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1. Introduction

We study the existence of solutions of the following implicit obstacle problem of the
fractional Laplacian type involving a Clarke’s generalized gradient. Precisely, we
consider the following problem:

Problem (P): Find u : RY — R such that
(Lxu)(x) +9j(z, u(x)) +&(x) 3 f(z)  nQ,
u=20 in Q°, (1)

(/RQN(“(I’) —u(y))’K(z —y) cl:vdy>é < Ulu),

where € is an open bounded set in RY with Lipschitz boundary 99, f € L*(Q),
Q=RN¥N\ Qand U : L*(N) — R is a given function.
* Corresponding author.
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Here, Lk represents a nonlocal operator defined by
Lru(x) = —/ [u(z +y) +ulr —y) — 2u(x)|K(y) dy for ae. xRN, (2)
RN

where K : RNV \ {0} — (0, 4+00) is a function satisfying some appropriate conditions
which will be specified later. The operator dj(x,-) denotes the Clarke’s generalized
gradient of a locally Lipschitz function j(z,-) : R — R; and & € Neg)(u) C L),
where Ne(y)(+) is the normal cone of the set

C(u) :={veLl*(Q):v=0inQ° L(v) < U(u)}

2N

at the point v € C(u), with L(v) := (/ (v(x) —v(y))*K(x —y) dxdy)
R

Problem (P) has been studied recently by Motreanu et al. [28], and by Migorski et

al. [24] without the condition

1
([ w0~ a2t = ) ) < U
R
in the particular case where Ly is the fractional Laplace operator defined by

(—A)u(r) = — / u(@+y) + ulz —y) — 2u(z)

RN ‘y|N+25

ie. K(y) = |y~ ™+2) for all x € RV \ {0}, where s € (0,1) and N > 2s.

The generalized fractional Laplace operator Lx in problem (P) is characterized by
its nonlocality coming from the fact that the values of the solution are not just
point wise but are in the whole space RY. This special feature of the operator £x
makes partial differential equations involving nonlocal operators more appropriate
to describe complex systems in various fields such as finance, population dynamics,
image processing, game theory, phase transition, obstacle problems etc., see e.g.
[1, 3,4, 5,6, 22, 29, 41] and the references therein.

Different methods have been used to study the existence of solutions of systems
driven by nonlocal operators and involving a Clarke’s generalized gradient. For in-
stance, Ten [38] and Xi et al. [39] used nonsmooth critical point theory to obtain
multiplicity of weak solutions of hemivariational inequalities driven by the fractional
Laplacian operator (—A)®. Liu and Tan [21], Liu et al. [20] and Motreanu et al. [2§]
employed a surjectivity result on pseudomonotone perturbations of maximal mono-
tone operators. The theory of hemivariational inequalities has been introduced and
studied since the 1980s by Panagiotopoulos [30, 31, 32] as a generalization of varia-
tional inequalities with the aim to model many problems coming from mechanics and
economics when the energy functionals are non-convex, it is based on the Clarke’s
subgradient for locally Lipschitz functionals, see [33] and the references therein.

dy,

In this paper, we use a different method to study the existence of solutions of sys-
tems governed by nonlocal operators than the ones quoted in the references above.
It is based on the Ky Fan minimaz inequality approach and recent developments in
that theory. The main advantage of this method is that it helped us to reduce con-
siderably the assumptions on the data of the problem in comparison with previous
studies.
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By Ky Fan minimaz inequality, we mean the problem of finding u € C' such that
O(u,v) >0 forallveC, (3)

where C' is a nonempty, closed and convex subset of a Banach space X, and
® : C x C — R is a real-valued bifunction such that ®(v,v) = 0 for all v € C.
First existence results for the inequality (3) were obtained by Ky Fan [11]. This
inequality appears to be a cornerstone in nonlinear analysis since it plays an impor-
tant role in many fields, such as variational inequalities, game theory, mathematical
economics, optimization theory, and fixed point theory. Nowadays, it is widely
known within the literature as equilibrium problem, see [2], where further particular
cases have been considered. Mosco [27] and Joly-Mosco [14] introduced a general
formulation of the inequality (3) described by the sum of two bifunctions which they
called implicit variational problem. It is currently known in the literature by mixed
equilibrium problem and it consists to find u € C' such that

