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1. Introduction

In discrete-continuous nonlinear optimization it is well-known that one generally
works with several Lagrange multipliers per constraint (e.g. compare [1],[9]). This
fact is based on the Lagrange theory, which is extended to discrete-continuous prob-
lems (see [9]). It is interesting to note that there are examples with only a small
number of Lagrange multipliers per constraint but there may also be problems with
many multipliers per constraint. The higher the number of Lagrange multipliers per
constraint the more complex are the optimality conditions.
The present paper develops a completely different approach to optimality conditions.
In contrast to the standard theory we characterize a unique minimal solution of a
discrete-continuous optimization problem. Although this seems to be restrictive,
notice that Planiden and Wang [12] have shown that the most convex functions
have unique minimizers.
Instead of linear separation of sets the present theory works with a specific nonconvex
separation of sets. If one describes the boundary of the negative ordering cone used
for the definition of the inequality constraints by an appropriate functional, then one
obtains an optimality condition with a certain max functional. This max functional
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plays the role of a separating functional where one of the two separated sets may be
nonconvex.
The description of the boundary of a negative ordering cone by a certain functional
is well-known in vector optimization and it is closely related to scalarization results
and nonconvex separation (e.g. see [7], [5] and [13], among others). These investi-
gations on scalarization in vector optimization are very helpful for the formulation
of optimality conditions in discrete-continuous optimization.
Since discrete-continuous optimization problems have a nonconvex constraint set,
nonconvex separation seems to be an essential tool for the formulation of optimality
conditions. If the number of functionals defining the inequality constraints is finite
and the ordering cone is the positive orthant, then the resulting separating functional
has a simple form. In this special case a multiplier rule can be given as a sufficient
optimality condition. A multiplier rule as a necessary optimality condition can only
be formulated under strong assumptions. But these optimality conditions have the
advantage that one has only one multiplier per constraint.
This paper is organized as follows: After this introduction Section 2 presents basics
and an introducing example. Optimality conditions for a unique minimal solution
are given in the third section. This section starts with quite general multiplier-free
conditions, which are finally specialized to multiplier rules.

2. Basic remarks and example

The standard notions used in this paper are as follows: The algebraic dual space of a
real linear space X is termed X ′ whereas X∗ describes the topological dual space of a
real linear topological space X. dim(·) denotes the dimension of a real linear space.
The set of all positive real numbers is called R++ and the set of all nonnegative
real numbers is termed R+. epi(·), conv(·), bd(·), int(·) and cor(·) abbreviate the
epigraph, the convex hull, the boundary, the topological interior and the algebraic
interior (or core) of a set, respectively. For some element x̄ of a subset A of a real
linear space X the normal cone to A at x̄ is denoted by

N(A, x̄) := {ℓ ∈ X ′ | ℓ(x− x̄) ≤ 0 for all x ∈ A}.

Throughout this paper a nonempty subset Sd of a real linear space Xd is said to
be discrete, iff Sd = {xid}i∈N for N := {1, 2, . . . , n} (with n ∈ N) or N := N with
elements x1d, x2d, . . . ∈ Xd.

Assumption 2.1. Let Xd, Xc, Y and Z be real linear spaces, and let C ⊂ Y be
a convex cone in Y . Let Sd be a nonempty discrete subset of Xd, and let Sc be a
nonempty subset of Xc. Let f : Sd × Sc → R, g : Sd × Sc → Y and h : Sd × Sc → Z
be given maps and let the constraint set

S := {(xd, xc) ∈ Sd × Sc | g(xd, xc) ∈ −C, h(xd, xc) = 0Z}

be nonempty.

For simplicity the subscripts d and c clarify the discrete-continuous structure, i.e.
xd and xc are the discrete and continuous variables belonging to the sets Sd and
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Sc, respectively, and these sets are subsets of the real linear spaces Xd and Xc,
respectively.
Under Assumption 2.1 we investigate the discrete-continuous optimization problem

min
(xd, xc)∈S

f(xd, xc). (1)

In [1] optimality conditions are shown in mixed-integer optimization where one ob-
tains several multipliers per constraint (in contrast to only one multiplier per con-
straint in continuous optimization). Based on a theorem given by Doignon [4] it
is stated in [1, p. 558] that the term 2dim(Xd) is an upper bound on the number of
multipliers per constraint in mixed-integer optimization.
An extension of the known Lagrange theory to discrete-continuous optimization
given in [9] also leads to optimality conditions with several multipliers per constraint.
We recall the known necessary optimality condition for the optimization problem
(1).

Theorem 2.2. [9, Thm. 3.1] Let Assumption 2.1 be satisfied and in addition, let
Xc, Y and Z be real topological linear spaces with int(Sc) ̸= ∅ and int(C) ̸= ∅. Let
x̄ = (xjd, x̄c) (for some j ∈ N) be a minimal solution of the discrete-continuous
optimization problem (1). For every i ∈ N let the set

Bi :=

{( f(xid, xc)−f(x̄)+α
g(xid, xc) + y

h(xid, xc)

)
∈R×Y ×Z

∣∣∣∣∣ xc∈ int(Sc), α > 0, y∈ int(C)

}
(2)

be convex and let h(xid, int(Sc)) be an open set. Then for every i ∈ N there exist
a real number µi ≥ 0 and continuous linear functionals ℓig ∈ C∗ and ℓih ∈ Z∗ with
(µi, ℓig, ℓ

i
h) ̸= (0, 0Y ∗ , 0Z∗), and the inequality

0 ≤ inf
i∈N

{
µi
(
f(xid, xc)− f(x̄)

)
+ ℓig

(
g(xid, xc)

)
+ ℓih

(
h(xid, xc)

)}
for all xc∈Sc (3)

and the equality
ℓjg (g(x̄)) = 0 (4)

are fulfilled.

