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1. Introduction

The aim of this paper is to prove the existence of solutions for following Dirichlet
problem

P) {—Ap(x)u — ANgyu = f(x,u, Vu) in Q,

u=0 on 052,

where 2 C RY (with N > 3) is a non—empty bounded open domain with a Lipschitz
boundary 0f).

In problem (P) we assume that p, ¢ € C(Q2) and 1 < ¢(x) < p(z) < oo, for allz € Q.
The so called (p(z), g(x))-Laplacian is the differential operator on the left-hand side
of the equation and it is identified by operators

Apyu = div(|Vu|P(x)—2 Vu) and Agygyu = div(|vu|q(:c)—2 V)

known as p(z)-Laplacian operator and ¢(x)-Laplacian operator, respectively. When
p(z) = p and ¢(x) = ¢ (constants) it becomes the usual (p, ¢)-Laplacian differential
operator. The nonlinearity f: Q x R x RY — R of problem (P) is a Carathéodory
function , i.e. f(-,s,&) is measurable for all (s,£) € R x RY and f(z,,-) is contin-
uous for a.e. x € 2. Problems with variable exponent find interesting applications
in different physical problems, including the study of smart fluids, as electrorheo-
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logical fluids ([1], [2], [6], [27], [28]), and in power electronic about the study of the
thermistors ([5], [16]). There is a relevant literature about these problems, whose
solutions are generally obtained by improving variational and topological methods
(see for instance [4]-[25]). A detailed presentation of these problems can be found in
the survey of Radulescu ([26]). We observe that the convection term f depends on
the solution u and on its gradient Vu. In this case, problem (P) can not be treated
with classical variational methods. For this reason, we use another approach, based
on the method of sub-supersolution, to obtain the existence of at least one solu-
tion. Recent results related to this method, applied to Dirichlet problems with
p(x)-Laplacian operator without convection term can be found in [8], [9], [10], [15],
[18], [19], [20].

For results with p-Laplacian or (p, ¢)-Laplacian operator (p, g= constant) and con-
vection term we cite [14], [24] and therein references.

We want to emphasize that, although the sub-supersolution method has been used
to study problems in classical Sobolev spaces, for use it in Sobolev spaces with
variable exponents new ideas and nontrivial techniques are needed. In order to
apply the sub-supersolution method the first objective is to find a subsolution and
a supersolution of problem (P). We point out that in [23] the authors studied a
nonhomogeneous Neumann problems with gradient depedence showing explicitly
how one can effectively determine sub-supersolutions.

In the case of p-Laplacian or (p, ¢)-Laplacian operator (p, g= constant) a subsolu-
tion can be construct using its first eigenvalue (see for example the recent paper of
Motreanu [22]) but the p(x)-Laplacian operator is inhomogeneous and, usually the
infimum of its eigenvalue is 0 (see [11]) so the first eingenvalue can not be used to
costruct a subsolution. Then to obtain one subsolution of problem (P), we con-
sider an auxialiary Dirichlet problem, whose nonlinear term satisfies an appropriate
growth condition respect on convection term. According to our knowlegde, it is the
first time when the method of sub-supersolution is implemented for Dirichlet prob-
lems with convection term in variable exponent spaces. In particular, in Theorem
3.4 we prove that if u and W are a subsolution and a supersolution (respectively) of
problem (P) satisfying the condition u < @ a.e. in €, then problem (P) admits at
least one solution u satifying a priori estimate u < u <@ a.e. in €.

In the final part of the paper we show, under verifiable conditions, how our abstract
result, Theorem 3.4, can be effectively applied for obtaining the existence of at least
one nonnegative solution for problem (P).

The paper is arranged as follows. Section 2 contains some preliminary properties
and basic notations on variable exponent Lebesgue and Sobolev spaces. Section 3
focuses on the solvability of an auxiliary problem, depending on a real parameter
and which represents a coercive perturbation of problem (P). Section 4 presents our
main result and finally, Section 5 illustrates how the abstract result can be applied
to obtain the existence of at least one nonnegative solution to problem (P).

2. Preliminaries and basic notations

In this section, we recall definitions and tools used in the paper.

