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We present a detailed convergence analysis of the potential reduction algorithm for generalized Nash
equilibrium problems (GNEPs), that is known to be a robust method for solving those problems.
We prove Q-linear convergence of the merit function and R-linear convergence of the distance of the
iterates to the set of KKT-points of the GNEP. Furthermore, we show that the stepsize is bounded
from below, implying finite termination of the method for prescribed accuracy. Using a non-fixed
linesearch parameter we prove superlinear convergence. Further, we give additional assumptions
to transfer the convergence rates to an inexact potential reduction algorithm. By our analysis, we
also discover indicators that could be used to estimate the active set at an accumulation point,
and hence at a generalized Nash equilibrium, which might be exploited numerically.
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1. Introduction

In the last years, several algorithms for the solution of generalized Nash equilibrium
problems (GNEPs) have been proposed. In [9, 15] one can find surveys for definitions
and examples of GNEPs together with general numerical approaches. For Newton-
type methods, see [5, 13], for penalty approaches [8, 16], for a multiplier-penalty
method [18], for a variational inequality approach [10, 20], to mention just a few
different numerical approaches.

The potential reduction algorithm for GNEPs, which is the content of this paper,
has proven to be a robust method regarding global convergence to a KKT-point of
the GNEP, as shown in [4]. The convergence speed will be discussed in this paper.
In [1] a finite termination for a prescribed tolerance was proven, and it is based on
showing boundedness of the step-size from below. Here, we will sharpen this result
and further prove the linear rate of convergence. The algorithm in its original form
has in general no faster local convergence. However, we will see that a sequence
of linesearch parameters instead of a fixed one can be used to obtain superlinear
convergence.
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Other methods that have a fast local convergence rate have been proposed, and in
particular the LP-Newton method from [11, 12] is a promising approach. It was
used to design a hybrid method with the potential reduction algorithm in [2, 3].
Further, a suitable globalization technique was developed in [14], and the method
was successfully tested on GNEPs. The cost of each iteration is mainly the solution
of one linear program, that has to be compared to the cheaper linear equation system
in the potential reduction algorithm.

This paper is organized as follows. In Section 2, we recall the definition of a GNEP,
and restate the potential reduction algorithm with its known convergence result.
In Section 3, we present the notation for the analysis of the algorithm and the
assumptions we will require. Section 4 contains the convergence analysis. The
main result is the linear rate of convergence. In Section 5 we show, how a non-fixed
linesearch parameter can be used to obtain superlinear convergence. In Section 6, the
obtained convergence rates are extended to an inexact potential reduction algorithm
for GNEPs. In Section 7 we present one numerical example that illustrates the linear
and superlinear rates. Finally, we conclude the paper in Section 8.

2. Potential reduction algorithm for GNEPs

Here, we consider the exact version of the potential reduction algorithm for GNEPs,
whose inexact version was introduced in [4]. The algorithm solves the KKT-system
of a GNEP through an interior point algorithm, where the step-size is defined by
an Armijo-rule for a potential function. We will use the notation from [1] and for
convenience we recall all the basic definitions here.

We consider a GNEP with players v = 1,..., N, where the v-th player solves, for
given strategies x7 € R"™"™ of all other players, the problem

min  6,(z",27") s.t. g’ (2", 27") <0,
TV R

with twice continuously differentiable functions 6, : R" —R and ¢”:R"” — R™ , whose
second derivatives are locally Lipschitz continuous. A point z = (z!,...,zV)eR"
with ¢”(z) <0 for all v =1,..., N is called a generalized Nash equilibrium, if

0,(z",z7") < 0,(x",27") Va¥ € {a¥ e R™ | ¢g" (2", 27") <0}
forall v =1,..., N. Defining

gl<$1,£[}_1) )\1 wl

which are vectors of dimension m :=mq + ...+ my, and
mi
Vb (xt, 27 + 3 A\ Vg (2t 27h)
i=1

F(z,\) := : € R",

VnOn (2N, 27N) + ZN AV v gl (2N, 27 N)
=1
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we obtain all KK'T points of the GNEP as solutions of the constrained equation

F(z,\)
0=H(z):=H(z,\w):=|g)+w st. zeR" xR xRY, (1)
Aow
where A o w is the Hadamard product. Let
S:={zeR" xR} xR} | H(z) =0}
denote the set of all KKT-points.
We want to discuss a potential reduction algorithm, originally introduced in [21],
and further analyzed under more general convergence conditions in [19]. An inexact
version of this algorithm was adapted to GNEPs in [4]. Here, we consider the exact
version, which is also used in [1, 3], and we recall some definitions from there. Define

the set
Zp = {z=(z,\w) €R" x R”, xR?, | g(z) +w > 0}

and for a real number ¢ > m the potential function ¢ : Z; — R,

Y(z) = CIn(|[H(2)[*) - Zln(Hn+i(2))-

Further, set a:= (00,10 11" € R*2m
TH k 1 2m
and for any ¥ € Z; = a—(z) = — H, ("),
[l 2m 4

=1

where H,,; denotes the (n + i)-th component of the vector H. Now, we restate the
exact version of the potential reduction algorithm, c.f., [3], with a slight change in
allowing non fixed constants 7, € (n,1) with n € (0,1) for the linesearch.

Algorithm 1: Potential Reduction Algorithm for GNEPs

(8.0): Choose 2° € Z; and v € (0,1),n € (0,1),¢ € (m,2m). Set k := 0.
(s.1): If H(z*) = 0 then STOP.

(s.2): Choose o, € (0,1) and compute a solution d* of the linear system
JH(Z")d = —H(2*) + oy a. (2)
(8.3): Choose n;, € (1,1) and compute a stepsize t, := max{n,* | £ =0,1,2,...}
such that 2* +t,d* € Z; and
V(2P + tpdF) < P(2F) + vt Vb (2F) Td>.
(S.4): Set 2Ft =2k +t,d* k:=k+ 1, and go to (S.1).

As a direct consequence of [4, Theorem 4.3], one has the following convergence
theorem for fixed n, = n € (0,1) for all £ € N, which was stated in [3, Theorem
2]. Allowing a sequence {7y} in the step-size condition instead of a fixed value 7
we obtain the same result, slightly adapting the proof. Rather than presenting the
(lengthly) entire proof, we focus on the new part, regarding the stepsize condition.
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Theorem 2.1. Assume that JH(z) is nonsingular for all z € Z, and that the
sequence {o,} satisfies limsup,_, . ox < 1. Let {2*}ren be any sequence generated
by Algorithm 1. Then the following assertions hold:

(a)  The sequence {H(2*)}ren is bounded.
(b)  Any accumulation point of {2*} is a solution of (1).

Proof. We follow the proof of [4, Theorem 4.3]. The proof of part (a) holds without
changes. For part (b) we assume that 2> is an accumulation point of the sequence
{2*}, and that {z*}f is a corresponding subsequence converging to z*°. For con-
tradiction, we assume H(2*°) # 0. Then, we can follow the proof to obtain that
2% € Zp, limpeg d* = d>® for some vector d® € R" 2™ Vi)(2>)"d>® < 0 and that
{1(2%) }rex also converges.

Now, the new step-size rule has to be used, instead of the old one with fixed 1. Since
by definition {t(2*)}ey is monotonically decreasing, the whole sequence {1)(2*)}ren
converges. Further, we have

YY) = (F) <yt VPp(h)Td" < 0

for all k € N. Since the left-hand side converges to zero, limy_,o £,V (2*)Td* = 0
must hold. This, in turn, implies limye i ¢, = 0 since

: KNT 3k oco\T' joo

]£1€I§(1V¢(z) d" = V()" d> <0.
Let ¢, € Ny be the unique index such that t, = ni’“ holds for all £ € N. With
limgeg tp = 0, we must have ¢, > 0 for all & € N sufficiently large, and we also
have limyeg t—’; = 0, since 7 is bounded away from zero. Since the limit point 2>
belongs to the open set Z;, it therefore follows that the sequence {z* + Z_de}’fe K

also belongs to this set, at least for all sufficiently large k£ € K. Consequently, for
these k € K, the line search test in (S.3) fails for the stepsize f]—’z — 5+~ !. Thus

k ékfldk _ k
P(z +77k-77Ek1) P(2") > V()T
k

holds for all k£ € K sufficiently large. Taking the limit £ — oo on the subset K, the
continuous differentiability of the potential function ¢ on the set Z; gives

Vi (22)1d™ > yVip(2>)Td™.
Since V¢(2*)Td>® < 0 and v € (0, 1), this is a contradiction. Consequently, we
have 0 = H(2*°), and hence 2 is a solution of (1). O

3. Notations and assumptions

For our discussions on the convergence rate, we recall some definitions.

