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This paper is devoted to the inverse problem of recovering simultaneously a potential and a point
source in a Schrodinger equation from the associated nonlinear Dirichlet to Neumann map. The
uniqueness of the inversion is proved and logarithmic stability estimates are derived. It is well
known that the inverse problem of determining only the potential while knowing the source, is
ill-posed. In contrast the problem of identifying a point source when the potential is given is well
posed. The obtained results show that the nonlinear Dirichlet to Neumann map contains enough
information to determine simultaneously the potential and the point source. However recovering
a point source imbedded in an unknown background medium becomes an ill-posed inversion.
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1. Introduction and main results

In this paper we study the issue of uniqueness and stability for determining simul-
taneously a smooth potential and a point source in a Schrodinger equation by bound-
ary measurements. Motivation for investigating this inverse problem is provided by
medical imaging as well as antenna synthesis [4, 7, 10, 11]. From the point view
of mathematical modeling, many works have considered the simplification that the
background medium in which the source is imbedded is known. Here we are in-
terested in recovering both the source and the background medium from Cauchy
data.

Let Q c R%, d > 3, be a bounded domain, with C* boundary 9€2. We consider the
Schrodinger equation

(A+q(z))u(z) =ad.(z) in Q, (1)

where the real-valued function ¢(z) is the potential, z € Q is the position of the
point source, and a € R?\ {0} its amplitude.
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Assume that the kernel of the operator A+ ¢(z) acting on H} () is the trivial space.

Associated with (1), we define the nonlinear Dirichlet-to-Neumann map (DtN)
®[q,a,z]: HV?(0Q) — H~Y2(09) by

ou
q)(f) = q_ )
oV | 5q
where v is the solution to (1) with the Dirichlet condition v = f on 09, and v is
the unit outer normal vector of 9.

The nonlinear map f — ®[q, a, z](f) is an affine function. It can be decomposed as
Dlq,a, z|(f) = Plq,a, 2](0) + P[q,0,0](f), where le latter map is the classical linear
Dirichlet-to-Neumann map associated to the Schrodinger equation.

We further denote by |P]x = sup [ R(f)lg-1/2(00)

Hf”Hl/Z(aQ)Sl
the norm that we will use to evaluate the strength of the nonlinear (DtN) map. Due
to the affine property of the map, the trivial map ® = 0 is the unique solution to
the equation [|®||, = 0.

The inverse problem we consider in this paper is to recover the triplet (q, a, z) from
the knowledge of the nonlinear (DtN) map ®[q, a, z]. 1t is well known that the inverse
problem of determining only the potential while knowing the source, is ill-posed. The
uniqueness of this inverse problem is derived in [15]. Alessandrini proved that the
stability estimate for this problem is of log type [1], and Mandache showed that the
log type stability is optimal for smooth potentials [12]. For a given potential it is also
well known that the identification of a general source function from full Cauchy data
is not possible. Indeed the authors in [2] showed that many boundary measurements
are not sufficient to fully identify a general source. Moreover it turns out that
increasing the number of boundary measurements does not increase the information
concerning the source. The identification may be achieved by considering many
boundary measurements generated by different frequencies [5, 6]. Unlike general
source functions, point sources are singular and has a lower dimensionality.

These specificities enable one to obtain uniqueness in the inverse source problem
with a single Cauchy observed data [3]. Many Holder type stability estimates have
been derived for this inverse problem when the background medium is known and
homogeneous [8, 9]. The inverse problem considered in this paper is quite new,
and only few partial results are available. Recently the authors in [14] established
a Holder stability estimate on the reconstruction of point sources with respect to
smooth changes of a known potential. Their results say that if the potential is known
up to a small smooth perturbation, the recovered source is close to the true one with
respect to a given nonconventional distance (not comparable to classical distances
in Sobolev spaces for example). Now we state the main result of the paper.

Theorem 1.1. Assume that (q1,a1,21) and (qe,aq, z2) are two triplets with asso-
ciated (DtN) nonlinear maps ®[qi, a1, 21| and Py[qe, ag, 2], respectively. Assume
s> (d/2)+1 and M > 1. Suppose ||q;||ms) < M (j = 1,2) and supp(q: — ¢2) C €.