Until now it is unknown how many continuous linear functionals ℓig and ℓih we really
need for the multiplier rule (3), (4). The following example illustrates this point.

Example 2.3. We investigate the discrete-continuous optimization problem

min 1
2
(xid − 2)(xid − 3)(xid − 4)− 1

2
(xid − 1)(xid − 3)(xid − 4)

+2(xid − 1)(xid − 2)(xid − 4)− 3
2
(xid − 1)(xid − 2)(xid − 3) + xc

subject to
xid − xc − 3 ≤ 0, (xid, xc) ∈ {1, . . . , 4}︸ ︷︷ ︸

=:Sd

×
[
−1

2
, 1
2

]︸ ︷︷ ︸
=:Sc

.

(5)
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It can be easily checked that the point x̄ := (3, 0) is the minimal solution of this
problem with the minimal value f(x̄) = −4. For every i ∈ {1, . . . , 4} the set Bi in
(2) can be written as

Bi =

{(
f(xid, xc) + 4)
xid − xc − 3

)
∈ R2

∣∣∣∣∣ xc ∈ (−1
2
, 1
2

)}
+ R++ × R++.

Then we obtain

B1 =

{(
1

−2

)
+

(
1

−1

)
xc

∣∣∣∣∣ xc ∈ (−1
2
, 1
2

)}
+ R2

++,

B2 =

{(
3

−1

)
+

(
1

−1

)
xc

∣∣∣∣∣ xc ∈ (−1
2
, 1
2

)}
+ R2

++,

B3 =

{(
1

−1

)
xc

∣∣∣∣∣ xc ∈ (−1
2
, 1
2

)}
+ R2

++

and B4 =

{(
−5
1

)
+

(
1

−1

)
xc

∣∣∣∣∣ xc ∈ (−1
2
, 1
2

)}
+ R2

++.

Figure 2.1 illustrates these four sets. It is obvious from Figure 2.1 that H2 is the
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Figure 2.1: Illustration of the sets B1, . . . , B4 and the separating hyperplanes H1,
H2, H3 in Example 2.3.

unique hyperplane separating the sets {0R2} and B3. The hyperplane H1 separates
the sets {0R2} and B4 whereas the hyperplane H3 separates the sets {0R2} and B1

and it separates the sets {0R2} and B2. Hence, we need at least three hyperplanes,
i.e. in Theorem 2.2 we have to work with at least three separating linear functionals
(compare the proof in [9, Thm. 3.1]).
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Remark 2.4.
(a) Example 2.3 shows that one needs at least three multipliers per constraint
although the integer variables are one-dimensional (i.e. dim(Xd) = 1). So, for prob-
lems with a constraint set S given in Assumption 2.1, the known upper bound
2dim(Xd) in mixed-integer optimization (as stated in [1, p. 558]) is not transferable
to this more general case. Notice that Lagrange multipliers in Theorem 2.2 are ob-
tained by separation in the image product space of the objective functional and the
constraint maps and not in a preimage space.
(b) It is evident in Figure 2.1 that a separation of the zero element and the noncon-
vex set ∪4

i=1Bi can be simpler done by a nonlinear functional. If the hyperplanes H1

and H3 are used for the definition of an appropriate nonlinear separating functional
ξ, then we obtain the requested separation. This point is illustrated in Figure 2.2
and it motivates the investigation in the next section.
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1 2 3−1−2−3−4−5−6

b

x

y

4⋃
i=1

Bi

{
(x, y) ∈ R2

∣∣ ξ(x, y) = ξ(0, 0)
}

Figure 2.2: Illustration of a nonlinear separation as indicated in Remark 2.4(b).

3. Optimality conditions for a unique minimal solution

Example 2.3 shows that a Lagrange approach in discrete-continuous optimization
can lead to a large number of multipliers per constraint. This example also motivates
the following multiplier-free approach, which uses a different type of separation.
The approach of this section is developed for unique minimal solutions. Recall that
x̄ ∈ S is said to be a unique minimal solution of the optimization problem (1) iff

f(x̄) < f(x) for all x ∈ S with x ̸= x̄.

We start with a simple basic optimality condition.
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Lemma 3.1. Let Assumption 2.1 be satisfied, and let some x̄ ∈ S be given.
(a) The vector x̄ is a unique minimal solution of problem (1) if and only if

[
−R+×(−C)×{0Z}

]
∩

{( f(x)−f(x̄)
g(x)
h(x)

)
∈R×Y×Z

∣∣∣∣∣ x∈Sd×Sc, x ̸= x̄

}
= ∅. (6)

(b) The vector x̄ is a minimal solution of problem (1) if and only if

[
− R++ × (−C)× {0Z}

]
∩

{( f(x)− f(x̄)
g(x)
h(x)

)
∈ R× Y × Z

∣∣∣∣∣ x ∈ Sd × Sc

}
= ∅.

