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We present a detailed convergence analysis of the potential reduction algorithm for generalized Nash
equilibrium problems (GNEPs), that is known to be a robust method for solving those problems.
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iterates to the set of KKT-points of the GNEP. Furthermore, we show that the stepsize is bounded
from below, implying finite termination of the method for prescribed accuracy. Using a non-fixed
linesearch parameter we prove superlinear convergence. Further, we give additional assumptions
to transfer the convergence rates to an inexact potential reduction algorithm. By our analysis, we
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and hence at a generalized Nash equilibrium, which might be exploited numerically.
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1. Introduction

In the last years, several algorithms for the solution of generalized Nash equilibrium
problems (GNEPs) have been proposed. In [9, 15] one can find surveys for definitions
and examples of GNEPs together with general numerical approaches. For Newton-
type methods, see [5, 13], for penalty approaches [8, 16], for a multiplier-penalty
method [18], for a variational inequality approach [10, 20], to mention just a few
different numerical approaches.
The potential reduction algorithm for GNEPs, which is the content of this paper,
has proven to be a robust method regarding global convergence to a KKT-point of
the GNEP, as shown in [4]. The convergence speed will be discussed in this paper.
In [1] a finite termination for a prescribed tolerance was proven, and it is based on
showing boundedness of the step-size from below. Here, we will sharpen this result
and further prove the linear rate of convergence. The algorithm in its original form
has in general no faster local convergence. However, we will see that a sequence
of linesearch parameters instead of a fixed one can be used to obtain superlinear
convergence.
ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag
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Other methods that have a fast local convergence rate have been proposed, and in
particular the LP-Newton method from [11, 12] is a promising approach. It was
used to design a hybrid method with the potential reduction algorithm in [2, 3].
Further, a suitable globalization technique was developed in [14], and the method
was successfully tested on GNEPs. The cost of each iteration is mainly the solution
of one linear program, that has to be compared to the cheaper linear equation system
in the potential reduction algorithm.
This paper is organized as follows. In Section 2, we recall the definition of a GNEP,
and restate the potential reduction algorithm with its known convergence result.
In Section 3, we present the notation for the analysis of the algorithm and the
assumptions we will require. Section 4 contains the convergence analysis. The
main result is the linear rate of convergence. In Section 5 we show, how a non-fixed
linesearch parameter can be used to obtain superlinear convergence. In Section 6, the
obtained convergence rates are extended to an inexact potential reduction algorithm
for GNEPs. In Section 7 we present one numerical example that illustrates the linear
and superlinear rates. Finally, we conclude the paper in Section 8.

2. Potential reduction algorithm for GNEPs

Here, we consider the exact version of the potential reduction algorithm for GNEPs,
whose inexact version was introduced in [4]. The algorithm solves the KKT-system
of a GNEP through an interior point algorithm, where the step-size is defined by
an Armijo-rule for a potential function. We will use the notation from [1] and for
convenience we recall all the basic definitions here.
We consider a GNEP with players ν = 1, . . . , N , where the ν-th player solves, for
given strategies x−ν ∈ Rn−nν of all other players, the problem

min
xν∈Rnν

θν(x
ν , x−ν) s.t. gν(xν , x−ν) ≤ 0,

with twice continuously differentiable functions θν :Rn→R and gν :Rn→Rmν , whose
second derivatives are locally Lipschitz continuous. A point x̄ = (x̄1, . . . , x̄N)∈Rn

with gν(x̄) ≤ 0 for all ν = 1, . . . , N is called a generalized Nash equilibrium, if

θν(x̄
ν , x̄−ν) ≤ θν(x

ν , x̄−ν) ∀xν ∈ {xν ∈ Rnν | gν(xν , x̄−ν) ≤ 0}

for all ν = 1, . . . , N. Defining

g(x) :=

 g1(x1, x−1)
...

gN(xN , x−N)

 , λ :=

λ1

...
λN

 , w :=

w1

...
wN

 ,

which are vectors of dimension m := m1 + . . .+mN , and

F (x, λ) :=


∇x1θ1(x

1, x−1) +
m1∑
i=1

λ1i∇x1g1i (x
1, x−1)

...
∇xN θN(x

N , x−N) +
mN∑
i=1

λNi ∇xNg
N
i (xN , x−N)

 ∈ Rn,
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we obtain all KKT points of the GNEP as solutions of the constrained equation

0 = H(z) := H(x, λ, w) :=

 F (x, λ)
g(x) + w
λ ◦ w

 s.t. z ∈ Rn × Rm
+ × Rm

+ , (1)

where λ ◦ w is the Hadamard product. Let

S := {z ∈ Rn × Rm
+ × Rm

+ | H(z) = 0}

denote the set of all KKT-points.
We want to discuss a potential reduction algorithm, originally introduced in [21],
and further analyzed under more general convergence conditions in [19]. An inexact
version of this algorithm was adapted to GNEPs in [4]. Here, we consider the exact
version, which is also used in [1, 3], and we recall some definitions from there. Define
the set

ZI := {z = (x, λ, w) ∈ Rn × Rm
++ × Rm

++ | g(x) + w > 0}
and for a real number ζ > m the potential function ψ : ZI → R,

ψ(z) := ζ ln(∥H(z)∥2)−
2m∑
i=1

ln(Hn+i(z)).

Further, set a := (0⊤n , 1
⊤
m, 1

⊤
m)

⊤ ∈ Rn+2m,

and for any zk ∈ ZI µk :=
a⊤H(zk)

∥a∥2
=

1

2m

2m∑
i=1

Hn+i(z
k),

where Hn+i denotes the (n+ i)-th component of the vector H. Now, we restate the
exact version of the potential reduction algorithm, c.f., [3], with a slight change in
allowing non fixed constants ηk ∈ (η, 1) with η ∈ (0, 1) for the linesearch.

Algorithm 1: Potential Reduction Algorithm for GNEPs

(S.0): Choose z0 ∈ ZI and γ ∈ (0, 1), η ∈ (0, 1), ζ ∈ (m, 2m). Set k := 0.

(S.1): If H(zk) = 0 then STOP.
(S.2): Choose σk ∈ (0, 1) and compute a solution dk of the linear system

JH(zk)d = −H(zk) + σkµk a. (2)

(S.3): Choose ηk ∈ (η, 1) and compute a stepsize tk := max{ηkℓ | ℓ = 0, 1, 2, . . .}
such that zk + tkd

k ∈ ZI and
ψ(zk + tkd

k) ≤ ψ(zk) + γtk∇ψ(zk)⊤dk.
(S.4): Set zk+1 := zk + tkd

k, k := k + 1, and go to (S.1).

As a direct consequence of [4, Theorem 4.3], one has the following convergence
theorem for fixed ηk = η ∈ (0, 1) for all k ∈ N, which was stated in [3, Theorem
2]. Allowing a sequence {ηk} in the step-size condition instead of a fixed value η
we obtain the same result, slightly adapting the proof. Rather than presenting the
(lengthly) entire proof, we focus on the new part, regarding the stepsize condition.
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Theorem 2.1. Assume that JH(z) is nonsingular for all z ∈ ZI , and that the
sequence {σk} satisfies lim supk→∞ σk < 1. Let {zk}k∈N be any sequence generated
by Algorithm 1. Then the following assertions hold:
(a) The sequence {H(zk)}k∈N is bounded.
(b) Any accumulation point of {zk} is a solution of (1).

Proof. We follow the proof of [4, Theorem 4.3]. The proof of part (a) holds without
changes. For part (b) we assume that z∞ is an accumulation point of the sequence
{zk}, and that {zk}K is a corresponding subsequence converging to z∞. For con-
tradiction, we assume H(z∞) ̸= 0. Then, we can follow the proof to obtain that
z∞ ∈ ZI , limk∈K d

k = d∞ for some vector d∞ ∈ Rn+2m, ∇ψ(z∞)⊤d∞ < 0 and that
{ψ(zk)}k∈K also converges.
Now, the new step-size rule has to be used, instead of the old one with fixed η. Since
by definition {ψ(zk)}k∈N is monotonically decreasing, the whole sequence {ψ(zk)}k∈N
converges. Further, we have

ψ(zk+1)− ψ(zk) ≤ γtk∇ψ(zk)Tdk < 0

for all k ∈ N. Since the left-hand side converges to zero, limk→∞ tk∇ψ(zk)Tdk = 0
must hold. This, in turn, implies limk∈K tk = 0 since

lim
k∈K

∇ψ(zk)Tdk = ∇ψ(z∞)Td∞ < 0.

Let ℓk ∈ N0 be the unique index such that tk = ηℓkk holds for all k ∈ N. With
limk∈K tk = 0, we must have ℓk > 0 for all k ∈ N sufficiently large, and we also
have limk∈K

tk
ηk

= 0, since ηk is bounded away from zero. Since the limit point z∞
belongs to the open set ZI , it therefore follows that the sequence {zk + tk

ηk
dk}k∈K

also belongs to this set, at least for all sufficiently large k ∈ K. Consequently, for
these k ∈ K, the line search test in (S.3) fails for the stepsize tk

ηk
= ηℓk−1

k . Thus

ψ(zk + ηℓk−1
k dk)− ψ(zk)

ηℓk−1
k

> γ∇ψ(zk)Tdk

holds for all k ∈ K sufficiently large. Taking the limit k → ∞ on the subset K, the
continuous differentiability of the potential function ψ on the set ZI gives

∇ψ(z∞)Td∞ ≥ γ∇ψ(z∞)Td∞.

