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This work is motivated by the study of null controllability for the typical degenerate parabolic
equation with interior degeneracy and one-sided control:

Ut — (|x|aufﬂ)1 = h(xvt)X(a,b)v T € (_17 1)7

with 0 < @ < b < 1. Tt was proved in [7] that this equation is null controllable (in any positive
time T') if and only if @ < 1, and that the cost of null controllability blows up as @ — 1~. This is
related to the following property of the eigenvalues: the gap between an eigenvalue of odd order
and the consecutive one goes to 0 as o — 1~ (see [7]).

The goal of the present work is to provide optimal upper and lower estimates of the null control-

lability cost, with respect to the degeneracy parameter (when o — 17) and in short time (when

T — 01). We prove that the null controllability cost behaves as —— as a — 1~ and as e'/T

11—
as T — 0%. Our analysis is based on the construction of a suitable family biorthogonal to the
sequence (e*?),, in L%(0,T), under some general gap conditions on the sequence (\,),, conditions
that are suggested by a motivating example.

Keywords: Controllability, degenerate parabolic equation, biorthogonal family

2010 Mathematics Subject Classification: 35K65, 93B05, 93B60, 33C10, 35P10, 30D15.

1. Introduction
1.1. General considerations

Degenerate parabolic equations have received increasing attention in recent years
because of their connections with several applied domains such as climate science,
populations genetics, vision, and mathematical finance (see, e.g., [7, 9] and the refe-
rences therein). Indeed, in all these fields, one is naturally led to consider parabolic
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problems where the diffusion coefficients lose uniform ellipticity. Different situations
may occur: degeneracy (of uniform ellipticity) may take place at the boundary or
in the interior of the space domain. Moreover, the equation may be degenerate on
a small set or even on the whole domain.

From the point of view of control theory, interesting phenomena have been pointed
out for degenerate parabolic equations, in particular the existence of threshold val-
ues, where some property completely changes its nature (for examples, in several
examples, null controllability holds below some critical value but not above). We
refer the reader to [8, 9] for boundary-degenerate parabolic operators and to [2, 3]
for interior-degenerate equations, associated with certain classes of hypoelliptic dif-
fusion operators (and see also [4]) for Grushin type structures, and to [1] for the
Heisenberg operator.

1.2. The problem considered here, and the main results

In [7], null controllability for the following parabolic equation

w = (Jal*u)e = A, Ox@py 7€ (1, 1)
u(—=1,t) =0, te(0,7), 1)
u(l,t) =0 t e (0,7),

u(z,0) = up(x), x € (—1,1),

« with interior degeneracy (at point z = 0),

« and using a one-sided control (localized in (a,b) with 0 < a < b < 1),

has been studied from both the theoretical and numerical point of view. It turns
out that null controllability,

o fails for « € [1,2),

e holds true when « € [0, 1).

Consequently, the control acting on (a, b) is sufficiently strong to cross the degener-

acy point x = 0 if and only if &« < 1. A tool to measure the change of behavior for
a =1 is to estimate the “null controllability cost”, that is:

e given ug, consider the set of admissible controls h driving the solution of (1) to
rest in time 7"

U, T up) = {h € L*((a,b) x (0,T)) | u™(T) = o}.

o then, given ug, consider the norm of the best admissible control:

inf h a ,
hetad(a,Tyuo) H HLQ(( ,0)x(0,T))
and maximize this quantity along ug in the unit ball or sphere of L*(—1,1),
hence, roughly speaking, the smaller quantity that one needs to control all the
initial conditions of the unit ball or sphere of L?(—1,1):
Cnela,T)i=  suwp (inf  lhllzaanxory ) 2)
luoll 2y 4y=1 “REU (e, T5u0) ((a,b)x(0,T))
« finally, estimate the behavior of the null controllability cost Cne(a, T) as
a—1".
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It was proved in [7] that there exist constants C,C” > 0, independent of « € [0, 1)
and of T" > 0, such that

¢
(1—a)vT

Cl / ’
e*T/C < CNC(OC,T) < mec/T efT/C ) (3)

Therefore:

e COpnc(a,T) blows up as @ — 1~ (as expected since null controllability does not
hold for @ = 1), with a blow-up rate between ﬁ and ﬁ,

o and Cyc¢(a, T) blows up as T — 0", with a blow-up rate between \/LT and e'/7.

The goal of the present paper is to improve the estimates (3), proving that
e« Cpnc(a,T) blows up exactly as ﬁ when av — 17,
« and Oyc(a, T) blows up exponentially as e'/” when T — 0*.

(See Theorems 2.1 and 2.2 for a precise statement.)

1.3. Main tools and comparison with the literature

Degenerate parabolic equations with one (or more) degeneracy point inside the do-
main have also been studied

« by the flatness method developed by Martin-Rosier-Rouchon in [31, 32, 33] (see
also Moyano [35] for some strongly degenerate equations),

o by Carleman estimates, see Fragnelli-Mugnai in [18, 19] when the control region
is on both sides of the space domain with respect to the degeneracy point.

However, our analysis of the cost in the weakly degenerate case does not seem to be
attainable by these approaches. It is based on the spectral problem associated with
(1). The eigenvalues of problem (1) are related to the zeros of Bessel functions, and
exhibit the following behavior: the gap between an eigenvalue of odd order and the
consecutive one goes to 0 as a — 17 (see [7])

Vn>1, Agp(a) —Agp1(a) >0 asa— 17,

while there is a uniform gap for the other ones: there is some C, > 0 independent
of a € [0,1) and of n > 1 such that

Va € [0,1),Vn>1, Agpii(a) — Aap(a) > C,.

Let us observe that recently Benabdallah-Boyer-Morancey [5] provided general re-
sults concerning such problems where groups of eigenvalues are separated by a uni-
form gap but, inside each group, eigenvalues can be close. This motivated us to
push further the techniques we developed earlier, designed to study precisely the
effects of some parameters (« and 7" here) on the null controllability cost, whereas
[5] is focused on obtaining formulas giving the minimal time needed to control a
given system.

Our approach is the following:
e to obtain a precise upper estimate of the null controllability cost:

— first we prove a general result (Theorem 2.4) concerning biorthogonal fa-
milies to exponentials in the case where pairs of eigenvalues are close; the
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proof is based on complex analysis, and in the spirit of a similar result

proved in [10] (but for which we needed to modify the starting point of the

proof),
— and then Theorem 2.4 allows us to deduce that Cy¢(«, T') blows up at most

as ﬁ;

e to obtain an exponential lower estimate of the null controllability cost:

— we add an artificial control region, the goal being to deal with a new eigen-
value problem that is easy to study, and that will of course make the related
null controllability cost cheaper than the original one,

— and then we estimate the new controllability cost with some Hilbertian
techniques developed also in [10], in the spirit of a result of Guichal [22],
and we conclude.

1.4. Plan of the paper

o In Section 2, we state our results: Theorem 2.1 (upper estimate), Theorem 2.2
(lower estimate), and Theorem 2.4 (general construction of a biorthogonal fa-
mily under this assumption that pairs of eigenvalues condensate).

e In Section 3, we prove Theorem 2.4.

e In Section 4, we prove Theorem 2.1.

e In Section 5, we prove Theorem 2.2.

