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1. Introduction

The following evolution equation
on (@u + q@xug) = bu, q, b € R, (1)

where u(t,x) is the electric field amplitude, ¢ is the time, and x is the distance
propagated in the laser cavity [45], is known as the short pulse equation.

It was introduced by Kozlov and Sazonov [34] as a model equation describing the
nonlinear propagation of optical pulses of the duration of a few oscillations in di-
electric media, and by Schéafer and Wayne [45] as a model equation describing the
propagation of ultra-short light pulses in silica optical fibers.

In [3, 4, 18, 36, 37, 38], the authors show that (1) is also a non-slowly-varying
envelope approximation model that describes the physics of few-cycle-pulse optical
solitons. Instead, [5, 13, 42, 44] show that (1) is a particular Rabelo equation which
describes pseudospherical surfaces.

Equation (1) is also deduced in [50] to describe the short pulse propagation in
nonlinear metamaterials characterized by a weak Kerr-type nonlinearity in their
dielectric response.
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We remind that equation (1) was proposed earlier in [39] in the context of plasma
physic and radiating gases [35, 46]. Moreover, [19, 31, 32, 33] show that (1) is
also a model for ultrafast pulse propagation in a mode-locked laser cavity in the
few-femtosecond pulse regime. Finally, an interpretation of (1) in the context of
Maxwell equations is given in [41].

Recently, wellposedness results for the Cauchy problem of (1) are proven in the
context of energy spaces (see [29, 40, 49]). A similar result is proven in [10, 15,
22, 30] for entropy solution, while, in [12, 21, 23, 43|, the wellposedness of the
homogeneous initial boundary value problem is studied. Finally, the convergence of
a finite difference numerical scheme is studied in [26].

In this paper, we consider the following nonlocal regularization of (1)

(8tu+q&,3v:bP, t>0,reR,
9,P — u, t>0 z€R,
QO + BOv + v = Ku?, t >0,z €R, (2)
P(t,—o0) = 0, t>0,
u(0,z) = up(x), r € R,

\

where ¢, b, o, 3, v, Kk € R.

Conservation laws with non-local fluxes can be found in the context of traffic flow
modeling [1, 7, 27, 28], in the context of sedimentation dynamic modeling [6], in
the context of slow erosion modeling [2, 25, 47] and in the context of the linearly
polarized continuum spectrum pulses in optical waveguides modeling [17, 20, 48].

On the initial datum, we assume that
up € L'(R) N H*(R), /uo(cc)d:c = 0. (3)
R
Following [8, 11, 9, 10, 15, 16|, on the function

P = | " woly)dy, (4)

—00

[ [ ([ o) a0
1ol @) = /]R (/_; uo(y)dy)2dx < 0.

Moreover, on the constants ¢, b, o, 3, 7y, k, we assume that

we assume that

2
@207 bzﬂ? 0475,/‘?,’77&(), (6)
K Y
2gK
or sz, o= —, B =0, ~v # 0. (7)

Since in both cases o # 0 we may set it equal to 1 and work with only three
constants. Moreover, (6) and (7) are necessary to keep the solutions of (2) in the
energy space.
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The main result of this paper is the following theorem.

Theorem 1.1. Assume (3), (4), (5), (6) or (7). Fiz T > 0, there exists an unique
solution (u, v, P) of (2) such that
uwe H'((0,T) x R)NL>®(0,T; H*(R)),
ve H'((0,T) x R)NL>¥(0,T; H(R)) nW'>=((0,T) x R),
Ofv e L™®(R)N L*(R), for every0 <t <T,
P € L>(0,T; H*(R)).

(8)

In particular, we have that /u(t, x)dx =0, t>0. 9)
R

Moreover, if (uy, v1, P1) and (ua, va, Py) are two solutions of (2), we have that

Fur (¢, -) = ualt, M g2y <€D Mlurg = usoll 2y

[v1(t,-) = va(t, ) g2y <€ luro = unoll oy (10)
1Pi(t ) = Pot, )y <€“ " 1Pro = Pooll gy »
where P o(z) = / u1,0(y)dy, Pyo(x) = / uy,0(y)dy, (11)

for some suitable C(T) > 0, and every 0 <t < T.