Let p € C(2) and define p~ = mingp(x), pt = maxqgp(z).
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For any p € C(Q) with p(z) > 1 for all z € €, we introduce the variable exponent
Lebesgue space LP(®)(Q) defined by

LPO(Q) = {u : Q0 — R such that u is measurable and / |ulP™ dz < +oo} :
Q
and equipped with the Luxemburg norm defined by

p(z)
]| o) (@) = inf {5 >0: / u(z) Az < 1} '
Q

o
These spaces extend classical Banach spaces. So they are reflexive, separable and
uniformly convex Banach spaces. The dual space of LP®)(Q) is the space L' @) ()
Where$+]ﬁ:lf0rallxeﬂ.

In the variable Lebesgue spaces the Holder inequality holds and we recall it here
(for more details see [10]), that is

/ uvdx
Q

for all u € LP®(Q) and v € L @) (Q). Now, we consider the modular given by

1 1
< (o + g ) Il Il < 2o llea)

o) = [ fula)Pdo vu € (@),
Q

We have the following proposition

Proposition 2.1. ([10])

1) Mullppw@ <1(=1, >1) & ppay(u) <1 (=1, >1);
(1) ullisorey > 1 = Nl < ooy (@) < Tl
u) <

(i) [full o) <1 = ||u||W) < Pp(ay (1) < [ullf e ) -

We observe that pp)(u) and [[ul|pse)q) are linked by the following relation, too:
0l — 1 < ey (0) < 0l +1 Vi € LP(Q), ()

1(x) > 1, pa(x) > 1 and py(z) < pa(x) for all

Moreover, see [17], if py, ps € C(ﬁ)
2)(Q) — L7 x)(Q) is continuous and it results

z € Q, then the embedding LP2(
[ull s ) < (1 + QD) |ull oo @y (2)

where |Q| denotes the Lebesgue measure of Q in RY.

The variable exponent Sobolev space W1P(®)(Q)) is defined by
WPe(Q) := {u € LPD(Q) : [Vu| € LP(Q)},
and it is equipped with the norm

[ellwrne @) = lull e @) + 1V ulll e )
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By Wy *™(Q) we denote the closure of C3°(Q2) in W@ (Q) endowed with the norm
[ul] == I[Vul| L -

It is well known that W1P(®)(Q), is separable, reflexive and uniformly convex Banach
space. Denote by

p(z)N -
p(@) = { N—pa) TP <N
+00 if p(z) >N,

the critical exponent of p(z), the embedding Wir@)(Q) — L'@(Q) is continuous
and compact for each r € C(Q2) with r(z) > 1 and r(x) < p*(z) for all z € Q. In
the sequel we denote by k, the best constant for which one has

HUHLT@)(Q) < kTHU/HW(},p(I)(Q). (3)

Finally, for every u € Wy (Q) we introduce u,, u_ € Wo*™(Q) defined as
uy := max{u,0} and wu_ := max{—u,0}.
We refer to [13] and [17] for more details on the spaces LP(*)(Q) and W'P(®)(()).

The study of problem (P) is based on the sub-supersolution method. For more
details about this topic we cite [3] and [21].

A solution of problem (P) is any function u€ W™ (Q) with f(z,u, Vu) € L @(Q)
and / \Vu(x) [P@ 2V u(z) - Vo(x)ds + / Vu(x)| "2V u(z) - Vo(x)ds
Q Q
_ / Flr,u, Vayode, Yo e WP (Q). (4)
Q

A function @ € W@ (Q) is a supersolution for problem (P) if @ > 0 on 0%,
f(z,w, Vu) € LP'@(Q) and

/ \Va(z) [P 2Va(z) - Vo(x)ds + / \Va(z)| "D 2Va(z) - Vo(x)ds
Q 0
> / flx,u, Va)vde, forall v e WoP™(Q), v>0ae. in Q. (5)
0

A function w € W'P®)(Q) is a subsolution for problem (P) if u < 0 on 05,
f(z,u, Vu) € LF'®(Q) and

/ V() P2V u(z) - Vo(z)dz + / V()2 u(z) - Vo(z)de
Q Q
< / f(z,u, Vu)vdzr, forallve Wol’p(x)(Q), v >0 a.e. in €. (6)
Q

Now, we recall some useful definitions and the main theorem on peudomonotone
operators. Let X be a real reflexive Banach space with norm | - ||, X™* its dual



A. Chinni, A. Sciammetta, E. Tornatore / On the Sub-Supersolution ... 159

space and (.,.) the duality pairing between them. A mapping A : X — X* is called
(Au,u)

coercive if limy,|—oo HuyH

= +o00; the map A is called pseudomonotone if for all

sequences {u,} C X such that u, — v and limsup,,_, o (Auy, u, —u) <0 we have
that Au, = Au and (Au,, u,) — (Au,u).