O(u,v) + ¥Y(u,v) >0 forallveC, (4)

where &, ¥:C x C' — R are two real-valued bifunctions with ®(v,v) = ¥(v,v) =0
for all v € C and satisfying separate properties. The constraint

(/Rzzv (u(x) —u() K (@ — ) d:cdy) < U()

in problem (P) depends on the unknown state variable u, therefore for our study we
shall use a mixed quasi-equilibrium problem formulation: Find v € C'(u) such that

O (u,v) + ¥(u,v) >0 forall v e Clu). (5)

The existence of solutions of problem (5) relies on a fixed point theorem which
requires, among other properties, the convexity of the solution set of the problem
(4), considered here as a variational selection of (5). In literature, this property
is usually obtained by assuming some monotonicity conditions on the data of the
problem and a Minty’s formulation, see e.g. [15, 16, 17] and the references therein. In
comparison with a recent study in [28] on the existence of solutions of problem (P),
the approach developed in this paper leads us to relax considerably the assumptions
on the data of the problem and to avoid any monotonicity condition, especially
the one obtained by adding a specific assumption on j(z,-) usually called relazed
monotonicity condition.

The paper is organized as follows: In Section 2, we give some concepts and pre-
liminary results that will be needed for the development of our results as well as
some basic facts from the theory of nonlocal operators. In Section 3, we formulate
problem (P) as a Ky Fan minimax inequality problem and we study its existence by
introducing an auxiliary problem. The existence of solutions of the auxiliary prob-
lem is studied by means of a variational selection procedure and the Kluge’s fixed
point theorem. We end the paper by some comments and comparisons with recent
results in literature on the existence of solutions of systems governed by nonlocal
operators showing the interest of the approach developed.

2. Preliminaries

Let X be a Banach space and X* be its topological dual. By (-,-)x we denote the
duality pairing between X* and X. The norms of X and X* are denoted respectively
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by ||| x and [|-||x+. For each subset M of X, we denote by conv(M) the convex hull of
M and by M€ the complementary set of M. We shall denote by F (M) the family of
all finite subsets of M and by By (x0, R) the closed ballin X of center xy and radius R.
For a set-valued mapping A : X — 2%" we denote by D(A) := {z € X : A(x) # 0}
the domain of A, and by G(A) := {(z,2*) € X x X* : x € D(A) and 2* € A(x)} the
graph of A. For a sequence {u, },en C X, we use the standard notations w,, — u and
u, — u to denote, respectively, the strong convergence and the weak convergence of
{tn bnen to u. Let J : X — 2% be the duality mapping defined by

%. and ||z*|

J(x)={a" € X" : (", 2)x = [|2"] xo = |lzllx}.

By Hahn-Banach theorem, J(z) # ) for any x € X. We assume that the space
X has been renormed, so that X and its dual space are locally uniformly convex.
Therefore, the duality mapping J is single-valued, continuous, see [40].

Next, we briefly survey some notions on nonlinear operators. For more details, we
refer to the book by Zeidler [40].

Definition 2.1. A mapping A: D(A) C X — X* is said to be
(i)  monotone, if for any u,v € D(A), the inequality (A(u) — A(v),u —v)x >0
holds;

(ii)  mazimal monotone, if and only if A is monotone and (u* — A(v),u —v)x >0
for all v € D(A) implies u € D(A) and u* = A(u).

Definition 2.2. A mapping A : X — X* is said to be

(i)  pseudomonotone in the sense of Brézis, if for any sequence {z, } ey C X with
r, = 2 in X and limsup,,_, , . (A(z,), 2, — z)x <0, we have

liminf<A(xn),:pn —y)x > (A(x),z —y)x, for all y € X;

n—-+0oo

(ii)  demicontinuous, if x, — x in X implies A(z,) — A(x) in X*;

(iii) hemicontinuous (respectively, upper hemicontinuous), if for all xz,y,z € X,

the functional ¢ — (A(x +ty), z) x is continuous (respectively, upper semicon-
tinuous) on [0, 1].