The arguments of this paper are inspired by those of [20], where the well-posedness of

(O + q0,(uv) = bP, t>0,r€eR,
0, P = u, t>0,zeR,
ad?v + BOv + yv = Ku?, t>0, xR, (12)
P(t,—oc0) =0, t >0,

L u(0,2) = uo(z), r € R,

is proven under the assumption uy € L'(R) N H'(R).

The paper is organized as follows. In Section 2, we prove several a priori estimates
on a vanishing viscosity approximation of (2). These results play a key role in the
proof of our main result, that is given in Section 3.

2. Vanishing viscosity approximation

Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (2).

Fix a small number 0 < ¢ < 1 and let u. = u.(t, ) be the unique classical solution
of the following mixed problem [14, 24]:

(Opue + qO,v. = bP. + ed?u., t>0,z€R,

8,P. = u., t>0,r€R,
ad?v, + B0V + Y. = Ku, t>0,z€eR, (13)
P.(t,—o0) =0, t>0,

us(0,2) = uco(x), r €eR,



298 G. M. Coclite, L. di Ruvo /' A Non-Local Regularization ...

where u. o is a C* approximation of uy such that
HU&OHLOO(]R) S HUOHLOO(]R) ) HUE,OHHz(R) S ”U/OHHQ(R) y /IR;U&Q(iL’)CZLL' = O,
I1Peollze < WRllgey | Prole)dz = (14)

for every € > 0. Let us prove some a priori estimates on u., P. and v.. We denote
with Cj the constants which depend only on the initial data, and with C(T"), the
constants which depend also on 7.

Arguing as in [20, Lemmas 2.2 and 2.5], we have the following result.

Lemma 2.1. For eacht > 0,

P.(t,00) = 0, (15)
| Pttt = —50r0.0) - fut.0) + S00.(2.0) (16)
0
o 1 q €
/ P.(t,x)dx = —gﬁtPg(t, 0) — gvg(t, 0) + gﬁmua(t, 0). (17)
0

In particular, we have that

us(t,z)dr = | P.(t,x)de =0, t>0. (18)
o= |

Lemma 2.2. We have that

B 2 ,
/ u?@mvedx _ E ”8xva(tg ')HLQ(R) 5 Zf (6) hOldS, (19)
R

0, if (7) holds.

Proof. We begin by assuming (6). Multiplying the third equation of (13) by 20,v.,
we have
200, 0:02v. + 2B(0,v:)? + 270.0,v. = 2Ku’0, L. (20)

Since

QOz/axvsf)ivedx :a/ﬁz((ﬁxva)Q)dx:O,
R R

(21)
27/ V.0,V dx :fy/ 0, (v})dx = 0.
R R
It follows from (21) and an integration on R of (20) that
2
i [ s = 80,00 (22)

which gives (19).
Finally, we observe that, if (7) holds, by (22), we have (19). O
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Lemma 2.3. Let T' > 0. Assume (6), or (7). There exists a constant C(T) > 0,
independent on € such that,

[ue(t, M oy < C(T)s NPt )2y < O, lue(t )l 2wy < C(T),

. / (s, Ot (5, )y ds < C(T), (23)
o [ o g s < O = [ 05, ds < 001
For every 0 <t <T'. In particular, if (6) holds, we get
[ w5, e s < 1), (21)
Moreover, we have that ||PE||L°°((O,T)><]R) < C(T). (25)

Proof. Assume (6). Let 0 < ¢ < T. Multiplying the first equation of (13) by 4u?,
we have
4uOu, = 4bPou? — dquou® + deu0tu.. (26)

. d 4
Since 4/Ru§3tusd$ = et )| o) »

45/ uROPu.dr = — 12¢ ||Juc(t, -)Opu.(t, )||L2(]R
R

integrating (26) on R, thanks to (6) and (19), we get

d

7 lue(t, Mgy + 126 llue(t, )0uc(t, )72, II(%: Vet MIzam) =

= 4b / Pouldr. (27)
R
Thanks to (16), we can consider the following function:
R(ta)= [ Pty (28)

