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1. Introduction and main result

It is commonly accepted that the free Dirac equation, apart from some peculiarities,
describes free relativistic electrons. This free model gives approximate descriptions
of many of the particles found in nature. In order to obtain a closer description
of the real world, we must include some (new) nonlinear terms. A general form of
nonlinear Dirac equations of space-dimension n can be written as

i~ ∂
∂t
ψ = −ic~

n∑
k=1

αk∂kψ +mc2βψ + U(x)ψ − f(x, ψ) , (1)

where ψ : R × Rn → CN stands for the wave, ~ > 0 is the Planck’s constant, c is
the speed of light, m is the mass of the electron, ({αk}nk=1, β) is an (n+ 1)-tuple of
Dirac matrices:
(1) β∗ = β and α∗

k = αk for k = 1, · · · , n, i.e. β and αk are self-adjoint.
(2) β2 = 1, αkβ + βαk = 0 and αiαj + αjαi = 2δij for i, j = 1, · · · , n.
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Proposition 1.1. [31]There is an (n+ 1)-tuple of Dirac matrices in MN(C) when
N = 2[

n+1
2

], where [r] is the integral part of a nonnegative real number r. Moreover,we
have ({αk}nk=1, β) has the form

αk =

(
0 ak
a∗k 0

)
for k = 1, · · · , n, and β =

(
IN/2 0
0 −IN/2

)
,

where the ak are N
2
× N

2
matrices (which are Hermitian if n is odd).

There are many reasons why physicists concern theories in n-dimensional space-
time. By modeling spacetime in different dimensions, a physical theory becomes
more mathematically tractable. For example, in string theories, extra dimensions of
spacetime are required for their mathematical consistency. In bosonic string theory,
physicists are interested in the equation with n = 25, while in superstring theory, it
is with n = 9, and in M-theory, it is with n = 10. For the nonlinear Dirac equations
of space-dimension n, U(x) denotes the potential, and f(x, ψ) models the nonlinear
self-interaction involving a varying pointwise distribution. To preserve causality,
we insist that the external force may involve only functions of fields at the same
space-time point, for instance, |ψ|ψ is fine, but ψ(t, x) · ψ(t, y) is not allowed (we
used the notation u · v to express the inner product for the complex scalars u, v).
These nonlinear terms, which describe the self-interaction in Quantum electrody-
namics, are considered to be possible basis models for unified field theories (see [19],
[20], [23] etc. and references therein). A first example is the “psi-fourth” theory, in
which, the corresponding equation become

i~ ∂
∂t
ψ = −ic~

2∑
k=1

αk∂kψ +mc2βψ − χ|ψ|2ψ , (2)

where χ is the dimensionless coupling constant. Although the “psi-fourth” theory
may seems to be theoretical, we emphasize that models of the real world do contain
a |ψ|2ψ interaction in some special situations (see [26], there also exists a |ψ|ψ
interaction). Meanwhile, more interesting (interaction) theories can be obtained by
including several scalar fields.
In the two space-dimension case, dealing with the Cauchy problem of (1), a local
well-posedness result for the Yukawa interaction model (in which the nonlinear term
has the form f(x, ψ)ψ = ϕβψ with ϕ being a Klein-Gordon field determined by ψ) is
proved by Bournaveas in [8] and is later improved by d’Ancona, Foschi and Selberg
[9]. Their proof relied on the null structure of the nonlinear system. And a first
global well-posedness result for large data in two space dimensions of Yukawa model
is established by using Bourgain type function spaces, see Grünrock and Pecher
[22]. However, the important global well-posedness problem remains open for other
general interaction models. When a stationary solution (or soliton-like) of (1) is
considered, we find that the problem is rarely studied so far. Here, by stationary
solution, we mean that a solution of the type

ψ(t, x) = φ(x)e−iωt/~, ξ ∈ R, (3)

where φ is a complex scalar function independent of the time coordinate.
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We point out that the works mentioned above mainly concerned with the au-
tonomous equations of Yukawa model. There are not so many results concern with
the nonlinear fourth order interaction. And no results were related to the semi-
classical approximation. To fill this gap, in the present paper, we are interested in
the existence and concentration behavior of stationary semi-classical solutions to the
equation (1) in space-dimension n ≥ 2 with some general self-coupling nonlinearity
involving the subcritical and critical exponent of the relevant Sobolev embedding.
To describe the transition from quantum to classical mechanics, the existence of
solutions φ~, ~ small, possesses an important physical interest. More precisely, for
ease of notations, denoting ε = ~, α = (α1, · · · , αn) and α · ∇ =

∑n
k=1 αk∂k, we

are concerned with (substitute (3) in (1)) the following stationary nonlinear Dirac
equations:

−iεα · ∇φ+ aβφ+ V (x)φ = P (x)g(|φ|)φ , (4)
−iεα · ∇φ+ aβφ+ V (x)φ = P (x)g(|φ|)φ+W (x)|φ|2∗−2φ , (5)

where a = mc > 0, V (x) = U(x)− ω.
In order to state our results in a specific way, some notations are needed. We set

κ := min
x∈Rn

V (x), V :=
{
x ∈ Rn : V (x) = κ

}
, κ∞ := lim inf

|x|→∞
V (x),

m := max
x∈Rn

P (x), P :=
{
x ∈ Rn : P (x) = m

}
, m∞ := lim sup

|x|→∞
P (x),

l := max
x∈Rn

W (x), W :=
{
x ∈ Rn : W (x) = l

}
, l∞ := lim sup

|x|→∞
W (x),

κp := min
x∈P

V (x), mv := max
x∈V

P (x), κw := min
x∈W

V (x), mw := max
x∈W

P (x) .

Then on the pointwise distribution, we will use the following assumptions:

(H1) V and P are of C1-smooth in Rn, |V |∞ < a and inf P > 0.

(H2) W is C1 smooth in Rn with infW > 0 and l∞ ≤ l.

(H3) κ∞ > κ and there is xv ∈ V such that P (xv) ≥ P (x) for all |x| ≥ R, some R
large.

(H4) m∞ < m and there is xp ∈ P such that V (xp) ≤ V (x) for all |x| ≥ R, some
R large.

To show the concentration phenomena, we introduce the following notations: in the
case (H3) assume that P (xv) = mv and set

Av :=
{
x ∈ V : P (x) = mv

}
∪
{
x 6∈ V : P (x) > mv

}
;

in the case (H4) assume that V (xp) = κp and set

Ap :=
{
x ∈ P : V (x) = κp

}
∪
{
x 6∈ P : V (x) < κp

}
.

We find Av and Ap are bounded sets since V and W are bounded. Moreover,
Av = Ap = V ∩ P provided V ∩ P 6= ∅.

On the nonlinear self-coupling, writing G(|w|) :=
∫ |w|
0

g(s)sds, we make the following
hypotheses:
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(G1) g(0) = 0, g ∈ C1(0,∞), g′(s) > 0 for s > 0, and there exist p ∈ (2, 2∗) with
2∗ = 2n

n−1
, c1 > 0 such that g(s) ≤ c1(1 + sp−2) for s ≥ 0 ;

(G2) there exist σ > 2, θ > 2 and c0 > 0 such that c0sσ ≤ G(s) ≤ 1
θ
g(s)s2 for all

s > 0 .
A typical example is the power function G(s) = sp.
Recall that a nonzero solution is called the least energy solution (or the ground state
solution) means that it has the lowest energy among all nonzero solutions. The first
existence and concentration result for the semiclassical least energy solution can be
stated as follow.
Theorem 1.2. Assume that (H1) and (G1)–(G2) are satisfied.
(I) Suppose that (H3) holds.
Then, for ε > 0 sufficiently small, (4) has a ground state solution

φε ∈ ∩q≥2W
1,q(Rn,CN).

If additionally ∇V and ∇P are bounded, then φε satisfies:
(i) There exists a maximum point xε of |φε| with limε→0 dist(xε,Av) = 0, such

that, for some C, c > 0

|φε(x)| ≤ C exp
(
− c

ε
|x− xε|

)
.

(ii) Setting zε(x) = φε(εx+ xε), for any sequence xε → x0 as ε→ 0, zε converges
in H1 to a ground state solution of

−iα · ∇z + aβz + V (x0)z = P (x0)g(|z|)z .

If particularly V ∩ P 6= ∅ then limε→0 dist(xε,V ∩ P) = 0 and zε converges
in H1 to a a ground state solution of

−iα · ∇z + aβz + κz = mg(|z|)z .
(II) Suppose (H4) holds. Then, replacing Av with Ap, all the conclusions under

(I) remain true.
The next result is concerned with (5), that is, the Dirac equation involving the
critical exponent of the relevant Sobolev embedding (including the “psi-fourth”-
type interaction in the space-dimension two). Firstly, by virtue of (G2), let γ > 0
denote the least energy (such energy is attained, see the proofs in Section 3) of

−iα · ∇u+ aβu = |u|σ−2u .

Set Rσ :=

(
c
2/(σ−2)
0 Sn

2n · γ

)σ−2

,

where σ and c0 are the constants in (G2) and S denotes the Sobolev constant

S|u|22∗ ≤ ‖u‖2
Ḣ1/2 for all u ∈ Ḣ1/2(Rn,CN) . (6)
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We used the notation Ḣ1/2(Rn,CN) to express the completion space of C∞
c (Rn,CN)

with the norm
‖u‖2

Ḣ1/2 :=

∫
Rn

|ζ| · |û(ζ)|2 dζ ,

where u 7→ û is the Fourier transform of u ∈ L2.
We now make the following assumptions:
(H5) κ∞ > κw and there is xv ∈ Wv makes P (xv) ≥ P (x) for all |x| ≥ R, some

R > 0 large, where Wv = {x ∈ W : V (x) = κw}.
(H6) m∞ < mw and there is xp ∈ Wp makes V (xp) ≤ V (x) for all |x| ≥ R, some

R > 0 large, where Wp = {x ∈ W : P (x) = mw}.

(H7)
(

a
a+κ∞

)(2n−1)(σ−2)−2
m−2

∞ · l(n−1)(σ−2) < Rσ.

(H8) Either σ < 3 or
(

a
a+κ

)(2n−1)(σ−2)−2
m−2

∞ · l(n−1)(σ−2) < Rσ.
To describe the concentration, let us denote, in the case (H5),

Cv :=
{
x ∈ Wv : P (x) ≥ P (xv)

}
∪
{
x ∈ W \ Wv : P (x) > P (xv)

}
∪
{
x 6∈ W : V (x) < κw or P (x) > P (xv)

}
;

and similarly, in the case (H6),

Cp :=
{
x ∈ Wp : V (x) ≤ V (xp)

}
∪
{
x ∈ W \ Wp : V (x) < V (xp)

}
∪
{
x 6∈ W : P (x) > mw or V (x) < V (xp)

}
.

Then Cv and Cp are bounded nonempty sets. Moreover Cv = Cp = V ∩ P ∩ W
provided V ∩ P ∩ W 6= ∅. Generally speaking, V ∩ P ∩ W 6= ∅ is not necessarily
satisfied, by introducing Cv and Cp we describe the concentration behaviour in a
competing sense.
Theorem 1.3. Let V (x) ≤ 0, and assume (H1), (H2), (H7) and (G1)–(G2) are
satisfied.
(I) Suppose (H5) holds.
Then for ε > 0 sufficiently small, (5) has a ground state solution

φε ∈ ∩q≥2W
1,q(Rn,CN).