Then if ||®[q1, a1, z1] — Pa[qo, az, 22]||x < 1, the following stability estimate



G. Bao, Y. Liu, F. Triki / Recovering Simultaneously ... 229

@10z, — @20z, | m-smey + @1 — @2l -5 (ra)
< C(—log||®[q1, a1, 21] — q’[CJz?az;Zz]H*)f(Sfd/z) (2)
holds, where C' > 0 depends only on s,d, <), and M.

The stability of reconstructing the potential and the point source is of logarithmic
type. This means that the inversion is ill-posed and small variations in the measured
data can lead to large errors in the reconstructions. If the potential is given, that
is q1 = @9, following the proof of the main Theorem leads to a Lipschitz stability
estimate.

The proof of Theorem 1.1 is based on Alessandrini’s arguments in [1] and the Com-
plex geometrical optics (CGO) solutions constructed in [15]. The main idea is to
first recover the potential by exploiting the nonlinearity of the DtN map (Proposi-
tion 3.1). Then the remaining inverse problem becomes a linear one, and we again
use (CGO) solutions to construct a new type of special solutions of the equation (1)
in order to determine the position and amplitude of the point source (Lemma 3.3).
Using the same approach the obtained results can be extended to the inverse prob-
lem of recovering a potential and a finite number of point sources. In the rest of the
paper, we introduce the (CGO) solutions in Section 2, and prove the main result in
Section 3.

2. Complex geometrical optics solutions

In this section, we construct (CGO) solutions to the equation (1) by using the idea
in [15]. We recall the following fundamental results due to Sylvester and Uhlmann
in [15] concerning solutions of the equation
Aw+§-Vw =F (3)
where £ € C? and € - € = 0, and F € L2 _(R?). Given ¢ € C? with |¢] > 2 and
&£ =0, define 1
Ke(k) = —5——— forkeR’
W) = prgey frkeR,
where K ¢ stands for the Fourier transform of the kernel K¢. Then for F' € H*(R%),
s > 0 with a compact support

1 e (k)
IC§<F) = K * F(r) = (2m)d /]R‘i _|€k|2 +4€ - kdk’

is a solution to the equation Aw + ¢ - Vw = F in R?, and

K« F =K. -F e H(RY.

Lemma 2.1. ([15]) Let —1 < § < 0, £ € C? with |£| > 2 and £ - & = 0, and let
F € H;, ,(RY). Then

6+1

C
[e * Fllay < EHFHHS for s =0, (4)

| K s Fl|geer < O\ Fllmg,,  fors > 0. (5)

for some positive constant C' > 0 that only depends on 9, s, and d. Here

my = ) N+ 1P)°0%0 ()| 2 eay-

laf=0

lollzz = 1L+ )’ v()r2@ay  and ||
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These estimates are the corner stone of the proof of the uniqueness of smooth po-
tentials [15] and of the proof of the stability estimates in [1]. By using this lemma,
we can obtain a solution to the general equation

Ap+&-Vip+qp=F (6)
satisfying some decaying property as in the following lemma.

Lemma 2.2. Let s > (d/2) + 1 be an integer. Let £ € C? satisfy €& = 0 and
&| > 2. Let F € H*(2). Then there exist constants C; > 0 and Cy > 0 depending
only on d, s, and §2 such that if

€l > Cillql

then there exists a solution 1 € H*(Q) to equation (6) satisfying the estimates

H3(Q)>

Hs+1 < C2HF’

1] (9 (7)

‘HFI (), and |||

T

Proof. Let x be a C* compactly supported function satisfying x = 1 on a neighbor-
hood of Q. Denote gy and Fj respectively the extensions in H*(R?) of the functions
q and F', satisfying [|qo|| gs®ay < [lqllzs ) 1Foll s ey < ([ ][5y [13], and denote

4 = xqo and F= xFo. Simple calculation shows that

14l = ey < Cllallms), and |[F]

mawdy < Ol F| (o), (8)

where C' > 0 is a constant that only depends on s and d.