Observe that integrating the second equation of (13) on (—oo, x), we get

Pita)= [ty (29)
Differentiating (29) with respect to ¢, we have
d x x
ot =5 [ wtwds= [ duitwiy (30)

Integrating the first equation of (13) on (—oo,x), by (28) and (30), we get

O P-(t,x) = bF.(t,x) + €0, uc(t, x) — qu-(t, ). (31)
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Observe that, from (13) and (15),
25/ P.0,u.dr = —25/ Oy Poucdr = —2¢ ||uc(t, -)||iQ(R)
R R

Moreover, by (18) and (28),

2
2b / P.F.dx = 2b / F.0,F.dx = bF2(t,00) = b ( / Pe(t,x)da:> ~ 0.
R R R

Multiplying (31) by 2P., an integration on R, (32) and (33) give

Hﬂ(Mnm+%W4)M):—méng

Multiplying the third equation of (13) by P., an integration on R gives

/Psvsdx— E/ugpgdx— Q/Psaxvgdx— g/Pgaifusdac.
R Y JRr Y JR Y JR

It follows from (34) and (35) that

d
EHPE( )||L2(R)+25||Ua( )||L2 =

2 2 2
_ 25 [ par+ 28 [ pode + 2 [ P.0}udr
Y R Y R v

Adding (27) and (36), thanks to (6), we have that

$0m<ﬂmm+ww>mw0+mﬂw et Y Eagey +

II(% Vet )2y + 2¢ e, 7o) =

2 2
245 / P.d,v.da + ﬂ [ R0}
Multiplying the first equation of (13) by 2u., an integration on R gives

d
Gt ey =2 [ wduda
R

= 2b/ Pou.dr — Qq/amvgugda:—i-%/us@iuedx
R R R

= Qb/ P.u.dr — Qq/ Opv:ucdr — 2¢ || Opuc(t, )HL?(R)'
R

Observe that by (13) and (15),

Qb/ P.u.dr = 26/ P.0,P.dx = P?(t,0) = 0.
R R

(32)

(34)

(35)

(36)

(37)

(38)
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Consequently, from (38), we have that

d
Gt ey + 22 1008, ey = =21 | Drveda (39

Adding (37) and (39), we get

im%<>m4+wa<>mm+w%<nmm)+

122t VO 8,y + 2 Haz (8 g2y +
L2(R) £2( (40)
+ 2¢ [Jue(t, ) oy + 2¢ 1000 (t, )HL2 =
2
= iﬂ/Pgé?mvaalaﬁt—/P‘Eéﬁvgdzx—2q/8xvgusclx.
7 JR 7 JRr R
Observe that, by (13) and (15),
2 2 2
9% P02 dw-—ﬂfﬁvgﬁPd:ﬂ——ﬂfﬁvEuadw
7 JRr
It follows from (40) that
d
= (st M) + 1P wmm+wu Wiew )+
+ 12¢ [|ue(t, )Outte (2, ) 72y + 2 Ha ve(t, )2y +
(41)

+ 2¢ [|u(t, )HL?(R + 2¢ || Ozue (2, )||L2 R) =

2
= Lﬁ / P.0,v.dr — 2q (1 + —) /&weugdx.
7 JR Y/ Jr

Due to (6) and the Young inequality,

2’ﬁ /|Pa||8xva|dx:2 d QBP‘S 9505 0| d
v | Jr gf| !F«'!
/fqﬁ
MP Wy + 22 10,0200, ) ey

dz

w?ﬁu
O+7)“%““@®

’ & )’/Iavgwusxdx /|\/|q7

||5‘ V(t, )|y +
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Therefore, by (41), we obtain that

d

yrd (ECD] e FACS >||L2<R+||ua< WM )+
+ 12¢ [Juc(t, -) Opuc(t, )HLQR)JF H@z () g +