If additionally ∇V , ∇P and ∇W are bounded and (H8) holds, then φε satisfies:
(i) There exists a maximum point xε of |φε| with limε→0 dist(xε,Cv) = 0, such

that, for some C, c > 0

|φε(x)| ≤ C exp
(
− c

ε
|x− xε|

)
.

(ii) Setting zε(x) = φε(εx+ xε), for any sequence xε → x0 as ε→ 0, zε converges
in H1 to a ground state solution of

−iα · ∇z + aβz + V (x0)z = P (x0)g(|z|)z +W (x0)|z|2
∗−2z .

If particularly V ∩ P ∩ W 6= ∅ then limε→0 dist(xε,V ∩ P ∩ W ) = 0 and zε
converges in H1 to a a ground state solution of

−iα · ∇z + aβz + κz = mg(|z|)z + l|z|2∗−2z .
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(II) Suppose (H6) holds. Then, replacing Cv with Cp, all the conclusions under (I)
remain true.

It is standard that (4) and (5) are equivalent to, by letting u(x) = φ(εx),

−iα · ∇u+ aβu+ Vε(x)u = Pε(x)g(|u|)u , (7)

−iα · ∇u+ aβu+ Vε(x)u = Pε(x)g(|u|)u+Wε(x)|u|2
∗−2u , (8)

where Vε(x) = V (εx), Pε(x) = P (εx) and Wε(x) = W (εx). We will in the sequel
focus on these two equivalent problems. Our proofs are variational: the semiclassical
solutions are obtained as critical points of an energy functional Φε associated to the
equivalent problems.
There have been a large number of works on existence and concentration phe-
nomenon of semi-classical states of nonlinear Schrödinger or Schrödinger-Poisson
systems arising in the non-relativistic quantum mechanics, see, for example, [2, 3,
4, 28] and their references. There are many results on existence and concentration
phenomenon of semi-classical states of nonlinear Dirac equation with different space
dimensions (Table 1). For the case of n = 3, the paper [12] studied the existence of
a family of ground states of the problem

−iεα · ∇φ+ aβφ = W (x)|φ|p−2φ

and showed that the family concentrates around the maxima of W (x) as ε → 0.
The paper [13] study the existence and concentration of a family of ground states
of the following problem

−iεα · ∇φ+ aβφ+ V (x)φ =
J∑

j=1

Wj(x)|φ|pj−2φ.

The paper [14] studies the semiclassical ground states of the Dirac equation with
critical nonlinearity

−iεα · ∇φ+ aβφ+ V (x)φ = W (x)(g(|φ|) + |φ|)φ.

And the papers [16, 17] studied the existence of a family of semi-classical ground
states of nonlinear Dirac-Maxwell systems arising in the relativistic quantum me-
chanics in space-dimensional three and showed that the family concentrates around
some certain sets as ε→ 0.

Table 1.1: Space Dimensions and Critical Indices

n 2 3 4 5 6 7 8 9 · · ·
N 2 4 4 8 8 16 16 32 · · ·

2∗ = 2n
n−1

4 3 8
3

5
2

12
5

7
3

16
7

9
4

· · ·
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For the case of n = 2, Dirac matrices is given by Pauli matrices

α1 =

(
0 1
1 0

)
, α2 =

(
0 −i
i 0

)
, β =

(
1 0
0 −1

)
.

Many authors use σ1, σ2, σ3 instead of α1, α2, β in two dimensional Dirac equation.
Two dimensional Dirac equation has been widely used in Condensed Matter Physics
to study the Dirac materials, i.e. graphene, topological insulators, superfluid phase
of 3He. The paper [6] shows the existence of an exponentially locallized stationary
solution for the following Dirac equation with Kerr nonlinearity by using the shooting
method.

−iεα1∂1φ− iεα2∂2φ+ aβφ− ωφ = |φ|2φ.

The paper [7] studies the existence of infinitely many stationary solutions for a
nonlinear Dirac equation with infinite mass boundary conditions. As for the con-
centration of semi-classical states for the two dimensional Dirac equation, it follows
directly from Theorem 1.2,
Corollary 1.4. Let ω ∈ (−a, a), P,W ∈ C1(Rn,R+), l∞ ≤ l, m∞ < mw, and

(
a

a− ω
)3σ−8m−2

∞ lσ−2 < Rσ.

Assume (G1)–(G2) are satisfied. For ε > 0 sufficiently small, the following Dirac
equation possesses a ground state solution φε ∈ ∩q≥2W

1,q(R2,C2).

−iεα1∂1φ− iεα2∂2φ+ aβφ− ωφ = P (x)g(|φ|)φ+W (x)|φ|2φ (9)

If additionally ∇P and ∇W are bounded, then φε satisfies:
(i) There exists a maximum point xε of |φε| with limε→0 dist(xε,Cp) = 0, such

that, for some C, c > 0

|φε(x)| ≤ C exp
(
− c

ε
|x− xε|

)
,

where Cp = Wp ∪ {x /∈ W : P (x) > mw}.
(ii) Setting zε(x) = φε(εx+ xε), for any sequence xε → x0 as ε→ 0, zε converges

in H1 to a ground state solution of

−iα1∂1z − iα2∂2z + aβz − ωz = P (x0)g(|z|)z +W (x0)|z|2z .

If particularly P ∩W 6= ∅, then limε→0 dist(xε,P ∩W ) = 0 and zε converges
in H1 to a a ground state solution of

−iα1∂1z − iα2∂2z + aβz − ωz = mg(|z|)z + l|z|2z .

Mathematically, the problems in Dirac equations are much more difficult compared
with Schrödinger equations because they are strongly indefinite in the sense that
both the negative and positive parts of the spectrum of Dirac operator are un-
bounded and consist of essential spectra.
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An outline of this paper is as follows: In Section 2 we treat the linking argument
which gives us a min-max scheme. In Section 3, we study the limit equation and give
some characterization of the least energy level. Lastly, in Section 4, the combination
of the results in section 2, 3 lead to the proof of Theorem 1.2 and Theorem 1.3.

2. The variational framework

2.1. The functional setting and notations

In the sequel we denote by | · |q the usual Lq-norm, and (·, ·)2 the usual L2-inner
product. LetHD = −iα·∇+aβ denote the self-adjoint operator on L2 ≡ L2(Rn,CN).
We find by Fourier analysis that the domain D(HD) = H1 ≡ H1(Rn,CN).
Let us first study HD for its spectrum. As we have seen, HD is a differential operator
with constant coefficients. So, in the Fourier domain ζ = (ζ1, · · · , ζn), it becomes
the operator of multiplication by the matrix

ĤD(ζ) =
n∑

k=1

ζkαk + aβ =

(
aIN/2

∑n
k=1 ζkak∑n

k=1 ζka
∗
k −aIN/2

)
.

Lemma 2.1. σ(HD) = σe(HD) = R \ (−a, a), where σ(·) and σe(·) denote the
spectrum and the essential spectrum.

Proof. Since FHDz = ĤDFz, therefore if λ ∈ σ(HD), then det(λIN − ĤD) = 0.

Thus, det

(
(λ− a)IN

2
−
∑n

k=1 ζkak

−
∑n

k=1 ζka
∗
k (λ+ a)IN

2

)
= 0.

For ak, k = 1, ..., N , it is clear that aia∗j + aja
∗
i = 0, a∗i aj + a∗jai = 0, and aka

∗
k =

a∗kak = IN
2
, for 1 ≤ i, j, k ≤ n. Then we have

(
n∑

k=1

ζka
∗
k)(

n∑
k=1

ζkak) = |ζ|2IN
2
,

where ζ = (ζ1, ..., ζn). Therefore, if λ 6= a, we have

(λ− a)
N
2 det((λ+ a)IN

2
− (

n∑
k=1

ζka
∗
k)((λ− a)−1IN

2
)(

n∑
k=1

ζkak)) = 0.

For the case of λ = a, we have λ 6= −a, then by the same way we have

((λ2 − a2)− |ζ|2)
N
2 = 0.

Therefore, λ2 = a2 + |ζ|2, by the fact of

σ(HD) = {λ ∈ R : λ2 = a2 + |ζ|2,∀ζk ∈ R},

we have σ(HD) = σe(HD) = R \ (−a, a).
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Now, the space L2 possesses the orthogonal decomposition:

L2 = L+ ⊕ L−, u = u+ + u−, (10)

so that HD is positive definite (resp. negative definite) in L+ (resp. L−). Let
E := D(|HD|1/2) = H1/2(Rn,CN) be equipped with the inner product

〈u, v〉 = <(|HD|1/2u, |HD|1/2v)2

and the induced norm ‖u‖ = 〈u, u〉1/2, where |HD| and |HD|1/2 denote respectively
the absolute value of HD and the square root of |HD|. Since σ(HD) = R \ (−a, a),
one has

a|u|22 ≤ ‖u‖2 for all u ∈ E. (11)
Note that this norm is equivalent to the usual H1/2-norm, hence E embeds contin-
uously into Lq for all q ∈ [2, 2∗] and compactly into Lq

loc for all q ∈ [1, 2∗). It is clear
that E possesses the following decomposition

E = E+ ⊕ E− with E± = E ∩ L±, (12)

orthogonal with respect to both inner products (·, ·)2 and 〈·, ·〉. This decomposition
induces also a natural decomposition of Lp, hence there is dp > 0 with

dp|u±|pp ≤ |u|pp for all u ∈ E. (13)

Associate with (7) and (8), we define the “energy” functional

Φε(u) =
1

2

(
‖u+‖2 − ‖u−‖2

)
+

1

2

∫
Rn

Vε(x)|u|2 −Ψε(u)

for u = u+ + u−, where

Ψε(u) =


∫
Rn

Pε(x)G(|u|) for subcritical case (7) ,∫
Rn

Pε(x)G(|u|) +
1

2∗

∫
Rn

Wε(x)|u|2
∗ for critical case (8) .

Plainly, under our assumptions, Φε ∈ C2(E,R) and any critical point of Φε is a
(weak) solution to the corresponding equation. For notation convenience, in the
sequel, if there is no confusion we will use Φε to represent the energy functional
without explain the situation.

2.2. Technical results

In this subsection, we will give some general versions of results that valid in both
subcritical and critical cases. To use a unified expression, we will use

Ψε(u) =

∫
Rn

Pε(x)G(|u|) +
1

2∗

∫
Rn

Wε(x)|u|2
∗
.

When the subcritical case occurs, we simply set W ≡ 0.
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For further consideration, for r > 0, set Br = {u ∈ E : ‖u‖ ≤ r}, and for e ∈ E+,

Ee := E− ⊕ R+e with R+ = [0,+∞).