Theorem 2.2.([3, Theorem 2.99]) Let X be a real reflexive Banach space and let
A X — X* be a bounded, coercive and pseudomonotone operator. Then, for every
b € X* the equation Ax = b has at least one solution x € X.

In the sequel we will use the pair (Wol’p(x)(Q), WL (@(Q)) where W1P'(®(Q) :=

(I/VO1 P (x)(Q))*. Important properties of the negative p(x)-Laplacian operator are
listed in the next proposition and for the proof we refer to [10].

Proposition 2.3. The negative p(x)-Laplacian operator

—Apa) - Wol’p(x)(Q) - Wﬁl’pl(x)(ﬂ) defined as
(= Bpyu, v) = / \Vu(z) PO 2Vu(z) - Vo(z) de for all u,v € W™ (Q)
Q

is continuous, bounded, strictly monotone (hence maximal monotone and pseu-
domonotone too) and it has S, —property i.e. every sequence {u,} such that u, — u

in Wy P“(Q) and T sup(—A,(zytn, u, — ) < 0 implies that u, — u in Wy "™ ().

n—-+o0o

We introduce the map I' : WP (Q) — W=17@)(Q) defined by
(Tu,v) = (=Ap@)t — Dgz)u, v)

= / |Vul|P@ =2V - Vodz —i—/ |Vu| "2V - Vodz (7)
0 0

for all u,v € Wol’p(x)(Q), corresponding to (p(x), ¢(x))-Laplacian, which is a bounded
and a maximal monotone operator (see Proposition 2.2). By applying [21, Propo-
sition 2.70] we obtain the S,-property in turn. Moreover, I' is coercive too, since

(Tu,u) > |ul|? if |lul] > 1.

Finally, with standard arguments it is possible to prove that the following compari-
son principle holds.

Lemma 2.4. Let u,v € W@ (Q) with u < v on 0Q and such that

/ (|VulP™=2Vy — [VoPP=2V0) - V(u — v)dz = 0.
{u>v}

Then u < v a.e. in €.

3. Main result

Let us admit that a subsolution u € WP (Q) and a supersolution uw € W) (Q)
for problem (P) with u(z) < u(x) a.e. in Q are given. Our main goal is to obtain

a solution u € W)™ (Q) of problem (P) which satisfies the property u < u < @

a.e. in 2. We are going to use comparison and truncation techniques. To this aim we
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define the truncation operator 7' : Wo P () — W™ (Q) associated to the ordered
pair of sub-supersolutions u, @ of problem (P), given by

u(x) if w(x) >u(x
Tu(z) =< u(x) if w(r) <u(x ) < u(x), (8)
u(x) if u(z) <w(z),

for all u € WoP™(Q). On the basis of (8) it is easy to verify that T : W™ () —

WP (x)(Q) is continuous and bounded (in the sense that it maps bounded sets into
bounded sets). The ordered interval [u,u] associated to the ordered pair u < @ is
introduced as

[w,a] = {ue WPQ) : u(z) <ulz) <uz) for ae. z € Q).
Taking into account (8), we have T'(u) € [u, ] for all u € WP@)(Q).
We assume that f: Q x Rx RY — R in (P) satisfies the following growth condition:
(H) there exist a positive constant a and a function o € L' ®)(Q) such that
[fw, 5,9l < o) + alg["™
for a.e. x € Q, for all s € [u(z),u(x)], for all £ € RY.

Using hypothesis (H) it is easy to prove that f(z,u, Vu) € LV @ (Q) for all u € [u, 1.
Then (H) guarantees the existence of integrals in (4), (5) and (6).

Consider the Nemytskij operator N : [u, @] — W@ (Q) defined by

/f:cu Vu(@))o(e)de,

for all u € [u,1], v € W™ () and where f is the function which appears in (P).

