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This work discusses and analyzes a class of nonconvex homogeneous optimization problems, in
which the objective function is a positively homogeneous function with a certain degree, and
the constraints set is determined by a single homogeneous function with another degree, and a
geometric set which is a (not necessarily convex) closed cone. Once a Lagrangian dual problem is
associated, it is provided various characterizations for the validity of strong duality property: one of
them is related to the convexity of a certain image of the geometric set involving both homogeneous
functions, so revealing a hidden convexity. We also derive a suitable S-lemma. In the case where
both functions are of the same degree of homogeneity, a copositive reformulation of the original
problem is established. It is also established zero-, first- and second-order optimality conditions;
KKT (local or global) optimality, giving rise to the notion of L-eigenvalues with applications to
symmetric tensors eigenvalues analysis.
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1. Introduction

This paper discusses and analyzes what we call as the “generalized minimum eigen-
value problem”:

µ0 := inf
{
f(x) : g(x) = 1, x ∈ C

}
, (1)

where C ⊆ Rn is a (not necessarily convex) closed cone and f, g are positively
homogeneous functions on C with degree p and q, respectively, such that g(x) > 0
for all x ∈ C, x 6= 0. Such a formulation, spite its simplicity, encompasses several
important problems in many different areas, as we briefly describe below. One
method to approximate µ0 is via the optimal value of a “dual problem”, which is
not uniquely determined. We propose, as done in previous works by one of the
authors, and others, the following (Lagrangian) dual problem:

ν := sup
λ∈R

inf
x∈C

{
f(x) + λ(g(x)− 1)

}
. (2)

The research for the first author was supported in part by ANID-Chile through FONDECYT
1212004, ACE210010 and Basal FB210005. The second author was supported by ANID-Chile
through scholarship PFCHA/Doctorado Nacional/2017-21170239.

ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag



86 F. Flores-Bazán, A. Carrillo-Galvez / Nonconvex Homogeneous ...

Obviously ν is always a lower bound for µ0 (weak duality). It worth-while to mention
that the dual problem admits the unique solution −µ0

p
q

(Theorem 3.4).
One of the main purposes of this work is to discuss the validity of the equality µ0 = ν
(zero duality gap), and the strong duality property, which means that µ0 = ν and
problem (2) has solution: these topics are analyzed in Section 3. Another impor-
tant issue to be developed in this paper concerns first- or second-order optimality
conditions, including KKT-type optimality, which are established in Section 4.
In many practical models, C is described by inequalities and/or equalities, and so,
one can talk about a standard dual problem, whose associated Lagrangian involves
all the constraint functions, and so, the infimum in (2) is taken over Rn. With
respect to this standard dual problem, we will see that a zero duality gap, or strong
duality property occurs under very strong assumptions.
More precisely, we establish various characterizations for the fulfillment of a strong
duality property (see Theorem 3.4). In particular, the theorem holds if, and only if
(g, f)(C) + R+(0, 1) is convex. This is satisfied if either µ0 = 0 or p = q (this holds
for some of the models below), and in the latter situation, the copositive formulation
holds (Theorem 3.4 and Corollary 3.6):

µ0 = ν = sup
{
λ : f−λg is copositive on C

}
= inf

{
f(x)−µ0(g(x)−1) : x∈C

}
,

where by copositivity on C of any function h, we mean that h(x) ≥ 0 for all x ∈ C.
Furthermore, we introduce the notion of L(agrange)-eigenvalue (see Subsection 4.2)
as a Lagrange multiplier associated to the existence of a KKT-point (different from
the zero vector) suitably defined, which is related to a necessary optimality condition
for the problem

inf
{
f(x)− µ0

p

q
(g(x)− 1) : x ∈ C

}
.

In some sense, our approach provides a variational scheme to the analysis of eigenva-
lues to certain mappings; in particular, to real symmetric tensors (see Model 2). For
other perspective we refer to [31].
Before describing some of the main models where our approach applies, we list just
a few concrete applications. For instance, a class of quadratic homogeneous opti-
mization problems arises in telecommunications and robust control as reported in
[43, 55]; minimum eigenvalue of a symmetric matrix; minimization of a homoge-
neous polynomial over spheres or hyperspheres (for instance [39, 47], giving rise to
the sum of squares (SOS) relaxation as an aproximation method); several important
classes of quadratic programming problems lying in matrix theory; special relativity
[18]; trust region problems [28, 57] (for recent advances on this matter, we refer to
[61]).

Model 1: Minimizing a quadratic form subject to two homogeneous
quadratic forms over the unit sphere

This problem is taken from [46]:

µ := inf
{
x⊤Ax : x⊤B1x = 0, x⊤B2x = 0, : x⊤x = 1}, (3)

where A,B1, B2 are symmetric matrices with real entries.
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The problem has as a dual problem (according to (2)):

ν := sup
λ∈R

inf
x∈C

{
x⊤Ax+ λ(x⊤x− 1)}, (4)

where C := {x ∈ Rn : x⊤B1x = 0, x⊤B2x = 0}. This problem satisfies p = q = 2,
and therefore strong duality holds (Theorem 3.4): µ = ν and problem (4) has
solution. In particular, a copositive reformulation can be obtained (see Corollary
3.6). This problem was studied in [46] under the SDP relaxation approach (following
[1]), and so yielding tightness, which in turns implies that standard strong duality
holds. Our approach considers situations where standard strong duality may fail.

Model 2: Tensors eigenvalues analysis
The analysis will be developed in detail in Section 5 and it refers to the problem

µk := min
{
Axm : ‖x‖mk = 1, x ∈ C

}
, (5)

where: A is an m-order n-dimensional real symmetric tensor, and so Axm defines
a homogeneous polynomial of degree m; ‖x‖k := (|x1|k + · · · + |xn|k)1/k denotes
the lk-norm, and C is a closed convex cone in Rn. It will be showed that µk is
the least L(agrange)-eigenvalue (to be introduced in Subsection 4.2) associated to
problem (5). By particularizing k = 2 or k = m and either C = Rn or C = Rn

+,
we recover the notion of Z-eigenvalue (eigenvector) or H-eigenvalue (eigenvector),
see [53, 51, 40, 56], among others. Hence, we provide a unified approach in tensor
analysis, and produce new results about the copositivity meaning in this context
(Proposition 5.4).

Model 3: Approaching linear complementarity problems
A quadratic programming approach to linear complementary problems (LCP) is to
consider the bilinear program (see, for instance [2])

min{z⊤w : −Mz + w = q, z ≥ 0, w ≥ 0}.

This problem can be written, in an equivalent way as:

min{x⊤Ax : Hx = q, x ≥ 0}, (6)

where x =

(
z
w

)
, A =

(
0 1

2 I

1
2 I 0

)
, H =

(
−M | I

)
,

and 0, I stand for the null and identity matrices of order n× n, respectively, and A
is indefinite but copositive on R2n

+ , i.e., x⊤Ax ≥ 0 for all x ∈ R2n
+ .

We consider an example from [16] to illustrate how to re-formulate (6) in the form
(1). In such an example, we have

M =

 0 0 0
1 0 0

−1 −1 −1

 , q =

 1
−1
3

 .
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By setting f(x) :=x⊤Ax, g(x) := 1

3
(x1+x2+x3+x6), g1(x) :=−x1−x2−x3+3x4−x6,

g2(x) = 4x1 + x2 + x3 + 3x5 + x6, and choosing as C to be the closed convex cone
C := {x ∈ R6 : x ≥ 0, g1(x) = 0, g2(x) = 0}, we have that f and g are positively
homogeneous functions of degrees p = 2 and q = 1, respectively. Moreover, g(x) > 0

for all x ∈ C, x 6= 0. Certainly, f is nonconvex and f(x) ≥ 0 for all x ≥ 0. We refer
to [22] for a great account about linear complementarity problems.

Model 4: Extensions of the standard quadratic and portfolio optimization
problems

We consider now two problems with the following general structure

min
{
f(x) : e⊤x = 1, x ∈ C

}
,

where C ⊆ Rn is a pointed, closed, convex cone having non-empty interior, and
e ∈ int C∗. Here, C∗ is the non-negative polar (or, simply polar) cone of C.
For f(x) = 1

2
x⊤Ax, with A being a real symmetric matrix of order n, problem

µq
.
= min

{
1

2
x⊤Ax : e⊤x = 1, x ∈ C

}
, (7)

is an extension of the standard quadratic optimization problem (StQOP). This model
generalizes the problem introduced by Bomze in [8] (where C = Rn

+, e := (1, . . . , 1)),
which models: quadratic allocation problems [33]; (classical mean-variance) portfolio
optimization problems [41, 42]; the maximum weight clique problem [29, 44]; the
indefinite quadratic knapsacks problem [48], see also [43, 55], among others. Due
to the structure of the feasible set, it is not restrictive to consider homogeneous
functions, since

1

2
x⊤Ax+ a⊤x =

1

2
x⊤(A+ ae⊤ + ea⊤)x.

