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We consider the fixed point problem as two cases of the equilibrium problem in the sense of
Blum-Oettli. The first case explores the properties of maximal o monotone operators, to propose
necessary and sufficient conditions to guarantee the existence of fixed points. The second case
transforms the fixed point problem, defined by an operator that has closed images not necessarily
o monotone, into an equilibrium problem, with a different approach than the first case. Also, we
establish a methodology to extend any o (with function ¢ bounded) monotone operator into a
maximal ¢ monotone operator.
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1. Introduction

The history of the Fixed Point Problems (FPP, in short), according to the literature,
begins in 1910 for the differentiable case and was proved by Hadamard. After a year,
the continuous case was proved by Brouwer in 1911. Here we are interested in the
FPP for point-to-set operators 7' C R"™ x R™, where T'(z) = {u € R" : (z,u) € T'}.
Here, the problem is to find a point = such that x € T'(z). In [3], the authors
transform the FPP into an equilibrium problem (EP, in short), as an invitation to
analyze the FPP defined by a point-to-set operator. Of course there are many ways
to transform the FPP into an EP, here we consider two approaches different from
the one suggested by Blum-Oettli in [3].

The o monotone operators were first introduced in 2009 (for more details see [6]),
for the case where the effective domain of the operator is the entire space. Later
in 2020 (for more details see [9]) the authors deal with the case of convex domains,
non necessarily the entire space. In general, the effective domain of a ¢ monotone
operator is not a convex set. In this last case the problem is how to construct
maximal ¢ monotone operators from ¢ monotone operators with non-convex effective
domain. To answer this question, we propose a methodology, following the case of
monotone operators, i.e. construct a major operator containing the ¢ monotone
operator and for any point of the major operator added to the monotone o operator,
the new operator remains ¢ monotone. This idea, for the monotone case, was
introduced by Crouzeix-Ocafia-Sosa in [4].
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The structure of this manuscript is: After this introduction, we consider some no-
tations used throughout this manuscript. In Section 2 we deal with ¢ monotone
operators. In Section 3 we deal with the FPP for maximal ¢ monotone operators.
Finally, in section 4 we transform the FPP defined by an operator with closed images
into an EP.

Notations

Let A be a nonempty set in R", we use the following notations:

1. A denotes the closure of the set A.

2. int(A) denotes the interior of the set A.

3. 0(A) denotes the boundary of the set A.

4. co(A) denotes the convezr hull of the set A.

5. A™ denote the recession cone of A.

6. (A,y):={(u,y):ue A}

7. B(0,r):={y € R": ||y| <}, resp. CB(0,7) :={y € R": ||y|| < r} denote
the open ball, resp. the closed ball, with center in the origin and radius 7.

8. S denotes the boundary of B(0,1).

9. T C R"™ x R™ denotes an operator, here T'(x) = {u € R" : (z,u) € T}.

10. D(T) = {z € R" : T(x) # (0} denotes the effective domain of the operator
T CR" x R™

11. g: D(T) x D(T) — R U {+oo} is defined by g(z,y) = sup,cp()(u, fi=—) with

12. A set A is called Motzkin decomposable if A = B + C, where C' is a nonempty
convex closed cone and B is a nonempty convex and compact set.

2. Maximal c-monotone operators

The notion of ¢ monotonicity was introduced by Iusem-Kassay-Sosa in 2009 as pre-
monotonicity (for more details see [6], of course there are other contributions about
that notion, for instance in [2], [1] and [9]). In order to understand the maximality
of a ¢ monotone operator, we develop here some ideas about ¢ monotonicity. So,
in [9], the authors introduce the function o7 : D(T) — R U {400} defined by:

op(r) =max{0, sup [g(z,y)+ g(y,z)]}. (1)
y#x, yeD(T)

The following result holds for any operator 7" C R™ x R™.

