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We investigate the Sobolev regularity for mean-field games in the whole space R?. This is
achieved by combining integrability for the solutions of the Fokker-Planck equation with esti-
mates for the Hamilton-Jacobi equation in Sobolev spaces. To avoid the mathematical chal-
lenges due to the lack of compactness, we prove an entropy dissipation estimate for the adjoint
variable. This, together with the non-linear adjoint method, yields uniform estimates for solu-
tions of the Hamilton-Jacobi equation in Wllo’cp (R9).

1. Introduction

The mathematical theory of mean-field games (MFG) formalizes the concept of
Nash equilibrium, for N-players stochastic differential games, when N — oo.
It comprises a variety of methods and techniques, which aim at investigating
problems with a large number of agents. Introduced in the works of J-M. Lasry
and P-L. Lions [19, 20, 21] and M. Huang, P. Caines and R. Malhamé, [17, 18],
these methods have known an intense research activity. Indeed, several research
directions have been undertaken by various authors, see, for instance, the surveys
[22], [4], [1], or [15], as well as the lectures by P-L. Lions [23, 24] and the recent
book by A. Bensoussan, J. Frehse and P. Yam [3].

In the present paper, we study a time-dependent MFG in the whole space RY.
This MFG is defined through the following system of two partial differential
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equations in R x [0, 77:
—ug + H(x, Du) = Au+ g(m) 1)
my — div(D,Hm) = Am,

where T > 0 is arbitrarily fixed and u,m : R? x [0,7] — R satisfy the initial-
terminal conditions

(2)

m(z,0) = mo(x).

{U(I,T) = up(x)

The Hamiltonian H and the non-linearity g satisfy a series of assumptions detailed
in Section 2.1. To illustrate our results, we observe that a model Hamiltonian for
which these hold is

H(z,p) = a(x) (1+[p)? + V(2),

where v € (1,2] and a, V € C* and V < 0 is bounded. A typical non-linearity ¢
would be required to be non-decreasing and to satisfy

m(z,t), m<<l1
glm) =19 .
m*(x,t), m>>1,

for o« > 0, interpolating in a smooth monotone way for m near 1 (see Assumption
Ab5).

Existence of solutions for MFG is a matter of fundamental interest. Most of the
results in the literature were investigated in the periodic setting or for smooth
bounded domains, under Dirichlet or Neumann boundary conditions, see [26].
In the stationary periodic setting, existence of weak solutions was obtained in
[19]. Smooth solutions were addressed in [14], [16] and [10] (see also [7]). The
stationary obstacle problem was investigated in [9], and the congestion problem
in [8]. For the time-dependent case, weak solutions were considered in [20], [26],
and [5]. The planning problem was studied in [25]. In [6], the authors have
proven the existence of smooth solutions for quadratic Hamiltonians. In [24],
the author obtained existence of classical solutions for (1)-(2) under quadratic
or subquadratic hypothesis. These results were substantially improved in [13]
(see also [11] for the case of logarithmic non-linearities). Mean-field games with
superquadratic Hamiltonians were investigated in [12].

Except for the explicit linear-quadratic models [2], regularity of solutions for
MFG in the whole space has not been investigated in the literature before the
present paper. A main difficulty is the absence of compactness of the domain.
This entails several mathematical challenges, as various standard estimates in
regularity theory for MFG are simply not valid. One of the key issues is that
the Hamiltonian H is no longer integrable. Because of this, the adjoint method
as applied in [12] does not yield bounds for the Hamilton-Jacobi equation in
terms of Lebesgue norms of the non-linearity g. To overcome this difficulty, we
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investigate the integrability of the adjoint variable. First, we prove an entropy
dissipation estimate. Thanks to this, we are then able to achieve local regularity
in Sobolev spaces for the Hamilton-Jacobi equation in terms of LP(0, T; L4(R?))-
norms of g. It is important to stress that the key novelty in this paper is to
use this entropy dissipation estimate coupled with the adjoint method to obtain
estimates in Sobolev spaces. This is a main difference from our earlier work [12],
where Lipschitz regularity is established for the solutions of the Hamilton-Jacobi
equation.