+ 2¢ [Jue(t, ) oy + 2¢ 100 (t, )||L2

= (1 7)2 e, ) age

< G ([t My + 1PNy + ) ey )
The Gronwall Lemma and (14) give
[Jue(t, )||L4(]R + || P (¢, )HL? ® 1 [Jue(t, )HL? ® T

Mz +

@‘Hp

t
—|—125ecot/ _COSHUe( )0z ue (s, )”L? ds+
0

2
b 200 [* o o5, g it
0

t

t
+2€€C°t/ e Jlus(s, M2 d8+2€€cot/ |0y (s, ) 172w ds
0 0
S O()ecot S C(T),
which gives (23) and (24). Assume (7). Since 5 = 0, from (37) we have

d

27 (e gy + 1Pt Fagry ) 122 e (8,0 (8, ) ey +

2q
#2 fuclt Miaey = 2 [ Pud, (42)

Adding (39) and (42), we get

d
(et My + 1P gy + et ) ey )+

12t )0utna () Py + 22 e, ey + 26 190t 8o
2qa
7 JRr

Observe that, by (7), (13) and (15),
2qa

P.0v.dx — 2q/ Opvudr = —2¢q (g + 1) / U0, v.dxr = 0.
7 JR R Y R

It follows from (43) that

P.0*v.dx — 2q/ Opvu dx. (43)
R

Ll My + 1 ey + st ey ) +

+12¢ [Jue(t, )0tuc(ts ) agey + 26 et )72y + 22 10ue(, )l 2y = 0.
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Integrating on (0,t), by (14), we have (23).
Finally, we prove (25). Thanks to (13), (23) and the Hoélder inequality,

Pf(t,x) = 2/ P.0,P.dy < 2/ | P ||ue|dx

S 2Bty )l oy et )l 2@y < C(T).
Therefore, || P-(t, ')HiOO(R) < C(T), (44)
which gives (25). O

Lemma 2.4. Assume (6) or (7). Let T' > 0. There exists a constant C(T) > 0,
independent on €, such that, for every 0 <t < T,

1000e (&, ) ooy » 1020, )| 2y < C(T),

(45)
[0t ) ooy » Ve (ts )l 2y < C(T).

Proof. Let 0 <t <T. We begin by observing that, thanks to (23) and the Young
inequality, we have that

ru(t,) € L*(R), 0<t<T. (46)
Therefore, by [20, Lemma 2.1], (45) holds. O

Arguing as in [18, Lemma 2.6] and [20, Lemma 2.8], we have the following result.

Lemma 2.5. Assume(6) or(7). Fiz T >0. Then, there exists a constant C(T) >0,
independent on €, such that, for every 0 <t <T,

HUEHLOO((O,T)X]R) <C(T), (47)
HaQUEHLw( 0,7)xR) <C(T), (48)
|07 (t, )| o ) <C(T). (49)

Lemma 2.6. Assume (6) or (7). Fiz T >0. Then, there exists a constant C(T") >0,
independent on €, such that

|0z (t, )||L2 +25e/0 H82u8 HL2 ds < C(T), (50)

for every 0 <t <T. In particular, we have

[0 < o). (51)

My

Proof. Let 0 <t < T. Multiplying the first equation of (13) by —202u., integration
on R gives

Hé? ue(t, )HLQ(R —|—2€H8 ue(t HL2 = 2b/Psazugda:—Qq/%ug@xvsdx. (52)
R R
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Observe that, by (13) and (15),

2b/ P.0%u.dr = —2b/ 0, P.0 u.dx = —2?)/ UOptiedr = 0,
R R R

—2q/8§u501v5dx = 2q/8xu58§vsd:v.

R R

Consequently, by (49), (52) and the Young inequality,
”a u.(t, )”L2 R)+25H62u5 HL?(R

= QQ/axuaag'Uadx < 2|Q|/ |6xug|]0£v5!d$

< Otte (b, )72y + @ 020t )| oy < 10utic(t, ) 2wy + C(T).