Since ∇ψ(z∞)Td∞ < 0 and γ ∈ (0, 1), this is a contradiction. Consequently, we
have 0 = H(z∞), and hence z∞ is a solution of (1).

3. Notations and assumptions

For our discussions on the convergence rate, we recall some definitions.

Definition 3.1. A sequence {zk} converges Q-linearly to z̄ if there is some constant
c ∈ (0, 1) such that for all k ∈ N sufficiently large we have

∥zk+1 − z̄∥ ≤ c ∥zk − z̄∥.
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A sequence {zk} converges R-linearly to z̄, if there is some sequence {εk} ⊂ R++

that converges Q-linearly to 0 and ∥zk − z̄∥ ≤ εk for all k ∈ N sufficiently large.
For two sequences {αk}, {α̃k}⊂R++ we use the notation

αk = o(α̃k) if lim
k→∞

αk

α̃k
= 0,

αk = O(α̃k) if αk

α̃k
is bounded.

Further, let us recall some notation from [1]. For a set α ⊆ {1, . . . ,m}, define

ᾱ := {1, . . . ,m} \ α.

For x̄ ∈ Rn with g(x̄) ≤ 0, define the set of active and inactive constraints by

I=(x̄) := {j | gj(x̄) = 0} and I<(x̄) := {j | gj(x̄) < 0},

respectively. Since in a GNEP several players may have the same constraint, let

p(x̄) := max {|α| | α ⊆ I=(x̄), gi ̸≡ gj ∀i, j ∈ α}

denote the number of different active constraints at x̄. Depending on p(x̄) and
|I=(x̄)| define the following sets of index sets:

I0=(x̄) :=
{
α ⊆ I=(x̄)

∣∣|α| = p(x̄), gi ̸≡ gj ∀i, j ∈ α
}
;

I−k
= (x̄) :=

{
α ⊆ I=(x̄)

∣∣∃βα ∈ I0=(x̄)∃i1, . . . , ik ∈ βα : α = βα \ {i1, . . . , ik}
}
,

for 1 ≤ k ≤ p(x̄);

I1=(x̄) :=
{
α ⊆ I=(x̄)

∣∣∃βα ∈ I0=(x̄)∃i, j ∈ α, i ̸= j : gi ≡ gj, α \ {i} ⊆ βα
}
,

if |I=(x̄)| > p(x̄);

Ik=(x̄) :=
{
α ⊆ I=(x̄)

∣∣α ̸∈ Ik−1
= (x̄), ∃βα ∈ Ik−1

= (x̄)∃i ∈ α : α \ {i} = βα
}
,

for 2 ≤ k ≤ |I=(x̄)| − p(x̄).

For more explanations on the definition of these sets, we refer to [1]. With these
definitions, we have a disjoint partition of the power set P(I=(x̄)) of I=(x̄), namely

P(I=(x̄)) =
⋃

−p(x̄)≤k≤|I=(x̄)|−p(x̄)

Ik=(x̄).

The assumptions we use for our convergence analysis are the ones from [1, Assump-
tion 5.26, Assumption 5.33]. We have to exploit the structure of the matrix

JH(z) =

JxF (x, λ) E(x) 0
Jxg(x) 0 I

0 W Λ


with E(x) := blockdiag(∇x1g1(x), . . . ,∇xNg

N(x)), Λ := diag(λ) and W := diag(w).

The matrix M(x, λ) := Jxg(x) JxF (x, λ)
−1E(x)

will play a crucial role. We denote by Mββ the submatrix of M that contains all
columns and rows with indices in the set β.
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Assumption 3.2. (A1) The sequence {zk} is bounded.
(A2) If there are identical constraints gi ≡ gj with i, j ∈ {1, . . . ,m}, i ̸= j, then we

have w0
i = w0

j for the starting vector w0.
(A3) There is a constant c > 0 such that for all k ∈ N0

σkµk

min
j=1,...,2m

Hn+j(zk)
≤ c∥H(zk)∥.

(A4) The matrix JxF (x, λ) is nonsingular for all (x, λ) ∈ Rn × Rm
+ .

(A5) At every solution z̄ ∈ S there is a β ∈ I0=(x̄), such thatMββ(x̄, λ̄) is nonsingular
and λ̄j > 0 for all j ∈ β. Further, det(Mαα(x̄, λ̄)) is zero or has the same sign
for all α ∈ I0=(x̄).

(A6) The matrix JH(z) is nonsingular for all z ∈ ZI .

Remark 3.3. Let us discuss our assumptions:
(A1) This assumption guarantees the existence of an accumulation point and hence
a solution under the conditions of Theorem 2.1. In [4, Theorem 4.10] sufficient
conditions for (A1) were given, namely (A6), the coercitvity assumption

lim
∥x∥→∞

∥max{0, g(x)}∥ = +∞,

and the extended Mangasarian-Fromowitz condition (EMFCQ) for each player, i.e.,
for all ν = 1, . . . , N and all x ∈ Rn there exists a dν ∈ Rnν such that

∇xνg
ν
i (x)

⊤dν < 0 ∀i ∈ {j ∈ {1, . . . ,mν} | gνj (x) ≥ 0}.

Coercivity is a weak assumption, which for example holds for GNEPs with linear
constraints and a compact feasible set. It can also be enforced by introducing
additional box constraints. Coercivity is used to guarantee boundedness of the x
and w part of the iterate zk = (xk, λk, wk) in the proof of [4, Theorem 4.10]. The
EMFCQ is a standard constraint qualification in optimization, and here it is used to
show boundedness of the multipliers for the active constraints. For the inactive ones,
this follows without further assumptions. EMFCQ only depends on the constraints
of each player. We will see in Corollary 4.3 that for repeated constraints, we can
use equal starting values in the algorithm to obtain equal multipliers for repeated
constraints at all iterates. Hence, if one of these multipliers stays bounded, this
also holds for the others corresponding to repeated constraints. This allows us to
even relax the EMFCQ condition for GNEPs with repeated constraints, namely the
descent condition for a repeated active or violated constraint must only hold for one
player and not for all.
(A2) This is a very mild assumption on the starting vector w0 that can always be
satisfied.
(A3) Here, we require that the sequence {σk} vanishes fast enough, and in particular
this implies the assumption

lim sup
k→∞

σk < 1

from Theorem 2.1. (A3) can always be satisfied by an appropriate choice of the
parameter sequence {σk}.
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(A4) The nonsingularity of JxF (x, λ) is a commonly used condition, and it is
also one part of the sufficient conditions for nonsingularity of JH(zk) given in [4,
Theorem 4.6]. (A4) is an assumption on the functions defining the GNEP, and it
can be easily verified for GNEPs with quadratic cost and affine linear constraint
functions (LQGNEPs), because then we have only a single matrix independent of x
and λ. However, it restricts the number of GNEPs our theory can deal with. For
example LGNEPs, where cost and constraint functions are all affine linear, violate
(A4) since JxF (x, λ) = 0. For the potential reduction algorithm in the context of
LGNEPs, we refer to [7].
(A5) The first part of (A5) is a strong condition that was also used in slightly
different variants in [2, 3, 17] in order to prove a local error bound for GNEPs. For
GNEPs with shared constraints it is typical to have a singular matrix JH(z̄) at a
solution z̄. Therefore, we cannot assume its nonsingularity at the solution. By drop-
ping rows from repeated constraints except one, and the corresponding columns, we
may obtain nonsingularity of the remaining sub-matrix

(
JxF (x, λ) Eβ(x)
Jxgβ(x) 0

)
. This,

together with (A4), is by definition of Mββ(x, λ) = Jxgβ(x)JxF (x, λ)
−1Eβ(x) the

nonsingularity assumption in (A5).
Further, the requirement of positive multipliers is a relaxation of the strict comple-
mentarity condition. For repeated constraints we only require that one player has a
positive multiplier and not all the players. This condition, however, is usually hard
to be verified without knowing the solutions and the corresponding multipliers.
The second part of (A5) is satisfied, if the sufficient conditions for the nonsingularity
of JH(z) from [4, Theorem 4.6] are satisfied. Those are (A4) and that M(x, λ) is a
P0-matrix, i.e., detMαα(x, λ) ≥ 0 for all α ⊆ {1, . . . ,m}. Note, that all conditions
on M(x, λ) can be verified for LQGNEPs, since we only have a single matrix in that
case. Further, (A5) is actually only required at those solutions that are accumu-
lation points of the algorithm. Thus, if we use equal starting values for repeated
constraints, we will have, in view of Corollary 4.3, only to consider solutions with
equal multipliers.
(A6) As already mentioned, sufficient conditions for the nonsingularity of JH(z)
are (A4) and the P0 property of M(x, λ), as shown in [4, Theorem 4.6]. In [6] it was
(in the context of quasi-variational inequalities) shown that for GNEPs with linear
constraints, where (A4) holds, the P0-property is also necessary for (A6). The P0

property can be verified in the context of LQGNEPs, but it might be computation-
ally expensive.
(A6) is, at least at all iterates zk, necessary for the direction dk to be uniquely de-
fined in our algorithm. Furthermore, inspecting the contradiction-based proof of [4,
Theorem 4.3], it is necessary at any accumulation point of the sequence that lies in
the open set ZI (but not at its boundary, as the solutions do). Hence, it would be
enough that JH(z) is nonsingular for all z ∈ ZI that lie in the neighborhood of the
sequence {zk}.

