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1. Introduction

A composite function is a function which is the nesting of two or more functions to
form a single new function. Such operation frequently preserves several mathemat-
ical properties of each nested function. For instance, the composition of increasing
functions is again increasing, and the same goes for a decreasing case. The com-
position of one-to-one functions is always one-to-one. Similarly, the composition of
two bijections is also a bijection. Moreover, a composition of continuous maps is
continuous on topological spaces. From the view point of vector optimization and
set optimization, this kind of inheritance by composite operations is important and
useful to prove extended results and to get characterizations of optimal solutions
through scalarization. This is a typical approach by which optimization problems
with vector-valued or set-valued maps can be easily handled by converting vectors
or sets into real numbers; see [2, 3, 4].

Recently, Ike, Liu, Ogata and Tanaka [5] show certain results on the inheritance
property of some kinds of continuity of set-valued maps via scalarization functions
for sets: if a set-valued map has a kind of continuity (lower continuity or upper
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continuity; see [3]) then the composition of its set-valued map and a certain scalar-
ization function assures a similar semicontinuity to its scalarization function defined
on the family of nonempty subsets of a real topological vector space. Their results
are generalizations of results in earlier study by Kuwano, Tanaka and Yamada [11].
However, the statements of inheritance in [5] are confined to four types out of the
six set-relations proposed by Kuroiwa, Tanaka and Ha [8]. On the other hand,
Sonda, Kuwano, and Tanaka [14] introduce two kinds of continuity with respect to
cone, called “cone continuity,” for set-valued maps by analogy with semicontinuity
for real-valued functions, and they investigate the inheritance properties on cone
continuity of parent set-valued maps via scalarization. Therefore, it is interesting
to investigate the inheritance of cone continuity for set-valued maps via general
scalarization functions for sets in the same manner as [5].

The aim of this paper is to unravel the mechanism by which composite functions of
a set-valued map and a scalarization function transmit semicontinuity of parent set-
valued maps through several scalarization for sets. Additionally, the paper provides
counter examples of the complement part that is the half-missing part of the results
of [5]. Moreover, the paper verifies the results of [14] in general settings where
we generalize both concepts of cone continuity for set-valued maps and ordinary
lower and upper semicontinuities for real-valued functions. Consequently, almost all
results in [5, 14] are special cases of corresponding results in the paper.

The organization of the paper is as follows. In Section 2, we generalize the classical
notions on semicontinuity of both set-valued maps and scalarization functions by
means of representing topological structure in terms of binary relation. Also, we
recall some basic concepts on set relations in set optimization and the scalarization
scheme for sets in a real vector space such that each scalarization function has order-
monotone property for set relation. In Section 3, we provide general results related
to generalized continuity, which show inheritance properties on cone continuity of
parent set-valued maps via scalarization. In Section 4, we systematically unravel the
inheritance mechanism related to lower continuity and upper continuity, respectively.
In Section 5, some examples are given to illustrate the reasons why some of the half-
missing part of the results cannot be proved.

2. Semicontinuity for set-valued maps and scalarization functions

Let X be a topological space and Y a real topological vector space. Let fy be a
zero vector in Y. Denote that P(Y") is the set of all nonempty subsets of Y. Nx(z)
and Ny (y) denote the set of neighborhoods of x € X and y € Y, respectively.
The topological interior, topological closure, and complement of a set A € P(Y) are
denoted by int (A4), cl A, and A°, respectively. For given A, B € P(Y) and t € R,
the algebraic sum A 4+ B and the scalar multiplication tA are defined as follows:

A+B:={a+blac A be B}, tA:={ta]ac A}
In particular, we denote A+{y} by A+y and (—=1)A by —A for AcP(Y) and yeY.

Throughout the paper, we assume that C'is a convex cone in Y with int (C) # () and
Oy € C. Accordingly, we can define a preorder <con Y induced by C as follows:

def
for y1,92 € Y,y1 <cyo <= yo— 1 € C.
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This preorder is compatible with the linear structure of Y:

for all y1,y2,y3 €Y, 1 <cyo = 1 +y3 <cy2 + y3; (1)

forall y1,yo € Yand t >0, 1y <cyo = ty1 <ctys. (2)

Definition 2.1. A € P(Y) is said to be absorbing if for every y € Y there exists
d > 0 such that ty € A for all ¢ € [0,6]. Also B € P(Y) is said to be bounded if for
every U € Ny (fy) there exists s > 0 such that B C tU for every t > s.

Remark 2.2. Every V € Ny (fy) is absorbing, and every compact subset K of Y
is bounded.

Lemma 2.3. [13] Let X be a topological vector space. For each A, B C X, if A is
compact and B is closed, then A+ B is closed.

Lemma 2.4. [7] LetY be a real topological vector space. Assume that C CY is a
convez cone with int (C') # 0 and let ACY. Then A+ int (C) = int (A + C).

When we derive ordinary lower and upper continuities of set-valued maps, certain
conversions by binary relations on a family of sets are important keystones.

Definition 2.5. For A, B € P(Y'), we define two binary relations on P(Y):

A<B & AnB+40 and A<, B &L Bc A

In the beginning, we consider generalizations of semicontinuity for set-valued maps
and real-valued functions.

Definition 2.6. Let F : X — P(Y), 2o € X, < a binary relation on P(Y) and
C C Y a convex cone. We say that I is (5, C)-continuous at xg if

VW CY,W open ,W <X F(x0),3V € Nx(zg) s.t. W+ C g F(z),Vr € V.