It is well defined by virtue of hypothesis (H), moreover the compact embedding
theorem implies that the Nemytskij operator N : [u, @] — W17 ®)(Q) is completely
continuous, since the operator N is the composition of the mapping u — f(z,u, Vu)
taking value in LP®(Q) (which is continuous and bounded by hypothesis (H)) and

the linear embedding L” ) (Q) — W17 (®)(Q) = (Wol’p(z)(Q))* (which is compact,
because it is the adjoint of the compact embedding W, * (”T)(Q) — LP@)(Q)).
We introduce the cut-off function 7 : {2 x R — R defined by
(s —u(x))P@=1 if s> a(z),
m(z,s) =< 0 if w(zr) <s <ux), (9)
—(u(z) — s)P@=L if s < u(w).
From (9) we obtain the following relation
17 (x,5)] < c|s]P® 4 o(z) for ae.z € Q, alls € R (10)
with ¢ = max{1, 2°" "'} and ¢ € L”®)(Q) defined by
o(w) = max{|u(x)["®~, [a(z) PO}

It is useful to point out some estimates related to the function .
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Proposition 3.1. The cut-off function m : Q x R — R, given by (9), satisfies the
following estimates:

/ w(z, u(z))u(z )d:c>7"1/ P dz — 7, (11)

/|7T z,u(x))lv(z)| de < <T3HuHLp )( )+’f’4> [0l 2o (@) 5 (12)

with r1, 19, 13,74 positive constants.
Proof. For the proof of the estimate (11) we observe that since p € C(Q) and

p(z) > 1 for all z € Q, then there exist two positive constants ¢; and ¢ such that
for each &, € R and for all x € €2 we have

(& — )P 7L > ¢ |€P) — ¢y P@ 7t g] if €>n

(13)
(n =PI < =1 [€P) + eon|P PNl dif €<,

From (13), for each u € Wy "™ () one has
/QT(’(H?,U(:L‘))U(:C) dx
= [ @y ) e [ () - o) ) de
{u>a} {u<u}

> / (ea]u(2) PP — e ()P u(a)]) de + / (ex ul@)P — o) P ()] de

{u>u} {u<u}

> [t ds = [l - f e+ bt

{u<u<u}

Then the Young inequality applied with € = 3= and [u(z)| < [u(z)| + [u(x)] for each
x € Q such that u(x) < u(x) < u(x) shows that

[ttt oz o | [ ju@re ao - [ at) + @ i
“aa 5t [P dote [ (POt 4 u@pe)" a)

- / ()P da — 7
Q

with positive constants ce, ry := 5 and

= er [ ()| +a@]) do e [ (a0l 4 u@) @) d.
Q Q

The proof of estimate (12), follows by (9), using Hélder’s inequality and the modular.
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For each u,v € W™ (Q) one has
| et ut@) o) da
— x)—1 x)—
[ @) @y @) de s [ (o) = @) ola)] da
{u>u} {u<u}
=2 (H(u = 0P| Loy g + | (e — U)p(x)*lHpr(m) [0]] Lo (- (14)
From (1), we have
1w =@ g S L Py (0= TP = 1t pyiy (w — )
—in(z +_ _
=1 +/ u— TP dz <1+ 277" (i) (1) + ppia) (W)
<1427 (|l oy +2) + 2"l
In the same way, we obtain
+_ + +_
[ (u— u) 1||Lp '(2)(Q) <1420 (HQH]Zp(I)(Q) + 2> +2° IHUHLP(I)(Q)

Substituing both previous relations in (14) and taking into account that p'~ > 1, we
obtain

jas
/Q w(a, u(@))o(e)] de < (rgnun T m) loll ey

pt—1
where r3:=2 v~

1 1
_ e +_ 7
Ty =2 [(1 49—l <|| ||LM)(Q )) + <1 4 opt-t (||u\|Lp(z) @ T 2)) ] . g

Now, we perturb problem (P) using the Nemytskij operator

+2
and

I : WP (Q) = W-LP'@)(Q) defined by II(u) = (-, u(-)),
where m: Q@ x R — R is defined as in (9), the Nemytskij operator N : [u,u] —
WL (@) (Q) is composed with the truncation operator T : Wy "™ (Q) — W, "™(Q)

given by (8) and a parameter A > 0. In this way we obtain the auxiliary truncated
problem

(T3)

—Ap) — Agyu + MI(u) = NoT(u) inQ
u=>0 on 052,

from which we have following the result.
Theorem 3.2. Let u and T be a subsolution and a supersolution of problem (P),
respectively, with w < W a.e. in  such that hypothesis (H) is fulfilled. Then, there

exists Ao > 0 such that for all X > )Xo there is at least one solution u € Wy" x)(Q)
of the auziliary problem (Ty).
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Proof. For every A>0 let Ay: W™ (Q) — W12 @)(Q) be the operator defined by
(Ax(u), v) = (I'(u) + All(u) = N o T(u),v) (15)

for each u, v € W, (x)(Q). The composed operator N o T"is bounded because T is
bounded and N is completely continuous. Since I' and II are bounded, it follows
from (15) that A, is bounded.