The Gronwall Lemma and (14) give

t

t
s 2 s
| Opuc(t, )HLQ ®) + 2e¢’ /0 e || OZue(s, -)HLQ(R) ds < Cy+ C’(T)et/ e *ds < C(T),

0

which gives (50). Finally, arguing as in [20, Lemma 2.9], we have (51). O

Lemma 2.7. Assume (6) or (7). Fiz T >0. Then, there exists a constant C(T") >0,
independent on €, such that

t
|02u(t. \bm+%é/ (s, )| ds < C(T), (53)
0

for every 0 <t < T. In particular, we have that
”aﬂﬁuenLOO((O,T)xR) < (7). (54)
Proof. Let 0 < ¢ < T. Multiplying the first equation of (13) by 202u., it follows

from integration on R that

20t ) [}y + 22 030t ) [

:2b/ P.0*u.dr — 2q/8§u53$05dx. (55)
R R
Observe that, by (13) and (15),

2b/ Pg(?f;ugdzv = —2b/ axPE(?i’ugdw = —Qb/ ugaiugd:c = 26/ axugaiugdx =0,
R R R R

—2q/8;1u58$vadx = Qq/ﬁguaaivgdx = —Qq/aiuaai’vedm.
R R R
It follows from (51), (55) and the Young inequality that

H82uE HL2 +2¢ ||O3u.(t, HL2 = —2q Oiuaaﬁvadzr < 2|q|/|8§u8||62v5|dx

< (08t Maqey + ¢ 020e(ts ey < NORwe(t, )|y + CT)-
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The Gronwall Lemma and (14) give

t t
|02 (¢, HL2 + 2€et/ e *||Bue(s, -)H;(R) ds < Cy+ C(T)et/ e *ds < C(T),
0 0

which gives (53).
Finally, we prove (54). Thanks to (50), (53) and the Holder inequality,

(Opue(t, z))? :2/ Opu0?u dy < 2/ |0puc||0%u. | dx

< C(T),

<210suc (8 M 2qay (197208, M sy
which gives (54). O

Lemma 2.8. Assume (6) or (7). Fiz T >0. Then, there exists a constant C(T) >0,
independent on €, such that

[0zve 2, <C(T), (56)

AP
for every 0 <t <T. In particular, we have that

HagfoLw( OT)xR) = (7). (57)

Proof. Let 0 < ¢ < T. Differentiating two times the third equation of (13) with
respect to x, we get

adrv. + BOPv. + 0 v, = 6ru.(Opu.)? + 3xudiu,. (58)
Since

D2, (t, F00) = 0?v.(t, £00) = u.(t, £00) = Opuc(t, £00) = O?u.(t, £00) = 0, (59)
it follows from (58) that 2. (t, +00) = 0. (60)

Multiplying (58) by 2ad?v., (59), (60) and an integration on R give
20/ ||84UE ||L2 = 1204/1/u5(8xu5)28§vgdw+
R

(61)

+6a/{/ u2D2u0pv.dx + 2yar |02 (¢, HL2
R

Due to (23), (47), (53), (54) and the Young inequality,

12]04|]/<;]/]us(axug)m@ivs\dx—/]12/1u5((9mu5)2|]048§v5|dx
R

< 72/12/]R 2(0pue ) da + = Hyve HL2

o2
< T2 10 usHLoo (0,T)xR) [Jue(t, )HL2 ® T 5 Ha%f HL2

< C(T) +_H84U6 HL2 (R) ’
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6|oz||/£|/ |u20%u, || 0. |dr = / |6ku20%u. ||adtv. |dz

< 18%2/]R uz(Pue)’dr + — H(‘?‘lvg HL2

< 18k7 ||Ue||L<>o (0,T)xR) ||82u8

H@%E

Mg

<o)+ ot

— 9 HL2

W

It follows from (51) and (61) that o?||0tv.(t, )||L2 < C(T), which gives (56).
Finally, we prove (57). Due to (51), (56), (60) and the Holder inequality,

(O3v.(t, ) =2 /l“ 0. 0%v.dy < 2/ 020, || 0%, |d
<2|0zvet, | aqwy 1050t )| oy

which gives (57).