2. Main results
2.1. Upper bound of the null controllability cost

Our first result is the following upper estimate of the null controllability cost, more
precise than the one in [7]:

Theorem 2.1. There exists C, > 0, independent of a € [0,1) and T > 0, such that

Co cu 1
eT e Cu. (4)

Va €1[0,1),VT >0, Cyc(a,T) < T

The proof of Theorem 2.1 is based on a general result, stated in section 2.3.

2.2. Lower bound of the null controllability cost

The following result improves also the lower estimate of the null controllability cost
obtained in [7], yielding the expected exponential behavior in short time:

Theorem 2.2. There ezists ¢, > 0, independent of a € [0,1) and of T € (0,1),
such that
: (5)

(6)

Cu

Va € [0, 1),VT € (O, 1), CNc(Oé,T) >

—_

HE o

and Va €10,1),VT € (0,1), Cnc(a,T) > cye

Remark 2.3. (i) Note that, comparing to (4), it would have been natural to expect
a lower bound of the form

Va €10,1),VT € (0,1), Cpyc(a,T) >

Cy

S

1—a (7)
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which does not follow from our results. However, combining (5) and (6), we have

Ya € [0,1),VT € (0,1),v0 € [0,1], COnc(a,T) > ﬁew

which combines the blow-up in o whith the one in T'.

(ii) Combining with (3), one has that there exists ¢, independent of « € [0, 1) and
of T' > 0 such that
T

Vo € [0,1),YT € (0,1), Crne(a,T) > c,eT e e,

and, once again,

Va €[0,1),VT > 0,V0 € [0,1], Cnc(a,T) > ﬂf_ua)eew oo

2.3. An adapted biorthogonal family

The proof of Theorem 2.1 is based on the following general result, which can be
viewed as a particular version of Theorem 2.3 of [10], but that gives a more precise
estimate, that will be useful in our present context:

Theorem 2.4. Suppose Ay > 0 and assume that there exists 0 < Vi < Vi Such
that

VYm >1, Vo — \/)\Qm—l 2 Ymins
Vm >1, v/ Aoms1 — VA2m = Viins

Then there exists a family (0;;)m>1 which is biorthogonal to the family (e*'),>; in

L2(0,T):

(8)

T
Vm,n > 1, / ol (et dt = Gy (9)
0

m

Moreover, there is a universal constant Cy, > 0, independent of T', YVmin, Viin and
m, such that, for all m > 1, we have

llom 17207 (10)
* 2 u m
S Cu (1 + (’Ymm + /Ym'm) > 2 e (”/minf"/;m)z’r ecu ’Ynmﬁ:nin 6_2)\mTB(T7 ’Ymin, ’Y:nm),
’Ymm( \% )\1 + ’Ymm)
1 1 . 1
(T + T2(7min+7:nin)2> ZfT S (7min+7:<nin)27

with B (T, Tmin, 7:1m) =

(11)

Co(Ymin + Vg2 if T2 gt

(We note that Theorem 2.4 is similar to the results we proved in [10, 12]. Each of
these results has been adapted to different examples and applications. Assumptions
change from a version to another, leading to precise results in the desired case. It
seems difficult, however, to provide a general framework for this theory.
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3. Proof of Theorem 2.4
3.1. The general strategy

We adapt the strategy developed in [10, 11] to our assumptions. This approach
is adapted from the construction of Seidman-Avdonin-Ivanov [38], which has the
advantage to be completely explicit, combined with some ideas coming from the
construction of Tenenbaum-Tucsnak [39] and Lissy [28], adding some parameter, in
order to obtain quite optimal results.

Our approach is a perturbation of the one used in [10, 11], based on the Paley-
Wiener theorem ([41]): if f: C — C is an entire function of exponential type, such
that there exist nonnegative constants C, A such that

()] < Ce,

and if f € L*(R), then there exists ¢ € L*(—A, A) such that

1= [ orrear

In [10, 11], we adapted the general construction of [38] (see Theorem 2 and Lemma
3 in [38]) to construct a suitable sequence (f,,), satisfying

\V/m, n Z 17 fm<_Z)\n) — 5m,n7
VzEeC, |fm(—2)e 7| < Cpezll, (12)
Vm >1, fn€ L*R).

Then the two last properties together with the Paley-Wiener theorem imply that

there exists some ¢y, € L?(—%, L) such that

7 T/2 ,
fm(=2)e %2 = Om(T)e*T dr,
~T/2
T T ]
hence fm(z) = / Om(t — 5)6’”“ dt,
0
g T
and then / Gt = )€ = fu(=i0a) = G
0

hence (¢, (t — %)) is biorthogonal to the family (e=**),,, and (0;},(t))m defined by

Th1) = by — t)e T

is biorthogonal to the family (e*?),, in L%(0,T), as desired. Moreover

T/2

HU;H%Q(QT) =e it /T/ Om(T)? dr < Ce 2T
~T/2

[ finllZ2 )

using the Parseval theorem.
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Now, it remains to construct such entire functions f,,. The idea is to consider
the natural infinite product that satisfies the first condition of (12), f,.(—i\,) =
dm.n, and to multiply it by a so-called 'mollifier’, in such a way that the other two
conditions of (12) will be also satisfied. Hence one has to estimate the growth of
the natural infinite product, and then to choose a suitable mollifier. With respect
to [10, 11], we choose a more adapted infinite product, and then we perform all the
necessary estimates.

3.2. The counting function
Consider Vp >0, Np(p):= card {k,0 < |\ — \| < p}.
We prove the following:

Lemma 3.1. Assume that the gap assumptions (8) are satisfied. Then, for all
m > 1, we have

pe (0>7min(7min + 2y )‘1)) = Nm(p) =0, (13)
and Ym > 1,Yp >0, Ny(p) < 4# + 1. (14)

Proof. Of course the “worst” situation is when we have equalities in (8), hence
when

vm Z 17 \/)\Qm - \/)\2m—1 = “Ymin,
Ym>1, /At — VA = Vi

“worst” in the sense that if (13) and (14) are true under (15), they will be true
under (8).