The StQOP was introduced in [8] and further developed in [9, 10, 11, 12, 13] and
references therein.
According to our Theorem 3.4, problem (7) has strong duality if, and only if A
is copositive, since p = 2 > q = 1. On the other hand, we can find a copositive
formulation of (7), since it can be written equivalently as

µq := min
{
1

2
x⊤Ax : x⊤ee⊤x = 1, x ∈ C

}
,

whose dual problem is

νq := sup
λ∈R

inf
x∈C

{
1

2
x⊤Ax+ λ(x⊤ee⊤x− 1)

}
.

By particularizing Corollary 3.6 (p = q = 2), one gets

µq = νq = sup
λ∈R

{
− λ : A+ 2λee⊤ is copositive on C

}
.
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The case C = Rn
+, allows us to introduce the standard dual problem, as we said

at the beginning. In this situation, standard strong duality is satisfied if, and only
if A is positive semidefinite; and therefore, in practice such a dual is not of much
interest.
On the other hand, a different model to the mean-variance portfolio optimization
problem (7), is that known as the “standard deviation premium” considered in [37],
where the variance is replaced by the standard deviation, that is, f takes the form
f(x) = a⊤x+ ρ

√
x⊤V x, so the problem is

µp := min
{
a⊤x+ ρ

√
x⊤V x : e⊤x = 1, x ∈ C

}
.

We refer to [38] for a further discussion. Here, V is only required to be copositive on
C. Since p = q = 1, strong duality holds because of Theorem 3.4, and by Corollary
3.6, the copositive formulation (g(x) = e⊤x) is

µp = max{−λ : f + λg is copositive on C}.

If, instead, one considers the equivalent constraint g(x) := x⊤ee⊤x = 1, then we
have p = 1 < q = 2, and so by the same theorem, strong duality is satisfied provided
f(x̄) < 0 for some x̄ ∈ C.
Several other problems, after some mathematical manipulations like in Model 3, can
also be formulated as in (1).
This paper is organized as follows. Section 2 serves to introduce some basic defini-
tions and preliminaries, as well as to revisit the Lagrangian duality scheme. Sections
3 and 4 contain our main results. Section 3 establishes various new characteriza-
tions of the validity of: strong duality for (1) (revealing convexity as Theorem 3.4
shows); the S-lemma (Lemma 3.7), a copositive formulation for (1) when p = q, as
Corollary 3.6 shows. In Section 4, it is discussed: zero-order optimality conditions;
KKT optimality and L-eigenvalues.
Finally, in Section 5 the case of a real m-order n-dimensional supersymmetric tensor
is discussed. In particular, some relationships linking our notion of L-eigenvalue and
those of Z-eigenvalue or H-eigenvalue, are presented.

2. Some notation, basic definition and preliminaries

Throughout this paper, we will work on a finite dimensional space, say Rm. Given
any nonempty set M in Rm, its closure, topological interior, convex hull, closed
convex hull, are denoted, respectively, by M , int M , co M , co M . In addition,
by aff M , span M , ri M and bd M we denote the affine set of M , span of M ,
relative interior of M and the boundary of M , respectively. Moreover, we define
αM := {αm : m∈M}, for all α∈R; the cone M is the smallest cone containing M ,
i.e., cone M =

∪
t≥0 tM ; cone+ M =

∪
t>0 tM ; the polar cone of M is defined by

M∗ := {z ∈ Rm : 〈z, y〉 ≥ 0 ∀ y ∈M}.

Here, 〈z, y〉 = z⊤y stands for the scalar product between two vectors z and y in Rm,
where z⊤ means the transpose of the vector z, which is considered a column vector.
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More generally, if A is a real matrix in Rm×n, A⊤ is the transpose of A belonging
to Rn×m. Furthermore, given x ∈ Rn, x 6= 0, x⊥ denotes the orthogonal hyperplane
to x through the origin; for sets M,N in Rn, M +N stands for the Minkowski sum
given by M +N := {m+ n : m ∈M,n ∈ N}, so M −N =M + (−N).
Let h : Rm → R ∪ {±∞}, h and co h stand for the greatest lower semicontinuous
function not larger than h and for the greatest convex and lower semicontinuous
function not larger than h, respectively. Just for convenience, we need the following
definition of epigraph of a function: epi h := {(y, t) ∈ Rm × R : h(y) ≤ t}. It is
known that

epi h = epi h; co(epi h) = epi co h.

Moreover, co h(y) > −∞ ∀ y ∈ Rm =⇒ co h(y) = h∗∗(y) ∀ y ∈ Rm,

where h∗∗ = (h∗)∗ is the bipolar or biconjugate of h, that is, the conjugate (or polar)
of h∗ defined by

h∗(z) := sup
y∈Rm

{〈z, y〉 − h(y)}.

In addition, δM stands for the indicator function of the set M , defined by 0 on M ,
and +∞ on the complementary of M .
There are examples showing that the assumption co h(y) > −∞ for all y ∈ Rm is
necessary to get the equality h∗∗ = co h. In general we have h∗∗ ≤ co h ≤ h. For
details see [52].
In case h : Rm → R ∪ {+∞}, the subdifferential of h at ȳ ∈ Rm is denoted by

∂h(ȳ) := {ξ ∈ Rm : h(y) ≥ h(ȳ) + 〈ξ, y − ȳ〉, ∀ y ∈ Rm},

if ȳ ∈ dom h, and ∂h(ȳ) = ∅ elsewhere.
In the subsequent sections, we set R+ := [0,+∞[; R++ := ]0,+∞[. Given a vector
a ∈ Rm \ {0}, R+a stands for the ray starting from the origin and direction a; and
a⊥ is the orthogonal subspace to a, which is a hyperplane.
In the remaining part of this section, we present a duality scheme for a minimization
problem under one single equality constraint and a geometric constraint set, mainly
taken from Section 3 in [20]. Let f, g0 : Rn → R be any finite-valued functions, and
let C ⊆ Rn be any nonempty set. Let us consider the problem

µ := inf{f(x) : g0(x) = 0, x ∈ C}, (8)

whose (Lagrangian) dual problem is defined by

ν := sup
λ∈R

inf
x∈C

[f(x) + λg0(x)]. (9)

We say that there is no duality gap, or the duality gap is zero, between (8) and (9)
if ν = µ. It is said that (8) has the strong duality property with respect to (9), or
simply that strong duality holds for (8) if µ = ν and problem (9) admits a solution.
One infers immediately that ν ≤ µ. Thus, if µ = −∞ then there is no duality gap,
and we conclude that any element in R is a solution for the problem (9). Hence, we
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always have strong duality for (8) whenever µ = −∞. So, we suppose from now on
that µ ∈ R, which means, in particular, that the feasible set to (8) is nonempty.
Set F (x) :=

(
g0(x), f(x)

)
. Notice that F = (f, g0) was used in [21] instead.

Assuming that µ ∈ R, we obtain

(F (C)− µ(0, 1)) ∩ −({0} × R++) = ∅. (10)

We will show, next, that strong duality can be characterized by reinforcing (10).
The optimal value function ψ : R → R ∪ {±∞} to problem (8) is defined by

ψ(a) =

{
inf{f(x) : x ∈ K(a)} if K(a) 6= ∅;
+∞ otherwise,

where K(a) := {x ∈ C : g0(x) = a}.
Notice that K = K(0), and K(a) 6= ∅ if and only if a ∈ g0(C), that is,

dom ψ := {a ∈ R : ψ(a) < +∞} = g0(C).

The sets F := F (C) + R+(0, 1), Eρ := F − ρ(0, 1) (ρ ∈ R),

will play an important role in our analysis.

Remark 2.1. (a) By definition, strong duality holds if and only if there exists
λ0 ∈ R such that

f(x) + λ0g0(x) ≥ µ, ∀ x ∈ C,

or equivalently, LSD 6= ∅, where LSD := {λ0 ∈ R : (λ0, 1) ∈ (Eµ)∗}.
Hence, LSD ⊆ SD with SD being the solution set to the dual problem (9). Moreover,
LSD = SD whenever zero duality gap holds.
(b) The following chain of inclusions shows useful and well-known properties of the
optimal value function ψ (see [21] for instance):

F (C) + R+(0, 1) ⊆ epi ψ ⊆ F (C) + R+(0, 1). (11)

Consequently, Eµ = epi ψ − µ(0, 1) = epi ψ − µ(0, 1);

co Eµ = co(epi ψ)− µ(0, 1) = epi(co ψ)− µ(0, 1).

The next result states various equivalences, of topological or geometric nature, to
the validity of strong duality.
Proposition 2.2. ([21, Theorem 4.2]) Assume that µ = ψ(0) is finite. The follow-
ing assertions are equivalent:
(a) Strong duality holds for (8);
(b) cone(co Eµ) ∩ (−{0} × R++) = ∅;
(c) ∂ψ(0) 6= ∅;
(d) cone(Eµ) ∩ (−{0} × R++) = ∅ and cone(Eµ) is convex.
Hence, under any of the above conditions, one gets

∂ψ(0) = {−λ0 ∈ R : λ0 ∈ SD}.
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We must point out that a more detailed description of the disjointness appearing
in (d), is presented in [14, Theorem 3]. On the other hand, one can see from the
previous proposition that the convexity of cone(Eµ) arises in a natural way under
strong duality no matter the functions f and g are. The equivalence between the
validity of strong duality and the convexity of cone(F (C) + R+(0, 1)− µ(0, 1)) was
proved in [14, 21] under a Slater-type condition. In case C = Rn and f, g are
quadratic functions, the authors in [26] established (under a Slater condition) that
strong duality holds if and only if F (Rn)+R+(0, 1) is convex. When C is a pointed
closed convex cone, and f is a quadratic form and g linear (see Model 4), such an
equivalence with the convexity of F (C) + R+(0, 1), was established in [20].
In addition, we have to mention that in case we have more than one constraint, one
may proceed by including all the constraints, except one, in the geometric constraint
set C, as it is suggested by Model 3, for instance. Among the recent results about
the convexity of images of quadratic functions, we mention [5, 34, 58, 26, 20].