Definition 3.1. A sequence {z*} converges Q-linearly to Z if there is some constant
c € (0,1) such that for all k¥ € N sufficiently large we have

k+1

124 = 2l < e le" - zlI.
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A sequence {2*} converges R-linearly to z, if there is some sequence {e,} C R,
that converges Q-linearly to 0 and ||z¥ — z|| < &, for all k € N sufficiently large.

For two sequences {as}, {a,} CR;, we use the notation

ap — O(ONJk) if lim % = 0,
k—o0 O
ap = O(ay,) if % is bounded. O
k
Further, let us recall some notation from [1]. For a set o C {1,...,m}, define

a:={1,...,m}\a
For z € R™ with g(Z) < 0, define the set of active and inactive constraints by
() == {j | g;(x) =0} and I():={j]|g;(x) <0},
respectively. Since in a GNEP several players may have the same constraint, let
p(@) = max{lal [a C (&), g#g Vi.jea}

denote the number of different active constraints at z. Depending on p(z) and
|I_(Z)| define the following sets of index sets:

(@) = {aCI-(D)|lel =p(), ¢ #g Vij€a};

I—*(z) = {agl |E|ﬁae]0( )321,...,ikEﬁa:azﬁa\{il,...,ik}},
for 1 <k < p(z);

ILz) = {aCI(z |3ﬁaelo()31]€az7€j 9= g5, o\ {i} C Ba},
if |[-(7)| > p(7);

F@) = {aCL(@)|agIfNz), 3o I (@) T € a:a\ {i} =B},

for 2 <k <|I_(z)| — p(T).

For more explanations on the definition of these sets, we refer to [1]. With these
definitions, we have a disjoint partition of the power set P(I-(Z)) of I_(Z), namely

PU_@)= U @
—p(Z)<k<|I=(2)|—p(2)

The assumptions we use for our convergence analysis are the ones from [1, Assump-
tion 5.26, Assumption 5.33]. We have to exploit the structure of the matrix

J.F(xz,\) E(x) 0
JH(z)=| Jw9(x) 0 I
0 W A

with E(z) := blockdiag(V g (z), ..., Vovg™(2)), A := diag(\) and W := diag(w).
The matrix M(z, ) = Jog(z) J,F(z,\) " E(x)

will play a crucial role. We denote by Mpgg the submatrix of M that contains all
columns and rows with indices in the set .
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Assumption 3.2. (A1) The sequence {z*} is bounded.

(A2) If there are identical constraints g; = ¢g; with 4,5 € {1,...,m},i # j, then we
have w; = w} for the starting vector w®.

(A3) There is a constant ¢ > 0 such that for all k£ € Ny

Ok K k
<
i < IHE

(A4) The matrix J,F(x, A) is nonsingular for all (z,\) € R" x R

(A5) At every solution z € S thereisa § € I2(z), such that Mgg(Z, A) is nonsingular
and \; > 0 for all j € 8. Further, det(M,o(Z, \)) is zero or has the same sign
for all a € 1°(Z).

(A6) The matrix JH(z) is nonsingular for all z € Z;.

Remark 3.3. Let us discuss our assumptions:

(A1) This assumption guarantees the existence of an accumulation point and hence
a solution under the conditions of Theorem 2.1. In [4, Theorem 4.10] sufficient
conditions for (Al) were given, namely (A6), the coercitvity assumption

A [ max{0, g ()| = +oo,

T||—0o0

and the extended Mangasarian-Fromowitz condition (EMFCQ) for each player, i.e.,
forall v =1,..., N and all z € R" there exists a d” € R™ such that

Vgl (x)'d <0 Vie{je{l,...,m,}| g5 (x) > 0}.

Coercivity is a weak assumption, which for example holds for GNEPs with linear
constraints and a compact feasible set. It can also be enforced by introducing
additional box constraints. Coercivity is used to guarantee boundedness of the =
and w part of the iterate z¥ = (2, \¥ w*) in the proof of [4, Theorem 4.10]. The
EMFCQ is a standard constraint qualification in optimization, and here it is used to
show boundedness of the multipliers for the active constraints. For the inactive ones,
this follows without further assumptions. EMFCQ only depends on the constraints
of each player. We will see in Corollary 4.3 that for repeated constraints, we can
use equal starting values in the algorithm to obtain equal multipliers for repeated
constraints at all iterates. Hence, if one of these multipliers stays bounded, this
also holds for the others corresponding to repeated constraints. This allows us to
even relax the EMFCQ condition for GNEPs with repeated constraints, namely the
descent condition for a repeated active or violated constraint must only hold for one
player and not for all.

(A2) This is a very mild assumption on the starting vector w?® that can always be
satisfied.

(A3) Here, we require that the sequence {0y} vanishes fast enough, and in particular
this implies the assumption
limsupog < 1
k—o00
from Theorem 2.1. (A3) can always be satisfied by an appropriate choice of the
parameter sequence {oy}.
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(A4) The nonsingularity of J,F(x,\) is a commonly used condition, and it is
also one part of the sufficient conditions for nonsingularity of JH (z*) given in [4,
Theorem 4.6]. (A4) is an assumption on the functions defining the GNEP, and it
can be easily verified for GNEPs with quadratic cost and affine linear constraint
functions (LQGNEPs), because then we have only a single matrix independent of z
and A\. However, it restricts the number of GNEPs our theory can deal with. For
example LGNEPs, where cost and constraint functions are all affine linear, violate
(A4) since J,F(x,\) = 0. For the potential reduction algorithm in the context of
LGNEPs, we refer to [7].

(Ab) The first part of (Ab) is a strong condition that was also used in slightly
different variants in [2, 3, 17] in order to prove a local error bound for GNEPs. For
GNEPs with shared constraints it is typical to have a singular matrix JH(Z) at a
solution z. Therefore, we cannot assume its nonsingularity at the solution. By drop-
ping rows from repeated constraints except one, and the corresponding columns, we
JoF(x,\) Eg(z .
ngé(x)) ﬁo( )>. This,
together with (A4), is by definition of Mgs(x,\) = J.gs(x)J.F(z,\) ' Es(z) the
nonsingularity assumption in (A5).

may obtain nonsingularity of the remaining sub-matrix <

Further, the requirement of positive multipliers is a relaxation of the strict comple-
mentarity condition. For repeated constraints we only require that one player has a
positive multiplier and not all the players. This condition, however, is usually hard
to be verified without knowing the solutions and the corresponding multipliers.
The second part of (A5) is satisfied, if the sufficient conditions for the nonsingularity
of JH(z) from [4, Theorem 4.6] are satisfied. Those are (A4) and that M (x,\) is a
Py-matrix, i.e., det My (2, \) > 0 for all « C {1,...,m}. Note, that all conditions
on M(z, \) can be verified for LQGNEPs, since we only have a single matrix in that
case. Further, (A5) is actually only required at those solutions that are accumu-
lation points of the algorithm. Thus, if we use equal starting values for repeated
constraints, we will have, in view of Corollary 4.3, only to consider solutions with
equal multipliers.

(A6) As already mentioned, sufficient conditions for the nonsingularity of JH(z)
are (A4) and the Py property of M (x, \), as shown in [4, Theorem 4.6]. In [6] it was
(in the context of quasi-variational inequalities) shown that for GNEPs with linear
constraints, where (A4) holds, the Py-property is also necessary for (A6). The P,
property can be verified in the context of LQGNEPs, but it might be computation-
ally expensive.