As special cases, (51, C)-continuity and (<2, C)-continuity coincide with “C-lower
continuity” and “C-upper continuity” for set-valued maps, respectively. Indeed,
F:X —P(Y)is (51,C)-continuous at zy if and only if

VWY, Wopen, WNF(z) # 0, 3VeNx(x) st. W+C)NF(x) #0, VeeV,

that is, F' is C-lower continuous at z,. Similarly, F' is (52, C)-continuous at xq if
and only if

VW CY,W open , F(xo) C W,3V € Nx(zo) s.t. F(x) CW +C,Vz €V,

that is, F' is C-upper continuous at z; see Definition 2.5.16 of [3].

Remark 2.7. If C' = {0} then (%, C)-continuity for set-valued maps becomes <-
continuity which is defined in Definition 3.2 of [5]. Moreover, =<;-continuity and
=<o-continuity coincide with the classical notions of lower continuity and upper con-
tinuity for set-valued maps, respectively. See Definition 2.5.1 of [3]; a set-valued
map F': X — P(Y) is “lower continuous (l.c.) at z” if

VIV C Y, Wopen, W N F(zg) #0,3VeNx(xg) st. WNF(x)#0, Ve eV,



204 P. Dechboon, T. Tanaka / Inheritance Properties ...

and “upper continuous (u.c.) at zp” if
VW CY, W open, F(zq) CW, VeNx(xg) st. F(z) CW, Vz € V.

Remark 2.8. In Definition 2.5.16 of [3], the definition of “C-lower continuity” is
different from ours. Moreover, the authors use “F(x) N (W — C) # 07 instead of
“Fx)Nn (W +C) # 0 Tt is, however, well known that lower continuity and upper
continuity for singleton set-valued maps (that is, vector-valued functions) coincide
with ordinary continuity for single-valued functions. Hence, in case of a singleton
set-valued map F(x) = {f(z)} where f is some vector-valued function, the two
notions of “C-lower continuity” and “C-upper continuity” should coincide because
{f@)}Nn(W+C) # 0 means f(z) € W+ C, that is, {f(x)} € (W +C); this
is the notion of “C-continuity” for vector-valued functions introduced by Luc [12,
Definition 5.1]. Whenever Y = R and C' = R, the notion of C-continuity for
vector-valued functions is the same as ordinary lower semicontinuity. As stated in
Remark 2.1 of [14], by symbolic interpretation, “C"” and “—C"” correspond to “lower”
and “upper” semicontinuities of real-valued functions, respectively. Il

Next, we recall the semicontinuity property for real-valued functions and extend
it to an extended real-valued function as well as more general case (an extended
real-valued set function) where the function is defined on the set of all nonempty
subsets of a real topological vector space.

Definition 2.9. Let f: X - RU{£oo} and xy € X. Then, we say that f is
(i)  lower semicontinuous at xq if
Vr < f(x),3V € Nx(z0) s.t. r < f(z),Vz € V;

(ii)  upper semicontinuous at xq if

Vr > f(xg),3V € Nx(xo) s.t. r > f(z),Vr € V.

For an extended real-valued function f : X — R U {£o00}, we usually define “lower
semicontinuity” (also know as “closedness”) for f by the closedness of its epigraph

epi f = {(z,a) € X x R[f(z) < a};

if —f is lower semicontinuous (closed), we say that f is upper semicontinuous. It is
easily seen that f is lower (resp. upper) semicontinuous at every = € X in the sense
of Definition 2.9 if and only if epi f (resp. epi(—f)) is a closed set in X x R.

Definition 2.10. Let ¢ : P(Y) - RU{£o0}, Ay € P(Y), < a binary relation on

P(Y), and C a convex cone in Y with C' # Y. Then, we say that ¢ is

(i)  (K,C)-lower semicontinuous at Ay if ¥r < ¢ (Ay),IW € P(Y), W open,
st. W= Agand r < p(A) VA UW + C, %);

(ii) (%,C)-upper semicontinuous at Ay if Vr > ¢ (Ag),IW € P(Y), W open,
st. W< Agand r > o (A),VAec UW + C,x),

where U(V, <) ={AePY)|V g A}

Remark 2.11. When C' = {0}, (x,C)-lower and (=, C)-upper semicontinuities
are coincident with <-lower and <-upper semicontinuities, respectively, which are
introduced in Definition 3.3 of [5]. In Definition 2.10, we adopt that if ¢ (4y) = —o0
(resp. +00) then ¢ is (x, C)-lower (resp. upper) semicontinuous at Ap.
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Now, we recall the concepts of set relations [8] in set optimization and the scalar-
ization scheme [9] for sets related to the set relations.

Definition 2.12. (Set relations, [8]) For A, B € P(Y), we define the following six
types of binary relations on P(Y").

) A<YB & vaed WeB, a<cb «= AC,p5b—0);

i) A<CYB &L SuecAst.VbeB, a<cb <= AN (Myepb—C)) # 0;

i) A<PY B &L wheB, 3uc Ast.a<cb < BCA+C;

(
(
(
(iv) A<CB &L JpeBst.Vacd, a<cb < (N,esla+C))NB#0;
(v) A< B &L vaec A FbeBst.a<ch — ACB-C;

(vi) A<Y B &L Jue A FbeBst.a<ch « AN(B-C)#0.

From the definition, we easily obtain the following implications:

1 2L 3L) 4) .
A<YB — A<BB — A<BYB — A<WB;

1 2U 3U 4
A<YB — A<P'B — A<lB — A<WB

for A, B € P(Y).

Proposition 2.13. [5] Let C" and C be two nonempty conver cones in Y and
d €Y. Assume that C' + (0,400)d C C. Then, for each j = 1,2L,3L,2U,3U, 4,
any A,B € P(Y), s,s € R with s’ < s and t,t’ € R witht <,

ASg)B+s'd — Agg)B+sd,

and A+td<¥)B — A+td<Y B.