3. Formulation of the problem: characterizing strong duality and S-
lemma; copositive reformulation

Let us go back to our original problem (1) formulated in Section 1 whose feasible
set is denoted by K (which is supposed to be nonempty), and where C ⊆ Rn is a
closed cone, and f, g : Rn → R satisfy the following assumption

Assumption (A):
Let p, q be positive real numbers. The functions f and g are lower semicontinuous
(lsc, in short) such that:
(i) f(tx) = tpf(x) for all t > 0 and all x ∈ C;
(ii) g(tx) = tqg(x) for all t > 0 and all x ∈ C;
(iii) g(x) > 0 for all x ∈ C, x 6= 0; as a consequence, x ∈ C, g(x) = 0 if, and only if

x = 0.
Consequently, as shows below, µ0 ∈ R. Some remarks are in order.

Remark 3.1. Let C be a closed cone.
(a) Let h : Rn → R ∪ {+∞} be a lsc function and positively homogeneous with
degree p. Then, h(0) = 0; the set C∩dom h is a cone, and t(C \dom h) ⊆ C \dom h
for all t > 0. Moreover, in case h is differentiable around x ∈ C∩dom h, the so-called
Euler identity holds:

∇h(x)⊤x = ph(x).

In addition, ∇h is positively homogeneous with degree p− 1.
(b) We observe that under Assumption (A), one gets µ0 ∈ R. Indeed, under (ii),
(iii) and lsc on g, the set {x ∈ C : g(x) ≤ γ} is bounded (so, compact) for all γ ≥ 0.
Hence, since f is lsc, we get µ0 ∈ R.
(c) In most applications C is, in addition, convex and pointed, and g(x) = e⊤x
with e ∈ int C∗; thus g satisfies (iii). Another useful specialization is

g(x) = (‖x‖m)m
.
= |x1|m + |x2|m + · · ·+ |xm|m

and C = Rm
+ .
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The fact that the cone C is not necessarily convex makes our model to be very
versatile, as described at the introduction section. On the other hand, by virtue
of Assumption (A) and since K is nonempty, problem (1) always fulfills the Slater
condition: there exist x1, x2 ∈ C such that g(x1) < 1 < g(x2).
It is said that h : Rn → R∪{+∞} is copositive on a cone P ⊆ Rn if h(x) ≥ 0 for all
x ∈ P ; it is strictly copositive on P if h(x) > 0 for all x ∈ P , x 6= 0. By extension,
a (real) symmetric matrix A is said to be (resp. strictly) copositive on P , if the
function h(x) = x⊤Ax ≥ 0 (resp. > 0) for all x ∈ P (resp. for all x ∈ P, x 6= 0).

By assumption, one gets C =
∪
t≥0

tK,

with K being a bounded set; it will be compact if g is continuous. Thus, it is easy
to check that

• µ0 ≥ 0 ⇐⇒ f is copositive on C;

• µ0 = 0 ⇐⇒ f is copositive but not strictly copositive on C;

• µ0 > 0 ⇐⇒ f is strictly copositive on C.

The following lemma shows some intrinsic properties of problem (1), and relation-
ships with the problems:

µ+
.
= inf

{
f(x) : g(x) ≥ 1, x ∈ C

}
; µ−

.
= inf

{
f(x) : g(x) ≤ 1, x ∈ C

}
.

Set K+
.
= {x ∈ C : g(x) ≥ 1} and K−

.
= {x ∈ C : g(x) ≤ 1}.

Lemma 3.2. Let C be a closed cone, and f, g satisfy Assumption (A) (so µ0 ∈ R).
The following assertions hold.
(a) Assume that µ0 ≥ 0. Then,

(a1) x ∈ C, f(x) < µ0 =⇒ g(x) < 1.

(a2) µ0 = µ+ and argmin
K

f ⊆ argmin
K+

f.

(a3) If µ0>0 then argmin
K

f=argmin
K+

f , and [x∈C, f(x) = µ0 =⇒ g(x) ≤ 1].

(b) Assume that µ0 ≤ 0. Then,
(b1) x ∈ C, f(x) < µ0 =⇒ g(x) > 1.

(b2) µ0 = µ− and argmin
K

f ⊆ argmin
K−

f.

(b3) If µ0<0 then argmin
K

f = argmin
K−

f , and [x∈C, f(x) = µ0 =⇒ g(x) ≥ 1].

Proof. We only prove (a), being the other entirely similar.
(a1): Take any x ∈ C such that f(x) < µ0. Obviously the implication holds if
x = 0. Suppose now that g(x) > 1 (the case g(x) = 1 is excluded), and write
x = ty for some t > 0 and y ∈ K. Thus tq > 1 and so t > 1. Moreover, we
obtain µ0 > f(x) = tpf(y) ≥ tpµ0, which implies µ0 < 0, and this contradicts our
assumption.
(a2): Clearly µ+ ≤ µ0. Suppose that µ+ < µ0 and choose y ∈ K+ satisfying
f(y) < µ0. By (a1), g(y) < 1, a contradiction.
(a3) The first part follows easily, and the second one is similar to (a2).
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Denote, given a ∈ R, K(a)
.
= {x ∈ C : g(x) = 1 + a}.

It is worth noticing that a complete study in the case when p = 2, q = 1 was
carried out in [20], including some necessary or sufficient conditions for local or
global optimality.
The following proposition, which is new, collects some useful facts on the optimal
value function

ψ(a)
.
= inf

x∈K(a)
f(x).

In order to make compatible problem (1) with that of (8) we introduce the function
g0(x)

.
= g(x)− 1, and so set F .

= (g0, f).

Proposition 3.3. Let C be a closed cone, and f, g satisfy Assumption (A). The
following assertions hold.
(a) K(a) 6= ∅ if, and only if a ≥ −1.
(b) Let a > −1. Then, x ∈ K if, and only if (a+ 1)1/qx ∈ K(a).
(c) The optimal value function is given by

ψ(a) =

µ0(1 + a)p/q if a ≥ −1;

+∞ if a < −1.

(d) Assume that f and g are continuous. Then F (C) and F (C) + R+(0, 1) are
closed, so epi ψ = F (C) + R+(0, 1).

Proof. (a) is obvious.
(b) Let x ∈ K. Then g((a+1)1/qx) = (a+1)g(x) = a+1. Thus (a+1)1/qx ∈ K(a),
and so, by symmetry, the result follows.
(c) is a consequence of (b).
(d) We check the closedness of F (C)+R+(0, 1). The same argument also shows that
F (C) is closed. Let (a, r) ∈ F (C) + R+(0, 1). Then, there exist sequences xk ∈ C,
qk ≥ 0 satisfying f(xk) + qk → r and g(xk) − 1 → a. By assumption, the second
relation implies the boundedness of ‖xk‖. Thus, up to a subsequence, xk → x̄ ∈ C,
implying that qk = f(xk) + qk − f(xk) → r − f(x̄). Setting q

.
= r − f(x̄), we get

q ≥ 0, and so (a, r) = (g(x̄)− 1, f(x̄) + q) ∈ F (C) + R+(0, 1).
The last part follows from Remark 2.1(b) applied to g0(x) = g(x)− 1.

By Proposition 3.3(c) and (11), it is not difficult to prove that

cone(F (C) + R+(0, 1)− µ0(0, 1)) = cone
(
F (C) + R+(0, 1)− µ0(0, 1)

)

=


{(u, v)∈R2 : v ≥ µ0p

q
u} if [0 < q ≤ p, µ0 ≥ 0] or [0 < p ≤ q, µ0 ≤ 0];

{(u, v)∈R2 : v ≥ µ0u} ∪ (R+ × R) if 0 < q < p, µ0 < 0;

{(u, v)∈R2 : v ≥ µ0u} ∪ (R× R+) if 0 < p < q, µ0 > 0.

(12)
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From this it follows that

cone
(
F (C) + R+(0, 1)− µ0(0, 1)

)
is convex ⇐⇒


0 < q ≤ p, µ0 ≥ 0,

or

0 < p ≤ q, µ0 ≤ 0.

(13)

We now establish how the fulfillment of strong duality property reveals the hidden
convexity of some image set. To the best of our knowledge, this result is new and
the first one (in a non-local sense) for functions beyond the quadratic world.