Now, let us have a closer look on the equation system (2).
Partitioning the vector dk :=

(
(dkx)

⊤, (dkλ)
⊤, (dkw)

⊤)⊤ ∈ Rn+m+m, equation (2) be-
comes
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JxF (x
k, λk)dkx + E(xk)dkλ = −F (xk, λk), (3)

Jxg(x
k)dkx + dkw = −g(xk)− wk + σkµk1m, (4)

W kdkλ + Λkdkw = −ΛkW k1m + σkµk1m. (5)

As shown in [1, Equation 5.33] under assumption (A4), this yields(
MkΛk +W k

) dkλ
λk

= rk, (6)

with Mk := Jxg(x
k) JxF (x

k, λk)−1E(xk),

rk := −Jxg(xk) JxF (xk, λk)−1F (xk, λk)+g(xk)+σkµk((Λ
k)−1−Im)1m.

Using Cramer’s rule we obtain for each component i ∈ {1, . . . ,m}

dkλ,i
λki

=
det(M̃k

i Λ̃
k
i + W̃ k

i )

det(MkΛk +W k)
, (7)

where we used Λ̃k
i := diag

(
λk1, . . . , λ

k
i−1, 1, λ

k
i+1, . . . λ

k
m

)
,

W̃ k
i := diag

(
wk

1 , . . . , w
k
i−1, 0, w

k
i+1, . . . w

k
m

)
,

M̃k
i :=

(
Mk

1 , . . . ,M
k
i−1, r

k,Mk
i+1, . . .M

k
m

)
.

The behavior of these fractions is the crucial part in the upcoming analysis.

4. Convergence analysis

Let us first formally state that our assumptions imply convergence of {H(zk)}k∈N
to zero.

Lemma 4.1. Assume (A1), (A3) and (A6). Then, the entire sequence {H(zk)}k∈N
converges to zero.

Proof. The proof is by contradiction. Assume, that {H(zk)} does not converge to
zero. Then, we can find a subsequence of {zk}, where {∥H(zk)∥} is bounded away
from zero. The boundedness assumption (A1) implies that this subsequence has an
accumulation point z̄. By (A3) and (A6) we can apply Theorem 2.1. Thus, z̄ must
be a solution satisfying H(z̄) = 0, contradicting that {∥H(zk)∥} is bounded away
from zero.

Now, let us recall [1, Lemma 5.27] together with its simple proof.

Lemma 4.2. Let (A2) be satisfied. Then, if there are indices i, j ∈ {1, . . . ,m} with
gi ≡ gj, we have wk

i = wk
j for all k ∈ N0. Furthermore,( ∏

i∈ᾱ1\I<(x̄)

wk
i

)
=
( ∏

i∈ᾱ2\I<(x̄)

wk
i

)

holds for all α1, α2 ∈ I0=(x̄) and all k ∈ N0, that is the product is independent of the
choice of α ∈ I0=(x̄).
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Proof. If we have indices i, j ∈ {1, . . . ,m} with gi ≡ gj and wk
i = wk

j for some
k ∈ N0, equation (4) yields

dkw,i = −wk
i − gi(x

k)−∇gi(xk)Tdkx + σkµk

= −wk
j − gj(x

k)−∇gj(xk)Tdkx + σkµk = dkw,j,

and hence wk+1
i = wk

i + tkd
k
w,i = wk

j + tkd
k
w,j = wk+1

j .

With w0
i = w0

j by (A2) this implies wk
i = wk

j for all k ∈ N0. Now, let α1, α2 ∈ I0=(x̄)
be given. By definition ᾱ1 \ I<(x̄) and ᾱ2 \ I<(x̄) contain only active constraints
that are joined by several players, and they contain all but one of each joined active
constraint. Thus, (A2) and the first assertion imply( ∏

i∈ᾱ1\I<(x̄)

wk
i

)
=
( ∏

i∈ᾱ2\I<(x̄)

wk
i

)
.

This Lemma has a nice consequence if we further choose the starting values of the
λ0 variables equal.

Corollary 4.3. Assume (A2) and that if there are identical constraints gi ≡ gj with
i, j ∈ {1, . . . ,m}, i ̸= j, then we have λ0i = λ0j for the starting vector λ0. Then, we
have λki = λkj for all k ∈ N0. In particular, any accumulation point of a sequence
{zk} generated by Algorithm 1 has equal multipliers for repeated constraints.

Proof. Let identical constraints gi ≡ gj with i, j ∈ {1, . . . ,m}, i ̸= j be given.
Then, (A2) and Lemma 4.2 imply wk

i = wk
j and also dkw,i = dkw,j for all k ∈ N0.

Assume λki = λkj for some k ∈ N0. Then, equation (5) yields

dkλ,i =
−λkiwk

i + σkµk − λki d
k
w,i

wk
i

=
−λkjwk

j + σkµk − λkj d
k
w,j

wk
j

= dkλ,j.

With λ0i = λ0j this implies λki = λkj for all k ∈ N0. Hence, we have equal mul-
tipliers for identical constraints at every iteration, and this also transfers to any
accumulation point.

Note, that by Corollary 4.3 we can use Algorithm 1 for GNEPs with shared con-
straints with equal starting values in w0 and λ0 for the repeated constraints in order
to compute normalized Nash equilibria.
Now, we start with the technical analysis of the convergence speed. The following
Lemma is closely related to [1, Lemma 5.29], but with an explicit computation of
the term hidden in the constant there.

Lemma 4.4. Let Assumption 3.2 hold. Let {(xk, λk, wk)} be a subsequence, gener-
ated by Algorithm 1, that converges to (x̄, λ̄, w̄). Then, with β ∈ I0=(x̄) from (A5),
we obtain

det(MkΛk +W k) (8)

=
( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)
.
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Proof. By (A6) Algorithm 1 is well defined, and by the boundedness assumption
(A1) we have a convergent subsequence. Its limit (x̄, λ̄, w̄) is by Theorem 2.1 a KKT
point. By (A4) all matrices Mk are well defined.
Using det(M∅∅) = 1 and exploiting the diagonal structure of Λk and W k, we get

det(MkΛk +W k) =
∑

α⊆{1,...,m}

det(W k
ᾱᾱ) det

(
(MkΛk)αα

)
=

∑
α⊆{1,...,m}

det(W k
ᾱᾱ) det(M

k
αα) det(Λ

k
αα) =

∑
α⊆{1,...,m}

(∏
j∈ᾱ

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα).

If the set α contains more than one repeated constraint, in particular if α\I<(x̄) ∈ Iℓ=
with ℓ ≥ 1, the matrix Mk

αα has two identical rows, and its determinant vanishes.
Hence, to get non-zero summands the set α must particularly contain for each re-
peated constraint being active at x̄ no more than one copy, i.e., α \ I<(x̄) ∈ Iℓ=(x̄)
with ℓ ≤ 0. Then, ᾱ contains for every non-zero summand at least all but one of the
active repeated constraints, i. e., we must have an index set βα ∈ I0=(x̄) such that
β̄α \ I<(x̄) ⊆ ᾱ. Using (A2) and Lemma 4.2, we get with the index set β ∈ I0=(x̄)
from (A5) ( ∏

j∈β̄α\I<(x̄)

wk
j

)
=
( ∏

j∈β̄\I<(x̄)

wk
j

)
.

Thus, we can write

det(MkΛk +W k)

=
( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α⊆{1,...,m},

α\I<(x̄)∈Iℓ=(x̄),ℓ≤0

( ∏
j∈ᾱ\(β̄α\I<(x̄))

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα).

If α \ I<(x̄) ∈ Iℓ=(x̄) for some ℓ < 0, we must then have by definition an index
j ∈ ᾱ \ (β̄α \ I<(x̄)) with wk

j → 0. Since by (A1) and (A4) all iterates and det(Mk
αα)

are bounded, this implies∑
α⊆{1,...,m},

α\I<(x̄)∈Iℓ=(x̄),ℓ<0

( ∏
j∈ᾱ\(β̄α\I<(x̄))

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα) = o(1).

If α ∩ I<(x̄) ̸= ∅ we have an index j ∈ α with λkj → 0. This again yields∑
α⊆{1,...,m},
α∩I<(x̄)̸=∅

( ∏
j∈ᾱ\(β̄α\I<(x̄))

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα) = o(1).

This means that we can only have index sets α ∈ I0=(x̄) that lead to non-vanishing
summands in the limit. For these we have ᾱ \ (β̄α \ I<(x̄)) = I<(x̄). Altogether, we
have shown (8).