Now, we recall the concepts mentioned above for real-valued bifunction considered
within the literature in the recent years. Most of these notions were inspired by simi-
lar monotonicity /continuity concepts defined for operators acting from a topological
vector space to its dual space, see for instance [2, 12].

Definition 2.3. Let & : ' x ' — R be a real-valued bifunction, where C' is a
nonempty, closed and convex subset of X. Then & is said to be

(i)  monotone, if for all z,y € C' we have ®(x,y) + ®(y,x) < 0;

(ii)  pseudomonotone in the sense of Brézis (for short, B-pseudomonotone), if for

any sequence {x,},eny C C such that z,, = x in X and limJirnfq)(xn, x) >0,
n—-+0oo

we have limsup ®(x,,y) < ®(z,y), Vy € C;

n—-+00
(iii)  hemicontinuous (respectively, upper hemicontinuous), if, for all x,y, z € C, the
functional ¢t € [0,1] — ®(tz + (1 — t)y, z) is continuous (respectively, upper
semicontinuous) on [0,1].
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Remark 2.4. (a) Let A : X — X* be a pseudomonotone operator in the sense
of Brézis. Then the bifunction ® defined by ®(z,y) = (A(x),y — z)x is B-pseudo-
monotone, as can easily be seen.

(b) If the bifunction ® : C' x C' — R is Ky Fan hemicontinuous (see [37, Definition
2.1] and [23, Definition 2.2] for operators), i.e. for each y € C' the function ®(-,y) is
upper semicontinuous with respect to the weak topology o(X, X*) of X, then it is
B-pseudomonotone. The converse is not true, this has been shown by Steck [37] in a
counter example to a claim in a paper by Sadeqi and Paydar [35] on the equivalence
of the two properties for operators.

(c) If &, ¥ : CxC — R are two real-valued B-pseudomonotone bifunctions such that
O(z,x) <0 and ¥(z,z) <0 for all z € C, then & + ¥ is also B-pseudomonotone,
see [9]. O

Now, we recall the concept of maximal monotonicity for bifunctions.

Definition 2.5. [2] Let C' be a nonempty, closed and convex subset of X and let
® : C' x C — R be a real-valued bifunction such that ®(z,x) = 0 for all z € C.
® is said to be mazimal monotone, if for every x € C' and for every convex function
¢ : C'— R satisfying ¢(x) = 0, we have

Oy, r) <p(y), forallyeC = 0<®(z,y)+p(y), foralyedC.

Remark 2.6. The notion of maximal monotonicity of bifunctions was introduced
by Blum and Oettli [2] as an attempt to extend to bifunctions the notion of maximal
monotonicity of operators. Another notion of maximal monotone bifunction has
been considered by Hadjisavvas and Khatibzadeh [13]. For a comparison between
these two notions and some related properties, we refer to [13] and the references
therein. For comments, examples and properties of maximal monotone bifunctions,
we refer to [7, 8. O

In the sequel, we shall need the following characterization of maximal monotone
bifunctions, see [8, Lemma 2.4].

Proposition 2.7. Let C be a nonempty, closed and convex subset of X and let
®:C xC — R be a real-valued bifunction such that ®(x,z) > 0 for all x € C.
Suppose that ® is upper hemicontinuous and convexr with respect to the second ar-
gument. Then it is maximal monotone.

We recall the following recent result on the existence of solutions of the generalized
Ky Fan minimax inequality (4), which will paly a significant role in the proof of the
main result of this paper.

Theorem 2.8. [8, Theorem 2.3] Let C be a nonempty, closed and convex subset of
a reflexive Banach space X, and &,V : C x C' — R be two real-valued bifunctions
such that ®(z,z) = V(z,x) =0 for allz € C. Let J : X — X* be the duality
mapping. Suppose that

(i) @ is monotone and maximal monotone;
(ii) U is B-pseudomonotone;

(ili) @ is weakly lower semicontinuous with respect to the second argument;
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(iv) For each N € F(C), the function x € C — V(x,y) is upper semicontinuous
on conv(N) for each y in C;

(v) @ and U are convex with respect to the second argument;

(vi) (Coercivity) there ezist a nonempty weakly compact subset W such that for
each € > 0 (small enough) there exists a weakly compact conver subset B. of
C' such that, for each x € C'\ W there exists y € B, satisfying the inequality

V(z,y) +e(T(x),y —2) < (y,x).
Then, there ezists © € C' such that ®(z,y)+¥Y(z,y) > 0 for ally € C. Furthermore,
the solution set is weakly compact.