Proof. (a)(i) Let x̄ be a unique minimal solution of the discrete-continuous opti-
mization problem (1). Then we have for all x ∈ Sd × Sc with x ∈ S and x ̸= x̄

f(x)− f(x̄) > 0, g(x) ∈ −C, h(x) = 0Z .

Moreover, we get for all x ∈ Sd × Sc with x /∈ S that g(x) /∈ −C or h(x) ̸= 0Z .
Hence, the condition (6) is fulfilled.
(ii) Let x̄ be no unique minimal solution of the discrete-continuous optimization
problem (1). Then there is some x ∈ S with x ̸= x̄ so that

f(x)− f(x̄) ≤ 0, g(x) ∈ −C, h(x) = 0Z .

So, the condition (6) is not fulfilled.
(b) The proof of part (b) follows the lines of the proof of part (a).

Next, we extend this result to problems without equality constraints and with a
special ordering cone C.

Assumption 3.2. Let Xd and Xc be real linear spaces, and let Y be a real linear
topological space. Let C ⊂ Y be a closed convex cone with nonempty interior, and
let there be a functional ψ : Y → R with the properties (for arbitrary y ∈ Y )

ψ(y) = 0 ⇐⇒ y ∈ bd(−C)

and ψ(y) < 0 ⇐⇒ y ∈ int(−C).
Let Sd be a nonempty discrete subset of Xd, and let Sc be a nonempty subset of Xc.
Let f : Sd × Sc → R and g : Sd × Sc → Y be given maps and let the constraint set

S := {(xd, xc) ∈ Sd × Sc | g(xd, xc) ∈ −C}

be nonempty.

Remark 3.3. Notice that the functional ψ in Assumption 3.2 describes the shape
of the closed convex cone −C, i.e. the level set of ψ at level 0 equals the boundary
of −C. For an arbitrary y ∈ Y we have with the closedness of C

ψ(y) ≤ 0 ⇐⇒ y ∈ int(−C) ∪ bd(−C) = −C.

Such a functional is not unique (if ψ has the required properties, then αψ also has
these properties for every α > 0).
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For standard ordering cones we now present some associated functionals ψ.
Example 3.4.
(a) Let the real linear space Y := Rm (with m ∈ N) be given.
(i) Consider a polyhedral closed convex cone with nonempty interior

C :=
{
y ∈ Rm

∣∣ aTi y ≤ 0 for all i ∈ {1, . . . , k}
}

for some number k ∈ N and nonzero vectors a1, . . . , ak ∈ Rm. The functional
ψ : Rm → R with

ψ(y) = max
i∈{1,...,k}

{−aTi y} for all y ∈ Rm

fulfills the required properties in Assumption 3.2. In the special case C := Rm
+ it is

evident that the functional ψ is given by

ψ(y1, . . . , ym) = max{y1, . . . , ym} for all (y1, . . . , ym) ∈ Rm

(compare also [15, Example 1]). Figure 3.1 illustrates the cone −Rm
+ and two level

sets of the functional ψ for m = 2.

1

2

−1

−2

−3

1 2−1−2−3 y1

y2

−R2
+ {y ∈ R2 | max{y1, y2} = 0}

{y ∈ R2 | max{y1, y2} = −1}

Figure 3.1: Illustration of level sets of the functional ψ in Example 3.4,(a),(i).

(ii) The functional ψ : Rm → R with

ψ(y) = ∥(y1, . . . , ym−1)∥2 + ym for all y ∈ Rm

(where m ≥ 2 and ∥ · ∥2 denotes the Euclidean norm in Rm−1) is associated to the
Lorentz cone

C :=
{
y ∈ Rm

∣∣ ∥(y1, . . . , ym−1)∥2 ≤ ym for all i ∈ {1, . . . , k}
}
.

(b) Now consider the real linear space Y := Sm (with m ∈ N) of all real symmetric
(m,m) matrices. (i) If the well-known Löwner cone

C :=
{
M ∈ Sm

∣∣ yTMy ≥ 0 for all y ∈ Rm
}
=: Sm

+
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is given, then the functional ψ : Sm → R with

ψ(M) = max{λ1, . . . , λm} for all M ∈ Sm

is associated (here λ1, . . . , λm denote the m eigenvalues of the matrix M).
(ii) For the copositive cone

C :=
{
M ∈ Sm

∣∣ yTMy ≥ 0 for all y ∈ Rm
+

}
we obtain a functional ψ : Sm → R with

ψ(M) = max
y∈Rm

+

yTMy for all M ∈ Sm.

(c) Finally consider the infinite dimensional real linear space Y := C[a, b] of real-
valued continuous functionals on [a, b] with −∞ < a < b < ∞. For the natural
ordering cone

C :=
{
y ∈ C[a, b]

∣∣ y(t) ≥ 0 for all t ∈ [a, b]
}

we can work with a functional ψ : C[a, b] → R given by

ψ(y) = max
t∈[a,b]

y(t) for all y ∈ C[a, b]

(compare also [15, Example 3]).