In the next lemma we use the technique from the proof of [1, Lemma 5.30].
Lemma 4.5. Let Assumption 3.2 hold. Let {(xk, λk, wk)} be a subsequence, gener-
ated by Algorithm 1, that converges to (x̄, λ̄, w̄). Then, there is some constant C > 0
such that, with β ∈ I0=(x̄) from (A5), we have:
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if i ∈ I<(x̄) : det(M̃k
i Λ̃

k
i + W̃ k

i ) (9)

= −
( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)

if i ∈ I=(x̄) :
∣∣∣det(M̃k

i Λ̃
k
i + W̃ k

i )
∣∣∣ ≤ C

( ∏
j∈β̄\I<(x̄)

wk
j

)
∥H(zk)∥ (10)

Proof. Using the diagonal structure of Λ̃k
i and W̃ k

i we get

det(M̃k
i Λ̃

k
i + W̃ k

i ) =
∑

α⊆{1,...,m}

det((W̃ k
i )ᾱᾱ) det((Λ̃

k
i )αα) det((M̃

k
i )αα)

=
∑

α⊆{1,...,m},
i∈α

(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα) (11)

where the last equation exploited (Λ̃k
i )ii = 1 and (W̃ k

i )ii = 0.Developing det((M̃k
i )αα)

by the i-th column corresponding to rkα, we obtain

det((M̃k
i )αα) =

|α|∑
s=1

(−1)i+s rkαs det
(
Mk

α\{αs},α\{i}
)
. (12)

Step 1: Let us first take an arbitrary i ∈ I=(x̄). Now we distinguish four cases
(a) α \ I<(x̄) ∈ Iℓ=(x̄) with ℓ ≥ 2:
There are two possibilities:
Either we have at least three different indices l1, l2, l3 ∈ α\I<(x̄) with gl1 ≡ gl2 ≡ gl3 .
Then the corresponding rows of (M̃k

i )αα can only differ in the single column i. Hence,
the rows are linearly dependent and det(M̃k

i )αα = 0.
Or there are four indices j1, j2, l1, l2 ∈ α \ I<(x̄) with j1 ̸= j2, l1 ̸= l2 and gj1 ≡ gj2 ̸≡
gl1 ≡ gl2 . Then, the differences of the two corresponding pairs of rows are linearly
dependent, since they both can only have a nonzero entry in column {i}. Hence,
the four rows of (M̃k

i )αα are linearly dependent and again det(M̃k
i )αα = 0. Thus,

the corresponding summands in (11) are zero.
(b) α \ I<(x̄) ∈ I1=(x̄):
This means that there are exactly two indices s1, s2 ∈ α that belong to the same
active shared constraint. The definition of I1=(x̄) implies the existence of an index
set βα ∈ I0=(x̄) such that βα = I=(x̄) ∩ (α \ {s1}). With wk

s1
= wk

s2
from (A2) and

Lemma 4.2, we get

wk
s1

(∏
j∈ᾱ

wk
j

)
=
( ∏

j∈β̄α\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)
.

With Lemma 4.2 we get with β ∈ I0=(x̄) from (A5)(∏
j∈ᾱ

wk
j

)
=

1

wk
s1

( ∏
j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)
.
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Further, Mk
α\{αs},α\{i} has two identical rows for all αs ̸∈ {s1, s2}. Thus, the sum

in (12) has only two non-zero summands and these must have opposite sign, which
follows from a permuatation of the rows such that the rows belonging to s1 and s2
are below each other. We obtain∣∣∣∣ |α|∑

s=1

(−1)i+s rkαs det
(
Mk

α\{αs},α\{i}
) ∣∣∣∣ = ∣∣(rks1 − rks2

)
det
(
Mk

α\{s1},α\{i}
)∣∣ .

Having a closer look at the definition of rk, and using wk
s1
= wk

s2
, we obtain∣∣rks1 − rks2

∣∣ = σkµk

∣∣∣∣ 1

λks1
− 1

λks2

∣∣∣∣ ≤ σkµk

min{λks1 , λks2}
=

σkµkw
k
s1

min{λks1wk
s1 , λ

k
s2w

k
s2}
.

Finally, we have(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

) ∣∣∣det((M̃k
i )αα)

∣∣∣
≤ 1

wk
s1

( ∏
j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det
(
Mk

α\{s1},α\{i}
) σkµkw

k
s1

min{λks1wk
s1 , λ

k
s2w

k
s2}

≤
( ∏

j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det
(
Mk

α\{s1},α\{i}
) σkµk

min
j=1,...,m

λkjw
k
j

.

The boundedness from (A1), (A4), and σkµk

min
j=1,...,m

λkjw
k
j

≤ c∥H(zk)∥ by (A3), imply the

existence of a constant C1 > 0 such that for all summands in this case(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

) ∣∣∣det((M̃k
i )αα)

∣∣∣ ≤ C1

( ∏
j∈β̄\I<(x̄)

wk
j

)
∥H(zk)∥.

(c) α \ I<(x̄) ∈ I0=(x̄):
In this case we get from Lemma 4.2 with β ∈ I0=(x̄) from (A5)( ∏

j∈β̄\I<(x̄)

wk
j

)
=
( ∏

j∈ᾱ\I<(x̄)

wk
j

)
.

Hence, we have (∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα)

=
( ∏

j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα).

Here we have two subcases: Either α ∩ I<(x̄) ̸= ∅.
Then, we have one index s ∈ α \ {i} with λks → 0 and wk

s is bounded away from
zero. Using λks = λksw

k
s

wks
≤ ∥H(zk)∥

wks
, and the boundedness from (A1), which together

with (A4) implies boundedness of det((M̃k
i )αα), yields the existence of a constant

C2 > 0 such that
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j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

) ∣∣∣det((M̃k
i )αα)

∣∣∣
≤
( ∏

j∈β̄\I<(x̄)

wk
j

)
C2 ∥H(zk)∥.

Otherwise, α ⊆ I=(x̄). By definition we have for all j ∈ I=(x̄)

rkj = −Jxgj(xk) JxF (xk, λk)−1F (xk, λk)+(gj(x
k)+wk

j )−wk
j +w

k
j
σkµk

λkjw
k
j

−σkµk. (13)

By (A5) we can find for every active constraint at least one positive multiplier.
Hence, using (A2) and Lemma 4.2, we have an index j̃, with

wk
j

∥H(zk)∥
=

wk
j̃
λk
j̃

∥H(zk)∥λk
j̃

≤ 1

λk
j̃

,

which stays bounded, since λk
j̃
̸→ 0. Then, exploiting our assumptions (A1), (A3)

and (A4), |rkj |
∥H(zk)∥ is bounded. Using (12) and again (A1) and (A4), we can find a

constant C̃3 > 0 such that | det((M̃k
i )αα)| ≤ C̃3∥H(zk)∥.

Using once more (A1), we have in this subcase a constant C3 > 0 such that( ∏
j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

) ∣∣∣det((M̃k
i )αα)

∣∣∣
≤
( ∏

j∈β̄\I<(x̄)

wk
j

)
C3 ∥H(zk)∥.

(d) α \ I<(x̄) ∈ Iℓ=(x̄) with ℓ ≤ −1:
With β ∈ I0=(x̄) from (A5), we get in this case (β̄ \ I<(x̄)) ⊂ (ᾱ \ I<(x̄)), and there
is at least one more index s ∈ ᾱ \ I<(x̄) which is not in β̄. For this index we have
wk

s → 0. By (A5) for each active constraint there is at least one positive multiplier,
hence we can find an index s̃, with λks̃ ̸→ 0 and wk

s = wk
s̃ by (A2) and Lemma 4.2.

Then, we have wk
s =

wk
s̃λ

k
s̃

λks̃
≤ ∥H(zk)∥

λks̃
.

With (A1), (A4) and λks̃ ̸→ 0 we get in this case a constant C4 > 0 such that(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
| det((M̃k

i )αα)| ≤
( ∏

j∈β̄\I<(x̄)

wk
j

)
C4 ∥H(zk)∥.

Since we have bounded all summands of the finite sum in (11), we have shown (10).
Step 2: Let us now take an arbitrary i ∈ I<(x̄). Again, we distinguish four cases,
namely

α \ I<(x̄) ∈ Iℓ=(x̄)

for ℓ ≥ 2, ℓ = 1, ℓ = 0 and ℓ ≤ −1.
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All cases except ℓ = 0 can be treated identical to the cases (a), (b) and (d) of Step 1
and result in summands o

( ∏
j∈β̄\I<(x̄)

wk
j

)
, since ∥H(zk)∥ → 0 by Lemma 4.1. Thus,

we have

det(M̃k
i Λ̃

k
i + W̃ k

i )

=
∑

α⊆{1,...,m},
α\I<(x̄)∈I0=(x̄)

(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)

As in case (c) with α \ I<(x̄) ∈ I0=(x̄), we obtain for the summands(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα)

=
( ∏

j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα).

Now, for any index set α with (α\{i})∩I<(x̄) ̸= ∅, we have an index s ∈ α\{i} with
λks → 0. Hence, using (A1) and (A4), these summands are again o

( ∏
j∈β̄\I<(x̄)

wk
j

)
.

For the remaining summands we have (α \ {i}) ∈ I0=(x̄). Here, we can exploit
rkαs = o(1) for all s ∈ {1, . . . , |α|} \ {i} and rki = −wk

i + o(1), which follows from
(13), (A1), (A3), (A4) and ∥H(zk)∥ → 0 by Lemma 4.1. Inserting this in (12), we
get together with (A1) and (A4)

det((M̃k
i )αα) =

|α|∑
s=1

(−1)i+s rkαs det
(
Mk

α\{αs},α\{i}
)
= −wk

i det
(
Mk

α\{i},α\{i}
)
+ o(1),

resulting in

(∏
j∈ᾱ

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα)

=
( ∏

j∈β̄\I<(x̄)

wk
j

)( ∏
j∈ᾱ∩I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det((M̃k

i )αα)

=−
( ∏

j∈β̄\I<(x̄)

wk
j

)( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α\{i}

λkj

)
det
(
Mk

α\{i},α\{i}
)
+ o
( ∏

j∈β̄\I<(x̄)

wk
j

)
.

Altogether this proves (9).

Now we can present new quantitative limiting results, that are stronger than the
results presented in [1].
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Theorem 4.6. Let Assumption 3.2 hold. Let {(xk, λk, wk)} be a subsequence, gen-
erated by Algorithm 1, that converges to (x̄, λ̄, w̄). Then, we have

lim
k→∞

dkλ,i
λki

= 0 for i ∈ I=(x̄),

lim
k→∞

dkλ,i
λki

= −1 for i ∈ I<(x̄),

∥dk∥ = O(∥H(zk)∥).

Proof. The proof combines Lemma 4.4 and 4.5. By (7) we have

dkλ,i
λki

=
det(M̃k

i Λ̃
k
i + W̃ k

i )

det(MkΛk +W k)
.