Definition 2.14. [6, 9] For each j = 1,2L,3L,2U,3U, 4, we define

19(A;V,d) = inf{teR‘A Sg)(‘/ﬂd)}a (4)
S (A; V. d) := sup {teR‘(VHd) <da}. ©)

for any A,V e P(Y)anddeY.

The idea of these scalarization functions is introduced in [9], which originates from
the idea of Gerstewitz’s (Tammer’s) sublinear scalarizing functional in [1]; see [3, 6].
This type of scalarization measures how far a given reference set needs to be moved
towards a specific direction to fulfill each set relation between a target set and its
moved reference set.

Note that V' and d in (4) and (5) are index parameters for scalarization which play
key roles as a reference set and a reference direction, respectively.
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Proposition 2.15. [5] Let A,V € P(Y) and d € Y. Then we have:

—IY(-A-V,d) = SH(A;V,d),
—I8P (A —v,d) = SEUA V),
—I8D (A, —v,d) = SEDA; V),
~I§0(=A;=Vid) = SEP(A; V),
—1§V(-A;=V,d) = SEP(4;V,d),
—IF(=4-Vd) = SP(A;V,d).

3. General results related to generalized continuity

In this section, we provide simple but important results for general cases of general-
ized continuity, that is, we show inheritance properties on (=<, C')-semicontinuity for
set-valued maps and (<, C)-lower and (=, C)-upper semicontinuities for extended
real-valued set functions.

Lemma 3.1. For A,B,C € P(Y),if B—ACC then BC A+C.

Proof. Let b € B. For any a € A, we have that b — a = ¢ for some ¢ € C by the
assumption. It can be simplified that b=a+c€ A+ C. Thatis, BC A+C. O

Theorem 3.2. Let F': X — P(Y), p: P(Y) - RU{to0}, 29 € X, < a binary
relation on P(Y'), and C' CY a convez cone. If F is (X, C)-continuous at o and ¢
is (X, C)-lower semicontinuous at F(xg), then v o F' is lower semicontinuous at x.

Proof. Let r < o(F(xg)). Since ¢ is (%, C)-lower semicontinuous at F'(z), then
W e P(Y), W open, s.t. W g F(zg) and r < ¢ (A),VA € UW + C,<). By
(%, C)-continuity of F' at xy, we can obtain that 3V € Nx(xy) st. W + C <
F(z),Yx € V. That is, F(x) € UW + C,<),Vx € V. Therefore, ¢ o F' is lower
semicontinuous at xg. [

Theorem 3.3. Let F': X — P(Y), ¢ : P(Y) - RU{£o0}, 29 € X, <X a binary
relation on P(Y), and C CY a convex cone. If F' is (], C)-continuous at xo and ¢
is (X, C)-upper semicontinuous at F(xq), then p o F is upper semicontinuous at x.

Proof. Let r > ¢(F(xg)). Since ¢ is (=, C)-upper semicontinuous at F'(zg), then
AW € P(Y), W open, s.t. W g F(zg) and r > ¢ (A),VA € UW + C,<). By
(%, C)-continuity of F at xg, we can obtain that IV € Ny(zg) st. W + C <
F(z),Vx € V. That is, F(x) € UMW + C,<),Vz € V. Therefore, ¢ o F' is upper
semicontinuous at xg. O]

Remark 3.4. Theorems 3.2 and 3.3 are generalizations and can be reduced to The-
orems 3.1 and 3.2 in [5] whenever C' = {0}; see Remarks 2.7 and 2.11. Besides, in
case of a singleton function, both theorems generalize a usual inheritance property
for a composite function of a set-valued map and a continuous linear functional. If f
is C-continuous (vector-valued) function from X to Y then the composite function
@ o f is lower semicontinuous for each ¢ € C*, where

Ct={y eY*|ly*(y) >0Vy e C}

and Y* denotes the set of all continuous linear functionals on Y.
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Similarly, if f is (—C')-continuous function from X to Y then the composite function
¢ o f is upper semicontinuous for each ¢ € C*. See Proposition 2.3 in [15].

Proposition 3.5. Let ¢ : P(Y) — RU{£o0}, Ay € P(Y), < a binary relation on
P(Y), and C CY a convex cone. Then ¢ is (X, C)-lower semicontinuous at Ay if
and only if — is (X, C)-upper semicontinuous at Ay.

Proof. First, we assume that (5, C')-lower semicontinuous at Ag. Let r > —¢(Ay),
that is, —r < ¢(Ap). By the assumption, there exists W € P(Y), W open such
that W < Ap and —r < p(A), that is, r > —¢(A) for all A € U(W + C, X), which
implies that —y is (X, C)-upper semicontinuous at Ag. The converse implication
can be proved in the same way. [

4. Inherited continuity properties

This section can be considered as the main part of the paper. We separate the
results into two subsections depending on the types of binary relations, <; and <o,
respectively. As stated in Remark 2.11, these conversions by <; and < affect several
results which contain valuable outcomes about classical notions of lower continuity
and upper continuity for set-valued maps, respectively. In order to embrace classical
results as special cases, we consider any convex cone C’ which satisfies #y € C” and
C" C C. Especially, when C’" = {0}, some results coincide with classical ones.

4.1. Inheritance mechanism related to lower continuity

In this subsection, we systematically unravel the inheritance mechanism related
to lower continuity for set-valued maps by using the binary relation <. For this

purpose, we shall prove that scalarization functions I ( V,d) and I (3U) (+; V., d) have
(=1, C")-lower semicontinuity for " C C' under some assurnptions onV € P(Y) and

d € Y, and that scalarization functions I ( V,d) and I )(-:V,d) have (<1, —C")-
upper semicontinuity for C’ C C' under some assumptions on V € P(Y) and d € Y.