The main result of the paper is:

Theorem 1.1. Assume that the Assumptions A1-A9, from Section 2 hold. Then,
for every R > 0 there exists a constant Cg > 0, such that any solution (u,m) to
(1), satisfies

||Du||L°°(O,T;LP(BR)) < Ck.

After this a-priori bound is derived, one can prove, using standard methods,
additional regularity for the solutions. This will not be pursued here as it would
follow the same steps as in our previous results, see [13], [12]. To illustrate this
point, we just give an example of how this could be further developed.

Notice that m € L*°(0,T; L'(T?)). Also, we have m € L*"1(0,T; LM(T‘l)),
because of Lemma 2.2, where
2d
=0
d—2

Then, estimates for m in several Lebesgue spaces can be obtained by interpola-
tion. Moreover, by multiplying the second equation in (1) by ¢?*m”, where ¢ is a
spatial cut-off function, one obtains, by standard techniques, bounds for

||¢m||Loo(o,T;L5+1(Td)) ’
and

|2 (om™)

This can be iterated as in [13], for example, to produce improved integrability for
m.

L2(0,T3L2(T4))

Section 2.1 introduces the technical assumptions under which we work. An outline
of the proof of Theorem 1.1 is presented in Section 2.2. A number of auxiliary
results are presented in Section 3. The proof of Theorem 1.1 is given in Section
4 by developing the adjoint method in Sobolev spaces.

2. Main assumptions and outline of the proof

In this section, we present the set of assumptions under which we will work, as
well as an outline of the proof of Theorem 1.1.



68 D. A. Gomes, E. Pimentel / Local Regularity for Mean-Field Games

2.1. Main assumptions

A1 We assume that the Hamiltonian H € C*°(R? x R?) is strictly convex in the
second variable. Furthermore, we suppose that H is non-negative and coercive,
1.e.,
H(z,
lim (z.p) = +00

pl=oo [P

A2 The functions ur and mq are smooth and integrable. Furthermore, mg is
non-negative, compactly supported, and satisfies

modr = 1.
Rd

The Lagrangian L(z,v) is defined as follows:
L(ZL’,’U) =sup—p-v— H(I,p)
p

A3 The Lagrangian L(z,v) : R xR? s R is such that L(x,0) € L*(RY)NL>*(RY)
and L(z,0) > 0.

A4 For some constants ¢, C > 0
A5 The non-linearity g is increasing. Also, there exists C' > 0, such that

Cm(z,t), m<1
Cm®(x,t), m>1,

glml(z,t) < { (3)

with g(0) = 0. Since g is increasing, it is the derivative of a convez function
G :R — R. We assume that G is such that, for z > 1,

C12°T < G(2) < Oy,
A6 The Hamiltonian H is such that }D?EPH‘Q < CH and, for any symmetric

matriz M )
|D2 HM|" < Ctr(D;,HMM).

AT There is C' > 0 such that

|DpH (x,p)[* < C+ CH(x,p).
A8 There exists C' > 0 such that

|D.H(z,p)| < C+ CH(x,p).
A9 The exponent « is such that

1
— 4
O<a<d—1 (4)

The exponent « in the previous assumption is critical in the following arguments,
see Lemma 4.12.
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2.2. Outline of the proof

In order to justify rigorously our computations, one needs to consider a regularized
version of (1). In this, the local non-linearity ¢ is replaced by the non-local
operator

ge(m) = N *Q(Ue *m)v

where 7, is a symmetric standard mollifying kernel. We assume that gy = g. This
procedure yields the following regularized system:

{_u; + H(x, Duf) = Auf + g.(m") (5)

ms — div(D,Hm*) = Am*.

The existence of smooth solutions to (5), can be proved adapting the ideas in
[4] (see also [13]). However, for the sake of simplicity, we consider the original
system throughout the paper, and establish a-priori estimates.

To obtain Theorem 1.1, we first investigate the Sobolev regularity of the solutions
of the Hamilton-Jacobi, as stated in the following Proposition.