Hence we assume (15). And then, we have easily the following formulas:

(15)

Ym Z 1, vV )\2m =V >\1 + M Ymin + (m - 1)7:;11117
vm > 1, V >\2m+1 =V /\1 + MYmin + m%}:lin’

and then, we obtain clearly that for all m > 1

Aom — Aom—1 = (\/)\Qm - \/)\2m71)(\/)\2m + \/)\mel)
= 7m1n(2\/)‘_1 + <2m - 1)7min + 2<m - 1)7:;1n) > ’ymin(2\/>‘_1 + PYmin)?

and A2m41 — Ao = (\/)\2m+1 - \/)\2m)(\/)\2m+1 + \/>\2m)
= Yo 2V + 200 %in + (2m = 1)7ig)
Z 7;111(2\//\_1 + ’Ymin) Z 7min(2\/)\_1 + ’Vmin)-

Now, if N,,(p) # 0, there exists some k such that |\, — A,| < p, and of course the
same holds true with |k —m| = 1. Then, m is even and k is odd, or the contrary,
and there exists some n such that

Aop = Aape1 < por Agpgr — Ao < p.
In any case, Ymin(2v/ A1 + Ymin) < p, which implies (13).
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Now we prove (14). We distinguish several cases. First we consider that m is even:

m = 2m’, and we estimate the number of k such that

|>\k - >\2m’| S p-
if £ > 2m/ and k is even, hence if kK = 2k’ with k' > m/, then Aop < p + Aoy,
hence gy < Vp+ Ao < /P + VAo and using (16), we obtain
V )‘1 + k/')/min + (k, - 1)7r*nin < \/ﬁ + \% )‘1 + m/’Ymin + (m/ - 1)7;11117
which gives (K —m')(Vmin + Vi) < /P> hence

1<K -—m'< L*?
Vmin"i_%nin

v/

. *
min+ min

and there are at most such integers £';

the reasoning is symmetric if £ < 2m’ and k is even, hence there are at most

NG

. .
———_ such integers k’;

when we consider the case where k£ > 2m’ and k is odd, hence k = 2k’ + 1 with
k' > m’; in the same way:

VAgki1 < Vp+ A < VPV Ao,
and using (16), we obtain

V )\1 + k/'Ymin 7m1n = \/_ + \/ 1+ m 7m1n (ml - 1)71>:1im

hence (K —m') (uin + V) < /B — Yoms hince

0<k —m < VP~ Vmin.
“Ymin + /}/mln

VP~ Viin

1 such integers k':
'Ymin""’Y;;in + g )

and there are at most

finally, if & < 2m’ and k is odd, hence k = 2k’ + 1 with k' < m/, we have
VA2 < /P + /Aaow41, and using (16), we obtain

V AL+ m/'ymin + (m/ - 1)r>/:nin < \/:5 +V A+ k/’)/min + k/’Yr*nim
hence (m, - kl)(’ymin + ’Y;m) S \/I5 + 7:;11117 hence

\/— + len

'me + ’ymln

0<m —k

and there are at most wf# such integers k’.

*
‘min+ Ymin

Finally we obtain that

VP N N \/_ Vinin ‘1 \/_ + Yrain

“min + Ymin “Ymin + Ymin /len + ’ymm ’len + ’ymln

:4L+1,

“Ymin + ’Y:;lin

which proves (14). O
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3.3. A Weierstrass product
Motivated by [38], we used in [10, 11] the following product

= 12 — Am \ 2
AL (-G=))

but under our assumptions it seems more clever to consider the following one:

o0

11 (1_u> — F(2). (17)
e — Am
k=1,k#m
, iz — Am 2] + A |z| + A
Infl = S5 < lnf1g ZE0m A
Since n T n|l+ = ] s "

and since ), i is convergent, we deduce that the infinite product defining F,
converges uniformly over all the compacts sets. Hence F), is well-defined and entire
over C. Moreover

- A — A 0 ifm#n,
Fm _Z>\n — l————) = . )
( ) k:!;;[¢m< A — )\m> {1 if m =n,
hence Vm,n >1, F,(—i\,) = 0mn- (18)

Now we are going to estimate the growth of F},. We prove the following

Lemma 3.2. Assume that the gap assumption (8) is satisfied. Then the function
F,,, satisfies the following growth estimate:

)\m 47 - 2 m
Vm>1,V¥zeC, |F,(2)|< (1 + 2] + ) o Tmint T V [ElHAm) (19)
7mm(2 V )\1 + r)/mm)

The proof of Lemma 3.2 is based on the following preliminary estimate, relating the
growth of F}, to the counting function N,,:

Lemma 3.3. Assume that the gap assumption (8) is satisfied. Then the function
F,,, satisfies the following growth estimate:
+0o0o

Vm > 1,Vz e C, In|F,(z—1i\,)| < Ny (p)——————dp. 20
Bl = id)l < [ Nl (20

|

Proof of Lemma 3.2, assuming Lemma 3.3. Assume that (20) is true. Then
using (13) and (14), we obtain that

+o00
I |Fo(z — iA)| g/ LH)&@

4
Ymin (Ymin+2vA1) < Ymin + 'Y;;in p2 + p’2|

4 oo z oo z
. [T Ly,
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and these two integrals can be easily computed: for the last one, we have
d
: 2] L (1 N M)
Pl dp p

(this will appear in the proof of Lemma 3.3), and then

400 too
[ eate= [+ B
'Ymin('ymin+2\/x) p + p‘z‘ /) 'Ymin(’Ymin"Fz\/x)

|z

“Ymin (f)/min + 2\/)‘_1)) ,

= ln<1 +
for the other one, we first note that

EV S ) N
s o= G NAEa

fix X > 0, then we have (using the change of variables o = /p)

X X X
o P*+plz VP o P+l

VX o 2
2 21z — 2
=2V/X — / 20 do =2V X — / o +2/] 2| do

0% + 2|

2 VX 9 VX 9 1
=2vX / ’Z| do = / ’Z‘ do = / |Z’ do
0 0

2
] o7+ [2] T (o

;v VX
= Q[M arctan <W)]0 = 24/|z| arctan (\/%»

and letting X — 400, we obtain that

/0+°° |2[y/p dp = /]2,

p* + plz|
Therefore
. || 47
In|F,,(z — i\, Sln(l—i— >—i— — V12l
’ ( )| Ymin (Vmin + 2 V /\1) “Ymin + erjn | ’
4 2
hence |Fo(z — i) < (1 + 2l > € Tmin T Tmin \/ﬂ’
/Ymin(/}/min + 2 Vv )\1)

and using Z = z — 1\,,, we have

Z )\m 4 - A
In|F,.(2)] < (1 + |Z + i >6Wminﬂmm\/|z+x |
PYmin(P)/min + 2\/ )\1)

o ’Ymin(’Ymin + 2 V )\1)

which gives (19) and concludes the proof of Lemma 3.2, assuming Lemma 3.3. [
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Proof of Lemma 3.3. First we note that

In|F,(z —i\g)| = _Z ln‘l—)\ z'z)\ ‘S Z 1n<1+ x |_Z|)\m|>’

k= Aml o ktm

and the proof of Lemma 3.3 will follow from the following identity:

i 1n(1 + L) = /m Nm(p)ZlL dp. (21)
k=1,k#m Ak = Am] 0 P+ plz|

Hence it remains to prove (21). Let us prove it first when m = 1: it comes from the
definition of Nj(p) that

Ni(p) = card {k > 1, \y — A\ < p},

0§p<)\2—)\1 — Nl(p):0,
hence Ao — A <p<Az3—X\ - Ni(p) =1,
)\3—)\1§p<)\4—)\1 — Nl(p)ZQ

and more generally
Vk>1: >\k:_)\1§p<>\k:+1_/\1 - Nl(p):k—l

Then, given N > 1, we have

[ e
Ni(p) 5 dp
0 p* + plz|

N

Akr1—A1 |Z’ >\k+1—/\1 |Z’
= Ni(p) 5 dp = / 7 dp
kZ/A M p* + plz| Z p2+p|Z!

k

N

o0 [ (o E) s S o E)

k=1 p 2 p

(k — 1)<ln(1 + m) _ 1n(1 + m))

k=2 k=2
: 2 - 2
=[> k- (m(1+ - [>w-2)(m(1+ )]
= A — M\t p A — M
. E E
- 1n(1+ )] N-1 1n(1+ )
; e — M ( ) AN+1 — A1
To conclude, let N — oc:
] 2] 2]
l ]- N o N N o0 )
O varey v AR varey v v
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—0as N — o

hence (N — 1)ln<1 + L) ~NSoo |2

)\N+1 — )\1 )\N+1

since there is ¢ > 0 such that Ay > mN?. Therefore we obtain

oo z
/0 N()p J|rlp!zldp Zln( Ak—)q)

hence (21) in the case m = 1.