By Proposition 2.15, we additionally show that scalarization functions S¢ G) (;V,d)
(for j = 1,3L) and S])( 5 V,d) (for j = 2U,4) are (X1, C")-upper semicontinuity
and (51, —C")-lower semicontinuity for C" C C, respectively. Consequently, we can
apply the general results on inheritance properties shown in Section 3 to a composite
function of a set-valued map With (=%1,C")- continmty or (51,—C")- Continuity and
either scalarization function I (V. d) (for j = 1,2L,3U,4) or S '(:V,d) (for
Jj=1,3L,2U,4).

Lemma 4.1. Let VW € P(Y), C' and C two nonempty convex cones in'Y such
that " C C,d e C, a € R. Then

(W+C")n (ﬂ(v—C’)—i—ad) =) = a<IPAV,d)

veV

for all A € P(Y) with AN (W + C") # 0.
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Proof. In case of I M (A V,d) = 400, the conclusion is trivial. Then we assume
that I (A V,d) < oo. Suppose to the contrary that o > I(l)(A V,d) for some
A€ 73( ) with AN (W +C") # 0. Set t := [ J(A;V,d). If £ = —oo, we have
A < 'V + td for any t € R by the deﬁnltlon otherwise, for any € > 0, there exists
t € R such that ¢ <t< t+eand A Sc V + td. In either case, it follows from
Proposition 2.13, that A SS) V + ad because a > t. That is,

AcC ﬂ(v—C)—l—ad.

Since AN (W +C") # 0, we get (W +C") N (N,er (v — C) + ad) # 0, which is a
contradiction to the assumption. [

Lemma 4.2. Let VW € P(Y), C' and C two nonempty convex cones in Y such
that C' C C, d e C, a € R. Then

W+CN((V-C)+ad)=0 = a<IE(AV,d)
for all A € P(Y) with An (W + C") # 0.

Proof. In a similar way to the proof of Lemma 4.1, suppose to the contrary that
> ISU)(A; V,d) for some A € P(Y) such that AN (W + C") # 0, then we show
that A gg’U) V + ad, which implies that

AC(V—-C)+ad

Since AN (W +C") # 0, we get (W +C")nN((V—-C)+ad) # 0, which is a

contradiction to the assumption. O

Lemma 4.3. Let VW € P(Y), C' and C two nonempty convex cones in'Y such
that ' C C, d € C, a € R. Then the following statements hold.

() W+C CNe(v—C)+ad
= a2 IEY(AVLd) Jor all A€ P(Y) with AN (W + ') £ 0;
(i) W—-C"CNyey(v—-0C) +ad
(4

—  a>I8Y(A;V,d) for all A€ P(Y) with AN (W — C") # 0.

Proof. For (i), in a similar way to the proof of Lemma 4.1, suppose to the contrary
that a < [(CM)(A; V,d) for some A € P(Y) with AN (W 4 C") # (), then we have

AN (ﬂ(v—C)—i—ozd) = 0.

veV

It follows from the assumption that AN (W + C’) = @), which is a contradiction.
Also, we prove statement (ii) in the same way. ]
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Lemma 4.4. Let VW € P(Y), C' and C two nonempty convex cones in Y such
that C' C C, d € C, a € R. Then the following statements hold:

i) W+C C(V-C)+ad
—  a>I15(AV,d) for all A€ P(Y) with AN (W + C") # 0;
(i) W—-C'c(V-0C)+ad
—  a>I1Y(AV,d) for all A€ P(Y) with AN (W — C") # 0.

Proof. The proof is similar to that of Lemma 4.3. [

Proposition 4.5. Let Ag,V € P(Y), C' and C two nonempty convex cones in Y
such that C' C C #Y, d € int (C). Then

Ig)(-; V,d) is (%1, C")-lower semicontinuous at Ay for j =1,3U.

Proof. In case of I{ )(Ao, V,d) = —oo, the conclusion is trivial. Then we assume
that I )(Ag;V,d) > —oo. For each j = 1,3U, let r < ](] (Ao; V,d). Then, we

take o, 5 € R such that »r < f < a < Ig (Ap; V,d). We claim that there exists
W e P(Y), W open, such that

W <1 Ag (6)
and r < I9(A;V,d),YA € UW + ', <1). (7)
In case j =1, since a < I (AO, V,d), we have
Ay ¢ ﬂ(v—0)+ad.
veV
Also, it follows from § < o and d € int (C) that
clm v—C —f-ﬁdcﬂv— ) + ad,

veV veV

which implies that there exists y € Y such that y € (cI(),oy (v — C) + Bd)° N A,.
Thus, there exists an open set W € P(Y) such that

yeWc(dﬂv— +6d> .

veV

Therefore, we get W N Ag # ), that is, W satisfies (6). Also, it can be seen that

wn (ﬂ(v—0)+6d> =),

veV
which implies that (W + C") N (ﬂvev(v -C)+ Bd) = 0.

It follows from Lemma 4.1 that 5 < ] J(A:V,d) for all A € 77( ) which satisfy

AN (W 4 C") # 0. Since r < 8, W also satisfies (7). Hence, I ( V,d) is (%1,C")-
lower semicontinuous at Ay. In case j = 3U, using Lemma 4 2, we can similarly

show that Ig’U)(-; V,d) is (=1, C")-lower semicontinuous at Ap. O
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Proposition 4.6. Let Ag,V € P(Y), C' and C' two nonempty convex cones in'Y
such that C" C C #Y, d € int (C). Then

S(Cj)(-; V.d) is (%1, C")-upper semicontinuous at Ay for j =1,3L.