(A6) is, at least at all iterates 2*, necessary for the direction d* to be uniquely de-
fined in our algorithm. Furthermore, inspecting the contradiction-based proof of [4,
Theorem 4.3], it is necessary at any accumulation point of the sequence that lies in
the open set Z; (but not at its boundary, as the solutions do). Hence, it would be
enough that JH(z) is nonsingular for all z € Z; that lie in the neighborhood of the
sequence {z*}. O

Now, let us have a closer look on the equation system (2).

Partitioning the vector d* := ((d%)7, (d§)", (dﬁ})T)T € R™™m*™ " equation (2) be-
comes
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JF (" XY de + E(a")dy, = —F(a",\F), (3)
Jog(@)dE +df = —g(a¥) —w" + opp L, (4)
WEdE + A*E = — AW 1, + opir . (5)

As shown in [1, Equation 5.33] under assumption (A4), this yields

k
(MFA* 4+ WF) B =, (6)
with — M* = J,g(a") J,F (2", \F)" B(2F),
b= — Jog(2®) J,F (2 N TR (2% ) 4-g(2™) 4+ o par (AF) = 1)1,

Using Cramer’s rule we obtain for each component i € {1,...,m}

dy; _ det(MFAF + W) (7)

Ak det(MFAF + W)’
where we used AF = diag ()\’f, AR T )\fH, o )\ﬁl) ,

WF .= diag (w’f, cwh 0, wl’ﬂrl, . wﬁl) ,

M= (M, ..., ME % ME . ME).

The behavior of these fractions is the crucial part in the upcoming analysis.

4. Convergence analysis

Let us first formally state that our assumptions imply convergence of {H (2*)}ien
to zero.

Lemma 4.1. Assume (A1), (A3) and (A6). Then, the entire sequence { H(2*)}ren
converges to zero.

Proof. The proof is by contradiction. Assume, that {H(2*)} does not converge to
zero. Then, we can find a subsequence of {z*}, where {||H(z*)||} is bounded away
from zero. The boundedness assumption (A1) implies that this subsequence has an
accumulation point z. By (A3) and (A6) we can apply Theorem 2.1. Thus, zZ must
be a solution satisfying H(z) = 0, contradicting that {||H(z*)||} is bounded away
from zero. ]

Now, let us recall [1, Lemma 5.27] together with its simple proof.

Lemma 4.2. Let (A2) be satisfied. Then, if there are indicesi,j € {1,...,m} with
gi = g;, we have wf = wf for all k € Ny. Furthermore,

(AL =)
i€a1\I<(Z) i€ao\I<(T)

holds for all ay, iy € I2(Z) and all k € Ny, that is the product is independent of the
choice of a € I°(Z).
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Proof. If we have indices 7,5 € {1,...,m} with g; = g; and wj = w} for some
k € Ny, equation (4) yields

dﬁz,i = —wf - gz(xk) Vgi(x )Tdﬁ + Okl
;‘C — (%) = Vg; (@) d} + onpu = dfu,y,

and hence witt = wf + tedl, = Wi+ tedy, ;= w;'ﬁl‘

With w) = w? by (A2) this implies w} = w” for all k € No. Now, let ay, ap € I2(Z)
be given. By definition @; \ I-(Z) and @; \ I-(Z) contain only active constraints
that are joined by several players, and they contain all but one of each joined active
constraint. Thus, (A2) and the first assertion imply

() (L) D
ica1\I<(Z) i€ao\I<(T)

This Lemma has a nice consequence if we further choose the starting values of the
A\ variables equal.

Corollary 4.3. Assume (A2) and that if there are identical constraints g; = g; with
i,j € {1,...,m},i # j, then we have \) = X) for the starting vector \°. Then, we
have \f = )\? for all k € Ny. In particular, any accumulation point of a sequence
{2*} generated by Algorithm 1 has equal multipliers for repeated constraints.

Proof. Let identical constraints g; E gj With i,7 € {1,...,m},i # j be given.
Then, (A2) and Lemma 4.2 imply w} = w} and also df,; = df ; for all k € No.
Assume A} = ¥ for some k € Ny. Then equatlon (5) yields

g — —Mwk + o — AEdE i )\kwk + Ok — )\-dfj,
A wk wh

J :d];\,]'

With \) = )\2 this implies \f = /\f for all £k € Ny. Hence, we have equal mul-
tipliers for identical constraints at every iteration, and this also transfers to any
accumulation point. O

Note, that by Corollary 4.3 we can use Algorithm 1 for GNEPs with shared con-
straints with equal starting values in w°® and \° for the repeated constraints in order
to compute normalized Nash equilibria.

Now, we start with the technical analysis of the convergence speed. The following

Lemma is closely related to [1, Lemma 5.29], but with an explicit computation of
the term hidden in the constant there.

Lemma 4.4. Let Assumption 3.2 hold. Let {(z*,\*,w*)} be a subsequence, gener-
ated by Algorithm 1, that converges to (T, \, ). Then with B € I2(Z) from (A5),
we obtain

det(M AR + W) (8)
_( I1 wf) 3y ( I] w )(HA’“)deth) ( I1 wf).
jeB\I<(z) aell(z) \ jel< (%) jea jeB\I<(z)
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Proof. By (A6) Algorithm 1 is well defined, and by the boundedness assumption
(A1) we have a convergent subsequence. Its limit (z, A, w) is by Theorem 2.1 a KKT
point. By (A4) all matrices M* are well defined.

Using det(Mpp) = 1 and exploiting the diagonal structure of A¥ and W*, we get
det(MFAF +WHF) = Y~ det(WE,) det (M*A¥),0)

al{l,..m}

= D det(Wh,) det(My,) det(Af,) = Y <Hw;f)<nv) det(M")

alC{1,....,m} aC{l,..,m} \JjEa JEQ

If the set o contains more than one repeated constraint, in particular if o\ I (z) € I£
with ¢ > 1, the matrix M* has two identical rows, and its determinant vanishes.
Hence, to get non-zero summands the set o must particularly contain for each re-
peated constraint being active at Z no more than one copy, i.e., a\ I-(Z) € I-(Z)
with ¢ < 0. Then, & contains for every non-zero summand at least all but one of the
active repeated constraints, i.e., we must have an index set 3, € I2(Z) such that
B\ I-(%) C &. Using (A2) and Lemma 4.2, we get with the index set 3 € I2(%)

from (A5) . .
( H wj) = ( H wj)
7€Ba\I< (%) j€B\I<(2)

Thus, we can write
et(MFAF + WH)

0 ) X (T ()
jeB\I< () oC{lm},  \jea\(Ba\lI<(2)) jea
o\l (2)€1L(7),4<0

If o\ I.(z) € IL(z) for some ¢ < 0, we must then have by definition an index
jea\(Ba\I(z)) with w® — 0. Since by (A1) and (A4) all iterates and det(MF,)
are bounded, this implies

3 ( I] w;?) (H /\§> det(M") = o(1).

ag{l 7777 m}7 jEO_t\(Ba\I< (j)) jEOé
a\I<(z)ell(z),0<0

If « N I-(Z) # 0 we have an index j € o with )\f — 0. This again yields

3 (j@\(H )<H)\’“) det(M* ) = o(1).

aC{l,...,m}, a\(Ba\I< (%)) jEa
aﬁ[<(iz)7é@

This means that we can only have index sets a € I2(Z) that lead to non-vanishing
summands in the limit. For these we have & \ (34 \ I(Z)) = I-(Z). Altogether, we
have shown (8). O]

In the next lemma we use the technique from the proof of [1, Lemma 5.30].