Theorem 3.4. Let C be a closed cone, and f, g satisfy Assumption (A). Then, the
following are equivalent:
(a) strong duality holds.
(b) F (C) + R+(0, 1) is convex.
(c) Exactly one of the following assertions is satisfied:

(c1) f is copositive but not strictly copositive on C (µ0 = 0);

(c2) f is strictly copositive on C (µ0 > 0) and p ≥ q > 0;

(c3) f is not copositive on C (µ0 < 0) and q ≥ p > 0.
Consequently, under any of conditions (a), (b) or (c), the unique solution to the dual
problem (2) is −p

q
µ0, and so

µ0 = inf
x∈C

[f(x)− µ0
p

q
(g(x)− 1)]. (14)

Proof. By (11) one gets epi ψ = F (C) + R+(0, 1), so the equivalence between (b)
and (c) follows from Proposition 3.3(c).
(b)⇒(a): we obtain the convexity of cone(F (C) +R+(0, 1)−µ0(0, 1)), and because
of (12), the first condition in (d) of Proposition 2.2 holds. Then strong duality is
satisfied.
(a)⇒(b): By applying Proposition 2.2, (d) holds.
In particular, cone(F (C) + R+(0, 1)− µ0(0, 1)) is convex, and because of (13), ψ is
convex. Consequently F (C) + R+(0, 1) is convex as well, and therefore (b) holds.
The remaining part also follows from Proposition 2.2.

Remark 3.5. Observe that in case f and g are continuous, because of Proposition
3.3, the set F (C) + R+(0, 1) is closed. Model 3 and the specializations of Model 4
satisfy the continuity assumptions.

One of the interpretations of Theorem 3.4 follows. In case 0 < q ≤ p, Theorem
3.4 characterizes the strict copositivity on C of every function f that is positively
homogeneous with degree p on C, by means of the convexity of F (C) + R+(0, 1) for
some (any) function g positively homogeneous with degree q on C.
From Theorem 3.4, we realize that when p = q it is possible to establish a copositive
reformulation of the dual problem, and so of the primal one. Such a formulation
extends Lemma 3.2 and (main) Theorem 3.5 in [50], which considers the quadratic
(homogeneous) case with C = Rn

+.
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Corollary 3.6. (Copositive formulation) Let p = q > 0. Assume that f and g
satisfy Assumption (A). Then,

µ0 = ν = max
{
λ : f − λg is copositive on C

}
, and

• f−µ0g is copositive but not strictly copositive on C, that is, there exists x̄ ∈ C,
x̄ 6= 0, such that

µ0 = min
x∈C
x ̸=0

f(x)

g(x)
=

f(x̄)

g(x̄)
;

• ∀ γ < µ0, f − γg is strictly copositive on C;

• ∀ γ > µ0, f − γg is not copositive on C.

Proof. By the previous theorem we get strong duality, and so
µ0 = ν = sup

λ∈R
inf
x∈C

[f(x)− λ(g(x)− 1)] = sup
λ∈R

{
λ+ inf

x∈C
[f(x)− λg(x)]

}
= sup

λ∈R

{
λ : inf

x∈C
[f(x)− λg(x)] = 0

}
= max

{
λ : f − λg is copositive on C

}
.

The remaining assertions are straightforward.

We utilize Corollary 3.6 and the bisection algorithm to propose an algorithm to
determine µ0 or an approximation of it once a tolerance ε > 0 is prescribed. Here,
f, g and C are as above.

Algorithm
1. Select γ− and γ+ such that f−γ−g is strictly copositive (so γ− < µ0) and f−γ+g

is not strictly copositive on C (so µ0 < γ+).
2. Set γ .

= (γ− + γ+)/2.
3. If f − γg is strictly copositive, set γ−

.
= γ. Otherwise, γ+

.
= γ.

4. If f − γ+g is copositive or if γ+ − γ− < ε, then µ0 = γ+ and stop. Otherwise, go
to step 2.

This algorithm, when f and g are quadratic forms and C = Rn
+, was discussed in

more detail in [50].
We are now ready to establish the S-lemma suitable for the problem (1). Such
a lemma, which will be formulated in its strict version, asks for the equivalence
between (15) and (16):

x ∈ C, g(x)− 1 = 0 =⇒ f(x) > 0; (15)
∃ λ 6= 0, f(x) + λ(g(x)− 1) > 0 ∀ x ∈ C. (16)

Results of this kind goes back to the works by Yakubovich in [59, 60] (or even earlier
by Finsler in [19]), who considered f , g to be quadratic forms. To be more precise,
his version reads as follows: the next two statements are equivalent provided there
exists x̄ satisfying x̄⊤Bx̄ < 0,

x ∈ Rn, x⊤Bx ≤ 0 =⇒ x⊤Ax ≥ 0.

∃ λ ∈ R : A+ λB is positive semidefinite.
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Its inhomogeneous version was studied in [58, 26]. A further development when C
is a convex cone is presented in [20]. A nice survey (until 2007) on the S-lemma in
the quadratic world is [49]. More recent results may be found in [58, 27].

Lemma 3.7. (S-lemma) Let C be a closed cone, g be continuous satisfying (ii) and
(iii) of Assumption (A). The following assertions are equivalent:
(a) for all lsc function f that is positively homogeneous with degree p > 0 on C,

one has

[x ∈ C, g(x) = 1 =⇒ f(x) > 0] ⇐⇒ ∃ λ 6= 0, f(x) + λ(g(x)− 1) > 0 ∀x∈C.

(b) p ≥ q.

Proof. (a)⇒(b): Take f(x) = ‖x‖pp := |x1|p+ · · ·+ |xn|p, then it holds (15) because
of the assumptions on g. Thus (16) is satisfied if (a) holds. In particular, if x = 0
in (16) then λ < 0. Taking this fact into account, and again by taking x = tx0 for
t > 0 and any fixed x0 ∈ C \ {0} in (16), one infers, after dividing by tp and letting
t→ +∞, that p ≥ q.
(b)⇒(a): From (15) it follows that µ0 := min{f(x) : g(x) = 1, x∈C} > 0 since K is
compact. As p ≥ q, strong duality holds for these data by Theorem 3.4. This means
that f(x)− µ0

p
q
(g(x)− 1) ≥ µ0 > 0 for all x ∈ C, proving the desired result.

4. Characterizing optimality conditions

We are now interested in obtaining necessary and/or sufficient optimality conditions
of order zero, one or two, for local or global optimality for problem (1). All the results
established in this section are new. In particular, in case f is a quadratic form and
g the square of the Euclidean norm, Corollary 4.8 below enhances Proposition 3
of [54] since the convexity on C is not required. We point out that for quadratic
optimization problems on a polyhedron, some optimality conditions were established
in [10].
We refer to [6] for a method locating some particular local minima; some copositivity-
based escape procedures for the StQO problem on the simplex are analyzed in [7].

4.1. Zero-order optimality conditions

We now provide a relationship between the minima of the original objective function
and those of the Lagrangian, under strong duality and free of derivative.
Recall that L(λ, x) := f(x) + λ(g(x)− 1).

Theorem 4.1. Let C be a closed cone, and f, g satisfy Assumption (A). Then,
(a) Strong duality holds and x̄ ∈ argmin

K
f

⇐⇒ x̄ ∈ K and x̄ ∈ argmin
C

L
(
−p

q
f(x̄), ·

)
.

(b) Strong duality holds and 0 ∈ argmin
C

L
(
−p

q
µ0, ·

)
⇐⇒ µ0(p− q) = 0.
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Proof. (a), ⇒: This follows from (14):

L(−p

q
µ0, x̄) = f(x̄) = inf

x∈C
L(−p

q
µ0, x). (17)

⇐: We have µ0 ≤ f(x̄) = L(−p

q
f(x̄), x̄) = inf

x∈C
L(−p

q
f(x̄), x)

≤ inf
x∈K

L(−p

q
f(x̄), x) = inf

x∈K
f(x) = µ0.

Thus the proof of (a) is complete once one notices that

L(−p

q
µ0, x̄) = sup

λ∈R
inf
x∈C

L(λ, x).

(b): It is a consequence of (14):

µ0 = f(0)− µ0
p

q
(g(0)− 1) = µ0

p

q
.

When the assumption on strong duality is more precise, the following result is ob-
tained.

Corollary 4.2. Let C be a closed cone, and f, g satisfy Assumption (A).
(a) Assume that µ0(p− q) > 0. Then

x̄ ∈ argmin
C

L(−p

q
µ0, ·) ⇐⇒ x̄ ∈ argmin

K
f.

(b) Assume that p = q > 0. Then,

0 6= x̄ ∈ argmin
C

L(−µ0, ·) =⇒ 1

(g(x̄))1/p
x̄ ∈ argmin

K
f.

Proof. (a): By assumption on p, q, µ0, strong duality holds. Thus, we need only
to prove that x̄ ∈ K, and then the result follows from the previous theorem. We
consider the case µ0 > 0 and p > q > 0 since the other is entirely similar. Suppose
that x̄ 6∈ K; then x̄ 6= 0 due to the previous theorem, and so we can write set x̄ = tȳ
for some t > 0 and ȳ ∈ K. By (17), we get

µ0 = min
x∈C

L(−p

q
µ0, x) = f(x̄)− p

q
µ0(g(x̄)− 1)) = tpf(ȳ)− p

q
µ0(t

qg(ȳ)− 1)

≥ tpµ0 −
p

q
µ0(t

q − 1).