Remark 3.5. There are close connections between the functional ψ and the so-
called translation invariant functional (e.g. compare [13] and the references therein),
and there are relationships to the so-called signed distance function due to Hiriart-
Urruty (see [7] and compare [6, p. 439]). Although the formulas in Example 3.4
are simple to derive, the explicit formulation of ψ for a polyhedral closed convex
cone with nonempty interior in Example 3.4,(a),(i) and the formula in Example
3.4,(c) can also be obtained as a special case by the translation invariant functional
approach (see [13, Example 4.1.6]) and the signed-distance functional approach (see
[15]).

Under Assumption 3.2 we now investigate the discrete-continuous optimization prob-
lem without equality constraint

min
(xd, xc)∈S

f(xd, xc). (7)

Theorem 3.6. Let Assumption 3.2 be satisfied, and let some x̄ ∈ S be given.
(a) The vector x̄ is a unique minimal solution of problem (7) if and only if

max
{
f(x)− f(x̄), ψ

(
g(x)

)}
> 0 for all x ∈ Sd × Sc with x ̸= x̄. (8)

(b) If the vector x̄ is a minimal solution of problem (7), then

max
{
f(x)− f(x̄), ψ

(
g(x)

)}
≥ 0 for all x ∈ Sd × Sc.
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Proof.
(a) By Lemma 3.1,(a) x̄ is a unique minimal solution of problem (7) if and only if

[
− R+ × (−C)

]
∩
{(

f(x)− f(x̄)
g(x)

)
∈ R× Y

∣∣∣∣ x ∈ Sd × Sc, x ̸= x̄

}
= ∅. (9)

Next, we prove for arbitrary α ∈ R and y ∈ Y the equivalence

(α, y) ∈ −R+ × (−C) ⇐⇒ max{α, ψ(y)} ≤ 0. (10)

For the proof of this equivalence we first assume that max{α, ψ(y)} ≤ 0. Then
we get α ≤ 0 and ψ(y) ≤ 0, i.e. y ∈ −C (compare Remark 3.3), and we have
(α, y) ∈ −R+× (−C). And conversely, assume that (α, y) ∈ −R+× (−C). Then we
have α ≤ 0 and ψ(y) ≤ 0 implying max{α, ψ(y)} ≤ 0.
With the equivalence (10) together with the condition (9) we obtain that x̄ is a
unique minimal solution of problem (7) if and only if the condition (8) is fulfilled.

(b) Let x̄ be a minimal solution of problem (7), and let x ∈ Sd × Sc be arbitrarily
chosen. If x ∈ S, then f(x)−f(x̄) ≥ 0 and we get max

{
f(x)−f(x̄), ψ

(
g(x)

)}
≥ 0.

If x /∈ S, then we have g(x) /∈ −C being equivalent to ψ
(
g(x)

)
> 0 by Remark 3.3

and we conclude max
{
f(x)− f(x̄), ψ

(
g(x)

)}
> 0. This completes the proof.

Remark 3.7.
(a) The optimality condition (8) in Theorem 3.6(a) is equivalent to the statement
that x̄ is a unique minimal solution of the optimization problem

min
x∈Sd×Sc

max
{
f(x)− f(x̄), ψ

(
g(x)

)}
.

This problem has no inequality constraint, and in this sense it is “unconstrained”.
(b) The proof of Theorem 3.6,(a) is based on a simple nonlinear separation of sets.
In a more general framework such a kind of separation could also be achieved with
[14, 13].

Next we specialize Assumption 3.2.

Assumption 3.8. Let Xd and Xc be real linear spaces, and let Y := Rm and
C := Rm

+ for some m ∈ N be given. Let Sd be a nonempty discrete subset of Xd,
and let Sc be a nonempty subset of Xc. Let f, g1, . . . , gm : Sd × Sc → R be given
functionals and let the constraint set

S :=
{
(xd, xc) ∈ Sd × Sc | gk(xd, xc) ≤ 0 for all k ∈ {1, . . . ,m}

}
be nonempty.
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Under this assumption the discrete-continuous optimization problem (7) reduces to
the problem

min f(xd, xc) subject to the constraints (11)
g1(xd, xc) ≤ 0, . . . , gm(xd, xc) ≤ 0, (xd, xc) ∈ Sd × Sc.

The following optimality conditions are simple to prove.
Lemma 3.9. Let Assumption 3.8 be satisfied, and let some x̄ ∈ S be given.
(a) The vector x̄ is a unique minimal solution of problem (11) if and only if

max
{
f(x)− f(x̄), g1(x), . . . , gm(x)

}
> 0 for all x ∈ Sd × Sc with x ̸= x̄. (12)

(b) If the vector x̄ is a minimal solution of problem (11), then
max

{
f(x)− f(x̄), g1(x), . . . , gm(x)

}
≥ 0 for all x ∈ Sd × Sc.

Remark 3.10.
(a) Although Lemma 3.9 is simple to prove, part (a) is also a direct consequence of
Theorem 3.6,(a) and Example 3.4,(a),(i), if we notice that for arbitrary x ∈ Sd × Sc

with x ̸= x̄

max
{
f(x)− f(x̄), max

{
g1(x), . . . , gm(x)

}}
> 0

⇐⇒ max
{
f(x)− f(x̄), g1(x), . . . , gm(x)

}
> 0.

(b) In analogy to Remark 3.7,(a) the optimality condition (12) in Lemma 3.9,(a) is
equivalent to the statement that x̄ is a unique minimal solution of the optimization
problem

min
x∈Sd×Sc

max
{
f(x)− f(x̄), g1(x), . . . , gm(x)

}
. (13)

(c) Notice that the optimality condition for a minimal solution in part (b) of Lemma
3.9 is only a necessary condition. In general, the sufficiency of this condition does
not hold.