The operator A, is pseudomonotone. Indeed, let {u,} € W,* (x)(Q) be a sequence

such that Up — u in WP (Q), (16)
and lim sup(Axu,, u, —u) < 0. (17)
n—oo
Consider  (Axuy, u, —u) = (F(uy,), u, —u) + )\/ m(x,uy)(uy, — u) dz
0
—/ fz, Tuy, VTu,)(u, — u) dz. (18)
Q

Since u, — u in VVO1 (Q) and p(z) < p*(x) for all x € Q, using a subsequence if
necessary, we have u,, — u in LP®(Q). (1), (9) and the Holder inequality imply

(19)

/Q () (1 — 1) da

< / (u — up )P u, — ul dz + / (U — TP, — u| da
{un<u} {un>u}

+ —— —F—
2[(2 + [lu — Un”ipm(g)) @™ + (2 + [lun — UHLp< )( ))(”) ]Hun - UHLM)(Q) —0

as n — +00. Using hypothesis (H) we have

f(z, Tu,, VTu,)(u, —u)dz
Q

< / 0]t — uldar + a/ VT "D [, — i da (20)
0 Q
Because of (H), o € L ®)(Q) and using Holder’s inequality, we get
/ ol |un = ulde < 2|[o]] i ) ltn = ll Loy ) = 0as n = oco. (21)
Q
We want to prove that
/ IV T, [P u,, — uf de — 0 as n — 400, (22)
Q
The definition (8) of the truncation operator T yields

/ VT, [Py, — uf do = / IVul ™ u, — ul do
Q {un<u}

+/ IV P u, — u| da +/ Val @ u, — u| de.
{u<u, <} {un >}
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From Holder’s inequality and (1), we obtain

/{ } IVul |, —u| dx
Up<u

1
< [ 19 = < 2(2 + 19 0) 7 i = s
/ V[P, — uf da
{u<un<u}
< [0 =] i <2+ V1) P o
/ IVaP o u, — ul de
{un>u}

1
< [ 9P = al do < 202 11980 ) 7 it = s
Therefore (22) is verified. Owing to (21), (22) and (20) we obtain

lim / f(z, Tup, VTu,)(u, —u)dx = 0. (23)

n—o0

Due to (19) and (23), inequality (17) becomes limsup,,_, . (I'(u,), u, —u) < 0.
From the (S);-property of the operator —A, ) — Ay in conjuction with (16), we
have strong convergence of u, — u in Wy "™ (Q). Then

T(u,) — D(u). (24)

By (24) and w, — v in Wol’p(x)(ﬂ), one has Ayu, — Ayu, (Ayu,, u,) — (A\u,u),
then the operator A, is pseudomonotone.

In order to prove that the operator Ay : Wo ™™ (Q) — W17 @(Q) is coercive we
observe that in view of (15) and (11) we obtain

A V p() d + A T dr — f d
< ,\u,u> > / | u(x)\ X / (:U,u)u X / (x,Tu, V(Tu))u X

\V )| (@) dx + A7 ul! (@) _ A — f Z, T s V(Tu dx. 25
>/Q| U( )| 1/Q| | "2 /&2 ( B ( ))u ( )

For every u € W@ (Q), using hypothesis (H), the Young and the Holder inequality
and (3), for each € > 0 we have

/ f(@, Tu, V(Tu))udx

o(z)|u(x a W) [P@ oy (z T
< [ (el + V()P uga)) d

< 2k 0l o ell + 2k, (V27 oy + NV ey ) Nl

+a [6/ V™ d:z:—l—cg/ |ul™) dm} . (26)
Q Q
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Taking into account (26), (3), (11) and (12), then (25) becomes for all ||u| > 1
(Ayu,u) > (1 — ae) / IVul' dz — d||u| + (Ary — ace)/ lu(z) [P da — Ary
Q Q
> (1 —ae) ||u||? —d|jul| + (M — ace)/ lu(z)[P") dz — Ar,. (27)
Q