By virtue of the assumptions (G1)–(G2), for any δ > 0, there exist rδ > 0, cδ > 0
and c′δ > 0 such that {

g(s) < δ for all 0 ≤ s ≤ rδ;

G(s) ≤ δ s2 + c′δ s
p for all s ≥ 0

(14)

and Ĝ(s) :=
1

2
g(s)s2 −G(s) ≥ θ − 2

2θ
g(s)s2 ≥ θ − 2

2
G(s) ≥ cθs

σ (15)

for all s ≥ 0, where cθ = c0(θ − 2)/2.

Lemma 2.2. For all ε ∈ (0, 1], Φε possess the linking structure:
(1) There are r > 0 and τ > 0, both independent of ε, such that Φε|B+

r
≥ 0 and

Φε|S+
r
≥ τ , where

B+
r = Br ∩ E+ = {u ∈ E+ : ‖u‖ ≤ r},

and S+
r = ∂B+

r = {u ∈ E+ : ‖u‖ = r}.

(2) For any e ∈ E+ \ {0}, there exist R = Re > 0 and C = Ce > 0, both
independent of ε, such that, for all ε > 0, there hold Φε(u) < 0 for all
u ∈ Ee \BR and maxΦε(Ee) ≤ C.

Proof. Recall that |u|pp ≤ Cp‖u‖p for all u ∈ E by Sobolev embedding theorem.
(1) follows easily because, for u ∈ E+ and δ > 0 small enough

Φε(u) =
1

2
‖u‖2 + 1

2

∫
Vε(x)|u|2 −Ψε(u)

≥ a− |V |∞
2a

‖u‖2 − |P |∞
(
δ|u|22 + c′δ|u|pp

)
− |W |∞

2∗
|u|2∗2∗

with C1 independent of u and p > 2 (see (14)).
For checking 2), take e ∈ E+ \ {0}. In virtue of (13) and (14), one gets, for
u = se+ v ∈ Ee,

Φε(u) =
1

2
‖se‖2 − 1

2
‖v‖2 + 1

2

∫
Vε(x)|se+ v|2 −Ψε(u)

≤ a+ |V |∞
2a

s2‖e‖2 − a− |V |∞
2a

‖v‖2 − c0dσ inf P · sσ|e|σσ

(16)

proving the conclusion.

Now let us define (see [5, 30]) cε := inf
z∈E+\{0}

max
u∈Ez

Φε(u) . (17)
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As a consequence of Lemma 2.2, we have
Lemma 2.3. There is C > 0 independent of ε such that τ ≤ cε ≤ C.
Proof. It follows from (1) of Lemma 2.2 and the definition of cε that cε ≥ τ . Take
e ∈ E+ with ‖e‖ = 1. By (16) we deduce cε ≤ C ≡ Ce, completing the proof.

Recall that a sequence {un} ⊂ E is called to be a (PS)c-sequence for the functional
Φ ∈ C1(E,R) if Φ(un) → c and Φ′(un) → 0, and is called to be (C)c-sequence for Φ
if Φ(un) → c and (1 + ‖un‖)Φ′(un) → 0. It is clear that if {un} is a (PS)c-sequence
with {‖un‖} bounded then it is also a (C)c-sequence.
Recall that, by (G1), there exist r1 > 0 and a1 > 0 such that

g(s) ≤ a− |V |∞
2 |P |∞

for all s ≤ r1, (18)

and, for s ≥ r1, g(s) ≤ a1s
p−2, so g(s)σ0−1 ≤ a2s

2 with

σ0 :=
p

p− 2
> 3

which, jointly with (G2), yields (see (15))

g(s)σ0 ≤ a2g(s)s
2 ≤ a3Ĝ(s) for all s ≥ r1. (19)

Lemma 2.4. For every pair of constants c1, c2 > 0, there exists a constant Λ > 0,
depending only on c1, c2, such that for any u ∈ E with

|Φε(u)| ≤ c1 and ‖u‖ · ‖Φ′
ε(u)‖ ≤ c2, (20)

we have ‖u‖ ≤ Λ.

Lemma 2.4 has an immediate consequence which implies the boundness of a (C)c-
sequence:

Corollary 2.5. Consider ε ∈ (0, 1], and {uεn} is the corresponding (C)cε-sequence
for Φε. If there exists C > 0 such that |cε| ≤ C for all ε, then we have (up to a
subsequence if necessary)

‖uεn‖ ≤ Λ,

where Λ is found in Lemma 2.4 depends on the pair c1 = C and c2 = 1.

Proof of Lemma 2.4. Take u ∈ E such that (20) is satisfied. Without loss of
generality we may assume that ‖u‖ ≥ 1. The form of Φε implies that∫

Pε(x)Ĝ(|u|) +
1

2 · 2∗

∫
Wε(x)|u|2

∗
= Φε(u)−

1

2
Φ′

ε(u)u ≤ c1 + c2, (21)

‖u‖2 −<
∫
Vε(x)u · (u+ − u−)−<

∫
Pε(x)g(|u|)u · (u+ − u−)

and −<
∫
Wε(x)|u|2

∗−2u · (u+ − u−) = Φ′
ε(u)(u

+ − u−) ≤ c2. (22)
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By (15) and (21), one sees that max{|u|σ, |u|2∗} ≤ C1 where C1 depends only on
c1, c2. It follows from (22) that

a− |V |∞
a

‖u‖2 ≤ c2 + <
∫
Pε(x)g(|u|)u · (u+ − u−)

+ <
∫
Wε(x)|u|2

∗−2u · (u+ − u−).

This, together with (18), (11) and the boundness of |u|2∗ , shows that

a− |V |∞
2a

‖u‖2 ≤ C2 + <
∫
|u|≥r1

Pε(x)g(|u|)u · (u+ − u−). (23)

Recall that (G1) and (G2) imply 2 < σ ≤ p. Setting t = pσ
2σ−p

, one sees

2 < t < p,
1

σ0
+

1

σ
+

1

t
= 1.

By Hölder’s inequality, (19), (21) and the embedding of E to Lt, we have∫
|u|≥r1

Pε(x) g(|u|)|u| · |u+ − u−| (24)

≤ |P |∞
(∫

|u|≥r1

g(|u|)σ0

)1/σ0
(∫

|u|σ
)1/σ(∫

|u+ − u−|t
)1/t

≤ C3‖u‖

where C3 > 0 depends only on c1, c2.
Now the combination of (23) and (24) shows that

‖u‖2 ≤M0 +M1‖u‖ (25)

with M0 and M1 dependent only on the constants c1, c2. Therefore, either ‖u‖ ≤ 1
or there is Λ ≥ 1 dependents only on c1, c2 such that ‖u‖ ≤ Λ, as desired.

Let Kε :=
{
u ∈ E \ {0} : Φ′

ε(u) = 0
}
be the critical set of Φε. By virtue of Lemma

2.4, using the same iterative argument of [18, Proposition 3.2] and [16, Lemma 3.19],
we obtain the following

Lemma 2.6. If u ∈ Kε with |Φε(u)| ≤ C. Then
(1) if the assumptions of Theorem 1.2 are satisfied for any q ≥ 2, we have u ∈

W 1,q(Rn,CN) with ‖u‖W 1,q ≤ Cq, where Cq depends only on C and q;
(2) if the assumptions of Theorem 1.3 are satisfied for any q ≥ 2, we have u ∈

W 1,q
loc (Rn,CN) ∩ L∞ where |u|∞ depends only on C.

Remark 2.7. Let Lε be the set of all least energy solutions of Φε. If u ∈ Lε, then
Φε(u) = cε (this will be proved in section 4). Therefore, as a consequence of Lemma
2.6, we see (together with the Sobolev embedding theorem) that there exist C∞ > 0
independent of ε such that

|u|∞ ≤ C∞ for all u ∈ Lε .
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3. Preliminary results

In this section, we will investigate some results that essentially relate to our main
theorems.
Firstly, let us consider the following autonomous equations

−iα · ∇u+ aβu+ λu = µg(|u|)u (26)

−iα · ∇u+ aβu+ λu = µg(|u|)u+ χ|u|2∗−2u (27)

for u ∈ H1(Rn,CN), where λ ∈ (−a, a), µ, χ > 0 are constants (varying in different
equations).

3.1. Equation (26)

The solutions of (26) are critical points of the functional

Tλµ(u) :=
1

2

(
‖u+‖2 − ‖u−‖2

)
+
λ

2
|u|22 − µ

∫
G(|u|)

=
1

2

(
‖u+‖2 − ‖u−‖2

)
+
λ

2
|u|22 − Gµ(u)

defined for u = u+ + u− ∈ E = E+ ⊕ E−. Denote the critical set and the least
energy of Tλµ as follows

Kλµ :=
{
u ∈ E \ {0} : T ′

λµ(u) = 0
}
, and γλµ := inf

{
Tλµ(u) : u ∈ Kλµ

}
.

In order to find critical points of Tλµ, we will use the the following abstract theorem
which is taken from [5, 11].
Let E be a Banach space with direct sum decomposition E = X ⊕ Y , u = x + y
and corresponding projections PX , PY onto X,Y , respectively. For a functional
Φ ∈ C1(E,R) we write Φa = {u ∈ E : Φ(u) ≥ a}.
Now we assume that X is separable and reflexive, and we fix a countable dense
subset S ⊂ X∗. For each s ∈ S there is a semi-norm on E defined by

ps : E → R, ps(u) = |s(x)|+ ‖y‖ for u = x+ y ∈ X ⊕ Y.

We denote by TS the induced topology. Let w∗ denote the weak*-topology on E.
Suppose:

(Φ0) There exists ξ > 0 such that ‖u‖ < ξ‖PY u‖ for all u ∈ Φ0.

(Φ1) For any c ∈ R, Φc is TS -closed, and Φ′ : (Φc, TS ) → (E∗, w∗) is continuous.

(Φ2) There exists ρ>0 with κ :=inf Φ(SρY )>0, where SρY :={u∈Y :‖u‖=ρ}.

The following theorem is a special case of [5], Theorem 3.4 (see also [11], Theorem
4.3).
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Theorem 3.1. Let (Φ0)–(Φ2) be satisfied and suppose there are R > ρ > 0 and
e ∈ Y with ‖e‖ = 1 such that supΦ(∂Q) ≤ κ where

Q = {u = x+ te : x ∈ X, t ≥ 0, ‖u‖ < R}.
Then Φ has a (C)c-sequence with κ ≤ c ≤ supΦ(Q).

The following lemma is useful to verify (Φ1) (see [5] or [11]).

Lemma 3.2. Suppose Φ ∈ C1(E,R) is of the form

Φ(u) =
1

2

(
‖y‖2 − ‖x‖2

)
−Ψ(u) for u = x+ y ∈ E = X ⊕ Y

such that
(i) Ψ ∈ C1(E,R) is bounded from below;
(ii) Ψ : (E, Tw) → R is sequentially lower semi-continuous, that is, un ⇀ u in E

implies Ψ(u) ≤ lim inf Ψ(un);
(iii) Ψ′ : (E, Tw) → (E∗, w∗) is sequentially continuous.
(iv) ν : E → R, ν(u) = ‖u‖2, is C1 and ν ′ : (E, Tw) → (E∗, w∗) is sequentially

continuous.
Then Φ satisfies (Φ1).

Next, we present the existence result for the limit equation (26).