Proposition 2.1. Let (u,m) be a solution to (1) and suppose that Assumptions
A1-A8 are satisfied. Suppose a and b satisfy (19). Then there exist Cg, 01,05
such that

0
HDUHLOO(O,T;LP(BR)) < Cr+Cr ||gHL1¢(O,T;L“(]Rd)) + Cr |9l

02
Le(0,T;La(R4)) -

This is accomplished by combining the non-linear adjoint method with an im-
proved integrability estimate for the adjoint variable. These new ideas are crucial
to circumvent the lack of integrability of H. Proposition 2.1 is proven in Section
4.2. To prove WP (R%)-regularity for u, it is critical to control the integrability
of g with respect to both time and space. This is done in the next Lemma:

Lemma 2.2. Let (u,m) be a solution to (1) and suppose that assumptions A1-A6

are satisfied. Then, there exists a constant C > 0 such that

100,250 ) S

The proof of Lemma 2.2 is given in Section 3.

Because ¢ is a power-like non-linearity, the estimate in Lemma 2.2 yields an upper
bound for norms of ¢ in some appropriate Lebesgue space. This Lemma is then
combined with Proposition 2.1 and the technical Lemma 4.12 to prove Theorem
1.1.

3. Basic estimates

In this Section, we obtain various estimates for solutions of (5). These bounds
are similar to the ones for the periodic setting, in [19, 20, 13|, and the arguments
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to prove them are not substantially modified for R?. Consequently, they are only
discussed here briefly, for convenience.

We begin by considering the auxiliary equation:

{ct +div(b¢) = AC ©

C(SL’, T) = CO(I)a

where b : R? x (7,T) — R? is a smooth vector field, 0 < 7 < T is arbitrary and
(o is a given initial condition.

Lemma 3.1. Let (u,m) be a solution to (1) and assume that Assumptions A1-A3
hold. Then,

T
1. / u(z, T)modr < CT—I—/ / g(m)(z, t)("°(x,t) dx dt (7)
R4 T JRd
—i—/ u(z, T)("™(x, T) dx,
Rd
where ("0 (x,t) is the solution to the heat equation with (o = my. Also,
T
2. / u(:c,T)dngT—i-/ / g(m)(z, t)(*Er (z, t)dxdt, (8)
Br T R4
where (XBr(x,t) is the solution to the heat equation with initial condition

Co = XBg, for arbitrarily fired R > 0, and xg, denotes the characteristic
function of Bg.

Proof. We have as in [13]
[ wtec@rds < [ [ (200050 + g ) ) s

+/TdU(y,T)<(y,T)-

Set b = 0. Consider first the case (; = my. Because (" is a probability measure
and L(z,0) is bounded, one obtains

/ L(z,0){™(x,t)dx < C,
R4
for some C' > 0. This implies (7). To establish (8) we set b =0 and (y = x5,. O

Next, we recover the first-order estimates in the whole space setting.

Proposition 3.2. Assume A1-A5 hold. Let (u,m) be a solution of (1). Then

T
/ / cH(z, Dyuym + G(m) de dt < CT + C [u(-, T)|| ey -
0 Td

where G' = g.
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Proof. We have

d

—— [ u'mSdx + / (H—- D,HD,u" )m‘dx = [ mg.(m°)dx.
dt Td Td

Td

Assumption A4 leads to

T T

c/ H(x, Du)ymdz dt < / (D,HD,u — Hymdz dt =
Td Td
T
= —/ mg(m) dz + / (u(x,0)m(z,0) — u(x, T)m(x,T)) dx.

o Jre Td

By using the first assertion in Lemma 3.1 one obtains
T
c/ H(x, Duymdz dt <
Td
< CT+/ u(z, T)("™(z,T) — m(z,T)) dz+/ / )™ —m)dxdt,
Td Td

where ( solves the heat equation with (o(z) = mg(x).