Lemma 2.1. Let T'C R™ x R" be an operator.
(1) If {w.y} C D(T), then

(T'(x),y — ) + (T(y), v — y) < min{or(x), or(y) |z -yl (2)
(2) Ifz € D(T), then or(x) < supyepir) yre 01 (Y)-

Proof. (1) follows from the fact that for each (w, z) € D(T') x D(T) with w # z we
have or(w) > g(w, z) + g(z,w). First take x = w and y = z. Finally, take y = w
and z = z. (2) follows directly from (1). O
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Here, we define the ¢ monotonicity as follows:

Definition 2.2. Let T" C R™ x R™ be an operator. 7T is called ¢ monotone, if
o:D(T)— [0,+00) and or < o on D(T). O

When o7 is the null function, 7" is called monotone.

Proposition 2.3. Let T' C R™ x R™ be an operator. T is op monotone, if and
only if op : D(T) — [0,400). Moreover, for {z,y} C D(T'), we have the following
inequality:

(T(z),y — ) + (T(y), z — y) <min{or(z),or(y) |z —yl| < +oo  (3)
Proof. Follows from its definition 2.2 and Lemma 2.1 . O

In the case of monotone operators, the authors in [4] construct an operator T,
greater than T, with the following property: for every (z,u) € T, T U {(z,u)}
remains monotone. Here, we consider the following operator T¢ C R™ x R", defined
as follows:

T°={(z,u) € R" X R™ : {u,y — ) + (v,2 —y) < or(y)llz -yl ¥(y,v) € T}.

Lemma 2.4. For each x € R": T(x) is closed and convex.
Proof. The statement follows because
Tc(x) = {u eR": <U,y - $> < UT(ZJ)”:U - LCH + <U7y - I‘> V(y,'l)> < T}7
S0, it is the intersection of half spaces. [

The following result, when = € 9(co(D(T))) N D(T°), gives us information about
T¢(x), in addition to the fact of being convex and closed.

Proposition 2.5. Let T C R™ x R™ be a opr monotone operator. If we have
x € d(co(D(T))) N D(T°), then (T°(x))* = Npr)(z).

Proof. Take z € 9(co(D(T))) N D(1*) and d € Npay(2) = Nper)(z). Then for
u € T¢(x) we obtain

(w,y =) + (v,x —y) <or(y)lle —yll V(y,v) €T (4)
and (d,y—x) <0 Vye D(T) (5)
Multiplying (5) by ¢ > 0 and adding (4), we obtain
(uttdy—=z)+ (v,o—y) <oy)llz—y| Y(yv)eT, vi=>0.
It follows that u + td € T°(x) for all ¢ > 0, and hence d € (T°(z))>
Conversely, take d € (T%(2))®, x € (co(D(T))) N D(T®) and u € T¢(x). Then,
(ut+tdy—x)+ (v,x —y) <or(y)llz —yl| Y(y,v) €T, vt >0.

So, (u,y —x) ;L (v, —y) +dy—a) < oT(y)ILy — | (6)

for all (y,v) € T and all ¢t > 0.
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Taking limits with ¢ — oo in (6), we obtain (d,y — z) < 0 for all y € D(T"). Thus
d € ND(T) ({L’) ]

The next result appears in [4]. For the sake of completeness, we consider it here.

Lemma 2.6. Let D = co({z° z',--- ,2"}) be an n-dimensional simplex of R™.
Take a closed and convex set V- C int(D). Then, for all x € V and all ¢ € R", the
linear programming problem

n n
minZui s.t. Zuz(xz —z)=c¢, u>0, (7)
u
i=0 =0

is feasible and has a unique optimal solution, say u(c,x), which is continuous as a
function of (c,xz) € R" x V.

Proof. See Lemma 2.2 in [4] O
Now, we prove the local boundedness of T¢ on DT = int(co(D(T))), when DT # ().

Theorem 2.7. Let T C R™ x R™ be a op monotone operator. If DT # 0 and
x € DT, then,
(1) T cCTe,
(2) there exists a compact set K and a neighborhood V' of T such that
0 4£T(x) CK forallxzeV.