For simplicity the objective function of problem (13) is denoted by φ : Sd × Sc → R
with

φ(x) = max
{
f(x)− f(x̄), g1(x), . . . , gm(x)

}
for all x ∈ Sd × Sc.

We illustrate Remark 3.10,(b) with a very simple example.
Example 3.11. We investigate the discrete-continuous optimization problem

min
(
xd − 1

2

)2
+ x2c (14)

subject to the constraint − xd +
3
4
≤ 0, xd ∈ Z, xc ∈ R.

It is evident that x̄ := (1, 0)T is the unique minimal solution of problem (14). Then
the problem (13) can be written as

min
(xd,xc)∈Z×R

max
{ (
xd − 1

2

)2
+ x2c − 1

4
, −xd + 3

4

}︸ ︷︷ ︸
=φ(xd,xc)

. (15)
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For an arbitrary xc ∈ R we then obtain
φ(−2, xc) = max

{
6 + x2c ,

11
4

}
= 6 + x2c > 0

φ(−1, xc) = max
{
2 + x2c ,

7
4

}
= 2 + x2c > 0

φ(0, xc) = max
{
x2c ,

3
4

}
> 0

φ(1, xc) = max
{
x2c , −1

4

}
= x2c > 0 (for xc ̸= 0)

φ(2, xc) = max
{
2 + x2c , −5

4

}
= 2 + x2c > 0

φ(3, xc) = max
{
6 + x2c , −9

4

}
= 6 + x2c > 0

and so on. Consequently, x̄ is a unique minimal solution of the unconstrained
problem (15).

Next, we apply the theory of subdifferentials, which has to be adapted to the case
of unique minimal solutions and discrete-continuous variables.

Definition 3.12. Let Xd and Xc be real linear spaces. Let Sd be a nonempty
discrete subset of Xd, and let Sc be a nonempty subset of Xc. Let ξ : Xd ×Xc → R
be a given functional. For an arbitrary x̄ ∈ Sd × Sc the set
∂>ξ(x̄) :=

{
ℓ ∈ (Xd ×Xc)

′ ∣∣ ξ(x) > ξ(x̄) + ℓ(x− x̄) for all x ∈ Sd × Sc with x ̸= x̄
}

is called the strict subdifferential of ξ at x̄.

Remark 3.13.
(a) In addition to the assumptions of Definition 3.12 let (Xd, ∥·∥Xd

) and (Xc, ∥·∥Xc)
be real normed spaces and let the functional ξ be Gâteaux differentiable at x̄ and
strictly convex at x̄, i.e. for an arbitrary x ∈ Sd × Sc, x ̸= x̄,

ξ(λx+ (1− λ)x̄) < λξ(x) + (1− λ)ξ(x̄) for all λ ∈ (0, 1).

Then we get with the Gâteaux derivative ξ′(x̄)(·) of ξ at x̄

ξ(x) > ξ(x̄) + ξ′(x̄)(x− x̄) for all x ∈ Sd × Sc with x ̸= x̄

(compare [3, Satz 4] together with [8, Thm. 3.16]), i.e. we have ξ′(x̄) ∈ ∂>ξ(x̄), and
thus ∂>ξ(x̄) ̸= ∅.
(b) In addition to the assumptions of Definition 3.12 let x̄ = (x̄d, x̄c) ∈ Sd×Sc with
x̄c ∈ cor(Sc) and consider an affine linear functional ξ, i.e. for some linear functional
ℓ̄ ∈ (Xd ×Xc)

′ and some α ∈ R we have

ξ(x) = ℓ̄(x) + α for all x ∈ Sd × Sc.

Then we obtain ξ(x)− ξ(x̄) = ℓ̄(x− x̄) for all x ∈ Sd × Sc.

If we assume that there is some ℓ ∈ ∂>ξ(x̄), we conclude(
ℓ̄− ℓ

)
(x− x̄) > 0 for all x ∈ Sd × Sc with x ̸= x̄.

And since x̄c ∈ cor(Sc), there is some vector hc ∈ Xc\{0Xc} with x̄c ± hc ∈ Sc so
that we get a contradiction with

0 <
(
ℓ̄− ℓ

)(
(x̄d, x̄c + hc)− (x̄d, x̄c)

)
=
(
ℓ̄− ℓ

)
(0Xd

, hc)

and 0 <
(
ℓ̄− ℓ

)(
(x̄d, x̄c − hc)− (x̄d, x̄c)

)
= −

(
ℓ̄− ℓ

)
(0Xd

, hc).
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Consequently, the strict subdifferential of an affine linear functional is empty at
every x̄ = (x̄d, x̄c) ∈ Sd × Sc with x̄c ∈ cor(Sc).

We now present a sufficient optimality condition without any explicit convexity
assumption.
Theorem 3.14. Let Assumption 3.8 be satisfied, and let x̄ ∈ S be a feasible point.