The case m = 2 can be studied in a similar way, or performing the following change:
denote \; the symmetric of \; with respect to As:

M= A=A — Ay,

and reorder the sequence {\,,n > 2} U {)\;} in the increasing order: then we are in
the situation of the previous case, and we obtain that

I 2| || S ||

1 2 k=3
- 2]
= 1n<1 + ),
k—%ﬁ Ak = Al

which is (21) when m = 2. And the same reasoning allows to prove (21) in full
generality. This concludes the proof of Lemma 3.3. [

3.4. The direct consequences
We derive from Lemma 3.2 that, for all m > 1, for all z € C, we have

2l + X (Ymin + Vimin)” > )
(/Ymin + /y:;lin)Q ’7min(2 V A1 + ’ymin)

() < (1+

I

hence there exists some C,, > 0 independent of m, Ymin, Vi, and 2z such that

* 2
Fu(2)] < Cu(1+ Chin i) ) e VA, (22)
7min(2 )\l + f)/min)

The main differences with respect to the general result in [10], under our new as-
sumptions (8), are

o the coefficient in the exponential, depending on 1/(Vmin+7,;,) instead of 1/¥umin,

(’Ymin‘i”Yr*nin)Q .
’Ymin(z\/x"l")/min) ’
since we have in mind examples where 7, is small and ~;,, is not small, the
coefficient in the exponential will be of the order 1/+%, (hence not large), and the
only large coefficient is the multiplicative one, of the order 1/~ if A\ > 0.

o the multiplicative coefficient 1 +

Then we can proceed as in [10], taking into account these changes:
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1
e We choose T :=min{T, —— 1, 23
t (Vmnin + 7min>2} 23)
0
and N'>2+ E (24)

(’ijn + ,y:;lin)T,
with a suitable 05 (independent of 7' > 0 and of m > 0, and given in (29)).

!
e  We consider ai := OJZ;’T/ with Cnr v := wjjﬁ, in order that we obtain
Zk:N’ k2
o0 T/
Z ap = EL and the associated mollifier
k=N’
Pyniqi(2) = " H cos(ayz). (25)
k=N’

Then we have the following

Lemma 3.4. ([10])

(a)  The regularity and the growth of Py:ip over C: The function Py: 1/ is entire
over C and satisfies

PN/,T/(O) =1,
Vz € C such that Sz >0, |Pyxp(2)] <1, (26)
VzeC, |e* = Pyip(z)] < ell7.

(b)  The behaviour of Pn: 1+ over R: there exist 8y > 0, 6 > 0, both independent
of N' and T" such that Py: 1+ satisfies

CN',T'W 1/2

CN’,T’|$| 1/
6o ’

2
& +1> N = In|Pyp(z)] < —g%(

(27)

Crr |z 12 Crr oz \ 2
(%) +1 S N’ — lIl|PN/7T/(x)| S —(]3})3( NH,Z ) .

(c)  The behaviour of Pyiqs over iR, : there is some constant 6y > 0, independent
of N" and T', such that P/ 1+ satisfies

Ve e Ry, Pyp(iz) > e VN, (28)

Using these parameters, we define

ollg 2
i
o Finally we consider
P 1 (| —
Vm > 1Yz € C, frn(z) = Fp(z) =L (=2) (30)

Py (iA)’

and we have the following

Lemma 3.5. WhenT" and N' satisfy (23) and (24), the functions f,, n' 1+ are entire
and satisfy the following properties:

(a) for allm,n >1, we have  fu, no 7/ (—iAn) = Smn; (31)
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(b)  forallm > 1, for all ¢ > 0, there exists Cryy,pys. N1 17 > 0 such that
Vz e C, |fm,N’,T’(_z)eiizg‘ < Cm,'ymm,v;;m,N’,T’,se(%+€)|Z‘? (32)

(c) forallm>1, fpn1 € L*(R).

(The proof of Lemma 3.5 is directly adapted from the one of Lemma 4.4 of [10],
taking into account the new estimate (22)).

3.5. End of the proof of Theorem 2.4: the resulting biorthogonal
sequence

With our choices, the function z + f,, v (—2)e*?/2 is in L?(R), and we can
consider its Fourier transform ¢,, n+.7:

1 5 —i€x
¢m,N’,T’<§) = 2_/fm,N’,T’(_x)€_w€€ S da.
T Jr

It is well-defined since f,, nv7v € L*(R), and the Paley-Wiener theorem ([41] p. 100)
shows that ¢y, n+ 7+ is compactly supported in [—£ —&, £ +¢] (thanks to (32)). Since
this is true for all € > 0, ¢y, n77» is compactly supported in [—%, %]
To obtain good results, we will choose N’ satisfying the stronger property:
93 63
<N <4+ . 33
(’Vmin + fymin)ZT, o - (fymin + 7min>2T/ ( )

2+

Then we have the following

Lemma 3.6. Take T" and N’ satisfying (23) and (33), and consider
(1) = (5 = ) (34
Then the family (0}, no v )m>o is biorthogonal to the family (e*"),>o in L*(0,T):
Vm,n > 1, /T oty e (D) dt = Gy . (35)
0

Moreover, it satisfies: there is some universal constant C,, independent of T', 7} ..,
and m such that, for all m > 1, we have

I U:’;,N’,T’ H%Q(O,T)

. * )20\ 2 _m
<c, <1 n (Ymin + Vi) ) R TmintVnin B(T, Vi Vo), (36)
me( V /\1 + ’Ymm)

where B(T, Vi, Vinin) 5 given by (11).
Proof. Similar to the proof of Lemma 4.5 of [10], taking into account (22). O

4. Proof of Theorem 2.1

First we recall from [7] some useful properties, that we will need to use.
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4.1. Useful properties ([7]): well-posedness, eigenvalues and
eigenfunctions

4.1.1. Functional setting and well-posedness ([7])

For 0 < a < 1, we consider
H(-1,1) := {u € L*(—1,1) | wu absolutely continuous in [—1, 1],
1
/ |z|*u? dz < oo and u(—1) =0 = u(l)} (37)
-1

H!(—1,1) is endowed with the natural scalar product
1
W€ HY-L1), (£9)= [ ("f(@)g(@)+ f@)g(w) do.
—1
1
Next, consider H2(—1,1) := {u € H:(-1,1) | / |(|z|*u (z))|* dx < oo},
-1

and the operator A : D(A) C L?*(—1,1) — L*(—1,1) defined by
D(A):= H2(—-1,1) and VYu€ D(A), Au:= (|z|*u),.