Proof. The first item is evident. For the second item, since T € DT, there exists
{t;}, € (0,1) and {(2°,u")}"_, C T such that the following vectors 2! — 2%, x? — 0,

ot —af are linearly independent, = = S tixtand Y1 t; = 1. Taking ¢ > 0
such that e < ¢; for all i € {0,1,--- ,n}, we consider

V= {Q? = Zn:tle . Zn:tz = 1, {tl}?:() C [8,1)} .
=0 =0

By construction, V' is a nonempty, convex and compact neighborhood of Z contained
in DT. Given ¢ € R" and z € DT, we define

alc,x) = sup{{c,u) : u € T(x)}, (8)

with, convention, a(c,z) = —oo if T¢(z) = (). Then,

—o0 < afe,z) < B(e, x)
where, B(c, ) = sup{(c,u) : A'u < b}, (9)
A € R+ g the matrix with columns 2 —x (0 < i < n), and b € R"*! is defined
as b; = op(2')||2* — z|| + (u', 2" — ).

Let P, be the linear programming problem defined by the right hand side of (9). Its
dual is the problem D, given by

Ble,x) = myin{<y, b) 1y >0, Ay = c}. (10)
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The restriction set of Problem D, satisfies the assumptions of Lemma 2.6. Hence,
D, is feasible, there is no duality gap between P, and D,., and

Ble,x) = Ble,x) < ple, x) := (ulc, x),b), (11)
where u(c, z) is the solution of the linear problem (7) of Lemma 2.6.
Let M =sup, {p(c,z) 1z €V, || <1}, K = CB(0, M), with p defined as in (11).

Since V is compact and the function u is continuous on R” x V' by Lemma 2.6 M
is finite and K is a nonempty compact convex set.

Then, for all ¢ with ||| < 1 and all z € V| we obtain, using (10) and p as in (11),
alc,z) < B(e,x) < ple,x) < M. (12)
Define the quantities
A(w) = sup{fjul| : v € T*(z)},
B(a) = sup{[ul : (w,a* —a) <b, (0<i<m)}.

Then, we obtain

Alz) =sup {{e,u) - u € T%z), |le] < 1} = sup{ale, ) : |le] < 1},

c,u

B(z) = sup{f(e,z) - fle]l < 1}

In view of (12), we have A(z) < B(z) < M for all z € V, implying
T¢(z) C{u : {(u,2" — ) <b;,i=0,1,--- ,n} C K (13)
Now, suppose there exists y € V such that T¢(y) = (), here y € DT'. So,
T(y)= () {veR": (v,x—y) <b(x,u,y)},
(z,u)eT

where b(z,u,y) = or(z)||x —y||+ (u, z —y). Since K is a nonempty convex compact

set, there exists ¢ elements of T, {(z%,u’)};72 | C T, such that

0= [ﬂ {veR™: (v,27 —y) < b} ﬂK

where b; = b(a?,u’, y). Next, in view of (13)

n+q

0= ﬂ{v ER™: (v,27 —y) < b} (14)

J=0

Consider the n x (n+ ¢+ 1) matrix Q with with columns (27 —y), 7 =0,1,--- ;n+gq
and the vector b € R"""! as defined before. Next, consider the pair of dual linear
programs

my =sup [(0,v) : Q"v <b] and my =inf[(b,u) :u >0, Qu=0].

v
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The second problem is feasible and therefore m; = msy. Next (14) is equivalent to
my = —oo and therefore to

Ju € R™ 7 such that u > 0, Qu =0, and (b,u) < 0.

For each u feasible for the dual problem, we have that Qu = 0 implies that

n+q )

. u; T’
=y
i=0 =0 "J

Without loss of generality, consider Z?:g u; = 1. So there exists a feasible u with

Z?:g u; = 1, such that (u,b) < 0. On the other hand,
(W', 2! —a') + (v, 2" — 27) < min{or(z)),or(a?)}H|a" — 27|, Vi, j  (15)
For the term after the inequality symbol, we have:

S wiuy min{or(a7), o7 (27) o' — o |
S0 wiy min{or(a'), or(a?) o' = y]