By defining φ(ξ) .= ξq

q
− ξp

p
, we obtain

φ(t) =
tq

q
− tp

p
≥ φ(1) > 0. (18)

On the other hand, we have φ′(ξ) < 0 for all ξ > 1; φ′(ξ) > 0 for all ξ ∈ ]0, 1[.
Simple arguments show that the only possible value for t satisfying (18) is t = 1,
which finally yields x̄ ∈ K.
(b): Simply use (14).
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4.2. KKT-points, L(agrange)-eigenvalues and second-order optimality
conditions

We now derive first- and second-order sufficient and/or necessary conditions for local
or global optimality.
As usual, the notion of contingent cone will be needed. Given a set M ⊆ Rn and
x ∈ M , the contingent cone of M at x, denoted by T (M ;x), is the set of vectors
v ∈ Rn such that there exist tk > 0, xk ∈M , xk → x, satisfying tk(xk −x) → v. For
a great account of its properties, we refer the book [3]. In general, we obtain

T (M ;x) ⊆ cone(M − x), x ∈M.

The equality is satisfied whenever M is convex.
It is known that the notion of KKT-point plays a crucial role for optimality. Thus,
we assume that the functions f and g are differentiable in a neighborhood of a
reference point in C.
Following [14] for instance, a point x ∈ C, x 6= 0, is said to be a KKT-point for
problem (1) if there exists (Lagrangian multiplier) λ ∈ R such that

∇f(x)− λ
p

q
∇g(x) ∈ (T (C;x))∗. (19)

Let us denote the set of such λ associated to x by L(x).

Actually L(x) =
{f(x)
g(x)

}
whenever x is a KKT-point because of ±x ∈ T (C;x) and

Euler’s identity.
Motivated by the previous remark, some notions are introduced:

Definition 4.3. We say that λ ∈ R is an (f, g)-eigenvalue (or simply, eigenvalue) if
there exists x ∈ C, x 6= 0, such that f(x) = λg(x). The dependence of f and g will
be omitted when no confusion arises. We say that λ ∈ R is an L(agrange)-eigenvalue
if there exists x ∈ C, x 6= 0 such that λ ∈ L(x). The set of those x is denoted by
K(λ), and so, λ is an L-eigenvalue if and only if K(λ) 6= ∅. Every x in K(λ) is called
L-eigenvector associated to λ. A pair (λ, x) ∈ R × (C \ {0}) with x ∈ K(λ) (or,
equivalently, λ ∈ L(x)) is called L-eigenpair.

Remark 4.4. Let us consider x ∈ C, x 6= 0. If, in addition, C is convex, then

∇f(x)− λ
p

q
∇g(x) ∈ (T (C;x))∗ ⇐⇒

∇f(x)− λp
q∇g(x) ∈ C∗;

f(x) = λg(x).

Thus, in this case, the L-eigenvalue problem reduces to the homogeneous comple-
mentarity problem:

∇f(x)− λ
p

q
∇g(x) ∈ C∗, (∇f(x)− λ

p

q
∇g(x))⊤x = 0, x ∈ C, x 6= 0.

From which we infer:

PC(x−∇f(x)+λp
q
∇g(x)) = x; PC0(x−∇f(x)+λp

q
∇g(x)) = −∇f(x)+λp

q
∇g(x),
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where C0 = −C∗, PM(v) stands for the orthogonal projection of v onto M . This is
certainly the basis for some proximal-point algorithms.

The next remark lists some basic facts from standard convex analysis.

Remark 4.5. Let ∅ 6= C ⊆ Rn be a cone. We obtain:
(i) C − C ⊆ span C = aff C; (C + Rx)∗ = C∗ ∩ x⊥ for all x ∈ Rn;
(ii) if C is convex and x ∈ C then cone+(C − x) = C + Rx, and therefore

[cone(C − x)]∗ = C∗ ∩ x⊥;
(iii) if x ∈ ri C then cone+(C− x̄) is a subspace and aff C ⊆ cone+(C−x) ⊆ C−C

and so (span C)⊥ = [cone(C − x)]⊥ = (C − C)⊥ = C⊥ = (C − x)⊥.

We start with the following new second-order necessary optimality condition for
local optimality. This result asserts that every local optimal solution to problem (1)
is a KKT-point provided either C is convex or x̄ ∈ ri C, and so, f(x̄) is L-eigenvalue.
Theorem 1 in [54] is a special case of our result, when, besides the convexity of C, f
is a quadratic form and g is the square of the Euclidean norm. We refer to [24] for
first- and second-order optimality conditions for quadratically constrained quadratic
programming problems.

Theorem 4.6. Let C be a closed cone, and f, g satisfy Assumption (A) with both
functions being twice differentiable in a neighborhood of x̄, where x̄ is any local
solution to problem (1). If either C is convex or x̄ ∈ ri C, then the following
assertions hold:
(a) ∇f(x̄) − p

q
f(x̄)∇g(x̄) ∈ [cone(C − x̄)]∗. As a consequence, (f(x̄), x̄) is an

L-eigenpair. In other words, x̄ is a KKT-point having f(x̄) as Lagrange
multiplier.

(b) ∇2f(x̄) − p

q
f(x̄)∇2g(x̄) − p

q

(
p

q
− 1
)
f(x̄)∇g(x̄)∇g(x̄)⊤ is copositive on D(x̄),

where D(x̄)
.
= [∇f(x̄)− p

q
f(x̄)∇g(x̄)]⊥ ∩ (cone(C − x̄))]. In case x̄ ∈ ri C,

the previous expression reduces to D(x̄) = cone(C − x̄).

Proof. Let x̄ be a local solution to problem (1), that is, f(x̄)≤f(x) for all x∈C∩U0

satisfying g(x) = 1, for some open neighborhood, U0, of x̄.
(a): It is known that in case C is convex, given any v ∈ C − x̄, we can choose
ε ∈ ]0, 1[ such that

x̄+ tv

(g(x̄+ tv))1/q
∈ C ∩ U0, ∀ t ∈ ]0, ε[.

Set ϕ(t) := f
(

x̄+ tv

(g(x̄+ tv))1/q

)
=

1

(g(x̄+ tv))p/q
f(x̄+ tv).

By assumption, ϕ(0) ≤ ϕ(t) for all t ∈ ]0, ε[. This implies that the right-derivative
of ϕ at 0 is nonnegative:

0 ≤ ϕ′(0) =
(
∇f(x̄)− p

q
f(x̄)∇g(x̄)

)⊤
v.
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It is valid for every v ∈ C − x̄, and so the conclusion follows provided C is convex.
We now consider the case when x̄ ∈ ri C, meaning that U0∩aff C = U0∩(C−C) ⊆ C
for some open neighborhood U0 of x̄. From this, we derive the same result as in the
convex case for the function (simply put −v instead of v)

ϕ(t) := f
(

x̄− tv

(g(x̄− tv))1/q

)
since cone(C − x̄) is a vector subspace.
(b): Let v ∈ [∇f(x̄) − p

qf(x̄)∇g(x̄)]⊥ ∩ (C − x̄). We use the Maclaurin expansion
for the function ϕ:

ϕ(t) = ϕ(0) + tϕ′(0) +
1

2
ϕ

′′
(0)t2 + t2o(t),

where o(t) → 0 as t→ 0+. Then,

0 ≤ ϕ
′′
(0) = v⊤

(
∇2f(x̄)− p

q
f(x̄)∇2g(x̄)− p

q

(
p

q
− 1
)
f(x̄)∇g(x̄)∇g(x̄)⊤

)
v.

From which, the desired result is obtained.
Let us see the last statement of (b): if x̄ ∈ ri C then, by (a),

∇f(x̄)− p

q
f(x̄)∇g(x̄) ∈ [cone(C − x̄)]⊥,

implying the simplified expression for D(x̄).

A remark must be emphasized.

Remark 4.7. As was pointed out in Theorem 4.6, every local solution, x̄, is not
necessarily a KKT-point, even being global, except in the cases when either C is
convex or x̄ ∈ ri C. Every solution will be a KKT-point under strong duality, as (b)
of Theorem 4.15 below shows. When no extra-conditions are imposed on the data,
a geometric characterization of KKT-points is established in (a) of Theorem 4.15.

An important consequence of Theorem 4.6 concerns the particular case when f
and g are quadratic forms. The next corollary does not require convexity on C as
Proposition 3 in [54] does.

Corollary 4.8. Let C be a closed cone, and f(x)=x⊤Ax, g(x)=x⊤x with A=A⊤.
Assume that x̄ ∈ ri C is a local solution to problem (1). Then x̄ is a global solution.

Proof. For every x ∈ C, we have

L(−f(x̄), x)− L(−f(x̄), x̄)

= ∇xL(−f(x̄), x̄)⊤(x− x̄) +
1

2
(x− x̄)⊤∇2

xL(−f(x̄), x̄)(x− x̄)

=
1

2
(x− x̄)⊤∇2

xL(−f(x̄), x̄)(x− x̄).

We now apply Theorem 4.6 together with the above expansion to conclude that
x̄∈argmin

C
L(−f(x̄), ·). The result is obtained in consequence of Theorem 4.1(a).
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Results of the following kind are standard, but you can see how the structure of our
problem takes place.
Recall that L(λ, x) .= f(x) + λ(g(x)− 1) and ∇xL(λ, x)

.
= ∇f(x) + λ∇g(x).