Proof. By Propositions 2.15, 3.5, and 4.5, the proof is complete. [

Proposition 4.7. Let Ag,V € P(Y), C' and C' two nonempty convex cones in'Y
such that C' C C #Y, d € int (C). Then

I(Cj)(-; V,d) is (21, —C")-upper semicontinuous at Ay for j = 2L, 4.
Proof. In case of I(Cj )(Ag; V,d) = 400, the conclusion is trivial. Then we assume
that Ig)(AO;V,d) < +oo. For each j = 2L,4, let r > Ig) (Ao; V,d). Then, we

take o, f € R such that »r > 3 > a > ]g) (Ap; V,d). We claim that there exists
W e P(Y), W open, such that

W <y /40 (8)
and r>I9(A:V,d),YA e UW — ', <1). (9)
In case j = 2L, define ¢ := IgL)(AO;V, d); then a > t. If t = —oco, we have
Ay < 2L )V + td for any t € R by the definition; otherwise, for any ¢ > 0, there

exists t € R such that ¢ <t < t+ € and Ay < QL) V + td. In either case, it follows
from Proposition 2.13, that Ay < Dv 4+ ad because o > t. Thus, it follows that

Aoﬂ<ﬂ( )—f—ozd)%@

veV

Also, it follows from § > « and d € int (C) that

ﬂ(v—C’)—l—adCint(ﬂ(v—C’)—l—ﬁd)

veV veV

which implies that there exists y € Y such that y € int (), (v — C) + 8d) N Ay.
Thus, there exists an open set W € P(Y) such that

yGWCint(ﬂ(v—C)Jrﬁd).

veV
Therefore, we get W N Ag # ), that is, W satisfies (8). Also, it can be seen that
W C ﬂ v—C)+ pd,
veV
which implies that W — C' C (), (v — C) + Bd.
It follows from (ii) of Lemma 4.3 that § > I(C2L) (A;V,d) for all A € P(Y) with
AN (W —C") # 0. Since r > (3, W also satisfies (9). Hence, ]((JQL)(-;V, d) is

(=1, —C")-upper semicontinuous at Aj.
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In case j = 4, using (ii) of Lemma 4.4, we can similarly show that I (2 V,d) is
(%1, —C")-upper semicontinuous at Aj. O

Proposition 4.8. Let Ag,V € P(Y), C' and C two nonempty convex cones in Y
such that C' C C #Y, d € int (C). Then

S(Cj)(~; V,d) is (%1, —C")-lower semicontinuous at Ay for j = 2U, 4.

Proof. By Propositions 2.15, 3.5, and 4.7, the proof is complete. 0

Remark 4.9. Propositions 4. 5 4.6, 4.7, and 4.8 explore more general proper-
ties of scalarization functions I (V. d) (for j = 1,3U,2L,4) and S ( ; V., d) (for
j = 1,3L,2U,4) by the observatlon from cone continuity, and they are regarded
as generalizations of results in [5]. In fact, when C’ = {0}, they are reduced to
Propositions 3.1 (1), 3.2 (2), 3.1 (2), 3.2 (1) in [5], respectively.

Theorem 4.10. Let F: X = P(Y), zp€ X, V € P(Y), C" and C two nonempty
convez cones in'Y such that C" C C #Y andd € int (C). If F is (1, C")-continuous
at xo, then

(i) [g)(F(~); V., d) is lower semicontinuous at o, for all j =1,3U,
(ii) S’g)(F(-); V., d) is upper semicontinuous at xq, for all j =1,3L.

Proof. By Theorems 3.2, 3.3, and Propositions 4.5, 4.6, the proof is complete. [

Theorem 4.11. Let F: X - P(Y), 20 € X,V € P(Y), C’" and C two nonempty
convex cones in Y such that C' C C #Y and d € int(C). If F is (51,—C")-
continuous at xq, then

(1) Ig)(F(-); V., d) is upper semicontinuous at o, for all j = 2L, 4,
(ii) S(Cj)(F(-); V., d) is lower semicontinuous at xq, for all j = 2U, 4.

Proof. By Theorems 3.3, 3.2 and Propositions 4.7, 4.8, the proof is complete. []

Remark 4.12. Theorems 4.10 and 4.11 are generalizations of Theorems 3.3 and 3.4
in [5] with respect to =<i-continuity. Moreover, they are generahzatlons of Theo-

rems 3.1, 3.2, 3.3 and 3.4 in [14]. For the half-missing part, namely I ( V,d) and

I(C?’ L)(-; V, d) with respect to <1, the counter examples are provided in Section 5.

Corollary 4.13. Let FF : X — P(Y), 20 € X, V € P(Y), C a nonempty convex
cone in'Y such that C #Y and d € int (C). If F is lower continuous at xq, then

(i) I(j)(F(~); V,d) is lower semicontinuous at xy, for all j =1,3U,
(i) f“ <F<->; V.d)
(iii) F(-); V,d) is upper semicontinuous at xo, for all j = 1,3L,
( F(-);V.d)

) Y

is upper semicontinuous at xq, for all j = 2L, 4,
il
( is lower semicontinuous at xq, for all j = 2U, 4.

Proof. Set ¢’ = {0} in Theorems 4.10 and 4.11. Then the statements follow from
Remark 2.7. N
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4.2. Inheritance mechanism related to upper continuity

In this subsection, we systematically unravel the inheritance mechanism related
to upper continuity for set-valued maps by using the binary relation <2. For
this purpose, we shall prove that scalarization functions I ( V,d), I (-; V,d)
and ](C?’U)(-, V,d) have (K2, —C")-upper semicontinuity for ¢’ C C under some as-
sumptions on V' € P(Y) and d € Y, and that scalarization functions ]g L)(-; V,d),

I(CE}L)(-;V,d) and I(C‘l)(-;‘/,d) have (%2, C")-lower semicontinuity for ¢’ C C' under
some assumptions on V' € P(Y) and d € Y. By Proposition 2.15, we shall addition-

ally show that scalarization functions Sg)(-; V,d) (for j =1,2L,3L) and Sg)(-; V,d)
(for j = 2U,3U,4) are (=2, —C")-lower semicontinuity and (<, C’)-upper semicon-
tinuity for C’ C C, respectively. Consequently, we can apply the general results on
inheritance properties shown in Section 3 to a composite function of a set-valued
map With (<2, C")-continuity or (g, —C")-continuity and either scalarization func-

tion ] ( V,d) or Sg)(-;V,d) (for 7 =1,2L,3L,2U,3U,4).
Lemma 4.14. Let A, V,WW € P(Y), C' and C two nonempty convexr cones such
that C' € C and d € C. Then, for each j = 1,2U,3U,

ACW - = I9(AV,d) < I9(W:V,d).