Remark 2.9. (a) If C is assumed to be bounded in X, then the coercivity assump-
tion (vi) in Theorem 2.8 can be dropped.

(b) The coercivity condition (vi) in Theorem 2.8 is satisfied if we suppose that there
exists yg € C such that

Y(z,y0) + (T (@), 50 — )
Iz = yollx

For the proof, see [8, Remark 2.5 (c)]. O

X — —oo uniformly in € > 0 if ||z — yol|x — +o0.  (6)

For the convenience of the reader, we recall here some basic tools from nonsmooth
analysis.

Definition 2.10. [10] Let ¢ : X — R be a locally Lipschitz function, i.e. for
every u € X there exists a constant [, > 0 and a neighbourhood O of u such that
|Y(v) — Y(w)| < l||lv — w||x for all v,w € O. The Clarke’s generalized directional
derivative of 1 at the point v in the direction v is defined by

U(w + 1) = ¥(w)
4

VP (u;v) := limsup
w—u, t}0

The generalized Clarke gradient 0v: X — 2% of ¥: X — R at u€ X is defined by
onp(u) == {u* € X*: ¢°u;v) > (u*,v), Yo € X}. O

The next two propositions provide important properties of the Clarke’s generalized
directional derivative and the generalized gradient.

Proposition 2.11. [10, Proposition 2.1.1] Let ) : X — R be a locally Lipschitz
functional of constant L, near the point u € X. Then,

(i)  The function v € X — ¢°(u;v) is finite, positively homogeneous, sub-additive
and satisfies |[°(u;v)| <1, ||v|lx;

(i)  ¥°(u;v) is upper semicontinuous as a function of (u,v).

Proposition 2.12. [10, Proposition 2.1.2] Let 1) : X — R be a locally Lipschitz
functional of constant l, near the point u € X. Then,

(i)  OY(u) is a convex, weak™ compact subset of X* and

x+ <, forallu® € 0Y(u);

[u"]
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(ii)) For each v € X, one has
V0 (u;v) = max{(u*,v) : u* € Op(u)}.
We recall the Kluge’s fixed point theorem [18] that will be needed in the sequel.

Theorem 2.13. LetC be a nonempty, closed and convex subset of a reflexive Banach
space Z and T : C — 2° be a set-valued mapping. Suppose that for every w € C,
the set T(w) is nonempty, closed and convez, and that the graph of T is sequentially
weakly closed. If T(C) is bounded, then the set-valued mapping T has at least one
fized point in C.

We recall the following continuity property introduced by Mosco [26].

Definition 2.14. Let K and D be nonempty closed and convex subsets of Banach
spaces X and Y, respectively. A set-valued mapping F' : K — 2P is said to be
M -continuous if the following conditions hold:

(i)  For v, € F(u,) with v, — u and v, — v, we have v € F(u).

(i) For any sequence {up}neny C K with u, — u, and for each v € F(u), there
exists {vy, fnen such that v, € F(u,) and v, — v. O

We end this section by recalling some basic facts from the theory of nonlocal oper-
ators that will be used throughout the paper.

Let Q C RY be a bounded domain with Lipschitz boundary 9. Let s € (0,1) and
2% the fractional critical exponent defined by

=, if 25 <N,
400, if 2s > N.

2F =

s

Let B be the subset of R*" defined by B := (RY \ Q) x (RN \ Q) and let us set

Q = R?V\ B. In the rest of the paper, we will always suppose that the function
K :RY\ {0} — (0, +00) satisfies the following assumption:

[Ax] (1) p()E() € LYRY), where pu(z) = min{L, [z[*};
(i) Jec > 0 such that K(z) > c|loz|V+29) vz € RV \ {0};
(iii) K(z)= K(—z), Vo € RV \ {0}.
We consider the function space
W = {u:RY — R measurable | u|q € L*(Q) and (u(z) — u(y))’K (z — y) € L*(B)},

where K : RV \ {0} — (0, +00) satisfies assumption [Ax] and u|q means the restric-
tion of u to . The space W is endowed with the norm

1

b = o+ ([ (ue) = ()28 = )y torallw e W
B

see e.g. [1, 34] for more details. We shall work on the following subspace W, of W
which highlights the generalized Dirichlet boundary condition in problem (P)
Wo={ueW:u=0 ae. in Q°Y}.