Then the following results hold:
Proposition 4.1. ([7]) Given « € [0,1), we have the following:
(a)  H(—=1,1) is a Hilbert space;

(b) A : D(A) C L*—-1,1) = L*(—1,1) is a self-adjoint negative operator with
dense domain.

Hence, A is the infinitesimal generator of an analytic semigroup of contractions e**

on L*(—1,1). Given a source term h in L?((—1,1) x (0,7)) and an initial condition

vp € L*(—1,1), consider the problem
v = (|2|*v2)2 = h(z, 1),
v(=1,t) =0 =v(1,1t), (38)
v(z,0) = vo(x).
(

The function v € C°([0,T]; L>(—1,1)) N L*(0,T; H:(—1,1)) given by the variation
of constant formula

t
v(-,t) = ey ~|—/ eI s) ds
0

is called the mild solution of (38). We say that a function
v € C([0,T]; Ho(=1,1)) N H'(0,T5 L*(=1,1)) N L*(0, T; D(A))

is a strict solution of (38) if v satisfies v; — (|z|*v;), = h(z,t) almost everywhere in
(—1,1) x (0,7, and the initial and boundary conditions are fulfilled for all ¢ € [0, T']
and all z € [—1,1]. And we have the following

Proposition 4.2. ([7]) If vy € HL(—1,1), then the mild solution of (38) is the
unique strict solution of (38).
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4.1.2. Eigenvalues and eigenfunctions ([7])

Now we recall from [7] the eigenvalues and associated eigenfunctions of the degene-
rate diffusion operator u — —(|z|*u’)’, i.e. the solutions (A, ®) of

{—(\xlo@’(x))’ =A0(z)  we(-11),

B(—1) =0 = B(1). (39)

Let us recall some notations:
la—1 1—-« 2 —«
= y Ra = )

2—« 2—« 2

e and given v > 0, we also denote .J, the Bessel function of positive order v, J_,
the Bessel function of negative order —v, (j,m)m>1 the sequence of positive
zeros of J, and (j_,.m)m>1 the sequence of positive zeros of J_, (see of course
Watson [40], Lebedev [27], and the useful properties [10]).

« when ael0,1),let v, :=

Then we have the following description for (39), see Proposition 2.7 and also equation
(25) in [7]: when a € [0,1), we have exactly two sub-families of eigenvalues and
associated eigenfunctions for problem (39), that is:

2

o the eigenvalues of the form xZ

jfmn, associated with the odd functions

l—a
2 Jy, (Juana™e if 0,1
a0 (a) = 47 7 Lo U™ Preh )
’ =21 Doy Gramlzl™) if 2 € (=1,0)
« the eigenvalues of the form x23j*, ., associated with the even functions
T (vt if 2 € (0,1
@ae?n(x> — Z a Oz(j .(Xy z ) 1 T 6( ? ) . (41)
’ 2172 T v Govamlz™) if 2 € (=1,0)

Moreover, the family {@&"L, @fj b > 1} forms an orthogonal basis of L*(—1,1).

It is easy and practical to order the eigenvalues: since J,_ (0) = 0 and the zeros of
J,, and J_,, are interlaced (because of Sturm’s theorems), we have

0 <Jovad <Jvad <Jova2 <Jua2<: ',
hence it is natural to denote
Vn>1, Aaon-1:= liijzymn, Aa2n 1= liijga’n, (42)
hence in such a way that
0 <o < A2 <Az <Aga<---,

and the associated normalized eigenfunctions

Vn 2 1, éa,?nfl = %@ © (43)

. o
—Vqy (j*Voun)‘ ’

form an orthonormal basis of L?(—1,1).
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4.2. Upper estimate of the cost of controllability

We use the moment method. First we expand the initial condition ug € L*(—1,1):
there exists (1 ,,)n>1 € ¢*(N*) such that

’LLO(J?) = Z/‘g,n&)a,n(x)’ S (_17 1)7

n>1
and we see that h is a control that drives the solution of (1) to 0 in time 7" if and
only if _—_— ]
izl [ [ e enle)e dndt = (4
0o J-1

And if the sequence (¢} ,,)m>1 is biorthogonal to the sequence (e**nf),>; in L*(0,T)
and satisfies suitable upper estimates, then the function defined by

@am(:v)
h(l‘7t) = Z _:ug,mo-;t,m(t) b 3o
m>1 fa (I)oz,m

belongs to L*((—1,1) x (0,7)) and satisfies the moment problem (44) (see, e.g.
7, 12)).

We would like to use Theorem 2.4, so we need to check that (8) holds in our case.
We prove the following;:

(45)

Lemma 4.3. There exist mq,my > 0 independent of a € [0,1) and there exists
a* €10,1) such that

VO{ S [O[*, 1),V’I’L Z 1a \/)\a72n - \//\a,Qn—l Z ml(l - O[) = ’Ymin(a)a (46)

and Va € [a*,1),Yn > 1, \/)\a’2n+1 — \/)\a’gn > my =: v (). (47)

Proof. This follows from Lemma 6.3 in [7], and its consequence: using an integral

formula:
—+o00

d'l/n . . . —
2’ = 2Jun Ko(2j,,, sinht)e " dt,
v 0

(see Watson [40], p. 508), it is proved that there exist m,, M, and a, such that
0 < m, < M,, a, € (0,1) and such that

Va € o, 1),Vn > 1, mu(l —a) < joon — Jovan < Mu(1l —a),

and as a consequence

Va € [y, 1),Yn > 1, mukr(l —a) < \//\agn — \/)\a,Qn,l < Muko(1 — ).