Proof. When j = 1, suppose to the contrary that I (A V.d) > [(Cl)(W; V,d).

Then, there exists ¢ € R such that IC (A;V,d) >t > IC (W;V,d). By Proposi-
tion 2.13, we obtain that

A¢ (Yw=C)+td and W C ()(w—C)+td
veV veV
which implies that W — C" C (), (v — C) + td. By the assumption A C W — ",

thus, this is a contradiction. Hence, ] (A V,d) <1 (1)(W V,d). Similarly, in case
that j = 2U, 3U, the proof is cornplete as desired. [

Lemma 4.15. Let A, V,WW € P(Y), C'" and C two nonempty convexr cones such
that C" C C and d € C. Then, for each j = 2L,3L,4,

ACW +C = I9D(AV,d) > I9(W: V,d).

Proof. When j = 2L, suppose to the contrary that I (A V,d) < [(CM)(W; V,d).

Then, there exists t € R such that IgL)(A, V,d) <t< IgL)(W; V,d). By Proposi-
tion 2.13, we obtain that

Am(ﬂ( )+td>7é(2) and Wn(ﬂ(v—c)+td):®

veV veV
which implies (W + C")N (e (v — C) 4 td) = 0. By the assumption A C W+,
thus, this is a contradiction. Hence, I(C2L)(A; V,d) < ](CQL) (W;V,d). Similarly, in case
that 7 = 3L, 4, the proof is complete as desired. [
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Proposition 4.16. Let Ay,V € P(Y), C' and C two nonempty convex cones such
that C' C C' #Y and d € int (C). Then

Ig)(-; V.d) is (X2, —C")-upper semicontinuous at Ay for j =1,3U.

Proof. For each j = 1,3U, let r > Ig) (Ao; V,d). Then, we take o, f € R such that

r>pg>a> Ig) (Ao; V,d). We claim that there exists W € P(Y'), W open, such
that
W <9 Ay (10)

and r>I9(A:V,d),YA € UW — ', %) (11)

In case j = 1, we have

Ay C ﬂ(v—0)+adcint<ﬂ(v—0)+6d>.

veV veV
Set W := int (,oy (v — C) + Bd), thus Ay C W which satisfied (10). Moreover,
I((;)(W;V,d) <pB<r. Let Ae UMW — (" <9) which implies that A Cc W — C".
By Lemma 4.14, I2) (A; V,d) < IS (W V, d). Hence, IS (A:V,d) < r. That is, (11)
holds. Therefore, I(C1 )(-;V, d) is (X2, —C") -upper semicontinuous at A,. In case

j = 3U, we can similarly show that Ig’ U)(-; V,d) is (<2, —C")-upper semicontinuous

at140. OJ

Proposition 4.17. Let Ay, V € P(Y), C" and C two nonempty convexr cones such
that C' C C #Y and d € int (C). Then

Sg)(-; V,d) is (X2, —C")-lower semicontinuous at Ay for j = 1,3L.

Proof. By Propositions 2.15, 3.5, and 4.16, the proof is complete. [

Proposition 4.18. Let Ay, V € P(Y), C' and C two nonempty convex cones such
that C' C C' #Y and d € int (C). Then

I(Cj)(-; V,d) is (K2, C")-lower semicontinuous at Ay for j = 2L, 4.

Proof. For each j = 2L, 4, let r < ](Cj) (Ag; V,d). Then, we take a, f € R such that

r<f<ac Ig) (Ap; V,d). We claim that there exists W € P(Y'), W open, such
that

W <9 Ay (12)

and r < I9(A:V,d),VA € UW + ', <) (13)

In case j = 2L, we have AynN (ﬂ(’u—C) +ad> =0,

veV

that is, Ay C (ﬂ(v—0)+ad) Cint(ﬂ(v—0)+ﬁd) :

veV veV



214 P. Dechboon, T. Tanaka / Inheritance Properties ...

Set W := int (N, (v — C) + ﬁd)c, thus Ag C W which satisfied (12). Moreover,
ISP (W;V,d) > 8> r. Let A € UW +C", <,) which implies that A ¢ W +C". By
Lemma 4.15, IS (A; V,d) > ISP (W V,d). Hence, IS" (A;V,d) > r. That is, (13)
holds. Therefore, ]gL)(-; V,d) is (X2, C")-lower semicontinuous at Ay. In case j = 4,

we can similarly show that Igl )(-; V.d) is (X2, C")-lower semicontinuous at Aqg. [

Proposition 4.19. Let Ay, V € P(Y), C" and C two nonempty convex cones such
that C" C C #Y and d € int (C). Then

S(Cj)('; V,d) is (K2, C")-upper semicontinuous at Ay for j = 2U, 4.
Proof. By Propositions 2.15, 3.5, and 4.18, the proof is complete. 0

Lemma 4.20. Let A,V € P(Y), C C Y a convexr cone with int (C) # 0, and
Oy € C. Assume that A is compact. Then, the following statements hold:

(©)  int (Neala+C)) #0;
(ii) IfV is compact then for d € int (C), there exists t; € R such that

(ﬂ(a+0)> N (V +t,d) # 0.

acA

Moreover if C' # Y, there exists to € R such that

(ﬂ(a+0)> N (V + tyd) = 0;

a€A

(i) it (Nyenla+C)) = Nyeala+int (C));
(iv) Foranyt >0, N,cala+C)+td Cint (N,eala+C)).