Lemma 4.5. Let Assumption 3.2 hold. Let {(2F, N¥ w*)} be a subsequence, gener-
ated by Algorithm 1, that converges to (z, \,w). Then, there is some constant C' > 0
such that, with € IO( ) from (Ab), we have:
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ifiel(z): det(MFAF +WPF) (9)
= —( H wf) Z ( H wf) (HA?) det(ME ) + 0( H wf)
J€B\I<(Z) acll(z) \jel<(2) j€a JE€B\I<(2)
fie (@) |det(VFAE + Wh| < C ( 11 wf) |H ()] (10)
J€B\I< (%)

Proof. Using the diagonal structure of A¥ and W we get

7

det(MFAF +WF) = > det((W)aa) det((Af)aq) det((Mf)aa)
alC{1,....,m}
- ¥ (H@?)( I1 A§) det(MF)o)  (11)

aC{l,..m}, \jea jea\{i}
1€

where the last equation exploited (A¥);; = 1 and (WF);; = 0. Developing det((M¥)q.)
by the i-th column corresponding to 7%, we obtain

|al

det((Mf)aa) = Y (=) 1k, det (Mg o\ (3)) - (12)

s=1

Step 1: Let us first take an arbitrary ¢ € I_(z). Now we distinguish four cases

(a) a\I-(7) € I-(z) with £ > 2:

There are two possibilities:

Either we have at least three different indices [y, ls,l3 € o\ I (Z) with g;, = g, = gi5.

Then the corresponding rows of (M}),, can only differ in the single column . Hence,

the rows are linearly dependent and det(MF)aq = 0.

Or there are four indices ji, jo,l1,ls € a\ Io(Z) with j; # jo, [y # Iy and ¢;, = g, #
91, = gi,- Then, the differences of the two corresponding pairs of rows are linearly
dependent, since they both can only have a nonzero entry in column {i}. Hence,
the four rows of (MF),, are linearly dependent and again det(M})aq = 0. Thus,
the corresponding summands in (11) are zero.

(b) a\I(z) € IL(z):

This means that there are exactly two indices s1,s9 € « that belong to the same
active shared constraint. The definition of I (Z) implies the existence of an index
set B € I2(Z) such that 8, = I_(Z) N (a'\ {s1}). With w¥ = w’ from (A2) and
Lemma 4.2, we get

k k k k
WS1(ij>:( 11 w].)( 11 wj>'
JEQ jGBa\I< (z) jeani«(z)
With Lemma 4.2 we get with 3 € I2(z) from (A5)

(TLet) = o (I ) IT ot

jEa ST\ jeB\I<(z) jeanl<(z)
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Further, Ma\{a 1o\ has two identical rows for all a; ¢ {s1,82}. Thus, the sum
in (12) has only two non-zero summands and these must have opposite sign, which
follows from a permuatation of the rows such that the rows belonging to s; and s,
are below each other. We obtain

|a

i+s  k k k
D (1) det (M o av ‘ | (s ) det (Mo gy.aniip) | -
s=1
Having a closer look at the definition of r*, and using w = wa, we obtain
k k| _ 1 Ok b _ Ok firw?
o =7l = w5 = S | S S AT T o ok, L o

Finally, we have

(TLo8) ( IL o5) aerte

jea jea\{i}
1 k Uk/j’kwsl
< w_k( H wj) ( H ) ( H Aj ) det a\{sl} a\{i }) min{\¥ wk | \E wk
51\ jeB\I () jeani<(z) jea\{i} e
k Ok K
< ( 11 wj)( I[ w )( II % ) det (Mg, (o) o\ fi}) — it
jeB\I-(z) jeani< () jea\{i} j=lm 7

Ok Mk k :
The boundedness from (A1), (A4), and W < c||H(z")]| by (A3), imply the
ji=1,....m

existence of a constant C; > 0 such that for all summands in this case

(1) ( I1 %) et (V7). <ai( I1 w)aeh

jea jea\{i} jeB\I<(z)

(c) a\I.(z) € I2(z):

In this case we get from Lemma 4.2 with 8 € I2(z) from (A5)

<jeﬁl\:[<(i) wf) ) (jeal\_l{(x) wf>
(wa)( I1 A?) et ((1F)aa)

Hence, we have

jea jea\{i}
= ( H wf) ( H wf) < H Af) det((]\;[ik)aa).
jeB\I< () jeani«(z) jea\{i}

Here we have two subcases: Either a N I-(Z) # 0.

Then, we have one index s € o\ {i} with A\¥ — 0 and w* is bounded away from

zero. Using \F = Nk < ”H (z )H, and the boundedness from (A1), which together

Wg

with (A4) implies boundedness of det((MF)aa), vields the existence of a constant
Cy > 0 such that
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(I 0 ( I (11 %) det (V1))

JEB\I<(2) jeanl<(z) jea\{i}
s( I1 @ymwwm
JE€B\I<(Z)
Otherwise, & C I_(Z). By definition we have for all j € I_(z)
rf = —Jog;(2%) T F (2%, \O) T R (2", )\k)+(gj(xk)+wf) —wf+wf;:i:’; —oppig- (13)
J

By (A5) we can find for every active constraint at least one positive multiplier.
Hence, using (A2) and Lemma 4.2, we have an index j, with

wj 3%

= i
IR (1H (2R

SAE’
J

which stays bounded, since )\;f #» 0. Then, exploiting our assumptions (A1), (A3)
and (A4) LI)” is bounded. Using (12) and again (A1) and (A4), we can find a

T [lH(2F
constant Cy > 0 such that | det((MF)aa)| < Cs||H(2%)]|.

Using once more (A1), we have in this subcase a constant C3 > 0 such that

(L)L) o

jeB\I<(z) jeani«(z) jea\{i}
s( I1 @ymmwm
jeB\I<(z)

(d) a\ I-(z) € It(7) with £ < —1:

With 8 € I2(z) from (A5), we get in this case (5 \ I-(Z)) C (@ \ I-(Z)), and there
is at least one more index s € @\ I-(Z) which is not in 3. For this index we have
w® — 0. By (A5) for each active constraint there is at least one positive multiplier,
hence we can find an index 3, with A¥ 4 0 and w* = w? by (A2) and Lemma 4.2.

oF = WX HE)
R Vi

Then, we have

With (A1), (A4) and A% 4 0 we get in this case a constant Cy > 0 such that

(H wf) ( I1 A?) | det(1})aa)| < ( I1 wf) CullH(H)].
jea jea\{i} JER\I<(Z)
Since we have bounded all summands of the finite sum in (11), we have shown (10).

Step 2: Let us now take an arbitrary i € I(Z). Again, we distinguish four cases,
namely

a\ I(z) € IL(x)
for ¢ >2,/=1,{=0and ¢ < —1.
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All cases except ¢ = 0 can be treated identical to the cases (a), (b) and (d) of Step 1

and result in summands 0( I1 wf), since |H(z*)|| — 0 by Lemma 4.1. Thus,
we have JER\I< ()

det (MT*AF + W)

- ¥ (Hw§>( I] A§> det((Mik)aa)+0( I1 wf)
aC{1,...,m}, jEa jea\{i} JEB\I< (%)
a\I<(z)ell(z)

As in case (c) with o\ I.(Z) € I2(Z), we obtain for the summands

(Hw?)( I1 A?) det((11F)ac)

Jjea jea\{s}

:( [ wf)( 1 “’?>( 11 A?)det((ﬂ%’“)m).

jeB\I<(z) jeanl<(z) jea\{i}

Now, for any index set o with (a\{i})NI-(Z) # 0, we have an index s € o\ {i} with

A — 0. Hence, using (A1) and (A4), these summands are again o( IT wf)
JeB\I<(Z)

For the remaining summands we have (a \ {i}) € I2(z). Here, we can exploit

rk =o(1) for all s € {1,...,|al} \ {¢} and rf = —wF + o(1), which follows from

(13), (A1), (A3), (A4) and ||H(2%)|| — 0 by Lemma 4.1. Inserting this in (12), we
get together with (A1) and (A4)

|ex]
ks i+s k k ! k
det((M; )aa) = Z(—l) T det (MY (ay.ovy) = —wi det (Mg, 1y o giy) + 0(1),

s=1

resulting in

(wa)( I1 A?) det((M})aa)

jea jea\{i}
:( H wf) ( H wf) ( H A?) det((Mik)aa)
je€B\I< (%) jeani«(z) j€a\{i}
k k k k k
:_( 11 wj)( 11 wj)( 11 Aa‘) det (Ma\{i}va\{i})JfO( 11 wj)-
jeB\I< () JEI<(T) jea\{i} JjEB\I<(Z)
Altogether this proves (9). O]

Now we can present new quantitative limiting results, that are stronger than the
results presented in [1].