Assumptions A5 ensures the existence of a convex function G with G'(z) = g(z).
Hence, g(m)(¢"™ —m) < G(¢") — G(m), and then,

/ H(x Du)mdxdt+/ G(m)dzdt <
T4 T4
< OT + 1wl )|l oo pay / / ") dx dt.
Td

It remains for us to control

T
/ / G(¢™) dx dt.
o Jrd
Because of A5 we have

/OT[TdG<<mO>dxdtso/OT/W@mO)a“sc/OT/wa*mo)““,

where 6 is the heat kernel. Therefore, A2 together with the Young’s inequality
for convolutions implies the result. O

Corollary 3.3. Assume A1-A5 hold. Let (u,m) be a solution of (1). Then

T
/ m*™ + H(x, Du)ymdx dt < C.
Td
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In what follows, we recover the second-order estimate in the whole space. Since
its proof is similar to the one in the periodic setting, it is omitted here (we refer
the reader to [13]).

Proposition 3.4. Assume A1-A6 hold. Let (u,m) be a solution of (1). Then
/ / m)| Dymf? + tr(D2 H(D2,u)2)m. <
Td

< maxAu(z,T) + C(1 + maxu(z,T) — minu(x,T)) — / u(x,0)Amg(x) dzx.
x x Td

xT

Finally, we have all the ingredients needed for the proof of Lemma 2.2:

Proof of Lemma 2.2. We have

/ ||m||a dt<C’/ / ne x me)*t! dxdt—l—/ / m)|D,ym|*dz dt.
0 (a+1)(']fd Rd Td

The result follows from Corollary 3.3 together with Proposition 3.4. O

4. Sobolev regularity for the Hamilton-Jacobi equation

In this Section, we investigate the local Sobolev regularity of Du. Unlike in
the periodic case, where we prove that a-priori Du € L>(T?), here we obtain a
weaker bound, namely Du € LI (R?). We start by establishing some preliminary
estimates.

4.1. Preliminary estimates

We consider the adjoint equation:

{gt — div (D, H(¢) = AC o)

C(a,7) = o(x),

where 0 < 7 < T and ¢ > 0 is such that ¢ € L'(R?) N LY (R?) with 161l Lo (may = 1-
Assume further that ¢ has compact support. Note that, there exists a constant
C' > 0, which depends on p’ and the support of ¢, for which

9l 21 (may = /Rd ¢(z)dx < C.

Because

G |, Cw e =0,

we have

1¢] L1 may = /Rd ((z,t)dx < C, (10)

for t € [0,7).
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Lemma 4.1. Let d > 2 and assume that a, a’, ¢, ¢ > 1 satisfy

4+ =1 11
a+a’ ’ (11)
and
1 1
-+ —=1. 12
c+c’ (12)

1 1
17 + - = - + 1, (13)
dc
37 <1, (14)
1 1
- - — 1, (15)
p P
and
+ 1o (16)
q ¢

hold simultaneously.

Proof. The Lemma follows from elementary computations and can be verified
by using the software Mathematica. O

Lemma 4.2. Let (u,m) be a solution to (1) and suppose that Assumptions Al-
AJ hold. Additionally, let a, a’, ¢, ¢ > 1 satisfying (11) and (12). Then,

/]Rd u(z, 7)p(x) drx

< C+ Cligllzeqorizeeay (1 + ||CHLC'(07T;L“'(R‘1))> ’

where ¢ solves (9).

Proof. Because of Lemma 4.1 we can fix p, p’, ¢, ¢ > 1 such that (13)-(16) hold.
Therefore we have, for p = ¢ % 0,

[ uamotayan < [ ' [ (20 + gomypdedt+ [ urtepte1)

<CT+/ / ) (¢ % 0) dz dt,
Rd

where 6 is the heat kernel. Holder’s inequality implies, for a > 1 and o’ given by

(11),
T
/ / V(6 % 0) di di < / 9l e ee 16 % 01l o
R4 0
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Because of (13), Young’s inequality for convolution leads to
T T
/ 1911 2o (ra) | # O] Lo ety dE < / 191 Lo @) |91l o gty 10]] Lo ety d
0 0

T Cll6l 1 us
< [ lgllequn—— 22 a
0

t2d
< O gl Leo,r;z0®ey),
using (14). By gathering the previous computation, it follows that

/ u(x, 7)p(x)dx < CT + Cllg
R4

Le(0,T;L(R)) -
On the other hand, let ¢ be a solution to (9). Then,

/Rd u(z, 7)p(z)dr = /TT /Rd (D,HDu — H + g) ¢ dz dt + /Rd ur(z)(z,T)