Proof. By the compactness of A, we have (. ,(a + C) # (). First we shall prove
(i). Since int (C') # 0, there is ¢y € int (C) such that ¢y — int (C') is an open
neighborhood of fy. By the compactness of A and Remark 2.2, there exists t > 0
such that A C t(co — int (C')), which implies that A C tcy — C. For each a € A,
there is ¢, € C such that a = tcy — ¢, and then tcy = a + ¢, € a + C. Therefore,
Nucala + C) # 0, and then there exists b € (,.4(a + C). Hence, for any a € A,
there is ¢, € C' such that b = a+c¢,. For any c € C, we have b+c = a+c,+c€ a+ C
for every a € A, which implies that b + int (C') C b+ C C [),c4(a + C). Therefore,
int (N,eala+C)) #0.

Next, we shall prove (ii). By (i), there exists b € (),c4(a + C). Because of V # 0,
we take vy € V. Since d — C' is a neighborhood of 0y in Y for d € int (C), it follows
from Remark 2.2 that there is ¢; € R such that b — vy € t;(d — C'), which implies
that vy +t1d € b+ C C (),c4(a + C). Therefore,

(ﬂ(mc))m(vwld)#@.

a€A
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Moreover, since —d +int (C') ,d —int (C') € Ny (fy), it follows from the compactness
of A,V and Remark 2.2 that there are s;, s, > 0 such that

A C s1(=d+int (C)) and V C s9(d —int (C)).

Hence, we have A+ s1d+ C C int (C) and V — sod C —int (C'). Since C'is a convex
cone with C' # Y, int (C) N (—int (C')) = (. Thus, we have

(A+s1d+ C)N(V — s9d) = 0,
which implies that (A+C)N(V — (514 s2)d) = 0.

Therefore, (ﬂ (a+ C')) N(V +tad) =10

acA
by putting ¢y := —(s1 + S2).
Consider (iii), we first let z € int ((,.4(a + C)). Then there exists an open neigh-
borhood U € N(fy) such that x + U C (,c4(a + C). That is, for any a € A, we
have x4+ U C int (a + C') = a+int (C). Hence, it follows that x € (), (a+int (C)).

Conversely, let x € (,c4(a + int (C)). For any a € A, since a € x — int (C'), there
exists an open neighborhood U, € N(fy) such that —U, = U, and

a+U, Cx—C. (14)

Since A C U,eca (a + %Ua) and A is compact, there exist aq,...,a,, € A such that

" 1
A “U,, ). 1
CH(ak+3Uk> (15)

Set Up := (1, %Uak, then Uy is an open neighborhood of fy. Again, since we have
A C Uyeq (a+Up) and A is compact, there exist ay,...,a, € A such that

n

Ac| @+t (16)

i=1

Hence, for any a € A, there is ng such that a € a,, + Uy by (16). Since a,, € A,
there is mg such that a,, € am, + %Uamo by (15). Therefore,

N 1
G+U0CGnO+U0+U0CamO+—U

3 am0+2U0Cam0+U

(lm07
which is a subset of  — C' by (14). This implies that x + Uy C a + C, and then
2+ Uy Cyeala+ C). Therefore, z € int ((,c4(a + C)).
Finally, to prove (iv), we have that, for any t > 0,

(Na+C)+tdc ((a+C)+int(C).

acA acA
Actually, by Lemma 2.4, ,c4(a + C) 4+ int (C) = int ((,c4(a+ C) + C) which
implies that (,.4(a + C) + td C int (N,c4(a + C)) because C + C = C. O
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Remark 4.21. Let A,V € P(Y) and d € int (C). By (ii) of Lemma 4.20, if A,
and V are compact sets, then [gU) (Ap; V,d) < +00. Moreover if C' # Y, we have
189 (A; V,d) € R.

Proposition 4.22. Let Ay, V € P(Y), C' and C two nonempty convex cones such
that C" C C' #Y and d € int (C). Assume that Ay and V' are compact. Then

I(CQU)(-; V,d) is (K2, —C")-upper semicontinuous at Ag.

Proof. Denote ry := [(CQU) (Ao; V,d). Due to the compactness of Ag and V', we have
ro € R. Take r and s such that » > s > rq, then

( N (a+0)> N (V + sd) # 0.
a€Aop
Moreover, by (i) of Lemma 4.20, we obtain that int (), (a+C)) # 0. We can
choose © € (.4, (a + C) such that x € V + sd, which implies that there exists
v € V such that = v + sd, in other words, v = z — sd. Now, we consider
y:=v+rd € V+rd Thatis, y =2 —sd+rd = x4+ (r —s)d. Observe that
r—s > 0, and by the assumption that d € int (C'), we obtain that (r —s)d € int (C).
Thus z + (r — s)d € (yea,(@ + C) + (r — s)d. From (iv) of Lemma 4.20, it implies
that y = 2 + (r — s)d € int (), 4, (a + C)). Hence,

int( ﬂ (a—l—C)) N(V +rd) # 0.
a€Ap
Let € € R such that r —s > ¢ > 0, and choose z := y —ed. Define W := z —int (C),
which is open. Note that z = y—ed = v+rd—ed = x—sd+rd—ed = z+(r —s —¢)d
where z € ((,eq,(@+ C)) N(V + 5d). Since r —s—e > 0 and d € int (C'), we have

4+ (r—s—e)deint (,eq(a+C)). That is,

zeint (Nyea, (@4 C)) = Nyeu, (@ + int (C))

by (iii) of Lemma 4.20. Moreover, we obtain that, for any a € Ay, z € a + int (C)
which implies that a € z — int (C). Hence, Ag C W.