Lemma 3.3. Let λ ∈ (−a, a), for each µ > 0, we have
(1) Kλµ 6= ∅ and γλµ > 0,
(2) γλµ is attained and γλµ = inf

e∈E+\{0}
max
u∈Ee

Tλµ(u) . (28)

Proof. Since the characterization of the least energy in (28) will be proved when
we treat the non-autonomous equation (the situation here is much simpler), we only
give the existence result.
With X = E− and Y = E+ the condition (Φ0) holds since G(|u|) ≥ 0 for any u ∈ E.
Together with the linking structure (see Lemma 2.2) we have all the assumptions of
Theorem 3.1 verified. Therefore, there exists a sequence {um} satisfying Tλµ(um) →
c > 0 and (1 + ‖um‖)T ′

λµ(um) → 0 as m → ∞. Using the same arguments in
proving Lemma 2.4, we get {um} is bounded. Now by the classical concentration
compactness principle (cf. [24]) and the translation-invariance of Tλµ, we infer there
is u 6= 0 such that T ′

λµ(u) = 0.

If u ∈ Kλµ, one has Tλµ(u) = Tλµ(u)−
1

2
T ′

λµ(u)u = µ

∫
Ĝ(u) ≥ 0. (29)

For proving γλµ > 0, assume by contradiction that γλµ = 0. Let uj ∈ Kλµ \{0} such
that Tλµ(uj) → 0. It is obvious that {uj} is bounded. Furthermore, by (15) and
(29), we deduce uj → 0 in Lσ as j → ∞.
On the other hand, T ′

λµ(uj)(u
+
j − u−j ) = 0 and (11) imply that

a− |λ|
a

‖uj‖2 ≤ µ<
∫
g(|uj|)uj · (u+j − u−j ) ≤ µ

∫
g(|uj|)|uj| · |u+j − u−j | .
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By (19) (with a suitable choice of r1 smaller) and Hölder’s inequality, one sees

a− |λ|
2a

‖uj‖2 ≤ µC2

(∫
g(|uj|)σ0

)1/σ0

|uj|2p ≤ µC3

(
Tλµ(uj)

)1/σ0‖uj‖2 .

Hence a−|λ|
2a

≤ 0, which is a contradiction.
Lastly, again, by using the concentration compactness principle, we check easily that
γλµ is attained. Ending the proof.

For later use, because σ ∈ (2, 2∗) appeared in (G2), let us consider the equation

−iα · ∇z + aβz = |z|σ−2z

with the energy functional defined by

Sσ(z) :=
1

2

(
‖z+‖2 − ‖z−‖2

)
− 1

σ
|z|σσ

and the least energy denoted by γ. The following lemma is due to [14, Lemma 4.6]
(see also [16, Lemma 3.5]) with some obvious modifications.

Lemma 3.4. In the case g(s) = c0s
σ−2 and λ ≤ 0, the corresponding least energy

of (26), which denoted by γλµ(σ), satisfies

γλµ(σ) ≤
( a

a+ λ

) −2
σ−2

+n−1

(c0 µ)
−2/(σ−2)γ.

Proof. We only give a sketch of the proof. By observing that, setting z(x) =
u(ax/(a+ λ)), (26) is equivalent to

−iα · ∇z + aβz +
aλ

a+ λ
(I − β)z =

aµ

a+ λ
g(|z|)z

with the energy functional defined by

Tµ/λ(z) =
1

2

(
‖z+‖2 − ‖z−‖2

)
+

aλ

a+ λ
|z2|22 −

aµ

a+ λ

∫
G(|z|) .

Here, we used the notation z(x) = (z1(x), z2(x)) ∈ CN
2 ×CN

2 for z ∈ E. Denoted by
γµ/λ(σ) be the least energy of Tµ/λ, we have

γλµ(σ) =
( a

a+ λ

)n−1
γµ/λ(σ) .

Now, let g(s) = c0s
σ−2 and λ≤ 0. Equation (28) makes us aware of γµ/λ(σ)≤ γµ/λ

provided λ ≤ 0, where γµ/λ denotes the least energy of

−iα · ∇u+ aβu =
ac0µ

a+ λ
|u|σ−2u .

Following the lines in [14, 16], we find γµ/λ ≤ ( a+λ
ac0µ

)2/(σ−2)γ, as desired.
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3.2. Equation (27)

The solutions of equation (27) are critical points of the functional

Tλµχ(u) :=
1

2

(
‖u+‖2 − ‖u−‖2

)
+
λ

2
|u|22 − µ

∫
G(|u|)− χ

2∗
|u|2∗2∗

=
1

2

(
‖u+‖2 − ‖u−‖2

)
+
λ

2
|u|22 − Gµχ(u)

defined for u = u+ + u− ∈ E = E+ ⊕ E−. Denote the critical set and the least
energy of Tλµχ as

Kλµχ :=
{
u ∈ E \ {0} : T ′

λµχ(u) = 0
}
, and γλµχ := inf

{
Tλµχ(u) : u ∈ Kλµχ

}
.

Firstly, we have

Lemma 3.5. γλµχ is attained if γλµχ < ℓ :=
(1
2
− 1

2∗

)
· χ

−2
2∗−2

(a− |λ|
aS−1

) 2∗
2∗−2 .

Proof. Let {un} be a (C)c-sequence with c = γλµχ. By the statements in Lemma
2.4, {un} is bounded in E. From Lion’s concentration principle [24], {un} is either
vanishing or non-vanishing.
Assume that {un} is vanishing. Then |un|s → 0 for s ∈ (2, 2∗). By (G1), (G2):

c+ o(1) = Tλµχ(un)−
1

2
T ′

λµχ(un)un =
(2∗ − 2)χ

2 · 2∗
|un|2

∗

2∗ .

Moreover,

‖un‖2 + λ<
∫
un · (u+n − u−n )− χ · <

∫
|un|2

∗−2un · (u+n − u−n ) = o(1).

Thus, a− |λ|
a

‖un‖2 ≤ χ|un|2
∗−1

2∗ · |u+n − u−n |2∗ + o(1).

Observe that S|u|22∗ ≤ ‖u‖2 (see (6)), we have

γλµχ = c ≥
(1
2
− 1

2∗

)
· χ

−2
2∗−2

(a− |λ|
aS−1

) 2∗
2∗−2

,

a contradiction.
Therefore, {un} is non-vanishing, that is, there exist r, δ > 0 and xn ∈ Rn such that,
setting vn(x) = un(x+ xn), along a subsequence,∫

Br(0)

|vn|2 ≥ δ.

Without loss of generality we assume that vn ⇀ v. Then v 6= 0 and is a solution of
(27). And so γλµχ is attained.
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Lemma 3.6. For λ ≤ 0, γλµχ is attained if( a

a+ λ

)(2n−1)(σ−2)−2

µ−2χ(n−1)(σ−2) < Rσ. (30)

Proof. Observe that, for the nonlinearities, we have

Gµχ(u) ≥ Gµ(u) ≥
µc0
σ

∫
|u|σ.

So, from Lemma 3.3 ii), we deduce

inf
e∈E+\{0}

max
u∈Ee

Tλµχ(u) ≤ inf
e∈E+\{0}

max
u∈Ee

Tλµ(u) = γλµ ≤ γλµ(σ).

If
( a

a+ λ

) −2
σ−2

+n−1

(c0 µ)
−2/(σ−2)γ < ℓ,

that is, (30) is satisfied, then γλµχ < ℓ. So γλµχ is attained by Lemma 3.5.

3.3. Characterization for least energy level

Recall the minimax scheme (see (17)): cε := inf
z∈E+\{0}

max
u∈Ez

Φε(u) .

Although the value of cε can be different in subcritical case and critical case, we see
it as an abstract value and give it a general characterization (let us remind that the
next few results in this subsection are applicable to the limit equations with obvious
modifications).
Following Ackermann [1] (also see [12, 13, 15]), for any fixed u ∈ E+, let the map
φu : E− → R be defined by φu(v) = Φε(u+ v). We have, for any v, w ∈ E−,

φ′′
u(v)[w,w] ≤ −‖w‖2 .

Meanwhile, we additionally find that

φu(v) ≤
a+ |V |∞

2a
‖u‖2 − a− |V |∞

2a
‖v‖2 for all v ∈ E− .

So there exists a unique bounded C1 smooth map hε : E+ → E− such that

Φε(u+ hε(u)) = max
v∈E−

Φε(u+ v) ,

and v 6= hε(u) ⇔ Φε(u+ v) < Φε(u+ hε(u)) .

It is clear that, for all v ∈ E−, 0 = φ′
u(hε(u))v. In the sequel, we define

Iε : E
+ → R by Iε(u) = Φε(u+ hε(u)) ,

and Nε =
{
u ∈ E+ \ {0} : I ′ε(u)u = 0

}
.

Plainly, critical points of Iε and Φε are in one-to-one correspondence via the injective
map u 7→ u + hε(u) from E+ into E. For any u ∈ E+ and v ∈ E−, setting z =
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v−hε(u) and l(t) = Φε(u+hε(u)+tz), one has l(1) = Φε(u+v), l(0) = Φε(u+hε(u))

and l′(0) = 0. Thus l(1)− l(0) =
∫ 1

0
(1− t)l′′(t)dt implying

Φε(u+ v)− Φε(u+ hε(u)) =

∫ 1

0

(1− t)Φ′′
ε

(
u+ hε(u) + tz

)
[z, z] dt

= −
∫ 1

0

(1−t)
(
‖z‖2+

∫
Vε(x)|z|2 dx

)
dt−

∫ 1

0

(1−t)Ψ′′
ε

(
u+hε(u)+tz

)
[z, z] dt,

and hence ∫ 1

0

(1− t)Ψ′′
ε(u+ hε(u) + tz)[z, z]dt+

1

2
‖z‖2 + 1

2

∫
Vε(x)|z|2

= Φε(u+ hε(u))− Φε(u+ v). (31)

Remark 3.7. It is standard to see that, for the limit equations, the functionals Tλµ

and Tλµχ have the similar properties mentioned above. Therefore, one can define
correspondingly hλµ, hλµχ, Nλµ, Nλµχ, etc. These symbols will be used in the sequel
without any more specification.

Lemma 3.8. For any u ∈ E+ \ {0}, there is an unique tε = tε(u) > 0 such that
tεu ∈ Nε. Furthermore, there exists Tu > 0 independent of ε such that tε ≤ Tu.

Proof. The proof is quite technical, for details we refer [1, 15]. We only give a
sketch of the proof. Firstly, we observe that for any u ∈ E \ {0} and v ∈ E,(

Ψ′′
ε(u)[u, u]−Ψ′

ε(u)u
)
+ 2
(
Ψ′′

ε(u)[u, v]−Ψ′
ε(u)v

)
+Ψ′′

ε(u)[v, v] > 0

Invoking the arguments in [1], if z ∈ E+ \ {0} with I ′ε(z)z = 0, we see by a delicate
calculation that,

I ′′ε (z)[z, z] < 0. (32)

Now for a fixed u ∈ E+ \ {0}, we set f(t) = Iε(tu). From Lemma 2.2, we see that
f(0) = 0, f(t) > 0 for t > 0 sufficiently small, and f(t) → −∞ as t → ∞. Thus
there exists tε = tε(u) > 0 such that

Iε(tεu) = sup
t≥0

Iε(tu).