A%

T
—CT—/ 1g¢]| dx dt
0 R4

> —CT — HQHLC(QT;LG(Rd))||CHLC’(0,T;La’(Rd))=
which yields the result. O

Lemma 4.3. Let (u,m) be a solution to (1) and suppose that Assumptions Al-
A/ are satisfied. Let ¢ solve (9). Let a, d, ¢, d > 1 satisfying (11) and (12).
Then,

T
/0 y H(z, Du)((x,t) dz dt < C + Cl|gl|Leo,r;10ra)) (1 + ||C||Lc’(o,T;La’(Rd))> :
Proof. Observe that
T
/ u(x,0)p(r) dr = / / (D,HDu — H + g) (dz dt + / ur(z)(x,T)
R r Jrd R

T T
Z—C—i—C’/ H(x,Du)Cd:cdt+/ / gCdx dt.
0 JRd 0 JRd
The result follows then from Lemma 4.2. O

4.2. Entropy dissipation

We start with an auxiliary lemma.

Lemma 4.4. Let { be a solution to (9). Then,

/ (1+ |22)? ¢(a,r) dz < C + C/ / D, H|2¢ d dt,
R4 T JRA

forT€[0,T) and r € (7,T).
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Proof. Notice that d .
il 2\3 - _
_ / (1 + |2]?)? div(D,HC) da:+/ (1+ [2[2)® AC da. (17)
Rd Rd

Observe that

. 2
/ (1+\x|2)§A§dx:—/ﬁd:c+/dicldng,
R BT S (Lt [o)?

(M3

using (10). It remains for us to address the first term in the right-hand side of
(17). We have

/ (1+ |:B|2)%div(DpH§) dr < C/ (1+|z>) " |x|2Cd:)3+/ |D,H ¢ dx.
Rd Rd Rd

Notice that
/ (14 [22) e de < C.
]Rd

Hence,

d 1
S arenicses C/ D, H|%C da.
R4 Rd

By integrating the former inequality in time over (7,7) one obtains

/Rd (1+ [2?)

which proves the result, since ¢ has compact support. O

(NI

C(x,r)de < C+ C’/T/ |DpH|2Cd:£+/ (1 + |£l?|2)% ¢(x) dx,
T R4 R4

Using the previous Lemma we obtain the following entropy dissipation estimate:

Lemma 4.5. Let ¢ solve (9). Then, there exists C > 0 for which
C(x,r)In[((z,r)]dx > —C — C/ / |D,H|*C dz,
R4 T JRd
forT€[0,T) and r € (7,T).
Proof. Let Cy, be such that

n-p, _ L
/Rd(1+|x\) o= o

Notice that

Cap [ Cla,t)In[¢(z,t)] dx = Cy, /R (14 J2?)” (1 + |2)?) 7" ¢ [(1 + |2[?)7 ¢]

Rd

~Cap [ (1l (1 Ja) 7 Gl [(1 4 o). (18)



76 D. A. Gomes, E. Pimentel / Local Regularity for Mean-Field Games

The first term in the right-hand side of (18) can be written as
[ v@lduta).
Rd

where p(z) = Cap (L+ [2)77, ¥(x) = 1+ [2[?)"¢, and ¥(y) = yln(y).
Because V is a convex function, Jensen’s inequality yields

Cus / (14 [22)7 (14 22) P ¢In [(1+ [22)" ¢] do
Rd
> Cayp l/ (L+ 2" (1 + |2) " C‘d;)j} In [C’d,p/ (T4 |z?)P¢ (1 +[=)*)"
R4 Rd
> —(C, forsome C > 0.