Sy wig minfor (@), or (@) a2 — | (16)
i wor(@) o~ yll + % or(a)le? ~ )

23 wor (@) =yl

For the term before the inequality symbol, we have:

IN + A

S w2 — ) 4 (u ) ot — 2)

= Z%@Z uzuj (ut, 27 - ) + ZZ;_:C]O uzuj <u37 xt — a7) a7
Sy wilut y — &) + T (uly — )
= 23 wilu,y —af).
Finally, from (15), (16) and (17), it follows that
ntq
0<2) wlor(@)llz’ -yl + (u', 2" — y) = 2(u,b)] <0, (18)
=0
which is impossible. [

As a consequence of Theorem 2.7, we have the following results.
Corollary 2.8. Let {u'} C R"™ be such that u* € T¢(z") and {z'} C DT converges
tox € ODT.
(1) IfTe(x) # 0, then every cluster point of {u'} belong to T*(x).
(2) IfTe(x) =0, then {u'} is unbounded.
Proof. For the first item, take a cluster point u of {u‘}. Without loss of generality,
we can consider that {u'} converges to u. The statement follows because
(', y —2') + (v,2" —y) <or(y)lla’ -yl V(y,v) € T.

For the second item, suppose that {u’} is bounded, taking u, a cluster point of {u’}
and using the same argument as in the previous item we have a contradiction. [
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Now, we are able to prove that T° has the same property as T for the monotone
case, when o7 is bounded.

Theorem 2.9. Let T' C R™ x R™ be a or monotone operator, or is a bounded
function and (z,u) € (D(T°)\ D(T)) x R™.
(1) T'=TuU{(z,u)} is op monotone if and only if u € T°(Z).
Moreover o () = op(z) Yo € D(T).
(2) T =TuU({z} x T%x)) is o4 monotone. Moreover oz(x) = or(z) Va € D(T).

(3) TcT cTc(T)c(T)cTe.

Proof. Note that, from the boundedness of o7 and definition of 7" and 7', we have:
(a)  There exists M > 0 such that op(z) € [0, M] Vx € D(T).

(b) T(x)=T'(x)=T(x) and op(z) < op () < op(z) Vo € D(T)

If we prove o4(z) < op(x) Vo € D(T), then or(x) = op(z) = op(z) Vo € D(T).

Indeed,talging z e D(T),ify e D(T)\{z} = (D(T)\{z})U{z}, then y € D(T)\{z}
or y = . So,

sup (u, ||y_x||>+ sup (v, :y\|> <or(z) Yy € D(T)\ {z}.
weT(z) Yy veT(y) Yy
Ify =z sup (u, =— o) + sup (v, o) < or(x)
ueT(z) veT(z)

(z) and T'(z) = T(z) Yz € D(T)). Tt
implies that o4(z) < op(x). So, op(z) = op(x) = op(x) Vo € D(T).

(1) If 7" is o7 monotone, then

(,y =) + (v, 7 —y) <min{or (), 00 (y)} ||y — zl| < or(y)lly — 2|
for all (y,v) € T. This implies that u € T¢(z).
If w € T¢(x), we only need to prove that o7(Z) < +oo. Indeed,

(@ =) + up (v (v, =) Sorly) <M vy € D(T).
ve y

This implies that o (z) < M < +o0.

>—i— up < Ty ) < or(y) < M. This implies

(2) Ifye DT, sup< Tz =yl

wet (@ || - _||
that 04(Z) < M < —|—oo, because T(& ) = TC( ) and T(y) = T(y).

(3) Follows from definitions of T, T", T and F¢ for F € {T,T',T}. O

When T C R” x R" is a op monotone, D(T) = D(T¢) N DT, we use the following
operator (introduced in [9]):

T'x) ={u € R": (u—v,y — z) < min{or(x), or(y)}ly — =|| Y(y,v) €T} (19)

Corollary 2.10. Take (z,u) € D(T)XR"™ and T" = TU{(z,u)}. T" is op» monotone
if and only if u € T"(Z). Moreover, T =T U ({Z} x T"(Z)) is o7 monotone.
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Proof. The statement follows because T'(z) C T"(z) C T¢(z) Vo € D(T). Use
Definition of 7" and Theorem 2.9. ]

Definition 2.11. An operator 7' C R" x R" is called mazimal or monotone, if
) # DT C D(T) C DT and if there exist other o monotone F such that T C F,
then T'= F.