A. Dreves / Linear and Superlinear Convergence ... 69

Theorem 4.6. Let Assumption 3.2 hold. Let {(xF, Ne w)} be a subsequence, gen-
erated by Algorithm 1, that converges to (z,\,w). Then, we have

. dy; : _
klgr; Aé =0 forie I_(z),
. db . _
kh_}rgo \; =-1 forie I (z),

1]l = OIHE=)]).

Proof. The proof combines Lemma 4.4 and 4.5. By (7) we have

d5; det(MFAR + WF)

A det(MEAR + W)

We can find a constant C' # 0 with

. k k kY O
klgl;lo . < H wj) (H)\j) det(M],) =C, (14)
a€cll(z

JEI(Z) JjEa

since all summands are bounded by (A1) and (A4) and have by (A5) the same sign,
and at least one, and thus the entire sum, is nonzero.

For i € 1.(Z) we get

dk
lim
—( 11 wf) 3 ( I w;?)(HA;)det(Mga)m( 11 w;.f)
~ lim JE€B\I<(Z) acll(z) \ jel«(Z) Jjea JEB\I<(Z)

e T wh) Y (T wb)((TTA)det(ME) +of TT wh
J€B\I< (%) el (z) \ jel(%) jea

j€B\I< (%)
> ( I wﬁ)(HAﬁ) det(ME,) + 0 (1)

. acll(z) \ jel(z) JjEa
= lim

= 2 (I, ) () s +ow B

acll(z) \ jel(z) jEa

Further, we have in this case w¥ — w; # 0. Hence, there is a constant ¢; > 0 with

. . d . . . dk .
wf > ¢;. Since khm /\A,j = —1 implies boundedness of ;,;Z, we also have that
— 00 % 7

3. 3.
() = Afwf

is bounded, which means |d5 ;| = O(|[H(2")]]).
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Using ||H(z%)|| — 0 by Lemma 4.1, we get for i € I_(Z)

il _ oy [det(MFEAY +WE)|

= 111m
Ak k—oo | det(MFAF + Wk)|

c( 11 w) 1 (=9)]

JEB\I<(Z)

lim
k—o0

< lim
ko0 k k k k k
7H w} > ‘ I1 w} H A% det(MF_) 4o 71_[ w}
JEB\I< (%) acll(z) \ jel«(T) jea JEB\I< ()

CllH (M) _0_,
!0

= lim
k—o0
S (I wh) (1A% det(ME,) +o(1)
a€clf (z) \ jel(x) jEa

Furthermore, we have in this case

k
d)\l

IA’“
1H (z9)] A’“ IIH

()

JjeB\I<(T)

I wf > N I1 ) wf H )\é? det(ME,) + o I wf
J€B\I<(Z) a€ll(z) \ jEI<(Z) jea J€B\I< (Z)

C\F
> I1 wf I A? det(MF,) + o(1)
a€lf(z) \ jel<(7) j€a

which is bounded by (A1) and (14), which implies |d} ;| = O(||H(2*)||). Both cases
together show

IN

a5l = OUIHE) .
From (3), (A1), (A4) and ||d%|| = O(||H(z*)||), we have
]| = [l JeF (", X7 (= B(a")d5 = F (", 29) [| = O H ()]).

Finally, we get from this, (4), and (A3)

[d5 || = ||~ Teg(a®)dE — (g(a*) + ") + o] = O H(F)]).

Altogether, we have shown: |[|d*|| = O(||H(z")|). O

Next, we show that ||d*|| = O(||H(z*)||) holds on the entire sequence generated by
Algorithm 1.

Lemma 4.7. Let Assumption 3.2 hold and {z*} be generated by Algorithm 1. Then
we have

la*] = O(IH=)])).
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Proof. Assume for contradiction, that there is a subsequence {2*}rcx violating the
condition, i.e., we have a subsequence with

co
vek THG

The subsequence {2*}rex is by (A1) bounded, hence has an accumulation point.
This point is by Theorem 2.1 a solution and hence it must satisfy (A5). Thus, we
can apply Theorem 4.6 to get ||d*|| = O(||H(z¥)||) on an infinite subset of K, and
we have a contradiction. O]

Let us comment on our results. By the convergence of d5 ;/Af to 0 or —1 depending
on whether we have an active or inactive constraint, we found an expression that
can be used as an indicator to identify the active set at the accumulation point.
This could be exploited numerically, if we switch to a reduced system by dropping
the inactive constraints, as soon as we are confident that the active set is estimated
accurately enough.

Next we strengthen the assertion of [1, Lemma 5.35] in showing that the residual
term g(z*,t), defined in the next Lemma, is of order O(|| H (z*)||?) also if the step-size
does not converge to 0.

Lemma 4.8. Let Assumption 3.2 hold. Let {2} be generated by Algorithm 1.

(2", 1)

Define q(zk,t) = | @F 1) | e R™™™T™ py
Q3(Zk>t)

1

=

+ </01 (E(z" + stdy) — E(z")) ds) dy,

/ (JoF (2" + stdi, \F + std) — J,F (2", \F)) ds) d~
0

(2", t) = (/01 (Jog(a® + stdl) — Jug(z")) ds) d® 4 oo,

g3(2*, 1) == ap Ly + 1(dy, 0 dy).
Then, we have H(ZF +td") = (1 = t)H(ZF) + tq(2",1), (15)
and la(=", )1l = O H(Z")]?). (16)
Proof. The first part of the proof is the same as in [1, Lemma 5.35], and we

restate it here for convenience. Using the mean value theorem we obtain for the
first n-dimensional part of H

F(2F +tdE, N +tdf) = F (2% NF) + t (L, F (2%, \)dE + B(2%)d})

1
+t (/ (JoF (2" + stdi, \¥ + std) — J,F (2", \F)) ds) dk
0

+t ( /0 1 (E(z* + stdl) — E(z")) ds> ds
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—t)F (2", \F)

H(
t(/o (2% + std®) — E(x k))ds) dk

— ) F (2%, \¥) 4 tq (25, 1),

1
/ (JoF (2" + stdi, \¥ + std) — J,F (2", \F)) ds) d"

+

for the second m-dimensional part
g(a* +td%) + w* + td¥,

= g(a®) + w" +t (Log(a®)dE + df) +t (

c\

Jog(2F + stdl) — J,g(z")) ds) d"

1

@ (1—1) (g(z") + w*) + toppelm +t (/O

= (1—1) (g(2") + w") + tga(2", 1),

Jog(@® + stdl) — J,g(z")) ds) d*

and for the third m-dimensional part
(A" +tdy) o (wh +tdE) = N ow® +t(NF o df + w" o df) + t*(df o df)
© (1 =N 0w + topuply, +12(d% o dy) = (1 — )AF o w® + tgs(2F,t).
This proves H(ZF +td") = (1 — t)H (") + tq(2*,1).

The second part of this proof is new. By the assumed local Lipschitz continuity of
all derivatives, and the boundedness assumption (A1), we get a constant Ly > 0
with

1
/ (JoF (2" + stdi, \¥ + std) — J,F (2%, \¥)) ds d&
0

1
g/ | JoF (2" + stdl, \¥ + stdy) — J,F(z*, A¥)|| ds || 5|
0
1
< / Lest||((@)T, (@) )7|| ds ]
L
< 7Ft (121> + ||l - 11d51) = O H (%)),

where the last equation follows from ||d*|| = O(||H(z*)||) by Lemma 4.7. Similarly,
we get

| (Bt + sta = By s | = oUHEIP)

[ (gt sty - gg(e) as | = oA ).
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With oy, = O(|H(2%)||?) by (A3), t € (0,1], and further
a5 o di |l < ldX]l - llda || = O(IH (")),
we obtain lg(2*, )| = O(|H(z%)||?). O

Now, we have analyzed the behavior of the direction d* and found some useful rela-
tions (15) and (16). It remains to have a detailed look at the stepsize ¢y, restricted
by the set Z; and the Armijo linesearch with the potential function. One motiva-
tion for using the potential function is to bring some of the components of H(z*)
commonly to zero at around the same rate. The following lemma follows from the
definition of the potential function without further assumptions.