On the other hand, the second term in the right-hand side of (18) is
~Cap [ (1 1) (1 Jo) 7 Gl [(1 5 Ja)’] =
=—Cyp /R In ([1+ [z[]") d((z) > —C /R (1+ \x|2)% ¢ du,
where the inequality follows from the fact that

In ((1+ |$‘2)p) <2p(1+ \x|2)%

We observe that the last inequality follows from Jensen’s, since ( is a probability
measure, combined with the sublinearity of the logarithmic function. Therefore,
Lemma 4.4 implies

— Cd,p/ (T4 12" (L+]2)*) P ¢In [(1+ |=*)"]
]Rd
T
Z—C—C/ / |D,H|*¢ d dt. O
0 R4

4.3. Sobolev regularity
Proposition 4.6. Let ¢ be a solution to (9). Then, there exists C' > 0 such that

[

Proof. Multiply (9) by In [((z,t)] and integrate by parts to obtain

DC xt dxdt<C’+C’//|DH|Cdxdt

1.1 1 2
w7 g(:c ) In[¢(x, x:—/Rdengg 2DCdx—4/Rd‘DC2 dx

112
< 0/ |D,H|*¢(x,t) do — C/ D¢2| da.
R4

Rd
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Integrating in time on (7,7), it follows

[

SC/ /Rd|DpH|2Cda:dt+AdC(x,T)ln[((x,T)]dx_ ((z, T)In[¢(z, T)] dx

Rd

112
D¢z dxdt

T
§C+C/ / |D,H|? ¢ dz dt
T R4

using Lemma 4.5 in the last inequality. O

Corollary 4.7. Let (u,m) solve (1) and assume that Assumptions A1-A5 hold.
Suppose that a,d’, ¢, > 1 satisfy (11) and (12). Then,

[

Proof. The result follows from A7, Lemma 4.3 and Proposition 4.6. O

12
D¢z dxdt < C+C||g

Le(0,T;Le(R4)) (1 + ||< Lc’(o,T;La’(Rd))> :

Next, we control norms of Du in L>(0,T; L (R%)).

Lemma 4.8. Let d > 2 and assume that a and c satisfy

and ¢ > 2. (19)

Then, there exist S, b > 1 and 0 < A < 1 such that

1 1 1
4z 20
c+§ 2’ (20)
1 1 1
4z 21
2 2\
21— - 22
b Ao (22)
and
SA
— <L (23)

are mutually satisfied.

Remark: Note that if a and ¢ satisfy (19) then a > 1 and ¢ > 1, therefore the
requirements of Lemma 4.1 hold.

Proof. As before, the result is established by various elementary computations
and can be checked by using the software Mathematica. O
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Proposition 4.9. Let (u,m) be a solution to (1) and assume that Assumptions
A1-A8 are satisfied. Let ¢ solve (9) and suppose that a and c satisfy (19). Let o
and ¢ be given by (11) and (12). Then,

<C+Clyg

Le(0,T;La (R4)) (1 + ¢

/R el 0(e) da

L (0,T:L% (Rd)))

+C||g

2
Lc(OTLa (R%)) ( Lc (OTL“ Rd))) ?

where ug 15 the deriwative of u with respect to the spatial direction §.

Proof. We start by fixing a unit vector £. We differentiate (1) in the £ direction,
multiply it by ¢ and (9) by ue. By adding the resulting identities, and integrating
by parts, one obtains

T
/ ug(x, 7)p(x)dx / DeH( — ggg“dxdt' +
R4 T R4

/]Rd ue(z, T)(z, T)dx

Because of A8 and Lemma 4.3, it follows that

[ uetetyote)

S C + C ||g||Lc(0’T;La(]Rd)) (1 + ||<||LCI(O,T;L“/(Rd))> +

<

geCdx dt‘ .
Rd

It remains to address the term

9¢C dxdt) .
R4

Before we proceed, choose b, 5 and A as in Lemma 4.8 so that conditions (20)-(23)
are mutually satisfied. As a consequence, we have

1

2

(2

Le(0,T; L (Rd)) ’

ggcdxdt\ <Cllg
]Rd

L3(0,T;Lb(R4)) H L2(0,T;L2(R4))

Corollary 4.7 controls H D¢ 3

in terms of norms of g and (. We
L2(0,T;L?(R%))

investigate next upper bounds for

‘ ¢ LT RY) [/TT (/Rd C%) |

Holder’s inequality yields

1

2
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once condition (22) holds. We proceed by addressing