Proposition 2.12. Let T C R" x R" be an operator satisfying the inclusion
DT C D(T) = D(T°) N DT. T is mazimal o7 monotone if and only if T = T".

Proof. It was proved in Proposition 3.2 in [9]. O

Theorem 2.13. Let T be a or monotone operator. If DT # O and if or is
bounded, then T' has at least one mazimal or, extension T, of T, which satisfies
DT c D(T.) = D(T°) N DT and or,(x) = or(x) Vo € D(T).

Proof. The proof requires Zorn’s Lemma. Consider

T CF CTe F isor monotone,
P=<FCR"xR":

D(F) Cc D(T°)N DT, or = or on D(T)

P is endowed with the order defined by inclusion, so P is partially ordered and not
empty (since T' € P). Let Q = {F}}icr C P be totally ordered (a chain), it is easy to
see that F' = U1 F; is an upper bound of ¢). This implies that P is inductive. By
Zorn’s Lemma, P admits a maximal element. Denote by T, a maximal element of P.
We prove that D(T,) = D(T¢)N DT, by contradiction. We suppose that there exists
x € D(T°) N DT such that « ¢ D(T,), then for any u € T°(x), from Theorem 2.9,
we have that (T.) = T, U {(z,u)} € P. This contradiction implies (because T is a
maximal element) D(T,) = D(T¢) N DT.

Now, we prove that (T,)" is o7, monotone. Since T'(z) C T"(z) and T"(z) is convex,
then (1.)"(z) = Useo,1)(tTe(z) + (1 — t)(T.)"(z)). From definition of 7", we obtain

(1) @) =) + (L), (=) S minfor (). 0n ()} (20)
(T(w), L25) + ()" (), 22 0) S minfor (o). 0m ()} (21)

Multiplying 20 and 21 by ¢ and (1 —t) respectively and add them, and the fact that
(To)"(w) = Usepo)(tTe(w) + (1 — t)(T.)"(w), we have that

(T)"(2), o) + ()" (), =) < min{or, (), o7, ()} (22)

"y = =l = yll

But, equation 22 implies that (7})" is o7, monotone. Note that T, C (T,)", it
implies that (T.)" = ((T.)")* C (T.)". Since (T.)" is o7, monotone, we have that
(T,)" c (T.)" and so, (T,)" is maximal o7, monotone, because (T,)" = (T,)". [
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3. The problem

Let T C R™ x R™ be an operator. We are interested in the following two problems:
(FPP(T)) Find x e R": x € T'(z), (23)
(ZIP(T)) Find z € R": 0 € T(x) (24)

The following result is well known (it is given without proof) and establishes the
relation between FPP(T) and ZIP(T) problems.

Lemma 3.1. 0 € T(z) if and only if v € (I — \T')(z) YA # 0.

From now on, we consider only the Fixed Point Problem and the following assump-
tions:

[A1l] The operator ' C R” x R™ is maximal op monotone.
[A2] D(T) is a closed and convex set and () # int(D(T)).
[A3] o7 :D(T) — [0,+00) is upper semicontinuous function.
[A4] For each x € O(D(T)), T(x) is Motzkin decomposable.

The assumption A4, is suggested by Corollary 2.8 and may be, in this context is
superfluous (for example when 7' is the sub differential of a convex function and
D(T) C int(dom(f)), apparently the set of all cluster point, named C, of sequences
{u'} generated by images of convergent sequences {z'} C int(D(T)) (u* € T(2%)) to
x € 9(D(T)) is compact and T'(x) = C' + Np(r)(x)). Maybe it will be material for
a new research.

Lemma 3.2. Assume that T satisfies assumptions Al, A2, A3 and A4. The fol-
lowing statements hold.