We can find a constant C̃ ̸= 0 with

lim
k→∞

∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)(∏
j∈α

λkj

)
det(Mk

αα) = C̃, (14)

since all summands are bounded by (A1) and (A4) and have by (A5) the same sign,
and at least one, and thus the entire sum, is nonzero.
For i ∈ I<(x̄) we get

lim
k→∞

dkλ,i
λki

= lim
k→∞

−
( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)
( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)

= lim
k→∞

−
∑

α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o (1)

∑
α∈I0=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o (1)
=

−C̃
C̃

= −1.

Further, we have in this case wk
i → w̄i ̸= 0. Hence, there is a constant c1 > 0 with

wk
i > c1. Since lim

k→∞

dkλ,i
λki

= −1 implies boundedness of dkλ,i
λki

, we also have that

|dkλ,i|
∥H(zk)∥

≤ |dkλ,i|
λkiw

k
i

is bounded, which means |dkλ,i| = O(∥H(zk)∥).
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Using ∥H(zk)∥ → 0 by Lemma 4.1, we get for i ∈ I=(x̄)

lim
k→∞

∣∣∣∣dkλ,iλki

∣∣∣∣ = lim
k→∞

|det(M̃k
i Λ̃

k
i + W̃ k

i )|
|det(MkΛk +W k)|

≤ lim
k→∞

C
( ∏

j∈β̄\I<(x̄)

wk
j

)
∥H(zk)∥∣∣∣∣∣( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0

=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)∣∣∣∣∣
= lim

k→∞

C∥H(zk)∥∣∣∣∣∣ ∑
α∈I0

=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o(1)

∣∣∣∣∣
=

0

C̃
= 0.

Furthermore, we have in this case∣∣∣∣ dkλ,i
∥H(zk)∥

∣∣∣∣ = |dkλ,i|λki
λki ∥H(zk)∥

≤
C λki

( ∏
j∈β̄\I<(x̄)

wk
j

)
∣∣∣∣∣( ∏

j∈β̄\I<(x̄)

wk
j

) ∑
α∈I0

=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o
( ∏

j∈β̄\I<(x̄)

wk
j

)∣∣∣∣∣
=

Cλki∣∣∣∣∣ ∑
α∈I0

=(x̄)

( ∏
j∈I<(x̄)

wk
j

)( ∏
j∈α

λkj

)
det(Mk

αα) + o(1)

∣∣∣∣∣
,

which is bounded by (A1) and (14), which implies |dkλ,i| = O(∥H(zk)∥). Both cases
together show ∥∥dkλ∥∥ = O(∥H(zk)∥).

From (3), (A1), (A4) and
∥∥dkλ∥∥ = O(∥H(zk)∥), we have∥∥dkx∥∥ =

∥∥JxF (xk, λk)−1
(
−E(xk)dkλ − F (xk, λk)

)∥∥ = O(∥H(zk)∥).

Finally, we get from this, (4), and (A3)∥∥dkw∥∥ =
∥∥−Jxg(xk)dkx − (g(xk) + wk) + σkµk

∥∥ = O(∥H(zk)∥).

Altogether, we have shown: ∥dk∥ = O(∥H(zk)∥).

Next, we show that ∥dk∥ = O(∥H(zk)∥) holds on the entire sequence generated by
Algorithm 1.

Lemma 4.7. Let Assumption 3.2 hold and {zk} be generated by Algorithm 1. Then
we have

∥dk∥ = O(∥H(zk)∥).
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Proof. Assume for contradiction, that there is a subsequence {zk}k∈K violating the
condition, i.e., we have a subsequence with

lim
k∈K

∥dk∥
∥H(zk)∥

= ∞.

The subsequence {zk}k∈K is by (A1) bounded, hence has an accumulation point.
This point is by Theorem 2.1 a solution and hence it must satisfy (A5). Thus, we
can apply Theorem 4.6 to get ∥dk∥ = O(∥H(zk)∥) on an infinite subset of K, and
we have a contradiction.

Let us comment on our results. By the convergence of dkλ,i/λki to 0 or −1 depending
on whether we have an active or inactive constraint, we found an expression that
can be used as an indicator to identify the active set at the accumulation point.
This could be exploited numerically, if we switch to a reduced system by dropping
the inactive constraints, as soon as we are confident that the active set is estimated
accurately enough.
Next we strengthen the assertion of [1, Lemma 5.35] in showing that the residual
term q(zk, t), defined in the next Lemma, is of order O(∥H(zk)∥2) also if the step-size
does not converge to 0.

Lemma 4.8. Let Assumption 3.2 hold. Let {zk} be generated by Algorithm 1.

Define q(zk, t) :=

q1(zk, t)q2(z
k, t)

q3(z
k, t)

 ∈ Rn+m+m by

q1(z
k, t) :=

(∫ 1

0

(
JxF (x

k + stdkx, λ
k + stdkλ)− JxF (x

k, λk)
)
ds

)
dkx

+

(∫ 1

0

(
E(xk + stdkx)− E(xk)

)
ds

)
dkλ,

q2(z
k, t) :=

(∫ 1

0

(
Jxg(x

k + stdkx)− Jxg(x
k)
)
ds

)
dkx + σkµk1m,

q3(z
k, t) := σkµk1m + t(dkw ◦ dkλ).

Then, we have H(zk + tdk) = (1− t)H(zk) + t q(zk, t), (15)

and ∥q(zk, t)∥ = O(∥H(zk)∥2). (16)

Proof. The first part of the proof is the same as in [1, Lemma 5.35], and we
restate it here for convenience. Using the mean value theorem we obtain for the
first n-dimensional part of H

F (xk + tdkx, λ
k + tdkλ) = F (xk, λk) + t

(
JxF (x

k, λk)dkx + E(xk)dkλ
)

+ t

(∫ 1

0

(
JxF (x

k + stdkx, λ
k + stdkλ)− JxF (x

k, λk)
)
ds

)
dkx

+ t

(∫ 1

0

(
E(xk + stdkx)− E(xk)

)
ds

)
dkλ
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(3)
= (1− t)F (xk, λk)

+ t

(∫ 1

0

(
JxF (x

k + stdkx, λ
k + stdkλ)− JxF (x

k, λk)
)
ds

)
dkx

+ t

(∫ 1

0

(
E(xk + stdkx)− E(xk)

)
ds

)
dkλ

= (1− t)F (xk, λk) + tq1(z
k, t),

for the second m-dimensional part

g(xk + tdkx) + wk + tdkw

= g(xk) + wk + t
(
Jxg(x

k)dkx + dkw
)
+ t

(∫ 1

0

(
Jxg(x

k + stdkx)− Jxg(x
k)
)
ds

)
dkx

(4)
= (1− t)

(
g(xk) + wk

)
+ tσkµk1m + t

(∫ 1

0

(
Jxg(x

k + stdkx)− Jxg(x
k)
)
ds

)
dkx

= (1− t)
(
g(xk) + wk

)
+ tq2(z

k, t),

and for the third m-dimensional part

(λk + tdkλ) ◦ (wk + tdkw) = λk ◦ wk + t(λk ◦ dkw + wk ◦ dkλ) + t2(dkw ◦ dkλ)
(5)
= (1− t)λk ◦ wk + tσkµk1m + t2(dkw ◦ dkλ) = (1− t)λk ◦ wk + tq3(z

k, t).

This proves H(zk + tdk) = (1− t)H(zk) + tq(zk, t).

The second part of this proof is new. By the assumed local Lipschitz continuity of
all derivatives, and the boundedness assumption (A1), we get a constant LF > 0
with ∥∥∥∥∫ 1

0

(
JxF (x

k + stdkx, λ
k + stdkλ)− JxF (x

k, λk)
)
ds dkx

∥∥∥∥
≤
∫ 1

0

∥∥JxF (xk + stdkx, λ
k + stdkλ)− JxF (x

k, λk)
∥∥ ds ∥dkx∥

≤
∫ 1

0

LF s t
∥∥((dkx)⊤, (dkλ)⊤)⊤∥∥ ds ∥dkx∥

≤ LF

2
t
(
∥dkx∥2 + ∥dkx∥ · ∥dkλ∥

)
= O(∥H(zk)∥2),

where the last equation follows from ∥dk∥ = O(∥H(zk)∥) by Lemma 4.7. Similarly,
we get ∥∥∥∥∫ 1

0

(
E(xk + stdkx)− E(xk)

)
ds dkλ

∥∥∥∥ = O(∥H(zk)∥2),

∥∥∥∥∫ 1

0

(
Jxg(x

k + stdkx)− Jxg(x
k)
)
ds dkx

∥∥∥∥ = O(∥H(zk)∥2).
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With σkµk = O(∥H(zk)∥2) by (A3), t ∈ (0, 1], and further

∥dkλ ◦ dkw∥ ≤ ∥dkλ∥ · ∥dkw∥ = O(∥H(zk)∥2),

we obtain ∥q(zk, t)∥ = O(∥H(zk)∥2).

Now, we have analyzed the behavior of the direction dk and found some useful rela-
tions (15) and (16). It remains to have a detailed look at the stepsize tk, restricted
by the set ZI and the Armijo linesearch with the potential function. One motiva-
tion for using the potential function is to bring some of the components of H(zk)
commonly to zero at around the same rate. The following lemma follows from the
definition of the potential function without further assumptions.

Lemma 4.9. Let the sequence {zk} be generated by Algorithm 1. Then, we have
for all i = 1, . . . , 2m and all k ∈ N

Hn+i(z
k) ≥ e−

ψ(z0)
2m ∥H(zk)∥

ζ
m .