Below, we present useful properties of the space Wj.
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Proposition 2.15. [1,36] Let s€(0,1), N>2s and Q C RY be a bounded domain
with Lipschitz boundary. Then,

(i) Wy is a Hilbert space endowed with the inner product
o= [ [ fule) —ulg)ot) o)) @) dudy for all u,v € W
RN JR

(ii) Forp € [1,2%], there exists a constant ¢, > 0 such that

ull Loy < ¢ llullwy  for all w € Wy;
(iii) Wy is compactly embedded into LP(RYN) for p € [1,27).

From Proposition 2.15(ii), we deduce that the norm || - [|w, on Wy associated to the
inner product (-, -)w, and defined by

fulbw, = ([ o) = u K e = ) oy

is equivalent to the norm induced by || - ||w. In addition, it is important to mention
that W is dense in L?(2) since C§°(12) is dense in Wy, see e.g. [36].

2

3. Existence of solutions

In this section, we study the existence of solutions of problem (P) by using an
auxiliary problem which existence of solutions will be investigated by means of recent
results on mixed equilibrium problems. We consider the following assumptions on
the data of problem (P).

[A;] j:Q xR —Rissuch that
(i) the function j(-,¢) is measurable on € for each ¢t € R and there exists
z(+) € L*(Q) such that j(-, 2(-)) € L' (Q);
(ii) j(z,-) is locally Lipschitz on R for a.e. z € Q;
(iii) There exist 8(-) € L*(2), with 8(z) > 0, and a constant a > 0 such that
€] < B(z) + «afs| for all £ € Jj(z,s) and a.e. x € Q.
[Ag] fe L)
[Ay] U : L*(Q) — (0,400) is a continuous mapping.
Further, define the function J : L?(Q2) — R by

J(u) = /Qj(:x,u(x))dx for all u € L*(Q). (7)

We have the following result, see e.g. [25, Theorem 3.47].

Proposition 3.1. Suppose that assumption [A;] holds. Then the functional J de-
fined in (7) satisfies the following properties

(i)  J s locally Lipschitz and there exists a constant c¢; > 0 such that
{ T usv) < ey (L |ullrz@)[vllez),  for all u,v € L2(Q);

(8)
1<l 220y < es (14 |lull2(e)) for all ¢ € 0J(u).
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(i)  For all u,v € L*(Q) we have
Pluo) < [ P ulw)iv(e) de
Q

In the sequel, we define the set-valued mapping C' : W, — 20 by

Clu) = {v e Wo: fvllw, < U(u)} (9)

Remark that the set C'(u) is exactly the one considered in problem (P) and it is a
nonempty, closed, convex and bounded subset of Wy, moreover we have Oy, € C(u)
for each u € W.

Proposition 3.2. If assumption [Ay| is satisfied, then the set-valued mapping
C : Wy — 2™ defined by (9) is M-continuous.

Proof. Let v, € C(u,) such that u, — u and v, — v. Let us verify that v € C(u).

Since Wy is compactly embedded in L?*(€2), it follows that u,, — u in L*(2). Hence,
from [Ay] we deduce that U(u,) — U(u). On the other hand, as v, € C(u,), we
get ||vn|lwy < U(uy,). Therefore, ||v||w, < liminf ||v,|lw, < limU(u,) = U(u) which
implies that v € C(u), and hence condition (i) of Definition 2.14 is satisfied. Now,
let {uy, }nen € Wo such that u, — vand let v € C(u). As Wy is compactly embedded

in L(2), we have un — w in L*(Q). Set v, := U(EL"))'U We have v, € C(u,) and
[0, — v|| = |Z2)=U014||. It follows from [Ay] that lim ||v, — v| = 0 and hence
condition (ii) of Deﬁnltlon 2.14 holds. O