Theorem 4.9. Let C be a closed cone, and f, g satisfy Assumption (A) with both
functions being twice differentiable in a neighborhood of x̄ ∈ K. If

∇xL(−
p

q
f(x̄), x̄) ∈ [cone(C − x̄)]∗,

and the matrix ∇2
xL(−

p

q
f(x̄), x̄) is strictly copositive on cone(C − x̄), then x̄ is a

strict local minimum of L(−p

q
f(x̄), ·) on C.

For the sake of completeness, we provide a rather classical result (for the notions of
pseudoconvexity or quasiconvexity, the reader may consult [4] for instance).

Theorem 4.10. Let C be a convex closed cone, and f, g satisfy Assumption (A)
with both functions being twice differentiable in a neighborhood of x̄ ∈ K. Assume
that

∇xL(−
p

q
f(x̄), x̄) ∈ [cone(C − x̄)]∗.

(a) If L(−p

q
f(x̄), ·) is pseudoconvex then x̄ is a solution to problem (1);

(b) If f is pseudoconvex and the function x 7→ −p

q
f(x̄)g(x) is quasiconvex, then x̄

is a solution to problem (1).

In what follows we consider the case C = Rn
+.

Set I := {1, . . . , n}. Given J ⊆ I, any x ∈ Rn is written as x = (xJ , x−J) where
xJ := (xi)i∈J , that is, xJ is the vector with components whose indexes belong to
J ; and x−J is the vector with the remaining components. Thus 0−J ∈ Rn−|J | is the
vector with all its components being zero and indexes in I \ J , where |J | means the
cardinality of J .
The next result is expected.

Proposition 4.11. Let f, g be functions that are differentiable in a neighborhood of
the reference point satisfying Assumption (A) with C = Rn

+, and λ ∈ R. Then

λ is L− eigenvalue ⇐⇒


∃ ∅ 6= J ⊆ I, ∃ ȳ ∈ R|J |

++ :

∇Jf(ȳ, 0−J)− λ
p

q
∇Jg(ȳ, 0−J) = 0;

∇−Jf(ȳ, 0−J)− λ
p

q
∇−Jg(ȳ, 0−J) ∈ Rn−|J |

+ .

Here, ∇Jf(x) (resp. ∇−Jf(x)) stands for the vector whose components are the
partial derivatives of f at x ∈ Rn with respect to the indexes belonging to J (resp.
I \ J).
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Proof. ⇒: Let x̄ ∈ K(λ). Then x̄ ∈ Rn
+ \ {0}, and set J .

= {i ∈ I : x̄i > 0}. Thus
x̄ = (x̄J , 0−J) and therefore

∇f(x̄)− λ
p

q
∇g(x̄) ∈ [T (Rn

+; x̄)]
∗ = {0J} × Rn−|J |

+ ,

since T (Rn
+; x̄) = T (R|J |

+ ; x̄J)× T (Rn−|J |
+ ; 0−J).

By taking ȳ = x̄J ∈ R|J |
++, the desired implication is proved.

⇐: By setting x̄ = (ȳJ , 0−J), we obtain

∇f(x̄)− λ
p

q
∇g(x̄) ∈ {0J} × Rn−|J |

+ = [T (Rn
+; x̄)]

∗.

This means that λ is L-eigenvalue.

Since ∇h is positively homogeneous with degree p− 1, the next assertions are easy
to check.
• x ∈ K(λ) ⇐⇒ λ ∈ L(x);
• x ∈ K, µ0 ∈ L(x) =⇒ x ∈ argmin

K
f =⇒ L(x) ⊆ {µ0};

• given any x ∈ C, x 6= 0, it holds (p 6= q):

T (C;x) = T (C; tx) ∀ t > 0; λ ∈ L(x) ⇐⇒ λtp−q ∈ L(tx) ∀ t > 0. (20)

The next result establishes a relationship between both types of eigenvalues under
strong duality.

Proposition 4.12. Let C be a closed cone, and f, g be any functions that are
differentiable in a neighborhood of the reference point satisfying Assumption (A).
Then,
(a) µ0 = min {λ ∈ R : λ is eigenvalue};
(b) µ0 = min {λ ∈ R : λ is L−eigenvalue}, provided strong duality holds (see

Theorem 3.4).

Proof. (a) is straightforward.
(b): By (a), we only need to check the inequality “≥”. Take any x̄ ∈ argmin

K
f . The

usual necessary optimality condition along with Theorem 4.1 allow us to infer that
∇f(x̄) − µ0

p
q
∇g(x̄) ∈ [T (C; x̄)]∗, which shows that µ0 is L-eigenvalue, and so the

proof is complete.

The next remark refers to eigenvalues analysis of symmetric (supersymmetric) ten-
sors.

Remark 4.13. One important implication from Proposition 4.12 concerns the ex-
istence of L-eigenvalues of a real m-order n-dimensional symmetric tensor. See
Section 5 for details.
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Notice that, in principle, a KKT-point is defined also for infeasible points. In order
to characterize the validity of the KKT optimality conditions, (19), for problem (1),
we need to consider the linearized approximation problem defined, given x̄ ∈ C, by

µL := inf
v∈G0(x̄)

∇f(x̄)⊤v, (21)

where G0(x̄) :=
{
v ∈ T (C; x̄) : ∇g(x̄)⊤v = 0

}
. (22)

In our model, we have ∇g(x) 6= 0 for all x ∈ C, x 6= 0 because of the Euler identity.
Set FL(v) := (∇g(x̄)⊤v,∇f(x̄)⊤v). It is obvious that µL ∈ {−∞, 0}, and

µL = 0 ⇐⇒ [v ∈ T (C; x̄), ∇f(x̄)⊤v < 0 =⇒ ∇g(x̄)⊤v 6= 0] (23)

⇐⇒ FL(T (C; x̄)) ∩ −({0} × R++) = ∅

⇐⇒ [FL(T (C; x̄)) + R+(0, 1)] ∩ (−{0} × R++) = ∅. (24)

Some important facts on the set FL(T (C; x̄)) + R+(0, 1) are collected in the next
remark. Such facts will be considered in Theorem 4.15.

Remark 4.14. With the above data and notation, we obtain the following
(i) λ ∈ L(x̄) ⇐⇒ (−λp

q
, 1) ∈ [FL(T (C; x̄)) + R+(0, 1)]

∗ ⇐⇒ (λ, x̄) is L-eigenpair.

Indeed, by (19),

λ ∈ L(x̄) ⇐⇒ ∇f(x̄)⊤v − λ
p

q
∇g(x̄)⊤v ≥ 0 ∀ v ∈ T (C; x̄)

⇐⇒ (−λp
q
, 1) ∈ [FL(T (C; x̄))]

∗ ⇐⇒ (−λp
q
, 1) ∈ [FL(T (C; x̄)) + R+(0, 1)]

∗.

The remaining equivalence is straightforward.
(ii) Assume that FL(T (C; x̄)) + R+(0, 1) is convex. Then, either

1. FL(T (C; x̄)) + R+(0, 1) = R2, or

2. FL(T (C; x̄)) + R+(0, 1) =
{
(v, w) : w ≥ p

q

f(x̄)

g(x̄)
v
}
.

Indeed, since ±x̄ ∈ T (C; x̄), we get

FL(±x̄) = ±(∇g(x̄)⊤x̄,∇f(x̄)⊤x̄) = ±(qg(x̄), pf(x̄)),

and so, R
(
1,
p

q
f(x̄)

g(x̄)

)
⊆ FL(T (C; x̄)).

This implies R
(
1,

p

q

f(x̄)

g(x̄)

)
+ R+(0, 1) ⊆ FL(T (C; x̄)) + R+(0, 1).

From which the conclusion follows by the convexity assumption.

We are now ready to describe, firstly, a new necessary and sufficient condition for a
non-zero vector to be a KKT-point; this shows, looking at carefully its proof, that
a Fritz John point is indeed a KKT-point, thanks to the structure of our model.
Secondly, under strong duality, it establishes that every minimizer is a KKT-point.
Thus, next theorem supplements the results stated in Theorem 4.6.
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Theorem 4.15. Let C be a closed cone, and f, g be functions that are differentiable
in a neighborhood of x̄, satisfying Assumption (A). Assume that x̄ ∈ C, x̄ 6= 0. The
following assertions hold:
(a) x̄ is a KKT-point ⇐⇒ FL(T (C; x̄))+R+(0, 1) is different from R2 and convex.

In such a case we have FL(T (C; x̄)) + R+(0, 1) =
{
(v, w) : w ≥ p

q

f(x̄)

g(x̄)
v
}

.

(b) if strong duality holds, then, for x̄ ∈ K,

x̄ ∈ argmin
K

f ⇐⇒ µ0 ∈ L(x̄)(= {µ0}) ⇐⇒ x̄ ∈ K(µ0).

Proof. (a), ⇒: x̄ is a KKT-point if and only if there exists λ ∈ R such that

inf
v∈T (C;x̄)

⟨
∇f(x̄)− λ

p

q
∇g(x̄), v

⟩
≥ 0 ≥ inf

v∈G0(x̄)
∇f(x̄)⊤v.