The left part already gives (46). For the right part, it is sufficient to note that the
gap v/ Aa2n — v/ Aa2n—1 (uniformly small, of the order 1 — «) allows us to estimate

the gap \/Aa2n41 — \/Aa,2n: indeed,
\/)\a,2n+1 - \/)\a,2n = <\/)\a,2n+1 - \/)\a,2n71> - (\/)\a,Qn - \/)\a,2n71>

Z Ra (j—ua,n—‘rl - j—ya,n> - M*(]. — O./),
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from Komornik-Loreti [24] p. 135, the sequence (j_,, n+1 — J—va.n)n>1 is nondecrea-
sing, and converges to 7, hence

J-vantl = J—vamn = J—va2 — J—va,ls

and since the function a +— j_, 2 — j_,,1 is continuous on [0, 1), positive and has a
positive limit (equal to jo2 — jo1) when o — 17, there exists my > 0 such that

VCJ( S [O, 1),V7”L Z 17 j—umn—i-l _j—Va,n 2 j_Va72 - j—ua,l 2 my,

1
and then VAa2n+1 — VAa2n > 5o M, (1—-a),

which completes the proof (taking eventually another a. closer to 1). O

Now, Lemma 4.3 gives that the condition (8) is satisfied (with explicit values of
Ymin and 7, ), then Theorem 2.4 applies, and we can use the sequence (0, )m>1
constructed in Theorem 2.4: using (10), and the estimate (47) in [7]:

b
Im*,Va € 10,1),Yn > 1, / o2 > m*,

in (45), we obtain

||h||%2((71,1)><(0,T)) = Z |Mg,m
1

1
2||U;m||%2(O,T)ﬁ
(17 42,.)
< (210l sup (ol ooy 7
=1 " (172,

Cu
< NuolZa(cry-—s (1+

(Ymin (@) + Yomin (@))? >2 e(vmm(wﬁzm(a»%.
'Vmin<a)( \V A1t ’Ymin<05))

VAam
(e

Cu—F oy —
M B(T, ’ymin(a)7 ,Yr*nm(a)) Sup 'Ymin(a)+7min(a) e 2>\a,7nT> .

m>1
From classical estimates, see for example Lorch-Muldoon [30]:

1 v 1 v 1
5 > == =) < Jun < - 35)h 4
Vv € [0,2],Vn_ 1, w(n+ 5 4) < j, 7r(n+4 8) (48)

there exists 0 < C < Cy independent of a € [0, 1) such that
Va €[0,1),Vm > 1, COym?* < Ay < Com?;

hence we have

Cuy——M2m Vol 2
VYa €[0,1),Vm > 1, e “minPmn@ em2Aaml < oCuyCam=201Tm?

and studying the function y € [0, +00) — Cy,v/Coy — 2C, Ty?, we see that

C2Cy
8Cy

\/ _ 2 .
eCu sz QCle S 6Cg/T Wlth C3 —
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Finally, since @ — A, is continuous on [0, 1), positive and with a positive limit
(1731) as @ — 17, there exists some m, such that Aq; > m,. Hence

||h||%2((—1,1)x(0,T))
e e
@)

< ”uOH%Q(—l,l)m*Q 2 B(T7 Vmin(a)77rt11n(a))7

min (

hence Chc(a,T) <

V Cu (1 + C(4
m* 'Ymin(a)

This gives the expected behavior of the null controllability cost and completes the
proof of Theorem 2.1. O

CatCuy L
) e BT uan0), Yo ().

5. Proof of Theorem 2.2
5.1. The initial remark given by the moment method

The initial remark goes back to the relation given by the moment method: looking
at (44), we see that if (1) is null-controllable in time 7', then choosing uy := —®, 1,
any control h; that drives the initial condition —®,; to 0 in time 7" satisfies

T b
Vn > 1, / / hy (2, )@ (z) et dadt = 6,1 (49)
0 a

Let us take now wuy := —®, 2, any control hy that drives the initial condition —®, o
to 0 in time T satisfies

T b
Yn > 1, / / ho(z, )@ ()t dadt = 5, . (50)
0 a

And then, if (1) is null-controllable in time 7', choose any control h,, that drives
the initial condition —®,,, to 0 in time 7, and the related sequence (hp,)m>1 is
then biorthogonal to the sequence (®, () e*»t),~; in the space L*((a,b) x (0,T)).
Hence it is natural to study biorthogonal sequences to the sequence (®,, ,, () e*nt), >,
in the space L*((a,b) x (0,T)).

5.2. Classical general considerations

Define Eam it € (0,T) s e ort, (51)
and E(a,T) the smallest closed subspace of L?(0,T) containing all the functions
€an With n > 1. Introduce also their z-dependent version: denote

Eam : (z,1) € (a,b) x (0,T) = e *mid, . (2), (52)
and E(a, T, a,b) the smallest closed subspace of L?((a,b) x (0,T)) containing all the
functions &, , with n > 1.
We claim the following:

Lemma 5.1. E(a,T,a,b) is a proper subspace of L*((a,b) x (0,T)).
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Proof. If E(«,T,a,b) = L*((a,b) x (0,T)), then any element of L*((a,b) x (0,T))
is the limit of a sequence of linear combinations of &, ,. In particular, if we choose
f € L*0,T), then f is the limit of such a sequence, and integrating with respect to
x € (a,b), we obtain that f is also the limit of a sequence of linear combinations of
Eam, hence L?(0,T) = E(a, T), which is known to be false (see, e.g., [36]) since

i/\l < 00. [l

a,n
n=1 )

Now, given m > 1, denote E(«, T, a,b;m) the smallest closed subspace of

L*((a,b) x (0,T)) containing all the functions &,, with n > 1, and n # m. Then
consider P, 7.4.6:m the orthogonal projection of &, ,, on E(a, T, a,b;m), and dy 7.4.6:m
the distance between £, ., and E(«,T,a,b;m): we have

P — inf Eom — D%
o, T,a,b;m FEE(a,T,a,b;m) || a,m ||L ((0,T)x (a,b))

T b
= / / (e_’\o‘*mS@a,m@) — PaTabm (T, s))2 dxds. (53)
0 a

Then €,.m — PaTapm is orthogonal to E(a, T, a,b;m), which implies that

T b
Vn # m, / / (e’A"’ms@a,m(z) — Do Tabsm (T, s))e”\“’"s<I>a7n(x) drds =0,
0 a

and
T
/ (G_Aa’msq)a,m(x) - ﬁa,T,a,b;m(xa S))e_Aa’mS(Pa,m(q’) dl‘ dS
0

T
= / (e_Aa’msq)a,m (z) — ﬁa,T,a,b;m<x7 3))(6_/\a’msq)a,m(x) - ﬁa,T,aJ?;m('I’ s))ds
0

- d Ia,b
a,l,a,0;m”
(& Aa,m @a,m(l‘) Pa,1 7a,b;m(x7 ) .

d2

o, T a,b;m

Hence consider G o T (T3 8) =

(54)

the sequence of functions (7, 1., j.,Jm>1 is a biorthogonal family for the set (€45 )n>1
in L?((a,b) x (0,7)).

Moreover it is optimal in the following sense: if (X ),,>1 is another biorthogonal
family for the set (Eqp)n>1 in L2((a,b) x (0,T)), then for all m > 1, ¥ — &=

a,T,a,b;m

is orthogonal to all &,,, hence to E(«,T,a,b), hence to 7,

o Tabm Sice we have

Gortanm € E(a,T,a,b). Hence
[F; = |5, 17 +IZ, —6n 17
mllL2((a,b)x(0,T)) a,T,a,b;m | L2 ((a,b)x (0,T)) m a,T,a,b;m 1| L2(0,T)
> ||5;,T,a,b;m||i2((a,b)x(o,:r))-
- ) 1
Therefore 12522y < 01)) = 1957 0 pom 122 (@) x 0.7)) = I (55)
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Hence 1/(da7apm) is a lower bound of every biorthogonal sequence (X ),>1. So
a bound from above for dg, 14p.m gives a bound from below for every biorthogonal
sequence.