(1) T has a closed graph.

(2) T is locally compact on int(D(T)).

(3)  SUpuep((u — 2,y —x) < +oo for each (z,y) € D(T) x D(T), where
B(x) = T(z) if z € int(D(T)) and B(x) is the compact part of the decompo-
sition if x € 0D(T). Moreover

sup (u —z,y —x) = sup (u—xz,y—z) Y(z,y) € D(T) x D(T).

u€B(x) ueT(z)

Proof. (1) follows from the assumption Al, A2 and A3. (2) follows from Al, A2

and Theorem 2.7. And the last item follows from A1, A2 and A4. O
Now, we define f : D(T') x D(T) — R as follows:
fla,y) = sup (u—z,y—2) (25)
ueT (z)

This function is important in order to transform the FPP(T) in an EP(f, D(T))
(more information about the EP, can be find in [3, 6, 7, 8, 9]), which is defined as
follows:

EP(f,D(T)) Find z € D(T): f(z,y) >0 Vy e D(T). (26)
We denote by S(EP(f, D(T))) the solution set of EP(f, D(T)).
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Lemma 3.3. Assume that T satisfies assumptions A1, A2, A3 and A4.
Ifz € S(EP(f,D(T))), then there exists u € T'(x), such that

(u—z,y—7) >0 Yye D(T).

Proof. From item 3 of Lemma 3.2, we can consider B(x) instead of T'(x). Assume
by contradiction, that the conclusion is not true. For every u € B(Z) there exists
Yy € D(T) and €, > 0 such that

(U—T,yy — T) < —€.

For each u € B(z), consider S(yu,€,) = {v € R": (v —Z,y, — T) < —¢,}. Since
B(z) is nonempty and compact, and B(Z) C J,er S(Wu, €u) (it is {S(Yu, €u) fuer is
an open cover of B(Z)), then there exists a finite subcover

q

B(J_I) - U S(in7€7.Li>'

=1

Take € = min;e(y ... gy €u,, then mineqr ... gy (u — Z,y,, — T) < —€ Yu € B(z). From
standard result of convex analysis [[10], Theorem 21.1] that there exist positive
real numbers {o;}7 ; (without loss of generality consider ) ! ; a; = 1) such that

! ai(u—z,y,,—T) < —e. Taking g = > ! | a;yy,, we have that (u—7,7—7) < —e¢
Vu € B(Z). This implies that f(Z,y) < —¢, which is impossible, and so the proof is
complete. Il

Theorem 3.4. Assume that T satisfies assumptions A1, A2, A3 and A4. Let x and

y be two points in D(T).

(1) xe€T(z) if and only if x € S(EP(f, D(T))).

(2) If f(z,2) <0 for all x € D(T), then z € T(z).

Proof. (1) If z € T(x), it is easy to verify that = € S(EP(f, D(T))). Conversely,

if v € S(EP(f,D(T))), from Lemma 3.3, there exists u € T'(x) such that we have

(u—z,y —x) >0 for all y € D(T'). The statement follows now dirctly because,
(#,y —a) +{v,2 —y) < (w,y = 2) + (v,x —y) <minf{or(z), or(y)} |z -y

for all (y,v) € T.

(2) If f(z,2) <0 for all z € D(T), then (u — z,z —z) < 0 for all (z,u) € T.

The statement follows because, (u — z,z —x) < (u — 2,z —2) + (z — 2,2 —x) =

(u—x,z—2z) <0 <min{or(z),or(z)}|z — 2| for all (z,u) e T. O

The following results appear as hypotheses to guarantee that FP(f, D(T)) has a

solution (for more details see, for instance [3], [6], [7], [8], [9] and references therein).

Lemma 3.5. Assume that T satisfies the assumptions Al, A2, A3 and A4. The
following statements hold.

(1)  f(z,x)=0Vz e D(T).

(2)  f(z,-) : R" = R is convex and continuous function for each x € D(T).
(3) Foreachye D(T): Up(y) ={x € D(T) : f(z,y) > 0} is closed.