Let I(x̄) :=
{
k ∈ {1, . . . ,m}

∣∣ gk(x̄) = 0
}

(16)

denote the index set of “active” inequality constraints, and let

J(x̄) :=
{
k ∈ {1, . . . ,m}\I(x̄)

∣∣ gk(x) ≤ gk(x̄) for all x ∈ S
}

(17)

denote the index set of “nearly active” inequality constraints. Let there exist non-
negative real numbers α, βk (k ∈ I(x̄)), γk (k ∈ J(x̄)), where at least one of them is
nonzero, and linear functionals ℓ0 ∈ ∂>f(x̄), ℓk ∈ ∂>gk(x̄) (k ∈ I(x̄)), ℓk ∈ ∂>gk(x̄)
(k ∈ J(x̄)) so that

αℓ0 +
∑

k∈I(x̄)

βkℓk +
∑

k∈J(x̂)

γkℓk = 0(Xd×Xc)
′ . (18)

Then the vector x̄ is a unique minimal solution of the discrete-continuous optimiza-
tion problem (11).

Proof. Let the given assumptions be satisfied. With the equality (18) we then
obtain for arbitrary x ∈ Sd × Sc with x ̸= x̄

max
{
f(x)− f(x̄), g1(x), . . . , gm(x), (gk(x)− gk(x̄))k∈J(x̄)

}︸ ︷︷ ︸
=:φ̂(x)

=
1

α +
∑

k∈I(x̄) βk +
∑

k∈J(x̄) γk︸ ︷︷ ︸
=:ρ>0

(
αφ̂(x) +

∑
k∈I(x̄)

βkφ̂(x) +
∑

k∈J(x̄)

γkφ̂(x)

)

≥ ρ

(
α
(
f(x)− f(x̄)

)
+
∑

k∈I(x̄)

βkgk(x) +
∑

k∈J(x̄)

γk
(
gk(x)− gk(x̄)

))

> ρ

(
αℓ0(x− x̄) +

∑
k∈I(x̄)

βk

[
gk(x̄)︸ ︷︷ ︸
=0

+ℓk(x− x̄)
]
+
∑

k∈J(x̄)

γkℓk(x− x̂)

)

= ρ

(
αℓ0 +

∑
k∈I(x̄)

βkℓk +
∑

k∈J(x̄)

γkℓk

)
(x− x̄)

= 0.

With Lemma 3.9(a) the vector x̄ is a unique minimal solution of the problem

min f(x) subject to the constraints

g1(x) ≤ 0, . . . , gm(x) ≤ 0, (19)

gk(x)− gk(x̄) ≤ 0 for all k ∈ J(x̄), x ∈ Sd × Sc
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Next, we show that the inequality constraints in problem (19) defined by the index
set J(x̄) are redundant, i.e.

S =
{
x ∈ S

∣∣ gk(x)− gk(x̄) ≤ 0 for all k ∈ J(x̄)
}
. (20)

It is obvious that the right hand side in (20) is a subset of S. For the proof of the
converse inclusion choose an arbitrary x∈S, and we obtain with the definition in (17)

gk(x)− gk(x̄) ≤ 0 for all k ∈ J(x̄). (21)

Hence, the equation (20) is shown and the inequalities (21) can be dropped in prob-
lem (19). Consequently, the vector x̄ is a unique minimal solution of the discrete-
continuous optimization problem (11).

Remark 3.15.
(a) If the discrete-continuous optimization problem (11) is unconstrained, i.e. there
are no inequality constraints, then the equality (18) reduces to ℓ0 = 0(Xd×Xc)

′ and
we obtain 0(Xd×Xc)

′ ∈ ∂>f(x̄). Obviously, this is a sufficient condition for the unique
minimality of x̄.
(b) Notice that the equality (18) with nonnegative real numbers α, βk (k ∈ I(x̄)), γk
(k ∈ J(x̄)), where at least one of them is nonzero, and linear functionals ℓ0 ∈ ∂>f(x̄),
ℓk ∈ ∂>gk(x̄) (k ∈ I(x̄)), ℓk ∈ ∂>gk(x̄) (k ∈ J(x̄)) implies

0(Xd×Xc)
′ ∈ conv

(
∂>f(x̄) ∪

⋃
k∈I(x̄)

∂>gk(x̄) ∪
⋃

k∈J(x̄)

∂>gk(x̄)

)
.

The first part of this condition is well-known from continuous optimization (e.g.
compare [11, Prop. 2.54]), and the part with the index set J(x̄) is needed for discrete
variables.
(c) The index set J(x̄) is needed in Theorem 3.14 because the notion of active
inequality constraints is generally too strict in discrete optimization. We have to
incorporate inequality constraints, which are “nearly active”. The involvement of the
index set J(x̄) in the optimality condition (18) is one possibilty to handle discrete-
continuous problems. The following example illustrates this point.
(d) The optimality conditions in Theorem 3.14 extend the standard Fritz John
conditions [10] to discrete-continuous optimization problems.

Example 3.16. We modify the discrete-continuous optimization problem (14) in
Example 3.11 and we investigate the problem

min
(
xd − 1

2

)2
+ x2c subject to the constraint (22)

(xd − 5)2 − 17 ≤ 0, xd ∈ Z, xc ∈ R.