At last, we note that if the sequence of functions (X:),,>1 is a biorthogonal family
for the set (ernt®, . (z)),>1 in L?((a,b) x (0,T)), then

T b
/ / Sh(@, T — s)eomTerensd,  (x) do ds = S,
0 a

hence (X (z, T — s)ermT),, is biorthogonal for the set (e **n!®, ,(z)),>1 in the
space L*((a,b) x (0,T)). This implies that
o~ HamT

HE;ZHLQ((a,b)X(O,T)) > (56)

o da,T,a,b;m ‘
(And of course this lower bound is achieved for the optimal biorthogonal sequence
and hence optimal.)

Now, comparing with what we noticed in section 5.1, we obtain that

—Aa,mT
Vm>1, Cyo(a,T)> (57)

da,T,a,b;m '
In the z-independent version, we were able to produce precise lower bounds of the

right-hand side, see [11, 12]. But unfortunately, in the present z-dependent case, we
were not able to provide the expected property:

Cy ey 1

eTe CuT.

Je, > 0.Ya € [0,1), One(nT) 2 5
—

However, in the following we provide independent estimates of the behavior of
Cyc(a, T) with respect to a and with respect to 7.
5.3. Optimal lower bound with respect to «

Here the basic remark is that

da,T,a,b;l = dist (éa,h Ea,T,a,b;l) = dist (5a,17 Vect (éa,m n Z 2)
< dist (Ea,1s8a2) = [1Ea1 — EaczllL2((ap)x(0,1)-
From the expressions (52) and (40)-(43), we have for ¢ € (0,7) and x € (a, b):

t VvV Ha
| e (Gva)]

\//’ia 1—a

and Enolx, 1) = e Fadiaat V@ 50 g Jua 1),
el EATT R

These two expressions differ only by the order of the Bessel functions and related
zeros: —v, for €, and v, for ,9. We recall that

Vv € [—%7 %],Vy >0, J(y) =) p— F((n:i)n; =y (%)QMV. (58)

&:a,l (l‘, t) = e*ﬁijgua’l :CFTOCJfVa (jfl/a,lxna)a

m=0
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Then by standard regularity results (smoothness with respect to v € [—%, %] and
y € (0,+00), implicit value theorem and smoothness of v — j,; near v = 0), we
directly have

AC,p, sup sup [Eqa(x,t) —Eaa(z,t)] < Cup(l — a).
z€la,b] t€[0,T)]

o—AamT

Hence, dorap1 < Cap(l —a), and Cye(a,T) > Cap(l —a)

This proves the first part of Theorem 2.2. (Note that this was already done in [7],
but in a slightly more elementary approach that was not useful for the exponential
behavior, that we prove in the following). O]

5.4. Classical exponential lower bound in short time
5.4.1. Adding a control region

Let us consider the symmetrised control region
Wsym = (_b> _a) U (CL, b)v
and the associated control problem:

Ug — (|x|au$)x = iL([B,t)stym, S (_17 1)7t > Oa
u(—1,t) =0 =wu(1,t), t>0, (59)
u(z,0) = up(x), xr € (—1,1).

The associated cost of controllability is
Coetr (0, T wWegm) := sup inf{”il”L2(wsym),U(h)(T) = 0}.
Of course, given uy of L?-norm equal to 1, any control A that drives the solution of

(1) to 0 in time 7" gives a control that drives the solution of (59) to 0 in time 7', just
choosing

h=h on (a,b),
h=0 on (-b,—a),

and with this choice we obviously have
1]l 22y = 1Bl 22 0)-
Hence it is cheaper to control (59) than (1), or, more rigorously:
Cetr(0, T weym) < Copr(a, Ty w).

Hence, to bound from below Ceu. (o, T;w), it is sufficient to bound from below
Cctr(@7 Ta wsym)-
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5.4.2. A related boundary control problem

Now, consider a control A that drives the solution u” of (59) to 0 in time 7', and
define i i
H"(t) == uP(—a,t), H™(1) :=u"(a,1).

As recalled in Subsection 4.1.1, we have v € L?(0,T; H(—1,1)); but remember
that H(—1,1) € C°([—1,1]), the injection being continous; in consequence we have

w € L*(0,T;C°([—1,1])), which implies that ", H" ¢ 12(0,T).

Define Vz € (—a,a),Vt € (0,T), v(z,t):=u"(z,t). (60)
'Ut_<|x|avx)x:(), x € (—a,a),t >0,
v(a,t :H[uo]t7 t >0,

Then v satisfies (a,) + [(}) (61)
v(—a,t) = H"), t>0,
| v(z,0) = uo(2), z € (—a,a),

Hence, roughly speaking, H ol and H f‘ﬂ are boundary controls that drive the solu-
tion of (61) to 0 in time 7". In the following we investigate the associated spectral
problem.

5.4.3. The eigenvalue problem in (—a,a)

Consider the associated eigenvalue problem:

{—(\x!%')' =,  x€(—a,a),
¥(—a) =0 =1(a).

The solutions of this eigenvalue problem are given in the following:

Lemma 5.2. When a € [0,1) and a € (0,1), we have exactly two sub-families of
eigenvalues and associated eigenfunctions for problem (63), that is:

2
/ﬁ;oa -2

(a)  the eigenvalues of the form o Jven  Gssociated with the odd function
a2k (e3)
0 lea T
V(@) =272 S (Grn(2)™) if 2 € (0,0), (64)
2
(b)  the eigenvalues of the form /;O‘ 42 . associated with the even function
a2ka a,

W) = 27 T (ea(5)™)if e € (0,0) (65)

The proof is the same as the proof of Proposition 2.7 of [7], taking into account that
here the space domain is (—a,a).
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5.4.4. Gap properties of the square roots of the eigenvalues

It is practical to order the eigenvalues in the increasing order: as we did before, the
increasing sequence of eigenvalues is (Ua,n)nzla where

K2 K2
_ a 2 _ a 2
Vn>1, paon—1 = Qe —vasm and  figon = g e

We note the following gap estimates:

e concerning consecutive eigenvalues of even order:

Ra . .
\/Ma,2n+2 - \/Ma,?n = aTa(.]VaJH-l - ]Vcwn)’

hence using Komornik-Loreti [24] p. 135:

Ka
vn > ]-7 \/,ua,Qn—i-Z - \/,Ua,Zn < — T, (66)

afe

e concerning consecutive eigenvalues of odd order:

Ra . .
\/,U«a,2n+1 - \/Ma,Qn—l = aTa(]—Va,n—l-l - j—l/a,n)’

hence, in the same way ([24] p. 135):

Ra
Vn>1, Haz2ntt — /Hazn-1 < prmkl (67)

e concerning consecutive eigenvalues, we derive that

Ko

- first \/M&,Zn - \/,ua,Qn—l S \/Ma,Qn - \/,ua,2n—2 S aka T,

— and in the same way

K
\/Moa,?n—&-l - \/,ua,Qn S \/,ua,2n+1 - \/ﬂa,Zn—l S a% .

These gap properties will be important in the following.