Proof. By (S.3) of Algorithm 1 and the descent property

∇ψ(zk)⊤dk ≤ 2(ζ −m)(σk − 1) < 0

from [1, Lemma 5.11] the sequence {ψ(zk)}k∈N is monotonically decreasing for σk < 1
and ζ > m. By definition of the potential function we obtain

ψ(z0) ≥ ψ(zk)

= ζ ln(∥H(zk)∥2)−
2m∑
i=1

ln(Hn+i(z
k))

≥ 2ζ ln(∥H(zk)∥)− 2m ln

(
min

i=1,...,2m
Hn+i(z

k)

)
= 2(ζ −m) ln(∥H(zk)∥) + 2m ln

(
∥H(zk)∥

min
i=1,...,2m

Hn+i(zk)

)
.

for all k ∈ N. Reordering yields

ln

(
∥H(zk)∥

min
i=1,...,2m

Hn+i(zk)

)
≤ ψ(z0)

2m
− 2(ζ −m)

2m
ln(∥H(zk)∥),

which, in turn, implies

∥H(zk)∥
min

i=1,...,2m
Hn+i(zk)

≤ e
ψ(z0)
2m ∥H(zk)∥−

ζ−m
m .

Finally, we obtain the assertion

min
i=1,...,2m

Hn+i(z
k) ≥ e−

ψ(z0)
2m ∥H(zk)∥

ζ
m .

Now, we analyze the conditions restricting the stepsize in (S.3) of Algorithm 1. Here,
we use a fixed parameter ηk = η.
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Lemma 4.10. Let Assumption 3.2 hold and {zk} be generated by Algorithm 1. Let
any fixed η ∈ (0, 1) be given, and assume ζ ∈ (m, 2m). Then, for all sufficiently
large k ∈ N, the stepsize tk = η satisfies zk + tkd

k ∈ ZI and

ψ(zk + tkd
k) ≤ ψ(zk) + γtk∇ψ(zk)⊤dk.

In particular, there is some lower bound t̄ > 0 such that tk ≥ t̄ for all k ∈ N, i.e.,
the stepsize is bounded away from zero.

Proof. Let us recall the definition

ZI := {z = (x, λ, w) ∈ Rn × Rm
++ × Rm

++ | g(x) + w > 0}.

By Lemma 4.8 and Lemma 4.9 we have for all i = 1, . . . , 2m

Hn+i(z
k + ηdk) = (1− η)Hn+i(z

k) + η qn+i(z
k, η)

≥ (1− η) e−
ψ(z0)
2m ∥H(zk)∥

ζ
m + η qn+i(z

k, η).

By (16) we have a constant C̃ such that

qn+i(z
k, η) ≥ −C̃∥H(zk)∥2

for all k ∈ N. With ζ
m
< 2, η < 1 and ∥H(zk)∥ → 0 by Lemma 4.1, we obtain

Hn+i(z
k + ηdk) > 0 (17)

for all k ∈ N sufficiently large and i = 1, . . . , 2m. In particular, we have

g(xk + ηdkx) + wk + ηdkw = H(n+1):(n+m)(z
k + ηdk) > 0.

Further, we have to show λk + ηdk > 0 and wk + ηdk > 0. Since for sufficiently large
k ∈ N and i ∈ {1, . . . ,m}

(λki + ηdkλ,i)(w
k
i + ηdkw,i) = Hn+m+i(z

k + ηdk) > 0,

by (17), both factors must have the same positive or negative signum for all suffi-
ciently large k ∈ N. By (5) we have for all i = 1, . . . ,m

wk
i d

k
λ,i + λki d

k
w,i = −λkiwk

i + σkµk > −λkiwk
i .

Hence, we cannot have simultaneously the relations dkλ,i ≤ −λki and dkw,i ≤ −wk
i .

Thus, λk+ ηdk > 0 and wk+ ηdk > 0 must hold for all sufficiently large k ∈ N. This
shows zk + ηdk ∈ ZI for all sufficiently large k ∈ N.
For the Armijo-condition on the potential function we use that

lim
k→∞

∥q(zk, η)∥
∥H(zk)∥ ζ

m

= 0

by Lemma 4.8, ζ < 2m and Lemma 4.1.
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Note that by (17) all the following logarithmic terms are well-defined for all suffi-
ciently large k ∈ N. On the one hand, we get

lim sup
k→∞

[
ψ(zk + ηdk)− ψ(zk)

]
= lim sup

k→∞

[
ln

(
∥H(zk + ηdk)∥

∥H(zk)∥

)2ζ

−
2m∑
i=1

ln

(
Hn+i(z

k + ηdk)

Hn+i(zk)

)]
(15)
≤ lim sup

k→∞

[
ln

(
1− η + η

∥q(zk, η)∥
∥H(zk)∥

)2ζ

−
2m∑
i=1

ln

(
1− η + η

qn+i(z
k, η)

Hn+i(zk)

)]

≤ lim sup
k→∞

[
2ζ ln

(
1− η + η

∥q(zk, η)∥
∥H(zk)∥

)
− 2m ln

(
1− η − η

∥q(zk, η)∥
min

i=1,...,2m
Hn+i(zk)

)]

≤ lim sup
k→∞

[
2ζ ln

(
1− η + η

∥q(zk, η)∥
∥H(zk)∥

)
− 2m ln

(
1− η − η

∥q(zk, η)∥

e−
ψ(z0)
2m ∥H(zk)∥ ζ

m

)]
(16)
= 2 ζ ln(1− η)− 2m ln(1− η) ≤ −2(ζ −m)η.

On the other hand, we have

lim
k→∞

∇Ψ(zk)⊤dk = lim
k→∞

(
ζ
2 JH(zk)⊤H(zk)

∥H(zk)∥2
−

2m∑
i=1

JHn+i,•(z
k)⊤

Hn+i(zk)

)⊤

dk

= lim
k→∞

[
2ζ

H(zk)⊤(−H(zk) + σkµka)

∥H(zk)∥2
−

2m∑
i=1

−Hn+i(z
k) + σkµk

Hn+i(zk)

]

= lim
k→∞

[
−2(ζ −m) + 4ζm

σkµ
2
k

∥H(zk)∥2
−

2m∑
i=1

σkµk

Hn+i(zk)

]
(A3)
= −2(ζ −m).

Since ζ > m and γ ∈ (0, 1) we have shown
lim sup
k→∞

ψ(zk + ηdk)− ψ(zk) ≤ −2(ζ −m)η < −2(ζ −m)γη = lim
k→∞

γη∇Ψ(zk)⊤dk,

hence, the stepsize tk = η satisfies the Armijo condition for all sufficiently large
k. Furthermore, this implies that the stepsize does not converge to zero on any
subsequence, and hence is bounded away from zero.

With this Lemma, we have also the stepsize boundedness that was necessary for the
proof of the finite termination criterion in [1, Theorem 5.23]. With ⌈·⌉ denoting the
rounding to the next larger integer, we have [1, Theorem 5.23].

Corollary 4.11. Let {zk} be generated by Algorithm 1. Let Assumption 3.2 hold,
ηk = η for all k ∈ N, σ̃ := supk∈N σk < 1, and let t̄ > 0 be a lower bound on the
stepsize, i.e., tk ≥ t̄ for all k ∈ N. Then, the termination criterion ∥H(zk)∥ ≤ ε is
satisfied after at most k iterations, where

k =

⌈
ψ(z0)

2γ(ζ −m)(1− σ̃)t̄
− ln ε

4γ(1− σ̃)t̄

⌉
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Finally, let us state the linear convergence properties of the potential reduction
algorithm.

Theorem 4.12. Let Assumption 3.2 hold and {zk} be generated by Algorithm 1. Let
ηk = η ∈ (0, 1) for all k ∈ N0 be fixed, and assume ζ ∈ (m, 2m). Then, the sequence
{∥H(zk)∥}k∈N converges Q-linearly to zero. Further, the sequence {dist(zk, S)}k∈N
converges R-linearly to zero.

Proof. The Q-linear convergence of {∥H(zk)∥}k∈N to 0 follows from (15) and (16)
in Lemma 4.8 and the boundedness of the stepsize from below from Lemma 4.10.
To show the R-linear convergence of {dist(zk, S)}k∈N we need a local error bound
condition. By (A5) we can use [3, Theorem 1] for every solution z̄ ∈ S to get
constants δz̄ > 0 and ℓz̄ > 0 such that the local error bound condition

dist(z, S) ≤ ℓz̄ ∥H(z)∥ for all z ∈ B(z̄, δz̄) ∩ (Rn × Rm
+ × Rm

+ )

holds. Herein, B(z̄, δz̄) is an open ball around z̄ with radius δz̄. By the bounded-
ness assumption (A1) all iterates zk, and hence also all accumulation points of this
sequence, are contained in a compact set Z. Hence, we have for the open covering⋃

z̄∈S∩Z

B(z̄, δz̄)

of the compact set S ∩ Z a finite sub-covering, i.e., we can find a finite number of
points z̄1, . . . , z̄J ∈ S ∩ Z such that

S ∩ Z ⊂
⋃

j=1,...,J

B(z̄j, δz̄j).

Then we obtain positive constants

ℓ := max
j=1,...,J

ℓz̄j and δ := min
j=1,...,J

δz̄j > 0.

with dist(z, S) ≤ ℓ ∥H(z)∥ for all z ∈ ((S ∩ Z) + B(0, δ)) ∩ (Rn × Rm
+ × Rm

+ ).
All iterates are contained in ((S∩Z)+B(0, δ))∩(Rn×Rm

+×Rm
+ ), for sufficiently large

k ∈N by (A1) and Theorem 2.1. Thus, the Q-linear convergence of {∥H(zk)∥}k∈N
implies the R-linear convergence of {dist(zk, S)}k∈N to 0.