Lemma 4.9. Let the sequence {2*} be generated by Algorithm 1. Then, we have
foralli=1,...,2m and all k € N

_9% <

Hypi(2%) > e 2 ||H(2Y)||w

Proof. By (S.3) of Algorithm 1 and the descent property
V() Td* < 2(¢ —m)(op — 1) <0

from [1, Lemma 5.11] the sequence {t(2*)}1en is monotonically decreasing for o, < 1
and ¢ > m. By definition of the potential function we obtain

P(=°) > ¥(2h)
= CIn(||H (2" Zln i

> 20 HGA)) - 2min (i, Hm(z’“))

— 2(C —m) In(|[H(H)]) +zm1n( A )).

min_ Hy,i(2F
for all £ € N. Reordering yields

i (D) < S 2 )

min  H,;(z"

i=1,...,.2m

_9(z% <

| H (25| O

Now, we analyze the conditions restricting the stepsize in (S.3) of Algorithm 1. Here,
we use a fixed parameter 7, = 7.
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Lemma 4.10. Let Assumption 3.2 hold and {z*} be generated by Algorithm 1. Let
any fized n € (0,1) be given, and assume ¢ € (m,2m). Then, for all sufficiently
large k € N, the stepsize t, = 1 satisfies 2* + t,d* € Z; and

Y(2F + tpd®) < P(2F) + 1, V(7)) TdE

In particular, there is some lower bound t > 0 such that t;, >t for all k € N, i.e.,
the stepsize is bounded away from zero.

Proof. Let us recall the definition
Zp={z=(z,\,w) e R" xR, xRT, |g(x)+w>0}.
By Lemma 4.8 and Lemma 4.9 we have for alli =1,...,2m

Hypi(2F +nd¥) = (1= n) Howi(2%) + 0 gnss (25, 1)

RIC) kg < k
> (L=n)e > [HE) ™ + 0 ani(27, 1)

By (16) we have a constant C' such that
Gnsi(2,1) = =C||H(=)|)?
for all k € N. With £ < 2, < 1 and ||H(z")|| — 0 by Lemma 4.1, we obtain
H, (25 +nd") >0 (17)
for all £ € N sufficiently large and ¢ = 1,...,2m. In particular, we have
g(z" +ndf) + w* +ndl = Huprynpm (2" 4+ nd®) > 0.

Further, we have to show A +nd* > 0 and w* 4+ nd* > 0. Since for sufficiently large
keNandie{l,...,m}
(AF + nd ) (wf + 0y, ;) = Hosmea (25 +1d") > 0,

by (17), both factors must have the same positive or negative signum for all suffi-
ciently large k € N. By (5) we have for alli=1,...,m

wfd];’i + MR = Nl o > —APwh

1w,

Hence, we cannot have simultaneously the relations dy; < —Aj and df,; < —w}.

Thus, \* +nd* > 0 and w* +nd* > 0 must hold for all sufficiently large & € N. This
shows 2* 4+ nd* € Z; for all sufficiently large k € N.

For the Armijo-condition on the potential function we use that

lla=" )l

by Lemma 4.8, ¢ < 2m and Lemma 4.1.
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Note that by (17) all the following logarithmic terms are well-defined for all suffi-
ciently large £ € N. On the one hand, we get

lim sup [¢(Zk + nd*) — ¢<Zk)]

k—o0
. | H(2* +ndk)||) ( (2 +77dk )
= limsup |In | “—r—F+
P ( e
w e nH) ( . m)
< limsup [In{1-—n+ ’ + i (27
= e ( TR E; REARG we)
< limsup |2¢In ( -n+ 77”‘]( ’77 ” —2mIn|1—n—n la(z",n)l]
o k—o00 ”H( ) H”HI}Q HnJrz( k)
< limsup |2¢In n+n||q( ’77 ” —omIn|1—n—n la(z*,n)]|
e | e e HER)
(16)
= 2C¢In(1 —n) —2mIn(1 —n) < -2(¢C —m)n
On the other hand, we have
2m T
: T k1 2JH(M)TH(Z) N JTHotie(2)7 k
kh_{lglo V\I/(Z ) d = klggo ¢ [H ()2 - Hypi(25) d

k=00 [1H (%) Hippi(2F)

= lim _QQH(Z'C)T(—H(Z'“) + oppka) 2Zm —Hppi(2Y) "’O'kﬂk]

i=1

B 9 2m
= lim |—2(¢C—m)+ 4Cm% —~ Z Tkl )]

k—oo || H (%) — Hyi(2F

(A3)

95— m).

Since ¢ > m and v € (0, 1) we have shown

limsup (2" +nd") — 9 (z") < =2(C = m)n < =2(¢ —m)yy = lim V(") d",
—00

k—00
hence, the stepsize t, = n satisfies the Armijo condition for all sufficiently large
k. Furthermore, this implies that the stepsize does not converge to zero on any
subsequence, and hence is bounded away from zero. Il

With this Lemma, we have also the stepsize boundedness that was necessary for the
proof of the finite termination criterion in [1, Theorem 5.23]. With [-] denoting the
rounding to the next larger integer, we have [1, Theorem 5.23].

Corollary 4.11. Let {z*} be generated by Algorithm 1. Let Assumption 3.2 hold,
me =n for all k € N, & := supyenor < 1, and let t > 0 be a lower bound on the
stepsize, i.e., t;, >t for all k € N. Then, the termination criterion |H(2")|| < € is
satisfied after at most k iterations, where

. ’7 P (2°) B Ine -‘
= | B m—ar  Ba-an
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Finally, let us state the linear convergence properties of the potential reduction
algorithm.

Theorem 4.12. Let Assumption 3.2 hold and {z*} be generated by Algorithm 1. Let
ne =1 € (0,1) for all k € Ny be fized, and assume ¢ € (m,2m). Then, the sequence
{I1H (2%)|| }ren converges Q-linearly to zero. Further, the sequence {dist(z*,S)}ren
converges R-linearly to zero.

Proof. The Q-linear convergence of {||H(z*)||}ren to 0 follows from (15) and (16)
in Lemma 4.8 and the boundedness of the stepsize from below from Lemma 4.10.

To show the R-linear convergence of {dist(z*,S)}1en we need a local error bound
condition. By (A5) we can use [3, Theorem 1] for every solution z € S to get
constants d; > 0 and /5 > 0 such that the local error bound condition

dist(z,S) < 4; ||H(2)|| for all z € B(%,0:) N (R™ x R} x R})

holds. Herein, B(z,05) is an open ball around z with radius ¢;. By the bounded-
ness assumption (A1) all iterates 2*, and hence also all accumulation points of this
sequence, are contained in a compact set Z. Hence, we have for the open covering

U B(z.6:)

zesSNZ

of the compact set SN Z a finite sub-covering, i.e., we can find a finite number of
points z',..., 2/ € SN Z such that

Then we obtain positive constants

(= max [l and 0:= min b5 > 0.
J=1,...,J 7j=1,...,J

with dist(z,5) < C||H(2)|| forall ze€ ((SNZ)+B(0,6)) N (R" x R x RT).