Because of p~ > 1, choosing € € ]0, 1], from (27) we get coercivity of the operator
A, for all A > 2% Since the operator A, : WP (Q) — WP @)(Q) is bounded,

pseudomonotone and coercive, Theorem 2.2 ensures that there exists u € VVO1 P (w)(Q)
which solves (7)) and the proof is complete. O

Remark 3.3. We observe that it is possible to improve growth condition (H) re-
placing it with the more general condition

(Hpg) there exist a positive constant a, a function o € LF'®)(Q) and 8 € C(f) with
0<p- <t < (ﬁ)i such that |f(x,s,&)| < o(z) + a|€|1’<£(—mﬂ)<x> for a.e.
z € Q, for all s € [u(x),u(x)], for all £ € RV,

This condition extends to the variable case the growth condition, which is present,
e.g., in [22]-[24]. In particular, condition 7 < (1%)_ ensures the well posedness of

the space LP*LB(QE)(Q) and, in the light of Theorem 2.3 of [13], provides the compact

embedding of W, ” (=) () in L7 7@ (Q) needed in the proof of Theorem 3.2. It should
be observed that condition (Hz) entails other estimates, similar to (11) and (12).

Our main result on problem (P) is the following.
Theorem 3.4. Let u and T be a subsolution and a supersolution of problem (P),
respectively, with u < U a.e. in Q) such that hypothesis (H) is fulfilled. Then problem

P) possesses at least one solution u € W L) () satisfying the location property
0
u<u<ua.e. in .

Proof. Fixed A > 0 sufficiently large, Theorem 3.2 ensures the existence of u €

WP (x)(Q) that is a solution of the truncated auxiliary problem (7). We want to
prove that u < u <wu a.e. in ().

Choosing (u—1)+ € W™ (Q) as a test function in (5) and in (T}), we obtain that

(C@), (=) > [ S5 V0 (=), do, (28)
and
(D(u), (u—1)4) + A /Q m(x,u)(u —u)pdr = /Qf(:n, Tu,V(Tu))(u —u)ydx. (29)

Subtracting (28) from (29) and using (8) we get

(P(w), (u=w)¢) = (T(@), (u—w)4) + A/ m(x, u)(u =)y do

Q

g/Q(f(x,Tu,V(Tu))—f(x,ﬂ,Vﬂ))(u—E)+d:U
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= / (f(z,Tu,V(Tw)) — f(z,u,Vu))(u —u)dz = 0. (30)
{u>u}

We observe that the classical inequality

(1€]"72¢ = |n|"2n) - (n — &) >0 for &,n € RY and for each h > 1 (31)

ensures (C(u), (u—1)4) — (I'(@), (u—u)4)

= / (VP2 vy — |ValP™—2va) - V(u — u)dz
{u>u}
/ (|Vu|"®)2Vy — |Va| "™ 2va) - V(u —w)dz > 0. (32)
{u>u}
From (9), (30) and (32) we obtain that

OS)\/ (u—ﬂ)p(m)dx:/\/W(x,u)(u—ﬂ)erx
{u>u} Q

IN

(T(w), (1 — 1)) — (T(), (i —T)) + A / () (u — W) d < 0.

It follows that ©v < @ a.e in ).

With similar calculations we can show that u < u a.e in {2. Consequently, it results
Tu = u, II(u) = 0 and so the solution u of the auxiliary truncated problem (7)) is
a solution of the original problem (P). O

4. Application and example

The goal of this section is to construct a subsolution u € WP(#)(Q) and a superso-
lution 7 € W@ (Q) of problem (P) with 0 < u < % a.e. in  in order to apply
Theorem 4.1. We introduce the following assumptions:

(H1) there exists a function g € C(2 x R) with g(z,0) > 0, g(z,0) # 0 Vx € Q,
such that s — g(z, s) is nonincreasing in s € [0, o[, for all z € €2, and

fz,s,6) > g(x,s) aexecQ, VseR, VEcRY,

(H2) there exists a positive constant ag € R such that f(x,ap,0) <0 a.e. x € Q.
The following result allows to get existence of nonnegative solutions to problem (P).