5. Superlinear convergence

Inspecting (15) and (16) again, we see that faster (quadratic) convergence would be
possible, if tk = 1 would be obtained for all k ∈ N sufficiently large. However, it is
not clear under which conditions this might be possible. For the proof of Lemma
4.10, it was crucial, that η < 1 to obtain that tk = η is a feasible stepsize for
sufficiently large k ∈ N. What we can do, is to use a sequence {ηk}, which satisfies
(1− ηk) = O(∥H(zk)∥δ) with δ ∈

(
0, 2− ζ

m

)
, for example of the form

ηk := max
{
1

2
, 1− ĉ∥H(zk)∥δ

}
, (18)

with some constant ĉ > 0.
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For sufficiently large k ∈ N this means that ηk = 1− ĉ∥H(zk)∥δ, which converges to
1 since ∥H(zk)∥ → 0 by Lemma 4.1. Then, we can show the following.

Lemma 5.1. Let Assumption 3.2 hold and {(xk, λk, wk)} be generated by Algorithm
1. Assume ζ ∈ (m, 2m) and that the sequence {ηk} satisfies (18) with δ ∈

(
0, 2− ζ

m

)
.

Then, for all sufficiently large k∈N, the stepsize tk=ηk satisfies zk+tkdk∈ZI and

ψ(zk + tkd
k) ≤ ψ(zk) + γtk∇ψ(zk)⊤dk.

Proof. We follow the proof of Lemma 4.10. Using Lemma 4.8, Lemma 4.9 and
(18), we have for all i = 1, . . . , 2m

Hn+i(z
k + ηkd

k) =(1− ηk)Hn+i(z
k) + ηk qn+i(z

k, ηk)

≥ĉ e−
ψ(z0)
2m ∥H(zk)∥δ+

ζ
m − C̃∥H(zk)∥2 > 0,

for all k ∈ N sufficiently large, since δ + ζ
m
< 2 by assumption. Having ηk < 1, the

proof of zk + ηkd
k ∈ ZI for all k ∈ N sufficiently large is analogous to that part of

the proof of Lemma 4.10. Further, we have

lim sup
k→∞

ψ(zk + ηkd
k)− ψ(zk)

ηk

= lim sup
k→∞

1

ηk

(
ln

(
∥H(zk + ηkd

k)∥
∥H(zk)∥

)2ζ

−
2m∑
i=1

ln

(
Hn+i(z

k + ηkd
k)

Hn+i(zk)

))

≤ lim sup
k→∞

1

ηk

(
ln

(
1− ηk + ηk

∥q(zk, ηk)∥
∥H(zk)∥

)2ζ

−
2m∑
i=1

ln

(
1− ηk + ηk

qn+i(z
k, ηk)

Hn+i(zk)

))

≤ lim sup
k→∞

1

ηk

(
ln

(
1− ηk + ηk

∥q(zk, ηk)∥
∥H(zk)∥

)2ζ

−
2m∑
i=1

ln

(
1− ηk − ηk

∥q(zk, η)∥

e−
ψ(z0)
2m ∥H(zk)∥ ζ

m

))

= lim sup
k→∞

1

ηk

(
ln

(
1− ηk + ηk

∥q(zk, ηk)∥
∥H(zk)∥

)2(ζ−m)

+ 2m ln

 1− ηk + ηk
∥q(zk,ηk)∥
∥H(zk)∥

1− ηk − ηk
∥q(zk,η)∥

e−
ψ(z0)
2m ∥H(zk)∥

ζ
m


 .

For the first term, we can use

lim
k→∞

1

ηk
ln

(
1− ηk + ηk

∥q(zk, ηk)∥
∥H(zk)∥

)
≤ lim

k→∞

1

ηk
ηk

(
∥q(zk, ηk)∥
∥H(zk)∥

− 1

)
= −1.
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For the second term, with ζ
m
+ δ < 2 by assumption and ∥q(zk, ηk)∥ = O(∥H(zk)∥2)

by Lemma 4.8, we can write

lim
k→∞

ln

 1− ηk + ηk
∥q(zk,ηk)∥
∥H(zk)∥

1− ηk − ηk
∥q(zk,ηk)∥

e−
ψ(z0)
2m ∥H(zk)∥

ζ
m

 = lim
k→∞

ln

 1 + ηk ∥q(zk,ηk)∥
(1−ηk)∥H(zk)∥

1− ηk ∥q(zk,ηk)∥

e−
ψ(z0)
2m (1−ηk)∥H(zk)∥

ζ
m



= lim
k→∞

ln

 1 + ηk ∥q(zk,ηk)∥
ĉ∥H(zk)∥1+δ

1− ηk ∥q(zk,ηk)∥

e−
ψ(z0)
2m ĉ ∥H(zk)∥

ζ
m+δ

 = 0.

Altogether, we obtain

lim sup
k→∞

ψ(zk + ηkd
k)− ψ(zk)

ηk
≤ −2(ζ −m).

Having this, the assertion follows analogously as in the proof of Lemma 4.10.
This allows us to prove a superlinear convergence rate.

Theorem 5.2. Let Assumption 3.2 hold and {(xk, λk, wk)} be generated by Al-
gorithm 1. Assume ζ ∈ (m, 2m) and that the sequence {ηk} satisfies (18) with
δ ∈

(
0, 2− ζ

m

)
. Then, {∥H(zk)∥}k∈N converges superlinearly to zero with order at

least 1 + δ.

Proof. By Lemma 5.1 the stepsize is for sufficiently large k ∈ N given by
tk = ηk = 1− ĉ∥H(zk)∥δ or by tk = 1.

In the first case, with ∥q(zk, t)∥ = O(∥H(zk)∥2) by (16) in Lemma 4.8, we obtain
from (15)

∥H(zk + tkd
k)∥ =∥(1− ηk)H(zk) + ηk q(z

k, ηk)∥

≤ĉ ∥H(zk)∥δ+1 + (1− ĉ ∥H(zk)∥δ) ∥q(zk, ηk)∥ = O(∥H(zk)∥δ+1).

Whenever we have tk = 1, we obtain

∥H(zk + tkd
k)∥ = ∥q(zk, 1)∥ = O(∥H(zk)∥2).

This proves superlinear convergence and the order of convergence is at least 1 + δ
with δ ∈

(
0, 2− ζ

m

)
.

Let us stress, that for superlinear convergence the convergence order of ∥q(zk, tk)∥ is
crucial. If this is only linear, which would be in general the case, if we have only linear
constraints, resulting in q2(zk, tk) = σkµk, and the sequence {σk} does not converge
to zero (in contrast to (A3)), we would get from (15) only linear convergence, even
if the stepsize is always tk = 1. A constant value of {σk} was for example used in
the implementation in [1].
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6. Inexact potential reduction algorithm

In [4] an inexact version of the potential reduction algorithm for GNEPs was dis-
cussed. This allows in (S.2) any direction d ∈ Rn+2m satisfying

∥JH(zk)d+H(zk)− σkµk a∥ ≤ δk∥H(zk)∥,

with a sequence {δk} converging to zero. We will now discuss the convergence
analysis for this inexact version, without repeating all the details.

Defining the residual vector ρk :=

ρk1ρk2
ρk3

 ∈ Rn+m+m by

ρk := JH(zk)dk +H(zk)− σkµk a,

we have ∥ρk∥ ≤ δk∥H(zk)∥. With

∆rk := Jxg(x
k)JxF (x

k, λk)−1ρk1 − ρk2 + (Λk)−1ρk3,

we obtain, analogous to (6), the linear equation system

(
MkΛk +W k

) dkλ
λk

= rk +∆rk.

Inspecting our convergence analysis, we see that the combination of the convergence
proofs for the inexact version of the potential reduction algorithm from [4, Theorem
4.6] and the linesearch with non-fixed {ηk} from Theorem 2.1 yield the assertion of
Theorem 2.1 also for the inexact version. Then, Lemma 4.1 holds with the same
proof. Lemma 4.2 only holds, if we make an additional assumption.
(A7) For all indices i, j ∈ {1, . . . ,m} with gi ≡ gj and wk

i = wk
j , we have equal

residuals: (ρk2)i = (ρk2)j.
This is an assumption on the used solver for the inexact equation system in (S.2).
The solver must treat equal components, corresponding to repeated constraints,
equally. This will not be satisfied for all solvers, but guarantees that Lemma 4.2
still holds.
We can also get Corollary 4.3 by assuming, additional to (A7), that the solver
guarantees for all indices i, j ∈ {1, . . . ,m} with gi ≡ gj and λki = λkj that

(ρk3)i = (ρk3)j.

Since our analysis is not based on Corollary 4.3, we only need the additional as-
sumption (A7) for the further results.
Lemma 4.4 is not affected by using the inexact method, and the crucial part of our
analysis is Lemma 4.5, which exploits the structure of rk. Here, we will need an
additional assumption on the sequence {δk} of the inexactness parameter.