Let 1) be a solution to the equation (6) in the whole space with F and § substituting
f and ¢ respectively. Lemma 2.1 shows that the linear operator IC¢(¢-) is bounded
from H*(RY) to itself. Let I; be the identity operator from H*(R?) to itself. The
decaying behavior (4) implies that the operator K¢(g-) is a contraction for |¢| large
enough, and hence I; — KC¢(¢-) becomes invertible. Then

V= (Lo = Ke(@)™ Ke(@)F

The estimates (7) follow immediately by taking v the restriction of 12 to the domain
), from the convergence of the Neumann series

V=~ (L—Ke(@)) ™ ==Y (Ke(@)™ F,
p=0
for large ||, and inequalities (8). O
Next, we introduce CGO solutions to the equation
(A+q(z)u(z)=0 in Q. 9)
These solutions will be used later to construct test functions for the equation (1).

Proposition 2.3. Let s > d/2 be an integer. Let & € C? satisfy € - € = 0 and
€| > 2. Define the constants Cy and Cy as in Lemma 2.2. Then if

€l > Chllgl

)
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then there ezists a solution u to equation (9) with the form of

u(z) = exp (g : :c) (1+ (), (10)
where 1Y has the estimates
&
[¥ll ) < EHQHHS(Q)v and  |[¢]|grr@) < Collglms()-

Proof. Substituting (10) into (1), we have

AP +&- Vi +qp = —q.

Then by Lemma 2.2, we obtain this proposition. O

3. Proof of the stability estimate

This section is devoted to the proof of Theorem 1.1. For f € HY2(09), let v be a
solution to

(A+q(z)v(z)=0 in Q, (11)
and satisfying the Dirichlet condition u = f on 0f2, and define linear map (DtN)
dolq] : HYV2(0Q) — H~Y2(092) by

o
 Ov .

Po(f)

We first observe that the following equality

Plg, a, 2](f) — (g, a, 2](0) = o[q](f), (12)
holds for all f € HY2(9Q).
Proposition 3.1. Assume that ¢, and gy are two potentials with associated (DtN)
maps Polq1] and Polqs], respectively. Let s > d/2, M > 1. Suppose ||q;||ms@) < M

(j = 1,2), and supp(q1 — g2) C Q. Then if ||®o[qi] — Polgo]l| < 1, the following
inequality

lar = gall -+ rey < C (= log (| olar] = Polga]|l.) ™ (13)

holds, where C' > 0 only depends on d, s, ), and M.

Let v; be a solution to (11) with ¢ = ¢;, (j = 1,2), then we have
[ = aviende = (@0lar) — SolgDerlo, vlon) o (10
Q b

Now we would like to estimate qg/—\ql (n), n € R? in terms of the boundary mea-
surements. The principal idea is to estimate the low frequencies using products of
CGO’s solutions, and to approximate the high frequencies through the regularity of
the difference.
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Lemma 3.2. Let s > d/2 be an integer and M > 1. Assume ||q|lms) < M,
supp(q1 — q2) C . Then there exist constants Cyy > 1 such that the following

inequality

1
o2 = e < O (‘s + (ORIl - Dufgll2) . (19

holds for all R > 0, where C > 0 only depends on s,€) and d.

Proof. In the following proof, C' stands for a general constant strictly larger than
one depending only on d, s and ().

By Proposition 2.3, we can construct CGO solutions v;(z) to the equation (11) with
q = g;, having the form of

v3(z) = exp (% - x) (14 4,(2))

for j = 1,2, and we have

/Q(CIQ — q1) exp (%(51 + &) $> (141 + b + P1apn) do

- <(¢0[‘Zl} — Doga])v1 a0, U2|BQ>H71/27H1/27 (16)

from identity (14), where 1); satisfies

105l = () Hq l2(2)
J (Y ‘5]’ J

if £; € C? satisfies & - & =0, |§;] > 2 and
S| = Cullg; |- (17)
Now, let n € R? and p > 0. We assume that a, ( € R? satisfy
a-n=a-(=1-(=0]a] =p, and [(]* = [n* + p*. (18)

Define & and & as

&L =C(+ia—in and & =—(—ia—in.