2

L)

Since ¢ € L*(R%), Gagliardo-Nirenberg’s inequality yields

2 A
(/ gidx) §C+C</ |Dg%|2dx) .
Rd Rd

Therefore, because of (23), we have

gggd:cdt‘ <

< C+CHDC2

(2

L5(0,T;Lb(Rd)) L2(Rix[0,T])

Hence,

D(2

L2(0,T;L*(R%))

< Clallomasan (O + [0 )|

2438
< Cllgll peo,r;p0 @) <C+ HDCZ L2(0TL2(]Rd)))

<C+Cgll, =,

Fomaeen (14 11 S sve)

Lastly,

/Rd ug(z, t)p(z) dz| < C+ C gl oo 7, pomay (1 + ||C||Lc’(o,T;La’(Rd)))

+C||g||LCOTL“(]Rd ( L (0,11 (Rd)))’

which concludes the proof.
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O

Lemma 4.10. Let d > 2 and assume that a and c satisfy (19). Let a’ and ¢’ be
given by (11) and (12). Then, there ezxists P, Q@ > 1, M >, and 0 < 3, k < 1

such that
B
M P’
1 B
=1 Ll
a/ /B_I_Q?
1 2K
— =1 il
Q- T
and kP <1.

(24)
(25)

(26)

(27)

Proof. The result follows from simple computations. It can be checked by using

the software Mathematica.
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Corollary 4.11. Let (u,m) solve (1) and assume that Assumptions A1-A8 are
satisfied. Suppose that a and c satisfy (19). Then, there exists C > 0 for which

/]Rd ug(w,7)p(x)de < C+C ||9||Lc(0TLa Rréy) T ¢ ||9||Lc (0,7;L(R4)) »

1 3542 KB(2+35)
g =5 25(1 — kB)

where 0, =

Proof. Let M, P,Q, 3,k as in Lemma 4.10 so that conditions (24)-(27) are si-

multaneously satisfied. Then, Holder’s inequality implies

1€

Le'(0,T; L% (R4)) <C HCHLM (0,T;L (R4))
< C ||C||Loo OTLl(]Rd ||<||§P(07T;LQ(Rd)) )

since (24) and (25) hold. Because of (26), we also have

2

(fctar) "= (fLem) " ([ o)
gc+c</Rd zdxy,

DCe

where the last inequality follows from the Gagliardo-Nirenberg Theorem.

choosing P according to (27), it follows that

[[(Lew)al <[ [ (]
<C+C / /R

9\ <P %
)

dx dt}

1

s

D¢3

By combining these, we obtain

KB
||<-||LC'(O,T;L“'(]Rd)) <C+C |:||g||LC(0,T;L“(]Rd)) ||<||LC’(O,T;L“'(]Rd))]

Then, Young’s inequality weighted by ¢ yields

kB
1—kf3
Le(0,T5Lo (R4)) *

s

Le (O,T;L“/(Rd)) S C + C ||g

Therefore,

35+2 , KB(245)
32.5 +2.s(1 kB)

Le(0,T;Le(R%))

[ welo 110w < €4 C g ey + C

which finishes the proof.
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We present the proof of Proposition 2.1:

Proof of Proposition 2.1. Proposition 2.1 follows from Corollary 4.11 by
considering the supremum, firstly with respect to ¢ and then with respect to
T €10,7T]. O

We end now with the proof of Theorem 1.1.
Lemma 4.12. Let d > 2 and assume that

1

Then, there exist a and ¢ satisfy (19) and

2" 1
ac<a+1 and aaz%. (29)

Proof. Once more, the proof relies on elementary computations and can be
checked by recurring to the software Mathematica. O

Proof of Theorem 1.1. Since A9 holds, Lemma 4.12 ensures the existence of
a and c satisfying (19) and (29). Then we have g(m) € L°([0,T], L*(T%)) by
Lemma 2.2. Thus we can apply Proposition 2.1 to obtain the estimate in the
Theorem. O

References

[1] Y. Achdou: Finite difference methods for mean field games, in: Hamilton-Jacobi

Equations: Approximations, Numerical Analysis and Applications, Springer,
(2013) 1-47.