It is clear that d Iε(tu)

dt

∣∣∣∣
t=tε

= I ′ε(tεu)u =
1

tε
I ′ε(tεu)tεu = 0,

and consequently by (32) I ′′ε (tεu)[tεu, tεu] < 0.

Therefore, one sees that such tε > 0 is unique. Moreover, by noting that

Φε(tεu+ hε(tεu)) = max
w∈Eu

Φε(w) ,

together with (16) we have the existence of Tu > 0 proved.



Y. Ding, Q. Guo, T. Xu / Concentration of Semi-Classical States ... 43

Proposition 3.9. There holds:
(1) cε = infu∈N Iε(u).
(2) Let u ∈ N and set Eu = E− ⊕ R+u. Then max

w∈Eu

Φε(w) = Iε(u).

Proof. Denoting dε = infu∈N Iε(u), given e ∈ E+, if u = v + se ∈ Ee such that
Φε(u) = maxz∈Ee Φε(z) then the restriction Φε|Ee of Φε on Ee satisfies
(Φε|Ee)

′(u) = 0 which implies v = hε(se) and I ′ε(se)(se) = 0, i.e. se ∈ N . Thus
dε ≤ cε. While, on the other hand, if w ∈ N then (Φε|Ew)

′(w + hε(w)) = 0, hence,
cε ≤ maxu∈Ew Φε(u) = Iε(w). Thus dε ≥ cε. It follow that cε = dε. Since (2) is a
direct conclusion of Lemma 3.8, we complete the proof.

As a consequence of Proposition 3.9, if Lε (the set of least energy solutions) is not
empty, then Φε(u) = cε for all u ∈ Lε. And thus, from Lemma 2.6, we have |u|∞ is
uniformly bounded for all ε > 0.
Going back to the limit equations discussed in subsection 3.1 and 3.2, here and in the
sequel, when χ = 0, by γλµχ and Tλµχ we mean the least energy and the associate
functional of the subcritical equation (26), i.e. γλµ and Tλµ. Following the previous
proposition (with some modifications), we soon have

Lemma 3.10. Let λ1, λ2 ∈ (−a, a), µ1, µ2 > 0 and χ1, χ2 ≥ 0. Suppose λ1 ≥ λ2,
µ1 ≤ µ2 and χ1 ≤ χ2. Assume additionally that the corresponding least energys are
achieved. Then γλ1µ1χ1 ≥ γλ2µ2χ2 .
In addition, if max{λ1 − λ2, µ2 − µ1, χ2 − χ1} > 0, then γλ1µ1χ1 > γλ2µ2χ2 .

Proof. Let u1 be the ground state solution for Tλ1µ1χ1 and set e = u+1 . Then

γλ1µ1χ1 = Tλ1µ1χ1(u1) = max
w∈Ee

Tλ1µ1χ1(w).

Suppose u2∈Ee is such that Tλ2µ2χ2(u2)=maxw∈Ee Tλ2µ2χ2(w). We deduce that

γλ1µ1χ1 = Tλ1µ1χ1(u1) ≥ Tλ1µ1χ1(u2)

= Tλ2µ2χ2(u2) +
λ1 − λ2

2
|u2|22 + (µ2 − µ1)

∫
G(|u2|) +

(χ2 − χ1)

2∗
|u2|2

∗

2∗

≥ γλ2µ2χ2 +
λ1 − λ2

2
|u2|22 + (µ2 − µ1)

∫
G(|u2|) +

(χ2 − χ1)

2∗
|u2|2

∗

2∗ .

This completes the proof.

3.4. Auxiliary results

Assume that the sequence of functions V̂ε, P̂ε and Ŵε are in C∩L∞(Rn,R), 0 < ε ≤ 1,
satisfy
(⋆) supε,x |V̂ε(x)| < a, infε,x P̂ε(x) > 0, infε,x Ŵε(x) ≥ 0; V̂ε(x) → λ, P̂ε(x) → µ and

Ŵε(x) → χ uniformly on bounded sets of x as ε → 0 with γλµχ achieved (e.g.
λ, µ, χ satisfying (30) when χ > 0 and λ ∈ (−a, 0]).
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Consider the equations

−iα · ∇u+ aβu+ V̂ε(x)u = P̂ε(x)g(|u|)u+ Ŵε(x)|u|2
∗−2u (33)

and − iα · ∇u+ aβu+ λu = µg(|u|)u+ χ|u|2∗−2u (34)

for u ∈ H1(Rn,CN), λ ∈ (−a, a), µ > 0, χ ≥ 0 and denote

Φ̂ε(u) =
1

2

(
‖u+‖2 − ‖u−‖2

)
+

1

2

∫
V̂ε(x)|u|2 − Φ̂ε(u)

where Φ̂ε(u) =

∫
P̂ε(x)G(|u|) +

1

2∗

∫
Ŵε(x)|u|2

∗
.

As in the previous subsection, define the associate ĥε, Îε, ˆNε, ĉε, etc.
Note that, by setting V 0

ε (x) = V̂ε(x)−λ, P 0
ε (x) = µ−P̂ε(x), W 0

ε (x) = χ−Ŵε(x), we
have

Φ̂ε(u) = Tλµχ(u) +
1

2

∫
V 0
ε (x)|u|2 +

∫
P 0
ε (x)G(|u|) +

1

2∗

∫
W 0

ε (x)|u|2
∗
. (35)

Lemma 3.11. lim supε→0 ĉε ≤ γλµχ.

Proof. In virtue of the assumption (⋆), let u = u+ + u− be a least energy solution
of (34) and set e = u+. It is clear that e ∈ Nλµχ, hλµχ(e) = u− and Iλµχ(e) = γλµχ.
According to Lemma 3.8, there exists an unique tε > 0 such that tεe ∈ ˆNε.

Then we have ĉε ≤ Îε(tεe) , (36)

and {tε}ε∈(0,1] is bounded. Without loss of generality, we assume that tε → t0 as
ε→ 0.
Claim. For any fixed u ∈ E+ \ {0}, ĥε(u) → hλµχ(u) as ε→ 0.
Indeed, by (35), we deduce that(

Φ̂ε(zε)− Φ̂ε(w)
)
+
(
Tλµχ(w)− Tλµχ(zε)

)
(37)

=
1

2

∫
V 0
ε (x)

(
|zε|2−|w|2

)
+

∫
P 0
ε (x)

(
G(|zε|)−G(|w|)

)
+

1

2∗

∫
W 0

ε (x)
(
|zε|2

∗−|w|2∗
)

where zε = u+ ĥε(u), w = u+ hλµχ(u). Denoted by vε = zε − w, we find∫
V 0
ε (x)

(
|z|2 − |w|2

)
=

∫
V 0
ε (x)|vε|2 + 2<

∫
V 0
ε (x)w · vε

and
∫
P 0
ε (x)

(
G(|z|)−G(|w|)

)
+

1

2∗

∫
W 0

ε (x)
(
|z|2∗ − |w|2∗

)
= <

∫
P 0
ε (x)g(|w|)w · vε + <

∫
W 0

ε (x)|w|2
∗−2w · vε

+

∫ 1

0

(1− s)G ′′
µχ(w + svε)[vε, vε] ds−

∫ 1

0

(1− s)Ψ̂′′
ε(w + svε)[vε, vε] ds .
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Remark that, similar to (3.3), we infer∫ 1

0

(1− s)Ψ̂′′
ε(zε − svε)[vε, vε] ds+

1

2
‖vε‖2 +

1

2

∫
V̂ε(x)|vε|2 = Φ̂ε(zε)− Φ̂ε(w)

and ∫ 1

0

(1− s)G ′′
µχ(w + svε)[vε, vε] ds+

1

2
‖vε‖2 +

λ

2
|vε|22 = Tλµχ(w)− Tλµχ(zε) .

Then we get from (37) (jointly with (G1))

‖vε‖2 + λ|vε|22

≤ <
∫
V 0
ε (x)w · vε + <

∫
P 0
ε (x)g(|w|)w · vε + <

∫
W 0

ε (x)|w|2
∗−2w · vε

≤
∫

|V 0
ε (x)| · |w| · |vε|+ c1

∫
|P 0

ε (x)| · |w| · |vε|

+ c1

∫
|P 0

ε (x)| · |w|p−1 · |vε|+
∫

|W 0
ε (x)| · |w|2

∗−1 · |vε|

≤ c2

(∫ (
|V 0

ε (x)|+ |P 0
ε (x)|

)2|w|2)1/2|vε|2 + c1

(∫
|P 0

ε (x)|p/(p−1)|w|p
)(p−1)/p

|vε|p

+
(∫

|W 0
ε (x)|2

∗/(2∗−1)|w|2∗
)(2∗−1)/2∗

|vε|2∗ . (38)

Since w decays at infinity in the sense for q = 2, p, 2∗, we have

lim sup
R→∞

∫
|x|≥R

|w|q = 0 .

We find (due to (⋆)) ∫ (
|V 0

ε (x)|+ |P 0
ε (x)|

)2|w|2 = o(1) ,∫
|P 0

ε (x)|p/(p−1)|w|p = o(1) , and
∫

|W 0
ε (x)|2

∗/(2∗−1)|w|2∗ = o(1) ,

as ε → 0. Thus (38) leads to ‖vε‖ = ‖ĥε(u) − hλµχ(u)‖ = o(1) as ε → 0 provided
λ ∈ (−a, a). So the claim is proved.
From tε → t0 as ε→ 0 and the continuity of hε we obtain ĥε(tεe) → hλµχ(t0e).

Consequently,
∫
V 0
ε (x)|tεe+ ĥε(tεe)|2 → 0 ,∫

P 0
ε (x)G(|tεe+ ĥε(tεe)|) → 0 and

∫
W 0

ε (x)|tεe+ ĥε(tεe)|2
∗ → 0 ,

as ε→ 0. This, jointly with (35), implies

Φ̂ε(tεe+ ĥε(tεe)) = Tλµχ(tεe+ ĥε(tεe)) + o(1) = Tλµχ(t0e+ hλµχ(t0e)) + o(1) ,
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that is, Îε(tεe) = Tλµχ(t0e+ hλµχ(t0e)) + o(1)

as ε→ 0. Recalling that by Lemma 3.3

Tλµχ(t0e+ hλµχ(t0e)) ≤ max
w∈Ee

Tλµχ(w) = Tλµχ(e+ hλµχ(e)) = γλµχ .

Therefore, by (36), we have, as desired,

lim sup
ε→0

ĉε ≤ lim sup
ε→0

Îε(tεe) ≤ γλµχ.