Theorem 4.1. Assume that conditions (H1) and (H2) hold, and
1f(z,5,6)] < o(x)+alfPDY aein Q, for all s€]0, o), for all E€RY,

for o € LP@(Q) and a positive constant a. Then, problem (P) admits at least one

nonnegative solution u € Wol’p(m)(Q) satifying u(x) < ag a.e. in .

Proof. In virtue of hypothesis (H1) there exists a positive constant M € R such that

M = max g(z,0).

e
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Consider the problem

—Ap(x)u - Aq(x)u =M in Q,
u=20 on 0f).

(33)

We claim that problem (33) admits one unique solution w € W,* Q). Consider
the operator I' given by (7) and further comments. Using Theorem 2.2 there exists

w € WiP"(Q) such that
(MN(w),v) = (M,v) = /QMv(x) dx

for all v € Wol’p(x)(Q). Then w € Wol’p(x)(Q) is a weak solution to problem (33) and
this solution is unique due to (31) and to the strict monotonicity of the operator I'.

Choosing —w_ € Wy (Q) in (33) as test function one has

/Q \Vw[P@=2Vw - V(—w_)dz + /Q IVw|1® =2V (w) - V(—w_)dz = /QM(—w_)dx,

then

0< / |Vw[P@dz < / ]Vw|p("”)da:+/ |Vw|"® dz = Mwdz < 0.
{w<o0} {w<o0} {w<0} {w<0}

From Lemma 2.4 we have w > 0 a.e. in €2. On the other hand, condition M > 0
implies that w # 0. Moreover, from Theorem 4.1 of [12] we have that w € L>*(Q).

Now, we claim that there exists a unique solution of following problem

At — DNy = g, u(x in €,
p(a) a(wyt = gz, u(z)) (34)
u=20 on 0.
Consider the function g* : Q x R — R defined by
9(z,0) 5 <0,
g*(z,s) = ¢ g(x,s) 0<s<w(x), VreQ, VseR
gz, w(x)) s> w(x),
and put G*(z,s) = / g (x,2)dz Yo €Q, Vs € R,
0
We observe that ¢g* is a Carathéodory function and moreover we have
min g* (2, w]lee) < g*(2,5) <M Vo €0, Vs € R (35)
€
Consider the following problem
— Ayt — Agmu = g*(z, u(x in €2,
p() U = g"(z,u(z)) (36)
u=20 on 012,
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and the functional I : W, "™ (Q) — R defined by

u) = L ul|P@dz 1 w1 dy — “(x,u(x))dx
1) = [ S ivupe+ [ S ivup s = [ 6 Gt

Condition (35) and p~ > 1 ensure that [ is coercive and belongs to C’l(WOl’p(x)(Q), R)
with

<I'(u),v>:/|Vu|p($)_2Vu-Vvd:B—l—/|Vu|q(x)_2Vu-Vvdx—/g*(x,u(x))v(x)dx
0 Q0 0

for each u,v € VVO1 P (x)(Q). Also, using the embedding theorem, we see that I is
sequentially weakly lower semicontinuous. Therefore, by the Weierstrass-Tonelli

theorem, we can find u € W, (Q) such that

I(w)= inf I(u). (37)
Wy P (@)

From (37) we have I'(u) = 0 so we obtain
/ |Vul|P®) =2V - Vhdz +/ |Vu|"®~2Vy - Vhdr = / 9" (x,u)hdz, (38)
Q Q Q

for all h € WgP™(Q), i.e. u is a weak solution for problem (36). Now, choosing
h=-u_¢€ Wol’p(x)(Q) as test function in (38) and taking into account g(x,0) > 0,

we have
0< / |VulP® dz +/ V| " dy =
{u<o0} {u<0}

:/ g, 0)(—u_)dz < 0.
{u<0}

Hence, from Lemma 2.4, we have u > 0 a.e. in 2. Because of ¢*(z,0) = g(x,0) # 0,
we observe that u # 0.

By choosing (v — w)y € Wol’p(x)(Q) as test function in (33) and (36), we have
Q )

_ /Q 6" (2, u) (u — w) s da

and

/\Vw]p(x)_QVw-V(g—w)erx—i—/ |Vw]q<x)_2]Vw-V(g—w)+da::/M(g—wﬁdm
Q Q Q

and so we obtain

[ (V290 = [Vl 2 90) - T - w).ds

0

—l—/ (\Vgl‘I(x)*ng - ]le‘I(x)*QVw) -V(u—w)yde
Q

:/Q(g*(a:,g)—M)(g—w)era: .