[2] M. Bardi: Ezplicit solutions of some linear-quadratic mean field games, Networks
and Heterogeneous Media 7 (2012) 243-261.

[3] A. Bensoussan, J. Frehse, P. Yam: Mean field games and mean field type control
theory, Springer Briefs in Mathematics, Springer, New York (2013).

[4]  P. Cardaliaguet: Notes on mean-field games (2011).

[5] P.Cardaliaguet, P. Garber, A. Porretta, D. Tonon: Second order mean field games
with degenerate diffusion and local coupling, preprint (2014).

[6] P.Cardaliaguet, J.-M. Lasry, P.-L. Lions, A. Porretta: Long time average of mean
field games, Networks and Heterogeneous Media 7 (2012) 279-301.

[7]  D. Gomes, R. Iturriaga, H. Sdnchez-Morgado, Y. Yu: Mather measures selected
by an approximation scheme, Proc. Amer. Math. Soc. 138 (2010) 3591-3601.

8] D. Gomes, H. Mitake: Stationary mean-field games with congestion and quadratic
Hamiltonians, preprint (2014).

9] D. Gomes, S. Patrizi: Obstacle mean-field game problem, preprint (2013).



82

[10]

D. A. Gomes, E. Pimentel / Local Regularity for Mean-Field Games

D. Gomes, S. Patrizi, V. Voskanyan: On the existence of classical solutions for
stationary extended mean field games, Nonlinear Analysis; Theory, Methods and
Applications, Series A: Theory and Methods 99 (2014) 49-79.

D. Gomes, E. Pimentel: Time dependent mean-field games with logarithmic non-
linearities, preprint (2014).

D. Gomes, E. Pimentel, H. Sanchez-Morgado: Time dependent mean-field games
in the superquadratic case, preprint (2013).

D. Gomes, E. Pimentel, H. Sanchez-Morgado: Time dependent mean-field games
in the subquadratic case, to appear in Comm. Partial Differential Equations
(2014).

D. Gomes, H. Sdnchez Morgado: A stochastic Evans-Aronsson problem, Trans.
Amer. Math. Soc. 366 (2014) 903-929.

D. Gomes, J. Saude: Mean field games models—a brief survey, Dyn. Games Appl.
4 (2014) 110-154.

D. A. Gomes, G. E. Pires, H. Sdnchez-Morgado: A-priori estimates for stationary
mean-field games, Networks and Heterogeneous Media 7 (2012) 303-314.

M. Huang, P. E. Caines, R. P. Malhamé: Large-population cost-coupled LQG
problems with nonuniform agents: individual-mass behavior and decentralized e-
Nash equilibria, IEEE Trans. Automat. Control 52 (2007) 1560-1571.

M. Huang, R. P. Malhamé, P. E. Caines: Large population stochastic dynamic
games: closed-loop McKean-Viasov systems and the Nash certainty equivalence
principle, Commun. Inf. Syst. 6 (2006) 221-251.

J.-M. Lasry, P.-L. Lions: Jeuz a champ moyen. I: Le cas stationnaire, C. R. Math.
Acad. Sci. Paris 343 (2006) 619-625.

J.-M. Lasry, P.-L. Lions: Jeuz a champ moyen. II: Horizon fini et contréle opti-
mal, C. R. Math. Acad. Sci. Paris 343 (2006) 679-684.

J.-M. Lasry, P.-L. Lions: Mean field games, Jpn. J. Math. 2 (2007) 229-260.

J.-M. Lasry, P.-L. Lions, O. Guéant: Mean field games and applications, Paris-
Princeton Lectures on Mathematical Finance (2010).

P.-L. Lions: College de France course on mean-field games, 2007-2011.

P.-L. Lions: Course on mean-field games, IMA, University of Minessota, Video,
http://www.ima.umn.edu/2012-2013/SW11.12-13.12/ (2012).

A. Porretta: On the planning problem for the mean field games system, Dyn.
Games Appl. 4 (2014) 231-256.

A. Porretta: Weak solutions to Fokker-Planck equations and mean field games,
preprint (2014).