In the sequel, for λ ∈ [κ, κ∞] and µ ∈ [m∞,m], we set

V λ(x) = max{λ, V (x)} and P µ(x) = min{µ, P (x)} ,

and let V λ
ε (x) = V λ(εx) and P µ

ε (x) = P µ(εx). Consider the functional

Φλµ
ε (u) =

1

2

(
‖u+‖2 − ‖u−‖2

)
+

1

2

∫
V λ
ε (x)|u|2 −

∫
P µ
ε (x)G(|u|)−

1

2∗

∫
Wε(x)|u|2

∗

with hλµε , N λµ
ε , cλµε , etc defined as before. By definition and Lemma 3.10, for

χ ∈ [0, l], we know that γκml ≤ γV (0)P (0)χ ≤ γV λ(0)Pµ(0)χ .
This together with Lemma 3.11, if V λ

ε (x), P µ
ε (x) and Wε(x) satisfy (⋆), then

γλµχ ≤ cλµε and lim sup
ε→0

cλµε ≤ γV λ(0)Pµ(0)χ (39)

and particularly lim
ε→0

cλµε = γV λ(0)Pµ(0)χ if V (0) ≤ λ and P (0) ≥ µ . (40)

4. Proofs of the main results

We are now ready to present the proofs of the main results on the nonlinear (sub-
critical and critical) equation:

−iα · ∇u+ aβu+ Vε(x)u = Pε(x)g(|u|)u+Wε(x)|u|2
∗−2u . (41)

Recall that, by the assumptions in Theorem 1.2 and Theorem 1.3, the condition (⋆)
is always satisfied. Observe that, for any x0 ∈ Rn, setting Ṽε(x) = V (εx + εx0),
P̃ε(x) = P (εx+ εx0) and W̃ε(x) = W (εx+ εx0), if ũ is a solution of

−iα · ∇ũ+ aβũ+ Ṽε(x)ũ = P̃ε(x)g(|ũ|)ũ+ W̃ε(x)|ũ|2
∗−2ũ ,

then u(x) = ũ(x− x0) solves (41).

4.1. Proof of Theorem 1.2 in case (I)

Assume (H1), (H3) and (G1)–(G2) are satisfied. By virtue of above observation,
without loss of generality, we can assume that 0 ∈ V and P (0) = mv. Then we find
(⋆) is satisfied with λ = κ, µ = mv and χ = 0.



Y. Ding, Q. Guo, T. Xu / Concentration of Semi-Classical States ... 47

Lemma 4.1. cε is attained for ε > 0 small enough.

Proof. Given ε > 0, let {un} ⊂ Nε be a minimizing sequence: Iε(un) → cε. By the
Ekeland variational principle we can assume that {un} is in fact a (PS)cε-sequence
for Iε on E+ (see [25, 32]). Then wn = un+hε(un) is a (PS)cε-sequence for Φε on E.
It is clear that {wn} is bounded, hence is a (C)cε-sequence. We can assume without
loss of generality that wn ⇀ wε = w+

ε +w−
ε ∈ Kε in E. If wε 6= 0 then Φε(wε) = cε.

So we are going to show that wε 6= 0 for all small ε > 0.
For this end, take ν ∈ (κ, κ∞), let us consider the functional Φνµ

ε . Following the
proof of Lemma 3.11, one finds

lim sup
ε→0

cνµε ≤ γνµ. (42)

Assume by contradiction that there is a sequence εj → 0 with wεj = 0. Then
wn = un + hεj(un) ⇀ 0 in E, un → 0 in Lq

loc for q ∈ [1, 2∗), and wn(x) → 0 a.e. in
x ∈ Rn. Let tn > 0 be such that tnun ∈ N νµ

εj
. Since un ∈ Nε, it is not difficult to

see that {tn} is bounded and one may assume tn → t0 as n → ∞. By (H3), the
set Aε :=

{
x ∈ Rn : Vε(x) < ν

}
is bounded. Remark that hνµεj (tnun) ⇀ 0 in E and

hνµεj (tnun) → 0 in Lq
loc for q ∈ [1, 2∗) as n → ∞ (see [1]). Moreover, by virtue of

Proposition 3.9, Φεj(tnun + hνµεj (tnun)) ≤ Iεj(un). We obtain

cνµεj ≤ Iνµεj (tnun) = Φνµ
εj
(tnun + hνµεj (tnun))

= Φεj(tnun + hνµεj (tnun)) +
1

2

∫ (
Vεj(x)− V ν

εj
(x)
)
|tnun + hνµεj (tnun)|

2

+

∫ (
Pεj(x)− P µ

εj
(x)
)
G
(
|tnun + hνµεj (tnun)|

)
≤ Iεj(un) +

1

2

∫
Aεj

(
Vεj(x)− V ν

εj
(x)
)
|tnun + hνµεj (tnun)|

2

+

∫{
x:Pεj (x)≥mv

} (Pεj(x)−mv

)
G
(
|tnun + hνµεj (tnun)|

)
.

Since {tnun + hνµεj (tnun)}n∈N is bounded, and mv ≥ m∞, we have

lim sup
R→∞

∫
|x|≥R

(
Pεj(x)−mv

)
G
(
|tnun + hνµεj (tnun)|

)
≤ 0 .

Thus

cνµεj ≤ Iεj(un) +
1

2

∫
Aεj

(
Vεj(x)− V ν

εj
(x)
)
|tnun + hνµεj (tnun)|

2

+

∫{
x:Pεj (x)≥mv

} (Pεj(x)−mv

)
G
(
|tnun + hνµεj (tnun)|

)
= cεj + o(1)

as n → ∞. Hence cνµεj ≤ cεj . By (39), γνµ ≤ cνµεj , we see that γνµ ≤ cεj . Recall
that µ = P (0) and in virtue of Lemma 3.11, letting j → ∞ yields γνµ ≤ γκµ,
contradicting γκµ < γνµ (see Lemma 3.10).
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For the later use, letting D = −iα · ∇, we rewrite (41) as

Du = −aβu− Vε(x)u+ f(εx, u)u ,

where f(x, u)u is a abstract setting of the nonlinearities. Acting the operator D on
the two sides of the above representation and noting that D2 = −∆, we find

∆u =
(
a2 − V 2

ε (x)
)
u− f 2(εx, u)u+D

(
Vε(x)− f(εx, u)

)
u .

Letting sgnu =


u

|u|
if u 6= 0,

0 if u = 0,

by the Kato’s inequality [10], there holds ∆|u| ≥ <[∆u · (sgnu)]. Observe that

<
[
D
(
Vε(x)− f(εx, u)

)
u · u

|u|

]
= 0 ,

hence ∆|u| ≥
(
a2 − V 2

ε (x)
)
|u| − f 2(εx, u)|u| . (43)

We remind that (43) together with the regularity results for u (see Lemma 2.6)
implies that there is M > 0 (independent of ε) satisfying

∆|u| ≥ −M |u|.

It then follows from the sub-solution estimate [21, 29] that

|u(x)| ≤ C0

∫
B1(x)

|u(y)|dy (44)

with C0 > 0 independent of x, ε and u ∈ Lε.

Lemma 4.2. Suppose that ∇V and ∇P are bounded. There is a maximum point
yε of |uε| such that dist(εyε,Av) → 0. Moreover, for any such yε, denoted by
limε→0 εyε = y0 and vε(x) := uε(x + yε), then vε converges in H1 as ε → 0 to a
ground state solution of −iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u.

Proof. The proof will be carried out through several claims.
Claim 1. There exists {x̄ε} ⊂ Rn such that dist(εx̄ε,Av) → 0. Moreover, denote
by limε→0 εx̄ε = y0 and vε(x) := uε(x+ x̄ε), then vε ⇀ v as ε→ 0 in E with v being
a ground state solution of

−iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u .

Indeed, let εj → 0, uj ∈ Lj, where Lj = Lεj . Then {uj} is bounded. A standard
concentration argument (see [24]) shows that there exist a sequence {x̄j} ⊂ Rn and
constant R > 0, δ > 0 such that

lim inf
j→∞

∫
B(x̄j ,R)

|uj|2 ≥ δ .
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Set vj(x) = uj(x+ x̄j) and define

V̂j(x) = V (εj(x+ x̄j)) and P̂j(x) = P (εj(x+ x̄j)).
One easily checks that vj solves

−iα · ∇vj + aβvj + V̂j(x)vj = P̂j(x) · g(|vj|)vj , (45)
with the energy

S(vj) :=
1

2

(
‖v+j ‖2 − ‖v−j ‖2

)
+

1

2

∫
V̂j(x)|vj|2 −

∫
P̂j(x)G(|vj|)

= Φj(uj) =

∫
P̂j(x)Ĝ(|vj|) = cεj .

Additionally, vj ⇀ v in E and vj → v in Lq
loc for q ∈ [1, 2∗).

We now turn to prove that {εjx̄j} is bounded. Arguing indirectly we assume that
εj|x̄j| → ∞ and get a contradiction.
Without loss of generality we may assume V (εjx̄j) → V∞ and P (εjx̄j) → P∞. By
the boundness of∇V and∇P , one sees that V̂j(x) → V∞ and P̂j(x) → P∞ uniformly
on bounded sets of x. Clearly, κ < κ∞ by (H3). Since for any ψ ∈ C∞

c

0 = lim
j→∞

∫ (
HD vj + V̂j(x)vj − P̂j(x)g(|vj|)vj

)
· ψ

= lim
j→∞

∫ (
HD v + V∞v − P∞g(|v|)v

)
· ψ,

we have that v solves −iα · ∇v + aβv + V∞v = P∞g(|v|)v. Therefore,

S∞(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V∞
2

|v|22 − P∞

∫
G(|v|) ≥ γV∞P∞ .

It follows from κ < κ∞ ≤ V∞ and µ = mv ≥ m∞ ≥ P∞, by Lemma 3.10, one has
γκµ < γV∞P∞ . Moreover, by the Fatou’s lemma, one sees that

lim
j→∞

∫
P̂j(x)Ĝ(|vj|) ≥

∫
P∞Ĝ(|v|) .

Consequently we have the contradiction

γκµ < γV∞P∞ ≤ S∞(v) ≤ lim sup
j→∞

cεj ≤ γκµ .

Thus {εjx̄j} is bounded. And hence, we can assume ȳj = εjx̄j → y0. At this
moment, we see that v solves

−iα · ∇v + aβv + V (y0)v = P (y0)g(|v|)v . (46)

Meanwhile, we obtain

S0(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V (y0)

2
|v|22 − P (y0)

∫
G(|v|) ≥ γV (y0)P (y0) .
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Further, use the fact that V (εjx+ ȳj) → V (y0), P (εjx+ ȳj) → P (y0), and

S0(v) = S0(v)−
1

2
S ′
0(v)v = P (y0)

∫
Ĝ(v),

by Fatou’s Lemma and Lemma 3.11 (applied to Sj defined right below (45)), we get

γV (y0)P (y0) ≤ S0(v) ≤ lim inf
j→∞

cεj ≤ lim sup
j→∞

cεj ≤ γV (y0)P (y0) . (47)

Now, we are ready to show limj→∞ dist(ȳj,Av) = 0. In fact, it sufficient to check
that y0 ∈ Av. Suppose that y0 6∈ Av. It is easy to see that γP (y0)W (y0) > γκµ.
Together with (47) and lim supj→∞ cεj ≤ γκµ (see Lemma 3.11), we would have a
contradiction.