< C(T),

Lemma 2.9. Assume (6) or (7). FizT>0. Then, there ezists a constant C'(T)

independent on e, such that, for every 0 <t <T,
10vuc(t, )| 2y < C(T).

]

>0,

(62)

Proof. Let 0 <t <T. Multiplying the first equation of (13) by 20,u., an integra-

tion on R gives

2 || Opue(t, ~)||i2(R) = 2b/ Oyu. P.dx + 2&?/ Opu 0?u dr — 2q/ Oyu0pv.dzr.  (63)
R R R

Since 0 < € < 1, thanks to (23), (45), (50) and the Young inequality,

2’b‘/|atus||Ps|dx=/|8tu€]|2bP€\d:c
R R

1
< 5 1eue(t, gy + 267 1Pt Moy < Hatua( M zamy
2
25/|8tu5||8§u5|dx:/|8tu5||250£u5|dx
R R
1 g2\l o
5 | Opuc(t, )HL? + 5 ”a uc(t HLz <3 ||atua( )||L2

2l [ 100l 0.l = [ 00200010
R R
1
< 01 ey + 202 19,0 ey < 5 19000 e
Therefore, by (63), we have that
_Hatus( )||L2 )SC(T),

which gives (62).

+C(T),

+C(T),

+O(T).
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Lemma 2.10. Assume (6) or (7). Let T > 0. There ezists a constant C(T) > 0,
independent on €, such that

108 0=(t, )| oy » 1000, ] 2wy <C(T),

[0rve (8, )| poory » 1000t )| 2y <C(T),

(65)

for every 0 <t <T.

Proof. Let 0 <t < T. Differentiating the third equation of (13) with respect to t,
we have that
ad} v, + BOLv. + YO, = 3kulOsu..

We begin by observing that, thanks to (23), (62) and the Young inequality, we have

[3ru(t, ) Opu(t, <C(T), 0<t<T (66)

')”Ll(R)

Therefore, by [20, Lemma 2.1], (65) holds. O

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.

Using the Sobolev Immersion Theorem, we begin by proving the following result.
Lemma 3.1. Fiz T > 0. There exist a subsequence {(uc,, ve,, Pr.)}ren of

{(ue, v, Pe)}eso and a limit triplet (u, v, P) which satisfies (8) and (9) such that

U, = w a.e. and in LY ((0,T) xR), 1 <p < o0,
u., — u in H'((0,T) x R),
Ve, = v a.e. and in LY ((0,7) xR), 1 <p < o0, (67)

v, — v in H'((0,T) x R),
P, — P in L*((0,T) x R).

Moreover, (u, v, P) is solution of (2).

Proof. Let 0 <t <T. We begin by observing that, thanks to Lemmas 2.3, 2.6 and
2.9,
{u.}es0 is uniformly bounded in H'((0,T) x R). (68)

Lemmas 2.4 and 2.10 say that

{v.}es0 is uniformly bounded in H'((0,7) x R). (69)
Instead, by Lemma 2.3, we have that

{P.}.~0 is uniformly bounded in L*((0,T) x R). (70)

(68), (69) and (70) give (67). Observe that, thanks to Lemmas 2.3, 2.6 and the
second equation of (13), we have P € L>(0,T; H*(R)).

Lemmas 2.3, 2.6 and 2.7 say that u € L>(0,T; H*(R)).
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Instead, thanks to Lemmas 2.4, 2.5, 2.6, 2.8 and 2.10, we get

v e L=0,T; H{(R)) N Wh*((0,T) x R).

Moreover, Lemmas 2.10 says also that 0%v € L*(R)NL>®(R), for every 0 < ¢ <T.

xT

Therefore, (8) holds and (u, v, P) is solution of (2).
Finally, (9) follows from (18) and (67). O

We are finally ready for the proof of Theorem 1.1.

Proof of Theorem 1.1. Lemma 3.1 gives the existence of a solution of (2) such
that (8) holds.

Let (uy, vy, P1) and (ug, v, P2) be two solutions of (2), which verify (8). Arguing

as in [20, Theorem 1.1], we have (10). O
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