All iterates are contained in ((SNZ)+B(0,6))N(R" xR xR7), for sufficiently large
k€N by (A1) and Theorem 2.1. Thus, the Q-linear convergence of {||H (2*)|}xen
implies the R-linear convergence of {dist(2*,S)}xen to 0. O

5. Superlinear convergence

Inspecting (15) and (16) again, we see that faster (quadratic) convergence would be
possible, if ¢, = 1 would be obtained for all £ € N sufficiently large. However, it is
not clear under which conditions this might be possible. For the proof of Lemma
4.10, it was crucial, that n < 1 to obtain that ¢t = n is a feasible stepsize for
sufficiently large £ € N. What we can do, is to use a sequence {7}, which satisfies
(1—m) = O(||H(2%)||°) with 6 € (0,2 — £), for example of the form

= max {51 | B} (18)

with some constant ¢ > 0.
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For sufficiently large k € N this means that n, = 1 — ¢||H (2*)]|°, which converges to
1 since ||H(2*)|] — 0 by Lemma 4.1. Then, we can show the following.

Lemma 5.1. Let Assumption 3.2 hold and {(z*, \*, w¥)} be generated by Algorithm
1. Assume ¢ € (m,2m) and that the sequence {ni} satisfies (18) with & € (0,2 — %)
Then, for all sufficiently large k €N, the stepsize t, =mn;, satisfies 2*+t,d* € Z; and

Y(2F + tpd®) < P(2F) + 1 V(7)) TdE.

Proof. We follow the proof of Lemma 4.10. Using Lemma 4.8, Lemma 4.9 and
(18), we have for all i =1,...,2m

Hypi(2" + mid®) =(1 — mi) Hoi (25) + 0k @i (2%, i)

! E\[6+S A k(12
>ce” e ||[H(Z")|"7m = CH(=")|I > 0

for all k£ € N sufficiently large, since § + % < 2 by assumption. Having 7, < 1, the
proof of z¥ + nd* € Z; for all k € N sufficiently large is analogous to that part of
the proof of Lemma 4.10. Further, we have

k kY k
ey L+ 1) = 0(H)
k—o00 Nk

: 1 [ H (=" + ned”) H) <Hn+z 2 +77kdk))
= limsup — | In ( In
ol ( [ Z ()
2
la(= ﬂ7k)||>

1 (z5)]
- Z In (1 Mk + nk—qgiiz(;Z;“)))

i=1

1
< limsup — <ln (1 — N + Nk
k—oco Tk

la (=, m) |\
1H (=)]] >
—Zln<1— ) w(|z|0q)< )l ))

e || H ()]

1
< limsup — <ln (1 — Mk + e
k—oo Tk

la(= ,m»n) (=
[H )]

_ 1
= limsup — (111 <1 — M + N
k—oco Tk

— llaC>m)ll
o | T e

Zk
1 — e — 1 —LaCEnl

For the first term, we can use

1 la(*, )| . la(z*, 7]
Iim —In(1-— + < lim — NR=L0R 1) — 1,
i ( e T R ) e nk”’“( [H ()| )



78 A. Dreves / Linear and Superlinear Convergence ...

For the second term, with % +§ < 2 by assumption and |q(z*, n.)|| = O(||H (%) |?)
by Lemma 4.8, we can write

Zk Zk
- L=+ me iy . L+ hiaER]
lim In - = lim In -
k—o00 1—m — w(llz%()z M)l - k—o00 1 — w(ZOTC llg(z* me) | -
e”2m ||H(2F)||m e”2m (1—ng)||H(*)||m
2k,
. 1+ St
= lim In : =0.
k—o00 1— w(:ig)llq(z i) .
e 2m e||H (k)|
Altogether, we obtain
k kY _ k
lim sup Pl 4 md”) = (=) < =2(¢ —m). N
k—o0 Nk

Having this, the assertion follows analogously as in the proof of Lemma 4.10.

This allows us to prove a superlinear convergence rate.

Theorem 5.2. Let Assumption 3.2 hold and {(z*, \*,wk)} be generated by Al-
gorithm 1. Assume ¢ € (m,2m) and that the sequence {ng} satisfies (18) with

6 € (0,2—%). Then, {|[H(z*)|}ren converges superlinearly to zero with order at
least 14 4.

Proof. By Lemma 5.1 the stepsize is for sufficiently large k£ € N given by
ty =mr =1 —¢||H(®)||° or by t = 1.

In the first case, with [|g(2*,t)|| = O(||H(z*)||?) by (16) in Lemma 4.8, we obtain
from (15)

1 (2" + ted®) || =[ (1 =) H(Z®) + g (25, )|
<e[|HEM + (= e |H ) (=", mo)ll = O([H () ).
Whenever we have t, = 1, we obtain
[ (" + txd")|| = la(z", DIl = O H ("))

This proves superlinear convergence and the order of convergence is at least 1 + ¢
with 6 € (0,2 — £). O

Let us stress, that for superlinear convergence the convergence order of ||q(z*,t)]| is
crucial. If this is only linear, which would be in general the case, if we have only linear
constraints, resulting in qu(2*, ;) = o, and the sequence {0} does not converge
to zero (in contrast to (A3)), we would get from (15) only linear convergence, even
if the stepsize is always ¢, = 1. A constant value of {0y} was for example used in
the implementation in [1].
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6. Inexact potential reduction algorithm

In [4] an inexact version of the potential reduction algorithm for GNEPs was dis-
cussed. This allows in (S.2) any direction d € R""?™ satisfying

ITH (2*)d + H (") — oppx all < 6xl|H ()],

with a sequence {0} converging to zero. We will now discuss the convergence

analysis for this inexact version, without repeating all the details.
P

Defining the residual vector p* := | ph | € RvFm+m by

ok

Ed

pF = JH(2")d" + H(2") — oy a,
we have ||pF|| < 8;||H(2F)|. With
Art = Jpg(a®) o F (2" A7l — 4+ (A%) g,

we obtain, analogous to (6), the linear equation system
k
(MFAF + W) B = o 4 A,

Inspecting our convergence analysis, we see that the combination of the convergence
proofs for the inexact version of the potential reduction algorithm from [4, Theorem
4.6] and the linesearch with non-fixed {n;} from Theorem 2.1 yield the assertion of
Theorem 2.1 also for the inexact version. Then, Lemma 4.1 holds with the same
proof. Lemma 4.2 only holds, if we make an additional assumption.

(A7)  For all indices i,j € {1,...,m} with g; = g; and w} = w”, we have equal

]7
residuals: (p5); = (p5);.

This is an assumption on the used solver for the inexact equation system in (S.2).
The solver must treat equal components, corresponding to repeated constraints,
equally. This will not be satisfied for all solvers, but guarantees that Lemma 4.2
still holds.

We can also get Corollary 4.3 by assuming, additional to (A7), that the solver
guarantees for all indices i,j € {1,...,m} with g; = g; and A} = A} that

(05): = (ph);.

Since our analysis is not based on Corollary 4.3, we only need the additional as-
sumption (A7) for the further results.

Lemma 4.4 is not affected by using the inexact method, and the crucial part of our
analysis is Lemma 4.5, which exploits the structure of 7*. Here, we will need an
additional assumption on the sequence {0} of the inexactness parameter.

Ok

min  H,4;(zF)
j=1,...,2m

(A8) There is a constant ¢ > 0 such that <¢.
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This can always be satisfied, since under (A6) the exact solution of the equation
system exists, meaning that J, can be chosen arbitrarily small. Now, we look at the
proof of Lemma 4.5:

Step 1(a) holds unchanged. In Step 1(b), we now have

k k k k orpr + (P5)s,  orpr + (05)s,
|T81 + ATSI T sy T AT ‘ - )\k - 2k
s2

< kbt + [(08) sy [+ 1(08)sal _ (it + 1(P5) s, [+ 1(05) s
- min{ A% , \F } min{ A} wk | \F wk
(onpuk + 20k || H (%) | )wh

IV Wk NF wk
min{ A} wk  AF wh

Using (A3) and (A8), this term is bounded by w? (¢ + 2¢)||H(2*)||, and we can
conclude as before in Step 1(b). In all the remaining subcases, we exploit that
under (A8) and (A1) we have

Okl H (2 )H max w

[(AM) 51| = (AR T W) W || < Vi —————== = = O(IH(EM)D.
jmin H +m+g(z )

Hence, using (A1) and (A4)
IAPH] = ([ Jag(x*) o F (2", A*) " o1 — g + (M) sl = O H (M)

Exploiting this allows the same conclusions, and hence, under the additional as-
sumption (A8), Lemma 4.5 also holds for the inexact version. With these two
Lemmata we can also prove Theorem 4.6 and Lemma 4.7. The assertion of Lemma
4.8 holds by adding p* in the definition of the term ¢(2*,t), and exploiting that by
15| < 6| H(2%)|| and (A8), we have ||p*|| = O(]|H(z%)||?). Lemma 4.9 is indepen-
dent of the inexactness, and Lemma 4.10 holds, since we only exploit the formula
and convergence rate from Lemma 4.8. Corollary 4.11 and our main convergence
result Theorem 4.12 then also hold. Hence, we obtain also the linear convergence
rate for the inexact potential reduction algorithm. Furthermore, the superlinear
convergence results of Section 5 can also be shown for the inexact version under the
additional assumptions (A7) and (A8), by using the adapted results of Section 4.