Then we have

& & =0, | =P +[nl* + p* = 2/¢|* (1 =1,2) and (£1+£2)

Hence by (16), we immediately obtain that

—

e —q(n) =-— /Q((h — q1) exp(—in - ) (Y1 + Y2 + V1¢)2) dx

+ <(‘I)O[Q1] — ®o[ga])v1laa, v2‘89>H*1/2,H1/2’ (19)
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provided |§;] > 2 and (17) are satisfied. Suppose now that x € C5°(RY) satisfies
X = 1 near 2. We first estimate the first term on the right hand side of (19) by

/Q (@2 — @) exp(—in - ) (%1 + ¥ + uthy) da

<|lg2 — Q1HH—S(Q)HX(¢1 + g + wlwz)‘ H3(Q)"

The Sobolev embedding Theorem, and Theorem 3.20 in [13], lead to

/Q((h — q1) exp(—in - x) (Y1 + P2 + P11y dx

H2())

< Cllgz — a1l -5 (ray (|1 mo@) + V1| s o)l
CM?

< lgn — e .
<l (#9

mo@) + |[¥2]

On the other hand, by straightforward calculations, we have
HUJ'|0QHL2(89)’ HV“J'|9Q||L2(69) < OM exp(CI()),
for j = 1,2, which by interpolation [13], provide
[vilogl] 717290y < CM exp(CIC)).
Therefore, we can estimate the second term of the right-hand side of (19) by
{(®olg1] — Po[ga])v1]o0, U2|6Q>H_1/2’H1/2
< HU1|aQHH1/2(aQ)HU2|aQHH1/2(3Q)H‘I)O[Ch] — D [ga]|,
< CM? exp(C¢|)[[Polar] — Polge] ..

Summing up, we have shown that for n € R? if we take o and ( satisfying the
conditions (18), and

p>CiM+1, (20)
then
CM?

1o —aq1(n)] < g2 —q1|| -5 (ray + C M exp(C (p+n])) || Po[q1] — Po[ga] ||, (21)

holds. Integrating the last inequality with respect to n over
Bg(0) = {n € R": [n|< R},
and taking into account the fact that s > d/2, we obtain
[ Ja=a] ) an
Br(0)

CM*
<

=T

lg2 = a1y« ray + CM* exp(Cp + R))||@olar] — Rolge]llf. (22)
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Now since g, — ¢; belong to H*(R?), we have

o 2
a2 = @111+ ey :/Rd Q2_QI(77)‘ (14 [n[*)~>dn, (23)
e oM
<[ emme| ot ey
Br(0

Taking p = pas, with p3, = (C1M +1)* +2C?M*, and combining (22) with (23), we
get

CM?
a2 = qull s (gay < T T CM* exp(C(par + R))[|ofaq1] — Po[ga] 17,

1
< O (s + ow(CRoale] - ol

which finishes the proof of the Lemma. ]

Now, we shall prove Proposition 3.1.

Proof. Since 2s — d > 0, there exists a unique Ry > 0 satisfying

W = exp(C R)||®o[q1] — ‘1)0[‘12]”3,

where C' > 0 is the constant appearing in Lemma (3.2). Since log(R)/R is bounded
by e~! for all R > 0, we have

Ry > —2log(||®o [qlisijI)O[qQ]H*)
C+ ==

We deduce from the estimate (15) with R = Ry, and the previous inequality

—(2s5—d)
< Lw o (—mogw%[qﬂ—%[qﬂﬂg) |

. 2
||Q2 quH*S(Rd) = R(2)s—d = C + ZST—d

completing the proof of the Proposition. Il

Next, assuming that the potential ¢ is known we identify the source ad, from the
knowledge of ®[q, a, z](0).

Lemma 3.3. Let s > (d/2) + 1 be an integer. Let & € C? satisfy - &€ =0, |¢] > 2,
and £ - ey > 0. There exist constants C5 > 0 and Cy > 0 that only depend on €2, s,
and d such that if

€] > Csllq]

then there exist solutions v and w to the equations (9), respectively, satisfying

Hs(Q)»

Aw + Vlog(v?) - Vw = 0 in Q,

having the form

o) = e (§0) (Hn@),  wl) = CotiG, @)
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where v # 0, Oz, w # 0 in Q, and where ¥, and ¥, have the estimates

[0

Cy
o) < EHCH H(Q) |1Vw | o) < Callql| ms(0)- (26)

In addition the function ¢ := vw lies in H*(Q), and satisfies the equation (9).