Claim 2. vj → v in E.
In order to prove Claim 2, recall that, by (47),

lim
j→∞

∫
P̂j(x)Ĝ(|vj|) =

∫
P (y0)Ĝ(|vj|) .

By the decay of v, using the Brezis-Lieb lemma, one obtains |vj − v|σ → 0, then
|v±j − v±|σ → 0 by (13). Denote zj = vj − v. Remark that {zj} is bounded in E and
zj → 0 in Lσ, therefore zj → 0 in Lq for all q ∈ (2, 2∗). The scale product of (45)
with z+j yields 〈

v+j , z
+
j

〉
= o(1).

Similarly, using the decay of v together with the fact that z±j → 0 in Lq
loc for

q ∈ [1, 2∗), it follows from (46) that〈
v+, z+j

〉
= o(1).

Thus ‖z+j ‖ = o(1), and the same arguments show that

‖z−j ‖ = o(1),

we then get vj → v in E.

Claim 3. vj(x) → 0 as |x| → ∞ uniformly in j ∈ N.
Assume by contradiction that there exist δ > 0 and xε ∈ Rn with |xε| → ∞ with

δ ≤ |vε(xε)| ≤ C0

∫
B1(xε)

|vε(y)|dy .

Since vε → v in E, we obtain, as ε→ 0,

δ ≤ C0

(∫
B1(xε)

|vε|2
)1/2

≤ C0

(∫
|vε − v|2

)1/2
+ C0

(∫
B1(xε)

|v|2
)1/2

→ 0,

a contradiction.
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By virtue of Claim 3 it is clear that one may assume the sequence {x̄j} in Claim 1
to be the maximum points of |uj|. Moreover, from the above argument we readily
see that, any sequence of such points satisfies εjx̄j converging to some point in Av

as j → ∞.
In order to verify that vj → v in H1, observe that by (45) and (46), we find

HD (vj − v) = P̂j(x)g(|vj|)vj − P (y0)g(|v|)v −
(
V̂j(x)vj − V (y0)v

)
.

Using Claim 2 and the uniform estimate in Remark 2.7, it is easy to check that
|HD (vj − v)|2 → 0 as j → ∞. Therefore vj → v in H1(Rn,CN), completing the
proof.

Lemma 4.3. There exist C > 0 such that for all ε > 0 small

|uε(x)| ≤ C exp
(
−
√
a2 − |V |∞

2
|x− xε|

)
Proof. By Claim 3 in of the proof Lemma 4.2, we may choose δ > 0 and R > 0
such that |vε(x)| ≤ δ and

f 2(εx, vε(x)) ≤
a2 − |V |2∞

2

for all |x| ≥ R and ε > 0 sufficiently small. This, together with (43), implies that

∆|vε| ≥
a2 − |V |2∞

2
|vε| for all |x| ≥ R and ε > 0 small .

And at this point, applying the maximum principle (see [27]), we easily have

|vε(x)| ≤ C1 exp
(
−
√
a2 − |V |∞

2
|x|
)

uniformly for ε small and |x| ≥ R. By virtue of Lemma 2.6, we have

|vε(x)| ≤ C exp
(
−
√
a2 − |V |∞

2
|x|
)

for x ∈ Rn and all ε small. The proof is hereby completed.

Proof of Theorem 1.2 in case (I). Define

φε(x) = uε(x/ε) and xε = εyε .

Then φε is a least energy solution of (4) for all ε small, xε is a maximum point of
|φε|, and the conclusions (i) and (ii) follow from Lemma 4.3 and Lemma 4.2.
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4.2. Proof of Theorem 1.2 in case (II)

Since the proof is similar to the case (I), we only give a sketch of the proof.
Assume (H1), (H4) and (G1)–(G2) are satisfied. Without loss of generality, we can
assume that 0 ∈ P and V (0) = κp. Then we find (⋆) is satisfied with λ = κp, µ = m
and χ = 0.

Lemma 4.4. cε is attained for ε > 0 small enough.
Proof. Let {un} ⊂ Nε be a minimizing sequence: Iε(un) → cε such that wn =
un + hε(un) is a (PS)cε-sequence for Φε on E and wn ⇀ wε in E as n→ ∞.
Take ν ∈ (m∞,m), let us consider the functional Φλν

ε . Following the proof of Lemma
3.11, one finds

lim sup
ε→0

cλνε ≤ γλν (48)

Assume by contradiction that there is a sequence εj → 0 with wεj = 0. Then
wn = un + hεj(un) ⇀ 0 in E, un → 0 in Lq

loc for q ∈ [1, 2∗), and wn(x) → 0 a.e. in
x ∈ Rn. Let tn > 0 be such that tnun ∈ N λν

εj
. Since un ∈ Nε, it is not difficult to

see that {tn} is bounded and one may assume tn → t0 as n→ ∞. By (H4), the set
Aε :=

{
x ∈ Rn : Pε(x) > ν

}
is bounded. Remark that hλνεj (tnun) ⇀ 0 in E and

hλνεj (tnun) → 0 in Lq
loc for q ∈ [1, 2∗) as n → ∞. Moreover, by virtue of Proposition

3.9, Φεj(tnun + hλνεj (tnun)) ≤ Iεj(un). We obtain

cλνεj ≤ Iλνεj (tnun) = Φλν
εj
(tnun + hλνεj (tnun))

= Φεj(tnun + hλνεj (tnun)) +
1

2

∫ (
Vεj(x)− V λ

εj
(x)
)
|tnun + hλνεj (tnun)|

2

+

∫ (
Pεj(x)− P ν

εj
(x)
)
G
(
|tnun + hλνεj (tnun)|

)
≤ Iεj(un) +

1

2

∫{
x:Vεj (x)≤κp

} (Vεj(x)− κp
)
|tnun + hλνεj (tnun)|

2

+

∫
Aεj

(
Pεj(x)− ν

)
G
(
|tnun + hλνεj (tnun)|

)
.

We already have
∫{

x:Vεj (x)≤κp

} (Vεj(x)− κp
)
|tnun + hλνεj (tnun)|

2 ≤ 0 . Thus

cλνεj ≤ Iεj(un) +
1

2

∫{
x:Vεj (x)≤κp

} (Vεj(x)− κp
)
|tnun + hλνεj (tnun)|

2

+

∫
Aεj

(
Pεj(x)− ν

)
G
(
|tnun + hλνεj (tnun)|

)
= cεj + o(1)

as n → ∞. Hence cλνεj ≤ cεj . By (39), γλν ≤ cλνεj , we see that γλν ≤ cεj . Recall
that λ = V (0) and in virtue of Lemma 3.11, letting j → ∞ yields γλν ≤ γλµ, which
stands in contradiction to γλµ < γλν .
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Lemma 4.5. Suppose that ∇V and ∇P are bounded. There is a maximum point
yε of |uε| such that dist(εyε,Ap) → 0. Moreover, for any such yε, denoted by
limε→0 εyε = y0 and vε(x) := uε(x + yε), then vε converges in H1 as ε → 0 to a
ground state solution of −iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u.

Proof. The proof follows the same steps as in the proof of Lemma 4.2.
Claim 1. There exists {x̄ε} ⊂ Rn such that dist(εx̄ε,Ap) → 0 and denoted by
limε→0 εx̄ε = y0 and vε(x) := uε(x+ x̄ε), then vε ⇀ v as ε → 0 in E with v being a
ground state solution of −iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u.
Indeed, let εj → 0, uj ∈ Lj, where Lj = Lεj . Then {uj} is bounded. A standard
concentration argument shows that there exist a sequence {x̄j} ⊂ Rn and constant
R > 0, δ > 0 such that

lim inf
j→∞

∫
B(x̄j ,R)

|uj|2 ≥ δ .

Set vj(x) = uj(x+ x̄j). One easily checks that vj solves

HD vj + V̂j(x)vj = P̂j(x) · g(|vj|)vj , (49)

with the energy

S(vj) :=
1

2

(
‖v+j ‖2 − ‖v−j ‖2

)
+

1

2

∫
V̂j(x)|vj|2 −

∫
P̂j(x)G(|vj|)

= Φj(uj) =

∫
P̂j(x)Ĝ(|vj|) = cεj .

Additionally, vj ⇀ v in E and vj → v in Lq
loc for q ∈ [1, 2∗).

We now turn to prove that {εjx̄j} is bounded. Arguing indirectly we assume that
εj|x̄j| → ∞ and get a contradiction.
Without loss of generality assume V (εjx̄j) → V∞ and P (εjx̄j) → P∞. By the
boundness of ∇V and ∇P , one sees that V̂j(x) → V∞ and P̂j(x) → P∞ uniformly
on bounded sets of x. Clearly, m > m∞ by (H4). Since for any ψ ∈ C∞

c

0 = lim
j→∞

∫ (
HD vj + V̂j(x)vj − P̂j(x)g(|vj|)vj

)
· ψ

= lim
j→∞

∫ (
HD v + V∞v − P∞g(|v|)v

)
· ψ,

we have that v solves −iα · ∇v + aβv + V∞v = P∞g(|v|)v. Therefore,

S∞(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V∞
2

|v|22 − P∞

∫
G(|v|) ≥ γV∞P∞ .

It follows from λ = κp ≤ κ∞ ≤ V∞ and µ = m > m∞ ≥ P∞, by Lemma 3.10, one
has γλµ < γV∞P∞ . Moreover, by the Fatou’s lemma, one sees that

lim
j→∞

∫
P̂j(x)Ĝ(|vj|) ≥

∫
P∞Ĝ(|v|) .
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Consequently we have the contradiction

γλµ < γV∞P∞ ≤ S∞(v) ≤ lim sup
j→∞

cεj ≤ γλµ .

Thus {εjx̄j} is bounded. And hence, we can assume ȳj = εjx̄j → y0. At this
moment, we see that v solves

−iα · ∇v + aβv + V (y0)v = P (y0)g(|v|)v . (50)

Meanwhile, we obtain

S0(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V (y0)

2
|v|22 − P (y0)

∫
G(|v|) ≥ γV (y0)P (y0) .

Furthermore, we have

γV (y0)P (y0) ≤ S0(v) ≤ lim inf
j→∞

cεj ≤ lim sup
j→∞

cεj ≤ γV (y0)P (y0) . (51)

Now, we are ready to show limj→∞ dist(ȳj,Ap) = 0. In fact, it sufficient to check
that y0 ∈ Ap. Suppose that y0 6∈ Av. It is easy to see that γP (y0)W (y0) > γλµ.
Together with (51) and lim supj→∞ cεj ≤ γκµ (see Lemma 3.11), we would have a
contradiction.
Claim 2. vj → v in E.

Claim 3. vj(x) → 0 as |x| → ∞ uniformly in j ∈ N.
By virtue of Claim 3 it is clear that one may assume the sequence {x̄j} in Claim 1
to be the maximum points of |uj|. Moreover, from the above argument we readily
see that, any sequence of such points satisfies εjx̄j converging to some point in Av

as j → ∞.
The proof is hereby completed.

Repeat the arguments of Lemma 4.3, we will have
Lemma 4.6. There exist C > 0 such that for all ε > 0 small

|uε(x)| ≤ C exp
(
−
√
a2 − |V |∞

2
|x− xε|

)
.