5.4.5. Consequences of the moment method for (61)

We use the moment method to obtain useful estimates given by (61) and (62). First
we denote

Vn> 1, apeoi(x) = CO%E) (), and Yaon(z) = COPL) (2)

in such a way that 1, , is an eigenfunction associated to the eigenvalue f, ,, and

where the constants C\) and C.” are chosen such that |YamlL2((~a,a)) = 1 (hence
the set {t)a.n,n > 1} forms an orthonormal basis of L?(—a,a)). Next, we denote

Wo (T, 1) = Yo n()ernt
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and we see that w,,, is solution of the adjoint problem:

{wt + (|z]*wz), =0 on (—a,a) x (0,7,
w(—a,t) =0 =w(a,t).

Then, we multiply the first equation in (61) by wq»:

T a
0= / / (v = (J2]°02)o W,
0 —a

and integrating by parts, we obtain
(U0, Yam) L2((~a,a))
T T
— oy, (a) / HI (1) ehont dt — a®i, (—a) / (1) chont gt
0 0

Now, take specifically ug := 1),1. Then, choosing p > 1 and n = 2p — 1, we have:
forall p > 1,

T
aa,l?b(lx,Qp—l(a)\/ Hya’l}(t) 6”’C¥,2p71t dt
0

T
— V(=) [ HE ) St = 610 = b1y

Since 94,251 is an even function, ¢, 5, ;(—a) = =¥/, 5, ;(a), and from its formula
we have also of course 7,5, ;(a) # 0. Hence, for all p > 1, we have

01 _ d1p
a®Pp 0p-1(a)  a®yy, 4(a)

T T
/ HY (1) etoant g / HYl(4) eaznrt g =
0 0

This implies that

T
p > 1, / (a0l al@)(HE @) + HY 1)) ) et = 51, (68)
0

In the same way, choosing k > 1 and ug := 94 2,—1, We obtain

T
vk p =1, / (a0 e () (HL (1) o+ HE2 0 (0))) ottt = 6,
0
This tells us that the sequence

(s (@@ H2))

is biorthogonal to the sequence (ete2e-1%) -, in L?(0,T'), and thanks to (67) we are in
position to apply Theorem 2.5 of [10], that gives a lower bound for any biorthogonal
sequence to a set of exponentials satisfying some gap condition as (67). In our
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situation, since (67) is true, Theorem 2.5 of [10] gives us that there exists ¢, > 0
independent of T, @ and k such that

6] [¢a,2 —1} [wa,2 —1}
Yk > 1, la®g g (@) (HT 0+ HE ) oy
2na

> e 2;1,(1 2k — 1T€2rz WQTB(T a, Qk - 1) (69)

with some B(T,a,2k — 1) explicitly given in [10], that behaves in a rational way
with respect to 7' (and then the main behavior as " — 0 is given by the exponential

2na

factor e2<2=>T ). In particular, in the case k = 1, we have

02 a*te 1

T3 <a2'€a + 1)

B(T,a,1) =

Moreover, since |1y, ; ()| is bounded from below by a positive constant (independent
of a € [0,1) but of course depending on a), we derive from (69) that

2na
1EY ¢ B o gy > e TemE T f(a, T, a) (70)
Cu a2t 1 1

with (. T.a) = |
Bl ) = “an e T La® |y, (a)]

In the following, we conclude using some energy estimates.

5.4.6. Energy estimates

Now we can conclude, relating the locally distributed control (on wsym) to the boun-
dary controls acting at —a and a, using energy methods, as we did in [12].

As proved in section 5.4.5, HE:D“J] H[wa = uh(a,-) +u"(—a, ) has to be exponen-

tially large when T — 0, and this will force h to be also exponentially large. Indeed,
first we have for all y > a

—ﬂ4y¢>:~élu4x¢>¢a

hence for all y > a

1

u(y, £)? = (/ylux(x,t)dx>2 < </1:1: (2. 1) d (/ v dr)

Yy Y
1
<1 2
> ru
a= Jy

and in the same way for all y < —a,

1 Y
umWs—/mmmwm
a® J_q
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Then, multiplying the first equation of (59) by u, we have

T o T 1 1 1 T 1
/ / UNX sy :/ / u(ut—(]x\aux)x):—§/ u%—i—/ / || *u?
0 J-1 0 J-1 -1 0 J-1
hence
T 1 1 1 T b T f-a _
/ / |x|o‘ui:—/ ug—l-/ /uh+/ / uh
0 a 0 —-b
1 1/2 . T r-a 1 0 1/2 .
5 / / / ui(x,t)dx |h|+/ / —a/ |x|aui(x,t)dx> |h|
1
]' « 2
5 \x| (x,t) dxdt—l—— ) dx dt.

sym

We obtain that

//|x|au2dxdt<1+—// h(z,t)* dx dt,
—1 Wsym

hence / u(a, ) dt+/ u(—a,t) dt<—/ / |x|au2dxdt
0 0
— / / xt dz dt.
a® CL « ey

T
/ / (o, 1) drdt > a2 (Ju(a, )2 + llu(—a, )2som] — 0.
0 Wsym

Hence

and the lower bound (70) implies that

~ a2a a2rka
HhH%?((:)X(O,T) 2 7672ﬂd,1T62n 7T2T5(a T a)

Then the null controllability cost for (59) blows up at least exponentially fast when
T — 0%, and as a consequence also for (1), as stated in Theorem 2.2. ]

5.5. Some remarks

We were not able to use (53) and (57) to prove (7). However, (53) and (57) contain
interesting informations, and in the following we give two limit cases.

5.5.1. The limit case a = -1, b =1
Consider the case of the globally distributed control a = —1, b = 1: then

d?x,T,—l,l;m = ﬁeE(a,i%l,f—l,l;m) ||§Oc,m - ]3||%2((—1,1)><(0,T)) - “éa,mH%Z((—l,l)X(O,T))

since é,,, and E(a, T, —1,1;m) are orthogonal.
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Then we immediately have

T A\ 1 — e AamT
2 _ —Aa,mt _
da,T,—l,l;m - / e "ot dt = )\— S T’
0 a,m

which gives that the null controllability cost blows up at most as %, and not expo-
nentially. Of course this can be proved directly, but the goal of this remark was to
obtain this information through (53) and (57).

5.5.2. The limit case b “close” to a

Let us look to a formula “close” to the one of dim_l’l;m, changing @, ,(x) by @, ,(a)
on the interval (a,b). (Of course this would only have a sense if b = a, which would
bring other problems.) Then, if @, ,(a) # 0 for all n, we would obtain that

dist %2((a’b)X(O’T))<6a71¢a71(a), Vect {5a7n<I>a,n(a), n Z 2})

= (b—a)®,(a)? dist %z(oﬂ (€an, Vect {eqn,n > 2}),

and then Theorem 2.5 of [10], already applied before in section 5.4.5, says that

dist 120,y (€a,1, Vect {eqm,n > 2}) < (1 - oz)e_%

(using Lemmas 5.1 and 5.2 of [10]). That would give (7) in this “limit case”.
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