step 2. v; »vin E.
In order to prove Step 2, recall that, by (

55),
lim /W (z)|v;|* = /W Yo)
j—o0




58 Y. Ding, Q. Guo, T. Xu / Concentration of Semi-Classical States ...

o« — 0, then
9« — 0 by (13). Denote z; = v; —v. Remark that {z;} is bounded in £

and z; — 0 in L?, therefore z; — 0 in L for all ¢ € (2,2*). The scale product of
(53) with 2 yields

By the decay of v, using the Brezis-Lieb lemma, one obtains |v; — v
|vj-E — vt

<v;-“,z;f =o(1).
Similarly, using the decay of v together with the fact that z]i — 0 in L}  for
q € [1,2%), it follows from (54) that

<v+,z;f> =o(1).
Thus |[|2]]| = o(1), and the same arguments show ||z; || = o(1), so that we get

v; = vin E.

Step 3. v;(z) — 0 as |x| — oo uniformly in j € N.

By virtue of Step 3 it is clear that one may assume the sequence {Z;} in Claim 1
to be the maximum points of |u;|. Moreover, from the above argument we readily

see that, any sequence of such points satisfies ¢;z; converging to some point in €,
as j — o0. 0

Lemma 4.9. There exists C' > 0 such that for all € > 0 small

la? — |V
lus(z)| < Cexp ( — %u — x5|) .

Proof of Theorem 1.3. Define

ve(r) = us(z/e) and x. =cey..

Then ¢, is a least energy solution of (5) for all £ small, z. is a maximum point of
|0<|, and the conclusions (i) and (ii) follow from Lemma 4.9 and Lemma 4.8. O
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