Now, let u € Wy such that the relation given by problem (P) holds. Multiply both
terms of the relation (Lxu)(z) + 0j(z,u(x)) + &(x) > f(z) by v(z) — u(x) and
integrate over 2, where v € C'(u) be an arbitrary element, we obtain

éwmmmww—wmm+/m>u —ule)de + [ €)ola) —u(e)da
/f ~ u(a)]de (10)

where £ € Ney(u) and 1 : @ — R is a function such that n(z) € 9j(x,u(x)) for
a.e. x € (2. From the definition of W, we get

l}cKuxxnvu»—w«xndx=:A;gﬁKuXxnvua—w«xndx. (1)

On the other hand, Proposition 2.12 (ii) implies that

/n(ﬂﬁ)[v(fﬂ) — u(x)]dr < /jo(%U(x);v(w) — u(z))dz, (12)
Q

Q

and as £ € Ng)(u) we obtain

[}umm»—mmwxsu (13)

Therefore, from relations (10)—(11) problem (P) becomes
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Problem 3.3. Find u € C(u) such that

/ (Cxcu)(@)[v(x) — u(2))de + / J(a, u(w); o(z) — ule))de
> / f(@)[v(z) —u(x)]dz  for allv € C(u)
Q

Assuming that the hypothesis [A;] holds, then from Proposition 3.1 (ii) we get

/Q 5 ulz); v(z) — u()) dr > J°(u; v — u),

where J(-) is the functional given in (7). Therefore, the solvability of problem (3.3)
is obtained by the one of the following auxiliary problem

Problem 3.4. Find u € C(u) such that, for allv € C(u),
/ (Lxew)(@)o(x) — w(@)]de + J(u; v — u) > / f@)ole) - u(@)dr  (15)
R Q
Let us define the linear operator A : Wy, — W/ by

(A(u), v)w, = / (Lgu)(x)v(z)dx for u,v € W,

RN

then the auxiliary problem (3.4) can be written as the following:
Find u € C'(u) such that, for all v € C(u),

(A(w),v — uhw, + (w0 —w) > (f,v — u)r2). (16)
The operator A satisfies the following properties.

Proposition 3.5. If [Ak]| holds, then the linear operator A:Wy — W is monotone
and continuous.

Proof. Let u,v € Wy, then from the definition of Lxu we derive that

(.o == [ [ e )+ ute =) = @@ ) dyd,
Hence,
(.o == [ [ e ) = @)K )dyda
- [, [ e =) = @@ o) dyd.

By using [Ak](iii) and a change of variable, we obtain

(.o = [ [ [u6e) = allo(o) = DK = ) duds = (o,

It follows that
(A(u), w)wy, = llully, and  [JA(u)|lwg = llullw, forallu e Wy, (17)



O. Chadli et al. /A Ky Fan Minimaz Inequality Approach ... 195

Hence, the first equality in (17) implies that the operator A is (strongly) monotone,
and the second one implies that A continuous since it is linear and bounded. ]

Now, we consider the bifunctions ®, ¥ : Wy x Wy — R defined for u,v € Wy by
D(u,v) = (A(u),v — uwy, + (fsu — V)20 and ¥(u,v) = J(u;v — u).

In order to study the existence of solutions of the problem (3.4), we consider the
following parameterized family of mixed equilibrium problems:

Problem 3.6. Given z € Wy, find u € C(2) such that
O (u,v) + V(u,v) >0 for allv € C(2). (18)

We shall denote by S(z) the solution set of the mixed equilibrium problem (3.6) and
by S := UZGWO S(2).