In this way the constraint function has a nonempty strict subdifferential. With the
objective function f : Z× R → R given by

f(xd, xc) =
(
xd − 1

2

)2
+ x2c for all xd ∈ Z and xc ∈ R
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and the constraint function g1 : Z× R → R defined by

g1(xd, xc) = (xd − 5)2 − 17 for all xd ∈ Z and xc ∈ R

we obtain for arbitrary xd ∈ Z and xc ∈ R

∂>f(xd, xc) =
{
∇f(xd, xc)

}
=

{(
2(xd − 1

2
)

2xc

)}

and ∂>g1(xd, xc) =
{
∇g1(xd, xc)

}
=

{(
2(xd − 5)

0

)}
.

Now we set x̄ := (1, 0)T ∈ S and we get in consequence ℓ0 := ∇f(x̄) = (1, 0)T and
ℓ1 := ∇g1(x̄) = (−8, 0)T . The inequality constraint in problem (22) is not “active”,
i.e. I(x̄) = ∅, but it is “nearly active”, i.e. J(x̄) = {1}, because the feasible set is
given by S := {1, 2, . . . , 9} × R and we have

g1(x) ≤ −1 = g1(x̄) for all x ∈ S.

With α := 8
9

and β1 :=
1
9

we get

αℓ0 + β1ℓ1 =
8

9

(
1
0

)
+

1

9

(
−8
0

)
=

(
0
0

)
,

i.e., the equality (18) is fulfilled. With Theorem 3.14 we then conclude that x̄ is a
unique minimal solution of the discrete-continuous optimization problem (22).

For the proof of a necessary optimality condition for a unique minimal solution x̄ of
the discrete-continuous optimization problem (11) we define an index set K(x̄) ⊂
{1, . . . ,m} with the smallest magnitude so that x̄ is also a unique minimal solution
of the problem

min f(x) subject to the constraints (23)
gk(x) ≤ 0 for all k ∈ K(x̄), x ∈ Sd × Sc.

Hence, for k ∈ K(x̄) the k-th constraint is not redundant. Notice that K(x̄) is
generally not uniquely defined. The set

Î(x̄) := {k ∈ K(x̄) | gk(x̄) = 0}

denotes the set of “active” inequality constraints among the constraints with index
in K(x̄). Moreover, we use the index set Ĵ(x̄) := K(x̄)\Î(x̄), which identifies non-
active constraints.
In the following theorem we use the abbreviation O for the “null” functional O :
Sd × Sc → R with O(x) = 0 for all x ∈ Sd × Sc.

Theorem 3.17. Let Assumption 3.8 be satisfied. If the vector x̄ is a unique minimal
solution of the discrete-continuous optimization problem (11) and K(x̄) is an index
set as defined above, then

0(Xd×Xc)
′ ∈ ∂>max

{
f(·)− f(x̄), (gk)k∈Î(x̄), (gk(·)− gk(x̄))k∈Ĵ(x̄)

}∣∣∣
x=x̄

. (24)
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If, in addition, the “intersection” rule for normal cones

N
(
epi
(
max

{
f(·)− f(x̄), (gk)k∈Î(x̄), (gk(·)− gk(x̄))k∈Ĵ(x̄)

})
, (x̄, 0)

)
= N

(
epi(f(·)− f(x̄)), (x̄, 0)

)
+
∑

k∈Î(x̄)

N
(
epi(gk), (x̄, 0)

)
+
∑

k∈Ĵ(x̄)

N
(
epi(gk(·)− gk(x̄)), (x̄, 0)

)
(25)

is fulfilled and the subdifferentials ∂f(x̄) and ∂gk(x̄) (k ∈ K(x̄)) are nonempty,
then there are positive real numbers α, βk (k ∈ K(x̄)), and linear functionals ℓ0 ∈
∂f(x̄) ∪ ∂O(x̄), ℓk ∈ ∂gk(x̄) ∪ ∂O(x̄) (k ∈ K(x̄)), where at least one of these linear
functionals only belongs to ∂f(x̄) and ∂gk(x̄) (k ∈ K(x̄)), respectively, with the
property

αℓ0 +
∑

k∈K(x̄)

βkℓk = 0(Xd×Xc)
′ . (26)

Proof. Let x̄ be a unique minimal solution of the discrete-continuous optimization
problem (11). By the definition of K(x̄) the vector x̄ is a unique minimal solution
of the problem (23). We modify problem (23) and we investigate the optimization
problem

min f(x)

subject to the constraints gk(x) ≤ 0 for all k ∈ Î(x̄), (27)

gk(x)− gk(x̄) ≤ 0 for all k ∈ Ĵ(x̄), x ∈ Sd × Sc.

Since x̄ is a feasible point of problem (27) and the set of feasible points of problem
(27) is contained in the set of feasible points of problem (23), x̄ is a unique mini-
mal solution of problem (27) as well. With Lemma 3.9,(a) we then obtain for the
functional φ̂ : Sd × Sc → R with

φ̂(x) := max
{
f(x)− f(x̄), (gk(x))k∈Î(x̄), (gk(x)− gk(x̄))k∈Ĵ(x̄)

}
for all x ∈ Sd × Sc

the inequality

φ̂(x) > 0 = φ̂(x̄) for all x ∈ Sd × Sc with x ̸= x̄. (28)

Then the optimality condition 0(Xd×Xc)
′ ∈ ∂>φ̂(x̄) is fulfilled, i.e. the condition (24)

is shown.
Now we prove the second part of the assertion. Since the “standard” subdifferen-
tial ∂φ̂(x̄) is a superset of the strict subdifferential ∂>φ̂(x̄), it follows from (24)
0(Xd×Xc)