A. Chinni, A. Sciammetta, E. Tornatore / On the Sub-Supersolution ... 169

Taking into account hypothesis (H1) and the classical inequality (31) we have

0< / (Va2 Vy — [Vwl@2Vw) - V (u - w)dz
{u>w}

< / IVl =2V — Vw2 Vw) - V(u — w)dx
{u>w}

+ / (IVu|"@ =2y — |Vw|"®2Vw) - V(u — w)dz
{u>w}

:/{> }(g(x,w(x))—M)(g—w)dxg(),

hence, from Lemma 2.4, we have u < w a.e. in §2. Therefore g*(z,u) = g(z,u)
and u is a nonnegative solution of (34). Moreover, u is unique (for the proof see for
example [9], [19]).

Now we claim that function u is a subsolution of problem (P) .

In fact, taking into account hypothesis (H1) and taking in the mind that w is solution
of (34) we obtain

/\V@\p(I)QVg-Vvdxjt/ ]Vy]q(x)QVQ-Vvdx:/g(x,g)vdxg/f(x,g,Vy)vdx
0 0 0 0

for all v € W, (x)(Q). From hypothesis (H2) we conclude that the constant function

T = ap is a supersolution of problem (P): in fact for all v € Wo*™(Q), v > 0 we
have

/ |Va|P®)2va - Vodr + / |Va|"®)=2Va - Vode = 0
Q Q

2/Qf(:v,ao,VaO)vdx:/Qf(x,ao,())vd$.

Now, we claim that u < ag =u a.e x € Q.

We observe that from hypotheses (H1) and (H2) with £ =0, s = ap we have

g(z, ) < f(r,00,0) <0 Vo e€Q.

Using (u — ag); € WyP"™(Q) as test function in (34), and taking into account
hypothesis (H1), we have

/ |Vg|p(x)_2Vu -V (u— ap)ydr + / |VQ|Q($)_2VQ' V(u— ap)yde
Q Q

= /Qg(x,g)(u—oéo)erI S/g(x,ozo)(g—ozo)erx,

0
then

0< / VP da +/ |Vu|?@®) < / g(x, a,)(u — ap)dz < 0.
{u>ao} {u>ao} {u>ao}
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From Lemma 2.1 we have u < o a.e. z € Q. We observe that hypothesis (H)
holds for the constructed subsolution u and supersolution @ of our problem (P).

Therefore, Theorem 4.1 ensures the existence of a solution u € I/VO1 7) to problem
(P), which satisfies the property u < u < @ a.e. in 2. Taking into account that
u > 0, we conclude that u is nonnegative. This completes the proof. Il

Finally, we present an example of problem, which admits al least one nonnegative
solution. Our aim is to apply Theorem 4.1.

Example 4.2. Let Q) C ]RN_be, with N > 3 and consider p, ¢ € C(Q) with 1 <
q(x) < p(z) < oo, for all z € Q. Let f: Q x R x RY — R be defined by

f(z,5,6) = g(x,s) + h(€) for all (z,5,6) € QxR xRY,

|z| + 1 if z€Q, s<0,
with gz, s) =< (Jz|]+ 1)1 —s) if €0, 0<s<2,

— (=] + 1) if 1€Q, s>2,
and h(€) = min {]§|p_’1, |§|p+’1} for all ¢ € RY.

We observe that

£(,5,0)| = lg(w, ) + h(E)| < lg(, )| + ()] < (x| + 1) +min { g~ g™}
< (|a] + 1) + [¢P@

a.e. in €, for all s € [0,2], for all £ € RY and so condition requested in Theorem 4.1
is verified by choosing a = 1, ap = 2 and o(x) = |z| + 1. On the other hand, since
h(€) > 0 for all £ € RN, we have

F(2,5,) = gla,s) + h(E) = gla,s) ae veQ VseR, £ €RY,

and

f(2,2,0) = g(x,2) = —(Jz| + 1) <0 ae.z €

such that hypotheses (H1) and (H2) are also verified. This allows us to apply
Theorem 4.1 to the problem (P) with f as given above.
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