7. A numerical example

In this section we want to show for one example that the linear or superlinear
convergence rates can be observed numerically.

Example 7.1. Consider a 3 player LQGNEP with shared constraints defined by

Player 1: minl(x1 — 1) - Lata? st 2! >0, 2t + 22 +2% <1,

21 2 2
Player 2: min %(mZ —1)%+ %xle st. 22>0, 2t +22 +23 <1,
Player 3: mign %(x?’ —1)? st. 22 >0, 2t +22 4+ 23 < 1.
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This example has infinitely many solutions, and for all of them the shared con-
straint is active. There is only one solution with equal multipliers for the repeated
constraint. Using the coercivity and the relaxed EMFCQ mentioned in Remark 3.3,
we can show that (A1) holds. Since we have an LQGNEP, we can check (A4), and
that the Py property holds for the matrix M, implying (A6) and the second part
of (A5), see Remark 3.3. Further, choosing equal starting values for the repeated
constraints in A\° and w", we get (A2), and we will have positive multipliers of the
active constraint at the solution (we can compute the unique solution with equal
multipliers for repeated constraints analytically, or we can observe this fact numer-
ically). The nonsingularity condition in (A5) can be checked, having the active set.
As starting values we used 2° = (0,0,0)" and all components of \° and w® are set
to 10.

oAl

For a preliminary implementation we use the parameters v = 0.01 and ¢ = [F*].

Further, we set gy = 0.1 and
— i : k
Opt1 =minq o, m- min  H, (") ¢,
7j=1,....2m

which satisfies (A3). As stopping criterion we use ||H(2*)|| < 107°.

In our comparison of two algorithms, the first one has fixed values n;, = 0.5, and the
second one uses {n;} as in (18) with ¢ = 1 and § = 0.4 € (0,2 — [22]/m). Both
variants converge to the unique generalized Nash equilibrium with equal non-zero
multipliers T = %(6, 2,5)".

On the left hand side of Table 7.1 on the next page we can observe linear conver-
gence of {||H(z")||}ren to zero for the algorithm with fixed linesearch parameter
N,. Starting from iteration 6, only the stepsize ¢t = 1, = 0.5 is accepted, which is
expected from Lemma 4.10, and the convergence rate is linear, c.f., Theorem 4.12.

On the right hand side, we observe that the first 6 iterations are the same as for
the method with constant 7. But then the convergence rate improves, since the
accepted stepsize is equal to n, > 0.5, as expected by Lemma 5.1. We observe
superlinear convergence as expected from Theorem 5.2.

8. Conclusion and outlook

There are two main contributions of this paper. First, the proof of Q-linear conver-
gence of {||H(2")||}xen and R-linear convergence of {dist(z*,S)}ren for the exact
version of the potential reduction algorithm for GNEPs with a fixed linesearch pa-
rameter 1 under suitable assumptions. Second, the superlinear convergence, if we
choose this parameter as a sequence {n;} converging at a suitable rate to 1. Both
convergence rates can also be shown for the inexact version of the potential reduc-
tion algorithm if the inexactness parameter vanishes fast enough and a technical
requirement for the inexact solver of the linear equation system is satisfied.

In this paper we focused on theoretical results. Numerical results of the potential
reduction algorithm for GNEPs with fixed parameters 7, and o5 can be found in
[1] and [3]. The numerical realization of an algorithm with balanced choices of the
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parameter ¢ € (m, 2m), the sequences {0y }ren satisfying (A3), and {n }xen fulfilling
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(18), is left for future research.

fixed parameter 7 adapted parameter n
iter O Nk tk HHH O Nk tk HH”
0 | 1.00e-01 0.500 1.000 2.46e+02 | 1.00e-01 0.500 1.000 2.46e+-02
1] 1.00e-01 0.500 1.000 6.90e+01 | 1.00e-01 0.500 1.000 6.90e+01
2 1 1.00e-01 0.500 1.000 1.66e+01 | 1.00e-01 0.500 1.000 1.66e+01
3 | 1.00e-01 0.500 1.000 4.01e+00 | 1.00e-01 0.500 1.000 4.01e4-00
4 11.00e-01 0.500 1.000 1.11e+00 | 1.00e-01 0.500 1.000 1.11e+400
51 1.00e-01 0.500 1.000 2.60e-01 | 1.00e-01 0.500 1.000 2.60e-01
6 | 1.00e-01 0.500 0.500 1.48e-01 | 1.00e-01 0.500 0.500 1.48e-01
7| 6.11e-02 0.500 0.500 8.32e-02 | 5.84e-02 0.535 0.535 7.90e-02
8 | 3.44e-02 0.500 0.500 4.53e-02 | 2.56e-02 0.638 0.638 3.36e-02
9] 1.84e-02 0.500 0.500 2.40e-02 | 7.54e-03 0.743 0.743 1.02e-02
10 | 9.52e-03 0.500 0.500 1.24e-02 | 1.30e-03 0.840 0.840 1.91e-03
11 | 4.85e-03 0.500 0.500 6.36e-03 | 1.10e-04 0.918 0.918 1.74e-04
12 | 2.45e-03 0.500 0.500 3.22e-03 | 3.46e-06 0.969 0.969 5.65e-06
13 | 1.23e-03 0.500 0.500 1.62e-03 | 2.75e-08 0.992 0.992 4.53e-08
14 | 6.16e-04 0.500 0.500 8.14e-04 | 3.18e-11 0.999 0.999 5.23e-11
15 | 3.08e-04 0.500 0.500 4.08e-04
16 | 1.54e-04 0.500 0.500 2.04e-04
17 | 7.72e-05 0.500 0.500 1.02e-04
18 | 3.86e-05 0.500 0.500  5.10e-05
19 | 1.93e-05 0.500 0.500  2.55e-05
20 | 9.65e-06 0.500 0.500 1.28e-05
21 | 4.83e-06 0.500 0.500 6.38e-06
22 | 2.41e-06 0.500 0.500 3.19e-06
23 | 1.21e-06  0.500 0.500 1.60e-06
24 1 6.03e-07 0.500 0.500 7.98e-07
25 | 3.02e-07 0.500 0.500  3.99e-07
26 | 1.51e-07 0.500 0.500 1.99e-07
27 | 7.54e-08 0.500 0.500 9.97e-08
28 | 3.77e-08 0.500 0.500 4.98e-08
29 | 1.89e-08 0.500 0.500 2.49e-08
30 | 9.43e-09 0.500 0.500 1.25e-08
31| 4.71e-09 0.500 0.500 6.23e-09
32 | 2.36e-09 0.500 0.500 3.12e-09
33 | 1.18e-09 0.500 0.500 1.56e-09
34 | 5.89e-10 0.500 0.500  7.79e-10

Table 7.1: Comparison of local convergence rates for potential reduction algorithms

Further, it is an interesting question, how we can exploit the convergence of the
fractions in Theorem 4.6 as indicators to identify the active set of a solution. It
might be a good idea to remove the non-active inequalities at some point in order
to reduce the dimension of the problem. Furthermore, if one would have a different
algorithm that can exploit the knowledge of the active set, this could be applied to
get faster local convergence, and one might be able to design a new hybrid method.
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