′ ∈ ∂φ̂(x̄). For an arbitrary (x, λ) ∈ epi(φ̂), i.e. for arbitrary x ∈ Sd × Sc

and λ ≥ φ̂(x), we conclude with (28)(
0(Xd×Xc)

′ ,−1
)(
(x, λ)− (x̄, φ̂(x̄))

)
= −λ+ φ̂(x̄) ≤ −φ̂(x) + φ̂(x̄) ≤ 0

(e.g. compare the proof of [11, Prop. 2.31]). This means(
0(Xd×Xc)

′ , −1
)
∈ N

(
epi(φ̂), (x̄, φ̂(x̄))

)
= N

(
epi(φ̂), (x̄, 0)

)
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and with the “intersection” rule (25) for normal cones we obtain(
0(Xd×Xc)

′ , −1
)

∈ N
(
epi(f(·)− f(x̄)), (x̄, 0)

)
+
∑

k∈Î(x̄)

N
(
epi(gk), (x̄, 0)

)
+
∑

k∈Ĵ(x̄)

N
(
epi(gk(·)− gk(x̄)), (x̄, 0)

)
.

Hence, there are elements
(ℓ̄0,−ᾱ) ∈ N

(
epi(f(·)− f(x̄)), (x̄, 0)

)
, (ℓ̄k,−β̄k) ∈ N

(
epi(gk), (x̄, 0)

)
(k ∈ Î(x̄))

and (ℓ̄k,−β̄k) ∈ N
(
epi(gk(·)− gk(x̄)), (x̄, 0)

)
(k ∈ Ĵ(x̄)) with(

0(Xd×Xc)
′ , −1

)
= (ℓ̄0,−ᾱ) +

∑
k∈Î(x̄)

(ℓ̄k,−β̄k) +
∑

k∈Ĵ(x̄)

(ℓ̄k,−β̄k). (29)

The condition (ℓ̄0,−ᾱ) ∈ N
(
epi(f(·)− f(x̄)), (x̄, 0)

)
means that

ℓ̄0(x− x̄)− ᾱλ ≤ 0 for all (x, λ) ∈ epi(f(·)− f(x̄)). (30)

For x = x̄ and λ = 1 this inequality implies ᾱ ≥ 0. If ᾱ = 0, the inequality (30)
yields

ℓ̄0(x− x̄) ≤ 0 for all x ∈ Sd × Sc,

i.e. ℓ̄0 ∈ ∂O(x̄). If ᾱ > 0, it follows from the inequality (30)

ᾱf(x) ≥ ᾱf(x̄) + ℓ̄0(x− x̄) for all x ∈ Sd × Sc,

i.e. ℓ̄0 ∈ ᾱ∂f(x̄). Consequently, we have

ℓ̄0 = αℓ0 for some α > 0 and some ℓ0 ∈ ∂f(x̄) ∪ ∂O(x̄).

In a similar way we get for all k ∈ Î(x̄) ∪ Ĵ(x̄) that β̄k ≥ 0 and that

ℓ̄k = βkℓk for some βk > 0 and some ℓk ∈ ∂gk(x̄) ∪ ∂O(x̄).

Then it follows from the equality (29)

0(Xd×Xc)
′ = αℓ0 +

∑
k∈Î(x̄)

βkℓk +
∑

k∈Ĵ(x̄)

βkℓk (31)

and − 1 = −ᾱ−
∑

k∈Î(x̄)

β̄k −
∑

k∈Ĵ(x̄)

β̄k. (32)

The equality (32) means that at least one of the parameters is positive or, in other
words, at least one of the subgradients in the equality (31) only belongs to ∂f(x̄) and
∂gk(x̄) (k ∈ K(x̄)), respectively. If we notice that Ĵ(x̄) = K(x̄)\Î(x̄) the equality
(31) implies the equality (26), which has to be shown.

Remark 3.18.
(a) The validity of the “intersection” rule (25) in the prevoius theorem is a strong
assumption. In Banach spaces Burachik and Jeyakumar [2, Thm. 3.1] present as-
sumptions for convex epigraphs, under which the intersection rule holds. For non-
convex epigraphs, which may occur in discrete optimization, the intersection rule
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b

b
b

b

φ1

φ2

conv
(
epi(max{φ1, φ2})

)

Figure 3.2: Illustration of the convex hull of the epigraph of the max functional with
discrete preimages (compare Remark 3.18,(a)).

may not be true. As a simple example consider in Figure 3.2 the two functionals φ1

and φ2 defined on a discrete set. In this case we have

conv
(
epi(max{φ1, φ2})

)
̸= conv

(
epi(φ1)

)
∩ conv

(
epi(φ2)

)
so that the convex hull operation is not helpful even if φ1 and φ2 are convex.
(b) In analogy to Remark 3.15,(c) the necessary optimality conditions in the previ-
ous theorem extend the standard Fritz John conditions [10] to discrete-continuous
optimization problems.

Conclusion

This new general nonlinear separation approach for optimality conditions is spe-
cialized to problems with a finite number of inequality constraints with values in
R. Based on Example 3.4 this theory could be extended to inequalities in the real
linear space Sm and infinite dimensional linear spaces. Moreover, instead of a sub-
differential approach one could also work with different nonsmooth techniques. But
these are topics for future investigations.
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