Proof. Assuming that |£| > C4||q||#s(), we deduce from Proposition 2.3, the ex-
istence of a solution v € H*(Q), to the equation (1) with the form (30), and ,,
verifying the following estimate

G

H¢UMH%Q)55|§|HQHH%Q» (27)

where C] and Cy are as in Lemma 2.2.
Since s > (d/2) + 1, H*(Q) is compactly embedded in C*(Q), and the inequality

H*(Q)5 (28)

el < Collo|

is valid for all ¢ € H*(Q2), where Cy > 0 is a constant that only depends on €2, s,
and d. Combining the last two inequalities, we get

20002
€]

Since & - £ = 0, taking [¢| > max{C},4C,C>}||q|

exp(%-x)‘>0.

Since v # 0 in €, we have Vlog(v?) € H*71(Q) and has the following decomposition

Vi,
1+,

V0|l Lo () < | ms ()

He(0), leads to

o] =2

Vlog(v?) =€ +

Let ¢, € H $(R%) be a compact supported extension of v to the whole space as in
the proof of Lemma 2.2, satisfying

40|

where C' is a constant than only depends on s and d.

mera) < Oty (), (29)

Denote now 1/~Jw the solution to

- ~ 1 ~ ~ 1 ~ )
A?/Jerf'wa—F1+QLUV%'V%J——1+%V¢u'fln97

Since ﬁV@/}v lies in H*(R?), we deduce from Lemma 2.1 that the linear operator
Ke(—L-V1),-) is bounded from H*(R?) to itself. Let I; be the identity operator

14y
from H*(RY) to itself. The decaying behavior (27), and the inequality (29) imply
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that the operator Kg(ﬁv&, - V) is a contraction for |¢| large enough, and hence
I;— ’C§<;~V'L;v - V+) becomes invertible. In fact we have

1+2py
1Ke(—— Y, - V) z < Cl|—— Vb, - V9|
g, T,
< Ol s @ 1] s ey < E”Q\ @) |V s (rey

for all v € H*(R?), and where C,C’,C"” > 0 only depends on 2, s, and d. Then

- 1 - -1 1 N
¢w = - (Id_lcg(l—l—lz V¢UV)) ICE(l—i-Q/NJ V@bvf):

v v

The second estimate (26) follows immediately by taking ¢, the restriction of Uy tO
the domain €2, from the results of Lemma 2.1, and the convergence of the Neumann
series. O

Now we are ready to prove the main stability estimate. In the following proof, C
stands for a general constant strictly larger than one depending only on d, s and 2.

Lty = M) @) —w() ) ) —u)

Because of the construction of the functions #; and 65 are solutions to the equation
(9), and satisfy 6;(z;) = 05, 4,5 = 1,2, where 6;; is the Kronecker delta, that is

0;(z;)) =1, and 6;(z;) =0 if i #j.
Moreover, we have
a1p(21) — axp(22) = (@16, — 2025, ) s s
= (a10z, — a202,, 0(21)01 + ©(22)02) - s (31)
for all p € H*(€2). Here (,) . y. stands for the dual product between H~*(2) and

H*(Q2). Then

|10z, — @20z || -s() = sup [{@10;, — a20.,, 0(21)61 + p(22)02) - s | -
pEH()

Proposition 3.4. Let 0; be defined as in (30). Then there exists a constant C' > 0
that only depends on S0, s, and d such that the following inequality

lp(21)01 + p(22)02 17290y < Cllol s ),
is true for all p € H*(2).

Proof. We first prove that there exists a constant C' > 0 that only depends on (2,
s, and d such that
[w(z2) —w(z1)] 2 Clzz — 2. (32)
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Indeed without loss of generality we can choose z; and 2z, on the line {te;; t € R},
that is 21 = (21 - e1)eq, 20 = (22 - €1)eq, and (23 — 21) - €1 = |22 — 21]ey.