Thus, x̄ ∈ is a KKT-point if and only if µL = 0 and (strong duality for (21) holds)

inf
v∈T (C;x̄)

⟨
∇f(x̄)− λ

p

q
∇g(x̄), v

⟩
= inf

v∈G0(x̄)
∇f(x̄)⊤v = µL.

We have already noticed that µL = 0 is equivalent to (23); which means that
FL(T (C; x̄)) +R+(0, 1) 6= R2. The convexity of FL(T (C; x̄)) +R+(0, 1) follows from
Proposition 5.1 in [25], when applying to A = FL(T (C; x̄)) and P = R+(0, 1).
⇐: By Remark 4.14,

R
(
1,

p

q

f(x̄)

g(x̄)

)
+ R+(0, 1) = FL(T (C; x̄)) + R+(0, 1),

which yields (24). By applying a separation result on convex sets to (24), we have the
existence of α ∈ R, β ≥ 0, (α, β) 6= (0, 0) such that β∇f(x̄) + α∇g(x̄) ∈ [T (C; x̄)]∗.
By the Euler identity and ±x ∈ T (C; x̄), one gets βpf(x̄) + αqg(x̄) = 0. Thus, if
β = 0 then α = 0 since g(x̄) 6= 0, and so β > 0. Hence, the result is obtained.
(b): It follows from Theorem 4.1 and the standard first-order necessary optimality
condition for x ∈ argmin

C
L
(
− µ0

p

q
, ·
)

.

The next example shows an application of (a) in Theorem 4.15 without having strong
duality, and so (b) of the same theorem is not applicable.

Example 4.16. (Strong duality fails, and so (b) of Theorem 4.15 is not applicable,
but (a) is) Let α and β be any positive real numbers. We will analyze the problem

µ0(α, β) := min
{
f(x) : gα,β(x) = 1, x ∈ R2

}
,

with the data f(x1, x2) = x1 + 2x2 and gα,β(x) =
4
√
αx21 + βx22 and C = R2. In this

case, p = 1, q = 1/2 and T (C;x) = R2 for all x ∈ R2. By virtue of (20), we search
KKT-points only in the feasible set K.
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Thus, from (19), we get 1 − λαx1 = 0 = 2 − λβx2, implying λ 6= 0, x1 6= 0 6= x2,
and therefore x2 =

2α

β
x1. For such points x and (v1, v2) ∈ R2, we obtain

FL(v) =
(
α

2
x1v2 +

β

2
x2v2, v1 + 2v2

)
=
(
α

2
x1, 1

)(
v1 + 2v2

)
.

Then FL(T (C;x)) =
{
(w1, w2) : w2 =

2

αx1
w1, w1 ∈ R

}
, implying the convexity of

FL(T (C;x)) +R+(0, 1) and (24). Hence, by Theorem 4.15, (x1, x2) = x1
(
1,

2α

β

)
is a

KKT-point with gα,β(x1, x2) = 1. That is,{
x ∈ K : L(x) 6= ∅

}
=

{
±
√

β

αβ + 4α2

(
1,

2α

β

)}
.

It is easy to check that one is the minimizer (and the other the maximizer) with
minimum value

µ0 = µ0(α, β) = −
√

β + 4α

αβ
.

We analyze the previous facts via Theorems 4.6 and 4.10. By applying the second-
order optimality condition from Theorem 4.6, we discard those points which are not
local minima. For this example, we get

∇2f(x̄)− p

q
f(x̄)∇2g(x̄)− p

q

(
p

q
− 1
)
f(x̄)∇g(x̄)∇g(x̄)⊤

= −2f(x̄)
(
∇2g(x̄) +∇g(x̄)∇g(x̄)⊤

)
= −2f(x̄)


2α2

β + 4α
− αβ

β + 4α

− αβ

β + 4α

β2

2(β + 4α)

 .

This is positive semidefinite if and only if f(x̄) ≤ 0, since the matrix
2α2

β + 4α
− αβ

β + 4α

− αβ

β + 4α

β2

2(β + 4α)


is positive semidefinite, having as eigenvalues 0 and 4α2 + β2

2(β + 4α)
. This second-order

condition is satisfied only for the point

x̄ = −
√

β

αβ + 4α2

(
1,

2α

β

)
.

Finally, by using Theorem 4.10, we conclude that such a point is, in fact, a minimizer.

Let us establish a necessary and sufficient condition for x̄ to be a KKT-point when
it is a minimizer of f on K. By virtue of Lemma 3.2, we split our discussion into
two cases: µ0 < 0 and µ0 > 0. The remaining case µ0 = 0, which implies strong
duality, can be dealt with (b) of Theorem 4.15.
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We need the following notation:

F−
L (v) := (−∇g(x̄)⊤v,∇f(x̄)⊤v),

and the condition

[vk ∈ T (C; x̄),∇g(x̄)⊤vk → 0,∇f(x̄)⊤vk < 0] =⇒ lim sup
k

∇f(x̄)⊤vk = 0. (25)

Notice that Example 4.16 also shows that condition (25) cannot be substituted by
(23) in the following theorem.

Theorem 4.17. Let C be a closed cone, and f, g be functions that are differentiable
in a neighborhood of x̄ ∈ K, satisfying Assumption (A).
(a) Assume that µ0 < 0 and x̄ ∈ argmin

K
f . Then,

x̄ is a KKT − point ⇐⇒ [FL(T (C; x̄))+R2
+ is convex and (25) is satisfied ].

(b) Assume that µ0 > 0 and x̄ ∈ argmin
K

f . Then,

x̄ is a KKT − point ⇐⇒ [F−
L (T (C; x̄))+R2

+ is convex and (25) is satisfied ].

Proof. See Corollary 5.5 in [23] and Lemma 3.2.

A more verifiable condition than (25) is given next:

Proposition 4.18. With the data as above, we have
(26) =⇒ (25) =⇒ µL = 0,

where [vk ∈ T (C; x̄), vk → v 6= 0,∇f(x̄)⊤vk < 0] =⇒ ∇g(x̄)⊤v 6= 0. (26)

Proof. Firstly, we easily obtain that (25) implies µL = 0 (simply take the constant
sequence vk = v to get µL = 0).
(26) ⇒ (25): Let vk ∈ T (C; x̄) such that

‖vk‖ → +∞, ∇g(x̄)⊤vk → 0, ∇f(x̄)⊤vk < 0.
In case vk → 0, we get (25) obviously holds. Now, two possibilities arise:

sup
k∈N

‖vk‖ < +∞ with vk 6→ 0 and sup
k∈N

‖vk‖ = +∞.

Under the first possibility, up to a subsequence, we get vk → v 6= 0. In such a case,
since ∇f(x̄)⊤vk < 0, by (26) we obtain ∇g(x̄)⊤v > 0, yielding a contradiction.
If the second possibility holds, up to a subsequence, we may suppose that we have
vk

∥vk∥
→ v0 6= 0. Since ∇f(x̄)⊤ vk

∥vk∥
< 0 by (26) we get ∇g(x̄)⊤v0 6= 0. Moreover,

since ∇g(x̄)⊤vk → 0, we have ∇g(x̄)⊤ vk
∥vk∥

→ 0 = ∇g(x̄)⊤v0, which contradicts the
fact that ∇g(x̄)⊤v0 6= 0. This proves that under (26), the conditions in the left-hand
side of (25) are fulfilled only if vk → 0, so that (25) holds.
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5. L-eigenvalues as an extension of H and Z-eigenvalues in real symmet-
ric tensors problems

Let m,n ∈ N with m ≥ 2, n ≥ 2. A real m-order n-dimensional tensor A consists
of nm entries in R, and it is denoted by

A = (Ai1i2...im), i1, i2, . . . , im ∈ {1, 2, . . . , n}.

We say a tensor A is symmetric (the term supersymmetric is also used by some
authors) if its entries Ai1i2...im are invariant under any permutation of the indices
(i1i2 . . . im). Furthermore, given any x ∈ Rn, it is defined

Axm :=
n∑

i1,··· ,im=1

Ai1i2···imxi1 . . . xim ,

which is anmth-degree homogeneous polynomial whenever A is symmetric. Through-
out this section the tensor A will be symmetric.
Given x ∈ Rn and k ∈ N: ‖x‖k := (|x1|k + · · ·+ |xn|k)1/k; Axm−1 is the vector in Rn

whose i-th component is,

(
Axm−1

)
i
=

n∑
i2,··· ,im=1

Ai i2···imxi2 . . . xim for i = 1, . . . , n,

and set x[k] := (xk1, . . . , x
k
n) and x[0]

.
= (1, . . . , 1).

We now consider the following constrained optimization problem:

µk := min
{
Axm : ‖x‖mk = 1, x ∈ C

}
, (27)

where C is a closed cone in Rn. Clearly, under symmetry on A, problem (27) is a
particular model of (1), where

f(x) = Axm, g(x) = ‖x‖mk . (28)

Both functions f and g have the same degree of homogeneity, m, and satisfy As-
sumption (A). Thus (Theorem 3.4)

µk = νk := sup
λ∈R

inf
x∈C

{
Axm + λ(‖x‖mk − 1)

}
= inf

x∈C

{
Axm − µk(‖x‖mk − 1)

}
.