Theorem 3.7. Suppose that the assumptions [Ak| and [A;] are satisfied. Then
S(z) # 0 for any z € Wy. Furthermore, if 1 — cyc3 > 0, then

S:= U S(2) C Bw, (Ow,, Ry), where Ry = (11l o) +c")62,

1 —cyc?
zeWy 2

Proof. We shall apply Theorem 2.8 with C' = C(z) and X = W, where W, is
endowed with the week topology. Note that C'(z) is a weakly compact subset of W
since it is a closed, convex and bounded subset of W,. Therefore, by Remark 2.9(a)
we only need to verify that conditions (i) to (v) of Theorem 2.8 are satisfied. First,
it is easy to see that conditions (iii) and (v) of Theorem 2.8 hold. On the other
hand, form Proposition 3.5 we have that the operator A is monotone and contin-
uous, this implies that the bifunction ® is monotone and (upper) hemicontinuous.
Consequently, by using Proposition 2.7 we deduce that ® is maximal monotone, and
hence condition (i) of Theorem 2.8 is satisfied. Now, let us verify that the bifunction
U is B-pseudomonotone. To this aim, thanks to Remark 2.4 (b), it suffices to show
that ¥ is Ky Fan hemicontinuous, that is W(-,v) is weakly upper semicontinuous
for each fixed v in C(z). Let {u,}nen C C(z) such that u, — u € C(z) and let
us verify that limsup,,_, o V(u,,v) < ¥(u,v) for all v € C(2). As u,, — u in W
and W, is compactly embedded in L?(2) (see Proposition 2.15 (iii)), we deduce that
u, — uin L?(2) for a subsequence. By using Proposition 2.11 (iii), we deduce that
lim sup,, ;o0 S (Un; v — u,) < J(u;v — u) and hence condition (ii) of Theorem 2.8
holds. Condition (iv) of Theorem 2.8 follows from the Ky Fan hemicontinuity of
V. Therefore, all the conditions of Theorem 2.8 are satisfied. We conclude that
S(z) # 0 for any z € Wy

Now, suppose that 1 — cyc3 > 0. Let u € S, then there exists z € W, such that
u € S(z). It follows that

O (u,v) + V(u,v) >0 for all v € C(2).
As Oy, € C(z), we get P(u,Ow,) + ¥(u, Ow,) > 0.
Hence we get —(A(u), w)w, + (f, w)r2(q) + J°(u; —u) > 0.

Accordingly, by using (8) and (17) we obtain

lullfy, < I ezl 2y + co (1 + full 2@l r2@)-
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Hence, from Proposition 2.15 (iii) we obtain the following estimate

lullivy, < 1l z2@callullw, + er(1 + callullw ) ezlullws,

This implies that ||ullw, < Collf Nz +esl Ry. Thus, S C By, (Ow,, Ro).

1—cey

The proof is complete. [

The following theorem establishes the existence of solutions of problem (P).

Theorem 3.8. Suppose that the assumptions [Ak], [A;] and [Ay] are satisfied. If
1 —cyc3 > 0, then problem (P) has at least one solution.

Proof. Following Theorem 3.7, we know that S(z) # () for any z € Wy and that

Si= UZGWO S(Z) C EWO(OWO? RO>> where Ro = w

2
1—cyc3

cr[1HFll L2 () <3] .
#2((2)2, and let us consider the
2

Let C := Wy x Bpaq)(0, Mp), where My :=

set-valued mapping
T:C—2° (z,0) T(2,9) = (u,Q(u))

where w is the (unique) solution of the following variational inequality problem:
Find u € C(z) such that for all v € C(z) we have

(A(u),v —u)w, + /

Q

p(x)[v(z) — u(z)]de > /Qf(%’)[v(x) — u(x)]dz, (19)
and Q : Wy — 2@ s the set-valued mapping defined for some R > 0 by

9J (u), if [lullw, < R
Q(u> - R .
0J(r—u), if ||u|lw, > R.

l[uull v

(20)

The solvability of the variational inequality (19) is obtained by using Theorem 2.8
with C' := C(z), X := W, and an appropriate choice of the bifunctions ® and W.
The uniqueness of the solution of the problem (19) is obtained by using relation
(17).

Now, let z and ¢ be arbitrary elements respectively in W, and B 20 (0, My), and
let u be the unique solution of the variational inequality (19) associated to z and ¢.