Hence w(zg) —w(z1) = (€ e1)|z2 — 21| + Y (22) — Yu(21). (33)
Since s > (d/2) + 1, we have

[V (22) = Yu(z1)| < Cllq]
Combining equations (33) and (34), we get

Hs(Q) |2’2 - 21|~ (34)

lw(zo) —w(z1)| = [ (€ e1) — Cllallms(oy| |22 — =l.

Then by choosing (£ - €1) > 0 large enough we obtain (32).

Returning to the proof of the proposition, we have

p(21)01(2) + (22)0a(2) = (p(22) = p(21))02(2) + ¢(21)(61(2) + O5(z))

@ el =) )
- ,U(22> ’LU(ZQ) — ’LU(Zl)( ( ) ( 1)) + QD( 1),0(21)
1 1 1

+ so(zﬁv(:v)( n >w(22) —w(21)’

v(zg)  v(z1)

We finally deduce from the inequality (32), and the regularity of the functions ¢, v
and w the desired inequality. ]

For j = 1,2, let u; be the solution to the equation (1) with zero Dirichlet boundary
condition, g;, a;0.,, as a potential, and a source respectively.

Then U = uy — uq is a solution to
(A +qo(2))U(x) = azd,(2) — ard., (z) + ur(2)(qa(2) — go(2)) in Q. (35)

We further assume that the functions 6; and 6, are constructed as previously with
q = q2-

For a given test function ¢ € H*(Q2), multiplying equation (35) by ¢(z1)0; + ¢(22)6a,
and integrating by parts, we obtain

oU
< ||%||H*1/2(8Q)||90(21>91

’ <a1521 - a2522’ (p>H—S7HS

+0(22)02 1172 00) + 1102 — @1l s ey |ur | s @) 1] s ) - (36)

Combining the results of Propositions 3.1 and 3.4, we finish the proof of the main
stability estimate.

References
[1]  G.Alessandrini: Stable determination of conductivity by boundary measurements,
Appl. Analysis 27 (1988) 153-172.

[2] C.-J.S.Alves, F.M.Nuno, C.R.Nilson: Full identification of acoustic sources with
multiple frequencies and boundary measurements, Inverse Problems and Imaging 3(2)
(2009) 275-294.



G. Bao, Y. Liu, F. Triki / Recovering Simultaneously ...

H. Ammari, G. Bao, J. L. Fleming: An inverse source problem for Maxwell’s equations
in magnetoencephalography, STAM J. Appl. Math. 64 (2002) 1369-1382.

T. Angel, A.Kirsch, R. Kleinmann: Antenna control and generalized characteristic
modes, Proc. IEEE 79 (1991) 1559-1568.

G.Bao, J. Lin, F. Triki: A multi-frequency inverse source problem, J. Diff. Equations
249 (2010) 3443-3465.

G.Bao, J.Lin, F.Triki: Numerical solution of the inverse source problem for the
Helmholtz equation with multiple frequency data, Contemp. Math. 548 (2011) 45-60.

A.FEl Badia: Inverse source problem in an anisotropic medium by boundary measure-
ments, Inverse Problems 21 (2005) 1487-1506.

A.El Badia, A. El Hajj: Holder stability estimates for some inverse pointwise source
problems, C. R. Acad. Sci. Paris, Ser. I 350 (2012) 1031-1035.

A.El Badia, T. Nara: An inverse source problem for Helmholtz’s equation from the
Cauchy data with a single wave number, Inverse Problems 27 (2011) 105001.

A.Fokas, Y.Kurylev, V. Marinakis: The unique determination of neuronal currents
in the brain via magnetoencephalogrphy, Inverse Problems 20 (2004) 1067-1082.

S.He, V.Romanov: Identification of dipole equations, Wave Motion 28 (1998) 25-44.

N. Mandache: Ezponential instability in an inverse problem for the Schridinger equa-
tion, Inverse Problems 17 (2001) 1435-1444.

W. McLean: Strongly Elliptic Systems and Boundary Integral Equations, Cambridge
University Press, Cambridge (2000).

K.Ren, Y.Zhong: Imaging point sources in heterogeneous environments, Inverse
Problems 35(12) (2019).

J. Sylvester, G. Uhlmann: A global uniqueness theorem for an inverse boundary value
problem, Ann. Math. 185 (1987) 153-169.