By Theorem 4.1, x̄ is a solution to (27) if and only if

‖x̄‖mk = 1 and x̄ ∈ argmin
C

L(−f(x̄), ·).

Hence, in order to obtain first- and second-order necessary optimality conditions, we
can use Theorem 4.6; whereas Theorem 4.9 provides sufficient optimality conditions
for strict local optimality. Here, we need the following computation, given any
x ∈ C, x 6= 0,

∇f(x) = mAxm−1, ∇2f(x) = m(m− 1)Axm−2.
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The symbol Axm−2 denotes the (m − 2)-times product of the tensor A with the
vector x, which is defined as the matrix of Rn×n whose entries are

(Axm−2)i1i2 =
n∑

i3,...,im

Ai1i2i3...imxi3 · · ·xim .

Moreover, ∇g(x) = m‖x‖m−k
k φk(x), ∇2g(x) =

(
∇2g(x)ij

)
,

where φk(x) := (x1|x1|k−2, x2|x2|k−2, . . . , xn|xn|k−2) and

∇2g(x)ij =

m(m− k)‖x‖m−2k
k (φk(x)i)

2 +m‖x‖m−k
k (k − 1)|xi|k−2, if i = j;

m(m− k)‖x‖m−2k
k φk(x)iφk(x)j, if i 6= j.

Here, φk(x)i stands for the i-th component of the vector φk(x).
Observe that in case C ⊆ Rn

+, one gets ∇g(x) = m‖x‖m−k
k x[k−1] and

∇2g(x)ij =

m(m− k)‖x‖m−2k
k (xk−1

i )2 +m‖x‖m−k
k (k − 1)xk−2

i , if i = j;

m(m− k)‖x‖m−2k
k xk−1

i xk−1
j , if i 6= j.

In matrix notation, by introducing the diagonal matrix, Xk−2(x), whose entries are
the components of vector x[k−2], that is, Xk−2(x) := diag(x[k−2]), we obtain

∇2g(x) = m(m− k)‖x‖m−2k
k x[k−1](x[k−1])⊤ +m(k − 1)‖x‖m−k

k Xk−2(x).

Consequently,

∇2g(x) = m(m− 1)Xm−2(x), if m = k;

∇2g(x) = m(m− 2)‖x‖m−4
2 xx⊤ +m‖x‖m−2

2 I, if k = 2.

The case when C is convex

We now assume that C is additionally convex. By Definition 4.3 and Remark 4.4,
any L-eigenvalue λ ensures the existence of x ∈ Rn such that (see Subsection 4.2)

Axm−1 − λ‖x‖m−k
k φk(x) ∈ C∗,

Axm − λ‖x‖mk = 0,

x ∈ C \ {0}.
(29)

A pair (λ, x) satisfying (29) is termed L-eigenpair (see Definition 4.3 in Subsection
4.2). In other words, x ∈ C, x 6= 0, is a KKT-point of (27) if (λ, x) is a L-eigenpair
for some λ ∈ R. According to the choice of m, k and C, such a pair takes different
names, see the remarks below.
The system (29) is a class of homogeneous complementarity problem, since

〈x,Axm−1 − λ‖x‖m−k
k φk(x)〉 = 0 ⇐⇒ Axm − λ‖x‖mk = 0.
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Remark 5.1. (Z-eigenvalues/eigenvectors, C = Rn)
The case k = 2 and C = Rn was discussed in [51], where the term Z-eigenvalues
(eigenvectors) is employed. The authors in [40] use the name l2-eigenvalues (eigen-
vectors). Here, (29) reduces to

Axm−1 − λ‖x‖m−2
2 x = 0,

Axm − λ‖x‖m2 = 0,

x 6= 0,

since φ2(x) = x and T (Rn;x) = Rn.

Remark 5.2. (H-eigenvalues/eigenvectors, C = Rn)
The case k = m and C = Rn was also analyzed in [51], which gives rise to H-
eigenvalues (eigenvectors). It coincides with the notion of lm-eigenvalues (eigenvec-
tors), introduced in [40]. The homogeneous complementarity problem (29) becomes

Axm−1 − λφm(x) = 0,

Axm − λ‖x‖mm = 0,

x 6= 0.

Observe that when m is even, φm(x) = x[m−1], and if m is odd, one gets

φm(x)i =

{
xm−1
i if xi ≥ 0;

−xm−1
i if xi < 0.

Remark 5.3. The cases C = Rn
+ and either k = 2 or k = m were studied in [56].

In view of the additional nonnegative constraint, φk(x) = x[k−1] for all k ∈ N. Here,
problem (29) takes the form

Axm−1 − λ‖x‖m−k
k x[k−1] ≥ 0,

Axm − λ‖x‖mk = 0,

x ≥ 0, x 6= 0.

(30)

From the previous remarks and together with Proposition 4.12 and Theorem 3.4,
the following result extends those appeared in [51, 40, 56], where the cases C = Rn

+

or C = Rn are only considered. In what follows f and g are as in (28).

Proposition 5.4. Let A be an m-order n-dimensional symmetric tensor and C be
a convex closed cone in Rn. Then
(a) (Set C = Rn) For each case, the set of all Z-eigenvalues and that of all H-

eigenvalues coincide with our notion of L-eigenvalues, as well as with that of
simply eigenvalues (see Definition 4.3).

(b) One has, for some x̄ ∈ C, x̄ 6= 0,
µk = min{λ ∈ R : λ is L− eigenvalue} = inf{Axm − µk(‖x‖mk − 1) : x ∈ C}

= min{λ ∈ R : λ is eigenvalue} = min
x∈C
x ̸=0

Axm

‖x‖mk
=

Ax̄m

‖x̄‖mk
.

(c) µk = max{λ : f − λg is copositive on C}.
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Remark 5.5. Among those KKT-points for problem (27), one can identify a solu-
tion, x̄, to (27) simply by using Theorem 4.10, once we impose conditions implying
the pseudoconvexity of f and the quasiconvexiy of the function x 7→ −f(x̄)g(x).
Notice that g is always quasiconvex, and so we must take care on the sign of f(x̄).

The case C := Rn
+ is of particular interest. In this situation, one can also consider

the standard dual problem to (27):

νS := sup
λ1≥0
λ2∈Rn

+

inf
x∈Rn

{
Axm + λ1(‖x‖mk − 1)− λ⊤2 x

}
.

We recall that, in this setting, the notions of copositivity or strict copositivity of A
on C are referred to f on C.

Theorem 5.6. Set C := Rn
+. Let A be a m-order, n-dimensional symmetric tensor,

that is copositive on C but not copositive in Rn. Then,

νS < 0 ≤ µk = νk.

As a consequence, standard strong duality does not hold.

Proof. By assumption, µk ≥ 0 and µk = νk (strong duality holds).
We choose x̄ ∈ Rn such that f(x̄) < 0.

Set λ̄1
.
= −f(x̄)

g(x̄)
> 0 ; it follows that

f(x̄) + λg(x̄) < 0 for all λ < λ̄1 and f(x̄) + λg(x̄) > 0 for all λ > λ̄1.
Since for every t > 0

inf
x∈Rn

{
f(x) + λ1g(x)− λ⊤2 x)

}
≤ f(tx̄) + λ1g(tx̄)− tλ⊤2 x̄

= tm
[
f(x̄) + λ1g(x̄)−

1

tm−1
λ⊤2 x̄

]
,

we obtain

inf
x∈Rn

{
f(x) + λ1g(x)− λ⊤2 x)

}
= −∞, ∀ λ1 < λ̄1, ∀ λ2 ∈ Rn

+.

Moreover,

inf
x∈Rn

{
f(x) + λ1(g(x)− 1)− λ⊤2 x)

}
≤− λ1 ∀ λ1 ≥ λ̄1, ∀ λ2 ∈ Rn

+.

Hence

νS := sup
λ1∈R
λ2∈Rn

+

inf
x∈Rn

{
f(x) + λ1(g(x)− 1)− λ⊤2 x

}
≤ −λ̄1 < 0 ≤ µk = νk,

and the proof is complete.
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We end this section by making some comments about numerical approaches on
computing eigenvalues of symmetric tensors. When only the smallest or the largest
eigenvalue of a tensor is needed, one can use: the NQZ method [15] or an itera-
tive one as proposed in [45] (for irreducible nonnegative tensors); an unconstrained
optimization approach [30] for even order tensors; a SOS polynomial optimization
scheme as discussed in [32] (for essentially nonnegative tensors), or the S-HOPM or
SS-HOPM methods as presented in [35] and [36], respectively. For computing all
the real eigenvalues of a symmetric tensor, an approach based on the Jacobian SDP
relaxation method is introduced in [17].

6. Conclusions

We have analyzed an important class of positively homogeneous optimization prob-
lems without convexity assumptions. This class subsummes various models: from
classical portfolio problems to some of its variants; quadratic optimization with two
quadratic constraints over the unit sphere. More particularly, a new perspective to
tensors eigenvalues analysis is outlined, and it seems to be a promising method to
be developed.

Acknowledgements. The authors want to express their gratitude to the Referees
for the carefully reading, criticisms and for pointing out many innacuracies in the
first version. All of them were taken into account to reach the present improved
version.
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