(4)  For each finite set {x'}i™, C D(T): co{a'}i™, C UM Us(z")
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Proof. (1) and (2), follow from the definition of f. (3) follows from (1) of Lemma
3.2 and the last item follows from (2) of this Lemma. N

The next result is the key for the existence of solution of our equilibrium problem.

Lemma 3.6. ([5], Lemma 1) LetY be an arbitrary subset of R". For eachy €Y,
consider a closed subset C(y) of R™. If the following two conditions hold:

(C1) the convex hull of any finite subset {x1,..,x,} of Y (co{xy,....,x,}), is con-
tained in | J;_, C'(z;),
(C2) C(x) is compact for at least some x € Y,

then ﬂyGY Cly) #0

Now, take some z € D(T') and for each n € N we consider r, = ||z|| + n and
D,, = CB(0,r,) N D(T).

Lemma 3.7. Assume that T' satisfies assumption A1, A2, A3 and A4. If D(T) is
bounded, then T" has at least one fixed point..

Proof. It follows by applying Lemma 3.6 with C(y) = Uy(y) for all y € D(T). O

Now, we consider another assumption, called separation property, because when
x ¢ T(x) and T'(z) is nonempty closed and convex, we can separate z and T'(x).

[A5] For each sequence {x,} C D(T) such that z, ¢ T(z,) and ||z,|| — +oo,
there exists m € N and g € D(T) N B(0, ||x||) such that {z,,} and T'(x,,)
are separated by the hyperplane containing z,, and the normal vector i — z,,.
This means (4, § — Tym) < (T, § — ) Yu € T(x,).

Theorem 3.8. Let T be satisfying assumption Al, A2, A3, A4 and A5. Then the
mapping T has at least one fized point.

Proof. Take z € D(T). Consider r, = ||Z| +n, K, = D(T)n CB(0,r,) for
each n € N. Applying Lemma 3.6 for each n € N (considering EP(f, K,)), we
have that S(EP(f, K,)) # (. Now, take 2" € argmin{||z| : * € S(EP(f, K,))}.
The statement follows if there exists m € N such that 2™ € T'(2™). Otherwise
(when 2™ ¢ T'(2™) Vn € N), we claimed that {z"} is bounded. By contradiction,
suppose that {z"} is unbounded. From assumption A5, there exists m € N and
y € D(T)n B(0, ||z™||) € K,, such that (u — 2™,y — 2™) < 0 Yu € T'(2™). This
implies that f(z™,y) < 0, here 7 is a local minimizer of f(x™,-), because we have
™ e S(EP(f,K,)). So, y is a global minimizer, because f(z™,-) is convex. This
is a contradiction, because from Theorem 2.13 we have that ™ € T'(z™). Finally,
taking y € D(T'), for each n € N such that r,, > ||y||, we have that 2™ € U(y). Any
cluster point of {z"} belong to Us(y). This implies that S(EP(f, D(T))) #0. O

4. The general case

In this section, consider 7" C R™ x R", associated to T', we consider the following
operator T° : R = R", defined by

T°(z) := co(T(x) N CB(0, ||z||)).
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Lemma 4.1. Let T be an operator and T° its associated operator. The following
statement hold.

(1) D(T°) c D(T).

(2)  The operator T° has conver and compact values.

Proof. Follows directly from the definition of 7° ]

Corollary 4.2. For each x € D(T°) we have that T°(z) is nonempty conver and
compact.

Lemma 4.3. Let A be a subset of R" and x € colANCB(0,r)). If ||| =, then
z € A.

Proof. Note that co(ANCB(0,r)) C CB(0,r). If ||z|| = r, then x is a an extremal
point of ANCB(0,r). And so the statement follows. O

The following result is the key in our analysis.

Theorem 4.4. Let T" be an operator with closed images and T° its associated op-
erator. The following statements are equivalent.

(1) =z is a fized point of T
(2) x is a fized point of T°.