Proof of Theorem 1.2 in case (II). As proved in the case (I), define

φε(x) = uε(x/ε) and xε = εyε .

Then φε is a least energy solution of (4) for all ε small, xε is a maximum point of
|φε|, and the conclusion (i) and (ii) follow from Lemma 4.6 and Lemma 4.5.

4.3. Proof of Theorem 1.3

Since when (H6) occurs, the proof is much similar to the lines when dealing with the
case (H5). We are going to prove the first part of Theorem 1.3. Assume V (x) ≤ 0,
(H1), (H2), (H5), (H7) and (G1)–(G2) are satisfied.
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Without loss of generality, we can assume that 0 ∈ W , V (0) = κw and also P (0) ≥
m∞. Then we find (⋆) is satisfied with λ = κw, µ = P (0) and χ = l.
Lemma 4.7. cε is attained for ε > 0 small enough.
Proof. As before, let {un} ⊂ Nε be a minimizing sequence: Iε(un) → cε such that
wn = un + hε(un) is a (PS)cε-sequence for Φε on E and wn ⇀ wε in E as n→ ∞.
Take ν ∈ (λ, κ∞), let us consider the functional Φνµ

ε . Following the proof of Lemma
3.11, one finds

lim sup
ε→0

cνµε ≤ γνµχ (52)

Assume by contradiction that there is a sequence εj → 0 with wεj = 0. Then
wn = un + hεj(un) ⇀ 0 in E, un → 0 in Lq

loc for q ∈ [1, 2∗), and wn(x) → 0 a.e. in
x ∈ Rn. Let tn > 0 be such that tnun ∈ N νµ

εj
. Since un ∈ Nε, it is not difficult to

see that {tn} is bounded and one may assume tn → t0 as n → ∞. By (H5), the
set Aε :=

{
x ∈ Rn : Vε(x) < ν

}
is bounded. Remark that hνµεj (tnun) ⇀ 0 in E and

hνµεj (tnun) → 0 in Lq
loc for q ∈ [1, 2∗) as n → ∞. Moreover, by virtue of Proposition

3.9, Φεj(tnun + hνµεj (tnun)) ≤ Iεj(un). We obtain

cνµεj ≤ Iνµεj (tnun) = Φνµ
εj
(tnun + hνµεj (tnun))

= Φεj(tnun + hνµεj (tnun)) +
1

2

∫ (
Vεj(x)− V ν

εj
(x)
)
|tnun + hνµεj (tnun)|

2

+

∫ (
Pεj(x)− P µ

εj
(x)
)
G
(
|tnun + hνµεj (tnun)|

)
≤ Iεj(un) +

1

2

∫
Aεj

(
Vεj(x)− ν

)
|tnun + hνµεj (tnun)|

2

+

∫{
x:Pεj (x)≥µ

} (Pεj(x)− µ
)
G
(
|tnun + hνµεj (tnun)|

)
Since {tnun + hνµεj (tnun)}n∈N is bounded, and µ = P (0) ≥ m∞, we have

lim sup
R→∞

∫
|x|≥R

(
Pεj(x)− µ

)
G
(
|tnun + hνµεj (tnun)|

)
≤ 0 .

Thus

cνµεj ≤ Iεj(un) +
1

2

∫
Aεj

(
Vεj(x)− ν

)
|tnun + hνµεj (tnun)|

2

+

∫{
x:Pεj (x)≥µ

} (Pεj(x)− µ
)
G
(
|tnun + hνµεj (tnun)|

)
= cεj + o(1)

as n → ∞. Hence cνµεj ≤ cεj . By (39), γνµχ ≤ cνµεj , we see that γνµχ ≤ cεj . Recall
that µ = P (0) and in virtue of Lemma 3.11, letting j → ∞ yields

γνµχ ≤ γλµχ,

which contradiction with γλµχ < γνµχ (see Lemma 3.10).
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Lemma 4.8. Suppose that ∇V , ∇P and ∇W are bounded and (H8) holds. There
is a maximum point yε of |uε| such that dist(εyε,Cv) → 0. Moreover, for any such
yε, denoted by limε→0 εyε = y0 and vε(x) := uε(x + yε), then vε converges in H1 as
ε→ 0 to a ground state solution of

−iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u+W (y0)|u|2
∗−2u

Proof. The proof will be carried out through similar steps in Lemma 4.2.
Step 1. There exists {x̄ε} ⊂ Rn such that dist(εx̄ε,Cv) → 0 and denoted by
limε→0 εx̄ε = y0 and vε(x) := uε(x+ x̄ε), then vε ⇀ v as ε → 0 in E with v being a
ground state solution of

−iα · ∇u+ aβu+ V (y0)u = P (y0)g(|u|)u+W (y0)|u|2
∗−2u .

Indeed, let εj → 0, uj ∈ Lj, where Lj = Lεj . Then {uj} is bounded. By (H8),
a standard concentration argument (see [24]) shows that there exist a sequence
{x̄j} ⊂ Rn and constant R > 0, δ > 0 such that

lim inf
j→∞

∫
B(x̄j ,R)

|uj|2 ≥ δ .

Set vj(x) = uj(x+ x̄j), and define

V̂j(x) = V (εj(x+ x̄j)), P̂j(x) = P (εj(x+ x̄j)), Ŵj(x) = W (εj(x+ x̄j)).

One easily checks that vj solves

HD vj + V̂j(x)vj = P̂j(x) · g(|vj|)vj + Ŵj(x)|vj|2vj , (53)

with energy

S(vj) :=
1

2

(
‖v+j ‖2 − ‖v−j ‖2

)
+

1

2

∫
V̂j(x)|vj|2 −

∫
P̂j(x)G(|vj|)−

1

2∗

∫
Ŵj(x)|vj|2

∗

= Φj(uj) =

∫
P̂j(x)Ĝ(|vj|) +

1

2∗

∫
Ŵj(x)|vj|2

∗
= cεj .

Additionally, vj ⇀ v in E and vj → v in Lq
loc for q ∈ [1, 2∗).

We now turn to prove that {εjx̄j} is bounded. Arguing indirectly we assume εj|x̄j| →
∞ and get a contradiction.
Without loss of generality we assume V (εjx̄j) → V∞, P (εjx̄j) → P∞ and also
W (εjx̄j) → W∞. By the boundness of∇V , ∇P and∇W , one sees that V̂j(x) → V∞,
P̂j(x) → P∞ and Ŵj(x) → W∞ uniformly on bounded sets of x. Clearly, κw < κ∞
by (H5). Since for any ψ ∈ C∞

c

0 = lim
j→∞

∫ (
HD vj + V̂j(x)vj − P̂j(x)g(|vj|)vj − Ŵj(x)|vj|2

∗−2vj
)
· ψ

= lim
j→∞

∫ (
HD v + V∞v − P∞g(|v|)v −W∞|v|2∗−2v

)
· ψ,
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we have that v solves

−iα · ∇v + aβv + V∞v = P∞g(|v|)v +W∞|v|2∗−2v .

Therefore,

S∞(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V∞
2

|v|22 − P∞

∫
G(|v|)− W∞

2∗
|v|2∗2∗ ≥ γV∞P∞W∞ .

It follows from λ = κw < κ∞ ≤ V∞, µ = P (0) ≥ m∞ ≥ P∞ and χ = l ≥ l∞ ≥ W∞
by Lemma 3.10, one has γλµχ < γV∞P∞W∞ . Moreover, by the Fatou’s lemma, one
sees that

lim
j→∞

∫
P̂j(x)Ĝ(|vj|) ≥

∫
P∞Ĝ(|v|) and lim

j→∞

∫
Ŵj(x)|vj|2

∗ ≥
∫
W∞|v|2∗ .

Consequently we have the contradiction

γλµχ < γV∞P∞W∞ ≤ S∞(v) ≤ lim sup
j→∞

cεj ≤ γλµχ .

Thus {εjx̄j} is bounded. And hence, we can assume ȳj = εjx̄j → y0. At this
moment, we see that v solves

−iα · ∇v + aβv + V (y0)v = P (y0)g(|v|)v +W (y0)|v|2
∗−2v . (54)

Meanwhile, we obtain

S0(v) :=
1

2

(
‖v+‖2 − ‖v−‖2

)
+
V (y0)

2
|v|22 − P (y0)

∫
G(|v|)− W (y0)

2∗
|v|2∗2∗

≥ γV (y0)P (y0)W (y0) .

Further, use the fact that

V (εjx+ ȳj) → V (y0), P (εjx+ ȳj) → P (y0), W (εjx+ ȳj) → W (y0),

and S0(v) = S0(v)−
1

2
S ′
0(v)v = P (y0)

∫
Ĝ(v) +

W (y0)

2∗
|v|2∗2∗ ,

by Fatou’s lemma and Lemma 3.11 (apply to Sj defined right below (45)), we obtain

γV (y0)P (y0)W (y0) ≤ S0(v) ≤ lim inf
j→∞

cεj ≤ lim sup
j→∞

cεj ≤ γV (y0)P (y0)W (y0) . (55)

Now, we are ready to show limj→∞ dist(ȳj,Cv) = 0. In fact, it sufficient to check
that y0 ∈ Cv. Suppose that y0 6∈ Cv. It is easy to see that γV (y0)P (y0)W (y0) > γλµχ.
Together with (55) and lim supj→∞ cεj ≤ γλµχ (see Lemma 3.11), we would have a
contradiction.

Step 2. vj → v in E.
In order to prove Step 2, recall that, by (55),

lim
j→∞

∫
Ŵj(x)|vj|2

∗
=

∫
W (y0)|vj|2

∗
.
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By the decay of v, using the Brezis-Lieb lemma, one obtains |vj − v|2∗ → 0, then
|v±j − v±|2∗ → 0 by (13). Denote zj = vj − v. Remark that {zj} is bounded in E
and zj → 0 in L2∗ , therefore zj → 0 in Lq for all q ∈ (2, 2∗). The scale product of
(53) with z+j yields 〈

v+j , z
+
j

〉
= o(1).

Similarly, using the decay of v together with the fact that z±j → 0 in Lq
loc for

q ∈ [1, 2∗), it follows from (54) that〈
v+, z+j

〉
= o(1).

Thus ‖z+j ‖ = o(1), and the same arguments show ‖z−j ‖ = o(1), so that we get
vj → v in E.

Step 3. vj(x) → 0 as |x| → ∞ uniformly in j ∈ N.
By virtue of Step 3 it is clear that one may assume the sequence {x̄j} in Claim 1
to be the maximum points of |uj|. Moreover, from the above argument we readily
see that, any sequence of such points satisfies εjx̄j converging to some point in Cv

as j → ∞.

Lemma 4.9. There exists C > 0 such that for all ε > 0 small

|uε(x)| ≤ C exp
(
−
√
a2 − |V |∞

2
|x− xε|

)
.

Proof of Theorem 1.3. Define

φε(x) = uε(x/ε) and xε = εyε .

Then φε is a least energy solution of (5) for all ε small, xε is a maximum point of
|φε|, and the conclusions (i) and (ii) follow from Lemma 4.9 and Lemma 4.8.
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