(A8) There is a constant c̃ > 0 such that δk
min

j=1,...,2m
Hn+j(zk)

≤ c̃.
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This can always be satisfied, since under (A6) the exact solution of the equation
system exists, meaning that δk can be chosen arbitrarily small. Now, we look at the
proof of Lemma 4.5:
Step 1(a) holds unchanged. In Step 1(b), we now have

∣∣rks1 +∆rks1 − rks2 −∆rks2
∣∣ = ∣∣∣∣σkµk + (ρk3)s1

λks1
− σkµk + (ρk3)s2

λks2

∣∣∣∣
≤ σkµk + |(ρk3)s1 |+ |(ρk3)s2 |

min{λks1 , λks2}
=

(σkµk + |(ρk3)s1 |+ |(ρk3)s2 |)wk
s1

min{λks1wk
s1 , λ

k
s2w

k
s2}

≤ (σkµk + 2δk∥H(zk)∥)wk
s1

min{λks1wk
s1 , λ

k
s2w

k
s2}

.

Using (A3) and (A8), this term is bounded by wk
s1
(c + 2c̃)∥H(zk)∥, and we can

conclude as before in Step 1(b). In all the remaining subcases, we exploit that
under (A8) and (A1) we have

∥(Λk)−1ρk3∥ = ∥(Λk)−1(W k)−1W kρk3∥ ≤
√
m

δk∥H(zk)∥ max
j=1,...,m

wk
j

min
j=1,...,m

Hn+m+j(zk)
= O(∥H(zk)∥).

Hence, using (A1) and (A4)

∥∆rk∥ = ∥Jxg(xk)JxF (xk, λk)−1ρk1 − ρk2 + (Λk)−1ρk3∥ = O(∥H(zk)∥).

Exploiting this allows the same conclusions, and hence, under the additional as-
sumption (A8), Lemma 4.5 also holds for the inexact version. With these two
Lemmata we can also prove Theorem 4.6 and Lemma 4.7. The assertion of Lemma
4.8 holds by adding ρk in the definition of the term q(zk, t), and exploiting that by
∥ρk∥ ≤ δk∥H(zk)∥ and (A8), we have ∥ρk∥ = O(∥H(zk)∥2). Lemma 4.9 is indepen-
dent of the inexactness, and Lemma 4.10 holds, since we only exploit the formula
and convergence rate from Lemma 4.8. Corollary 4.11 and our main convergence
result Theorem 4.12 then also hold. Hence, we obtain also the linear convergence
rate for the inexact potential reduction algorithm. Furthermore, the superlinear
convergence results of Section 5 can also be shown for the inexact version under the
additional assumptions (A7) and (A8), by using the adapted results of Section 4.

7. A numerical example

In this section we want to show for one example that the linear or superlinear
convergence rates can be observed numerically.

Example 7.1. Consider a 3 player LQGNEP with shared constraints defined by

Player 1: min
x1

1

2
(x1 − 1)2 − 1

2
x1x2 s.t. x1 ≥ 0, x1 + x2 + x3 ≤ 1,

Player 2: min
x2

1

2
(x2 − 1)2 +

1

2
x1x2 s.t. x2 ≥ 0, x1 + x2 + x3 ≤ 1,

Player 3: min
x3

1

2
(x3 − 1)2 s.t. x3 ≥ 0, x1 + x2 + x3 ≤ 1.



A. Dreves / Linear and Superlinear Convergence ... 81

This example has infinitely many solutions, and for all of them the shared con-
straint is active. There is only one solution with equal multipliers for the repeated
constraint. Using the coercivity and the relaxed EMFCQ mentioned in Remark 3.3,
we can show that (A1) holds. Since we have an LQGNEP, we can check (A4), and
that the P0 property holds for the matrix M , implying (A6) and the second part
of (A5), see Remark 3.3. Further, choosing equal starting values for the repeated
constraints in λ0 and w0, we get (A2), and we will have positive multipliers of the
active constraint at the solution (we can compute the unique solution with equal
multipliers for repeated constraints analytically, or we can observe this fact numer-
ically). The nonsingularity condition in (A5) can be checked, having the active set.
As starting values we used x0 = (0, 0, 0)⊤ and all components of λ0 and w0 are set
to 10.
For a preliminary implementation we use the parameters γ = 0.01 and ζ = ⌈3m

2
⌉.

Further, we set σ0 = 0.1 and

σk+1 = min

{
σk,m · min

j=1,...,2m
Hn+j(z

k)

}
,

which satisfies (A3). As stopping criterion we use ∥H(zk)∥ ≤ 10−9.
In our comparison of two algorithms, the first one has fixed values ηk = 0.5, and the
second one uses {ηk} as in (18) with ĉ = 1 and δ = 0.4 ∈ (0, 2 − ⌈3m

2
⌉/m). Both

variants converge to the unique generalized Nash equilibrium with equal non-zero
multipliers x̄ = 1

13
(6, 2, 5)⊤.

On the left hand side of Table 7.1 on the next page we can observe linear conver-
gence of {∥H(zk)∥}k∈N to zero for the algorithm with fixed linesearch parameter
ηk. Starting from iteration 6, only the stepsize tk = ηk = 0.5 is accepted, which is
expected from Lemma 4.10, and the convergence rate is linear, c.f., Theorem 4.12.
On the right hand side, we observe that the first 6 iterations are the same as for
the method with constant ηk. But then the convergence rate improves, since the
accepted stepsize is equal to ηk > 0.5, as expected by Lemma 5.1. We observe
superlinear convergence as expected from Theorem 5.2.

8. Conclusion and outlook

There are two main contributions of this paper. First, the proof of Q-linear conver-
gence of {∥H(zk)∥}k∈N and R-linear convergence of {dist(zk, S)}k∈N for the exact
version of the potential reduction algorithm for GNEPs with a fixed linesearch pa-
rameter η under suitable assumptions. Second, the superlinear convergence, if we
choose this parameter as a sequence {ηk} converging at a suitable rate to 1. Both
convergence rates can also be shown for the inexact version of the potential reduc-
tion algorithm if the inexactness parameter vanishes fast enough and a technical
requirement for the inexact solver of the linear equation system is satisfied.
In this paper we focused on theoretical results. Numerical results of the potential
reduction algorithm for GNEPs with fixed parameters ηk and σk can be found in
[1] and [3]. The numerical realization of an algorithm with balanced choices of the



82 A. Dreves / Linear and Superlinear Convergence ...

parameter ζ ∈ (m, 2m), the sequences {σk}k∈N satisfying (A3), and {ηk}k∈N fulfilling
(18), is left for future research.

fixed parameter ηk adapted parameter ηk
iter σk ηk tk ∥H∥ σk ηk tk ∥H∥

0 1.00e-01 0.500 1.000 2.46e+02 1.00e-01 0.500 1.000 2.46e+02
1 1.00e-01 0.500 1.000 6.90e+01 1.00e-01 0.500 1.000 6.90e+01
2 1.00e-01 0.500 1.000 1.66e+01 1.00e-01 0.500 1.000 1.66e+01
3 1.00e-01 0.500 1.000 4.01e+00 1.00e-01 0.500 1.000 4.01e+00
4 1.00e-01 0.500 1.000 1.11e+00 1.00e-01 0.500 1.000 1.11e+00
5 1.00e-01 0.500 1.000 2.60e-01 1.00e-01 0.500 1.000 2.60e-01
6 1.00e-01 0.500 0.500 1.48e-01 1.00e-01 0.500 0.500 1.48e-01
7 6.11e-02 0.500 0.500 8.32e-02 5.84e-02 0.535 0.535 7.90e-02
8 3.44e-02 0.500 0.500 4.53e-02 2.56e-02 0.638 0.638 3.36e-02
9 1.84e-02 0.500 0.500 2.40e-02 7.54e-03 0.743 0.743 1.02e-02

10 9.52e-03 0.500 0.500 1.24e-02 1.30e-03 0.840 0.840 1.91e-03
11 4.85e-03 0.500 0.500 6.36e-03 1.10e-04 0.918 0.918 1.74e-04
12 2.45e-03 0.500 0.500 3.22e-03 3.46e-06 0.969 0.969 5.65e-06
13 1.23e-03 0.500 0.500 1.62e-03 2.75e-08 0.992 0.992 4.53e-08
14 6.16e-04 0.500 0.500 8.14e-04 3.18e-11 0.999 0.999 5.23e-11
15 3.08e-04 0.500 0.500 4.08e-04
16 1.54e-04 0.500 0.500 2.04e-04
17 7.72e-05 0.500 0.500 1.02e-04
18 3.86e-05 0.500 0.500 5.10e-05
19 1.93e-05 0.500 0.500 2.55e-05
20 9.65e-06 0.500 0.500 1.28e-05
21 4.83e-06 0.500 0.500 6.38e-06
22 2.41e-06 0.500 0.500 3.19e-06
23 1.21e-06 0.500 0.500 1.60e-06
24 6.03e-07 0.500 0.500 7.98e-07
25 3.02e-07 0.500 0.500 3.99e-07
26 1.51e-07 0.500 0.500 1.99e-07
27 7.54e-08 0.500 0.500 9.97e-08
28 3.77e-08 0.500 0.500 4.98e-08
29 1.89e-08 0.500 0.500 2.49e-08
30 9.43e-09 0.500 0.500 1.25e-08
31 4.71e-09 0.500 0.500 6.23e-09
32 2.36e-09 0.500 0.500 3.12e-09
33 1.18e-09 0.500 0.500 1.56e-09
34 5.89e-10 0.500 0.500 7.79e-10

Table 7.1: Comparison of local convergence rates for potential reduction algorithms
Further, it is an interesting question, how we can exploit the convergence of the
fractions in Theorem 4.6 as indicators to identify the active set of a solution. It
might be a good idea to remove the non-active inequalities at some point in order
to reduce the dimension of the problem. Furthermore, if one would have a different
algorithm that can exploit the knowledge of the active set, this could be applied to
get faster local convergence, and one might be able to design a new hybrid method.
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