Proof. Evidently (1) implies (2). The converse implication follows from the previ-
ous Lemma. O

Now, we are able to establish a necessary condition for the existence of fixed point
of mapping 7.

Theorem 4.5. (Necessary condition) Let T be an operator with closed images and
T° its associated operator. If T has at least one fized point, then D(T°) # ().

Proof. The statement follows because x € CB(0, ||z||) for all x € R™, O

Lemma 4.6. For each x € D(T°) and each y € R™, the following equality holds

—00 < sup (r —u,y—z)= sup (v —u,y—1x) < +oo. (27)
weT (z)NCB(0,||z) weT°(x)

Proof. If z € T°(x), then ) # T'(z) N CB(0, ||z||) € T°(x). Moreover, we derive
that T'(x) N CB(0, ||z||) and T°(z) are nonempty compact sets. Hence, there exist

v, € T(xz) N CB(0, ||z]|) and u, € T°(x) such that

sup (& — v,y —a) = (¢~ v,y — )
v TECHO IR

sup (x —u,y — ) = (T — Uy, y — )
ueT°(x)

—00 < (T — vy, y —x) < (T —uy,y —x) < +00.
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Here, u, = 1 avy, v}, € T(x) NCB(0, [|z]]), a; > 0 Vi and Y !, oy = 1. So,

(x—v),y—x) < (x — v,y —z) Vi
(v — aw),y — ) < (r — vy, y — x) Vi
(O iy i — 30 oziv;, y—x) < (i qr =Dl vy, Y — )
(x —uy,y — x) < (x — vy, y —x)
(x —vy,y — ) = (x —uy,y — x).
So, the statement follows because
sup (x —u,y —z) = (x — vy, y — ). O
weT(z)NCB(0,||z])
Define f: D(T°) x R* — R as follows
fl@y)= sup (z—uy—ux) (28)
ueT°(z)

The following Lemma is a direct consequence of the definition of function f.

Lemma 4.7. (1) f(x,2) =0 Vz € D(T°).
(2)  f(x,:) : R"™ = R is convex and continuous function for each x € D(T°).

The following result is equivalent to the Lemma 3.3. The proof is included here by
completeness.

Lemma 4.8. Let FF C R" be a nonempty convex set. If there ezists T € D(T°) such
that f(z.y) > 0 Yy € F, then there exists u € T°(x), such that

(x—u,y—7)>0 YyeF.

Proof. Assume by contradiction, that the conclusion is not true. Then for every
u € T°(x) there exists y, € F' and €, > 0 such that

(T —u,yy — T) < —€,.

For each u € T°(Z), consider S(y,,€,) ={v € R" : (T —v,y, — T) < —€,}.

Since T°(z) is nonempty and compact and T°(Z) C J,eqo S(Yu,€u) (note that
{S(Yu, €u) }uere is an open cover of T°(z)), then there exists a finite subcover

q

7°(z) C | S, €u,)-
i=1
Take € = minjeq,.. g} €y, then mineqr .. 3 (T — w90, — ) < —€ Yu € T°(z). A
standard result of convex analysis [10, Theorem 21.1] implies that there exist positive
real numbers {a;}{_; (without loss of generality consider > 7 | a; = 1) such that

23:1 Oéi<j — Uy Yu; — ‘f> < —e.
Taking § = Y ¢ | a;yu,, we have that f(Z,y) < —e, which is not possible, and so the
proof is complete. [
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Theorem 4.9. Let T be an operator with closed images, let F' be a convex set and
let © € R™ be such that T°(x) C F. The following statements are equivalent.

(1) zeT(x).

(2) € D(T°) and f(x,y) >0 Vy € F.

Proof. (1) = (2): If x € T'(z), then € T°(x). This implies that x € D(T°) and
flr,y) >0Vy € F.

(2) = (1): If x € D(T°) and f(x,y) > 0 Vy € F, then from Lemma 4.8 there exists
u € T°(z) such that (x —u,y —x) > 0 Vy € F. Since T°(x) C F, then u € F.

By taking y = u, we have that x = u, implying that « € T°(x). This means that
z €T (z). O
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