Since Oy, € C(z), we obtain from (19)

(@, w2 + (f;w)r2 ) = (Au), wywy-
It follows [[ullfy, < [Ifllr2() + [ellez@]llullrz@) < clllfllrz@) + lellrz@]lullw,
which implies [[ullw, < efl[fllr2@) + [lell2@] < clllfllz2@ + Mo]. (21)
Replacing M, by its value in the previous inequality, we obtain

[ullw, < Ro. (22)
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We choose R in (20) such that R > Ry. Hence, Q(u) = dJ(u). Let ¢ € Q(u), then
from (8) and (22) we get

IClle2@) < csll + lull2@)] < es[l + eaflullw] < e[l + caRol.
Remark that c;[1+cyRo] = My, it follows that Q(u) C By2(q)(0, My). Consequently,
T(C) C B, (Owy, Ro) X Bra)(0, M), (23)

and hence T(C) is bounded. Let us verify that the set-valued mapping T : C — 2¢
has a fixed point. To this aim, we shall use the Kluge’s fixed point theorem (Theorem
2.13). Note that C is a nonempty, closed and convex subset of Wy x L?(Q2). Moreover,
for each w = (z, ¢) € C, T(w) is a nonempty, closed and convex subset of W, x L*(Q)
since Q(u)=0J(u) is a closed and convex subset of L*(Q) (see Proposition 2.12(i)).

Now, let show that the graph of T is weakly sequentially closed. Let {wy,}nen C C
such that w,, = (z,, pn) = (2, %) and let 0,, € T(w,,) such that 0,, = (un, () — (u, ()
where u,, is the unique solution of the variational inequality (19) associated to z,
and ¢,, and ¢, € Q(u,) = 0J(u,). Let us verify that u is the unique solution of
the variational inequality (19) associated to z and ¢, and ¢ € Q(u) = dJ(u). As
0n = (un,Cn) € T(2n, pn), then u, € C(z,) and

(Aun), v = un)w, + /Q () [v(2) = un(2)]dr = /Qf(ﬁ)[v(x) — un(x)]dz (24)

for all v € C(z,). Since u, — u in Wy and W} is compactly embedded in L?(2), we
have that u, — u in L*(Q). Let v € C(z), then from Proposition 3.2 and Definition
2.14(ii), there exists v, € C(z,) such that v,, — v in L*(2). For v=wv, in (24), we get

(A(tn), Vn — Un)wy + (Pny Un — Up) > (f, 00 — Uy). (25)

By considering the limit in the previous inequality and taking into consideration of
the continuity of A (see Proposition 3.5), we obtain

(Au), v —wyw, + (0,0 —u) = (f,v—u),

which implies that u is a solution of the variational inequality problem (19) associ-
ated to z and . On the other hand, from ¢, € Q(u,) = 9J(u,) with ¢, — ¢ and
u, — u, we obtain that { € 9J(u). Hence (u,() € T(z,¢) and therefore the graph
of T is weakly sequentially closed. Accordingly, by the Kluge’s fixed point theorem
( Theorem 2.13), there exists (u, ) € C such that (u,¢) € T(u,p). This implies
that u is a solution of problem (P), which completes the proof of the theorem. []

4. Conclusion

In recent work by Motreanu et al.[28], the solvability of problem (P) has been
obtained by using a specific condition on the locally Lipschitz function j(z, -), known
in literature by the relazed monotonicity condition for j(z,-), see e.g. [25]. The
relaxed monotonicity condition reads as follows: There exists a constant m; > 0
such that for all s1,ss € R and a.e. x € 2, we have

(57— s3) (51— 82) > —my|sy — so|?, s} € j(w,51),Vs5 € Dj(z, 52).
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This condition is equivalent to the following inequality:

for all s1,s9 € R and a.e. x € Q

G0, 81589 — 81) + 5°(x, 59381 — 859) < m;ls1 — 59| for a.e. x € Q.

This condition has been considered in [28] in order to guaranty a monotonicity
property used to show, by means of a Minty’s technique, the convexity of the solution
set of a variational selection of problem (P).

The approach developed in our paper helped us to avoid this condition as well as
to present an alternative to some ambiguities and inaccuracies in the proof of [28,
Theorem 6.1]. Our method can also be used to drop the relaxed monotonicity con-
dition used for the solvability of systems driven by nonlocal operators and involving
a Clarke’s generalized gradient in [19, 20].
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