Last, we claim that r > I(CQU) (A;V,d) for all A € UW — (", %5) which implies that
A C W —C" Note that W — C" = W because W = z — int (C) and C" C C.
Then, whenever A C W — (', we have A C z —int (C). Hence, for any a € A,
z € a+ int (C'), which implies that z € ((),c4(a + C)). Therefore (), ,(a+C) # 0.
Moreover, since z =v+ (r—e)d € V + (r —e)d,

<ﬂ(a+0)>ﬂ(v+(r—g)d)7£®.

acA
Therefore, ]gU)(A; V,d) <r —e < r. The proof is complete. O

Proposition 4.23. Let Ay, V € P(Y), C' and C two nonempty convexr cones such
that C' C C'#Y and d € int (C). Assume that Ay and V' are compact. Then

SgL)(-; V,d) is (X2, —C")-lower semicontinuous at Ay.
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Proof. By Propositions 2.15, 3.5, and 4.22, the proof is complete. O

Lemma 4.24. Let A,V € P(Y), C C Y a convex cone with int (C) # 0, and
Oy € C. If A and V are compact then for d € int (C'), there exists t; € R such that

V+tidCc A+C.
Moreover if C #Y, there exists ty € R such that (V +tad) N (A+ C) = 0.

Proof. Since —d + int (C'),d — int (C') € Ny (0y), it follows from the compactness
of A,V and Remark 2.2 that there are s1, s, > 0 such that

AC s (d—int(C)) and V C sg(—d+int (C)).

Since C' is a convex cone, we have C C A — s;d + C and V + sod C int (C'). Hence,
we get V 4+ sod C A — s1d + C, which implies that V 4+ t1d € A+ C by putting
t; := $1 + s9. Similarly there are uy, us > 0 such that

A Cuy (—d+int (C)) and V Cus (d—int (C)).
Hence, we have A+u;d+C C int (C) and V —uyd C —int (C'). Since C'is a convex
cone with C' # Y, int (C) N (—int (C')) = 0. Therefore, we have
which implies that (A+ C) N (V +tad) =0 by putting to := —(u1 + us). O

Remark 4.25. Let Ap,V € P(Y) and d € int (C). By Lemma 4.24, if Ay and
V are compact sets, then ]((13]“) (Ap; V,d) < 4o00. Moreover if C' # Y, we have
I8P(Ag; V,d) € R.

Proposition 4.26. Let Ay, V € P(Y), C' and C two nonempty convexr cones such
that C" C C'#Y and d € int (C). Assume that Ay and V' are compact. Then

](031:)(.; V,d) is (K2, C")-lower semicontinuous at Ay.
Proof. Denote rg := Ig’L) (Ag; V,d). Due to the compactness of Ay and V', we have

ro € R. Take r and ¢y such that r < r 49 < rg, then V + (r +e)d ¢ Ay + C for
all 0 < e < gp. Weset W:= Ay — %d+int (C), which is open. Then Ay C W and

W +C" = W. Now, we show that r < IS (A; V,d) for all A € U(W +C", <) which
implies that A C W + C’. Suppose to the contrary that there exists A C W + '

such that V + (r +¢)d C A+ C for any € > 0. Forallv € V and 0 < e < 3, we

have v+ (r+e)d € A+ CCW+C'+C =W +C C Ay — $d + C. Therefore,
v+ (r+ey)d € Ay + C. This implies that ]g’L)(AO; V,d) < r+ ey < ro, which
contradicts with ry = 1(03 L)(Ao; V,d). This completes the proof. ]

Proposition 4.27. Let Ay, V € P(Y), C' and C two nonempty convexr cones such
that C" C C #Y and d € int (C). Assume that Ay and V' are compact. Then

S(C?’U)(-; V,d) is (X9, C")-upper semicontinuous at Ay.

Proof. By Propositions 2.15, 3.5, and 4.26, the proof is complete. [
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Theorem 4.28. Let F: X - P(Y), zp€ X, V € P(Y), C" and C two nonempty
convez cones such that C' C C #Y and d € int (C). If F is (K2, —C")-continuous
at xo, then

(i) [(Cj)(F(~); V,d) is upper semicontinuous at xo, for all 7 =1,3U,
(ii) S(Cj)(F(-); V,d) is lower semicontinuous at xo, for all j =1,3L.

Proof. By Theorems 3.2, 3.3 and Propositions 4.16, 4.17, the proof is complete. [

Theorem 4.29. Let F: X - P(Y), z0€ X,V € P(Y), C’" and C two nonempty
convex cones such that C" C C #Y and d € int (C). If F is (X2, C")-continuous at
Tg, then

(i) Ig)(F(~); V,d) is lower semicontinuous at xy, for all j = 2L,4,
(ii) S’g)(F(-); V., d) is upper semicontinuous at xo, for all j = 2U, 4.
Proof. By Theorems 3.2, 3.3 and Propositions 4.18, 4.19, the proof is complete. [

Theorem 4.30. Let F': X - P(Y), z0€ X,V € P(Y), C’" and C two nonempty
convex cones such that C' C C' #Y and d € int (C). Assume that F(xy) and V are
compact.

(1) [fF is (K9, —C")-continuous at o, then
17

F(-); V,d) is upper semicontinuous at xo, and
S(QL)(F( ); V. d) is lower semicontinuous at .
(ii) ]fF is (42

, C")-continuous at o, then
0AOF

Sg’U (F(+); V,d) is upper semicontinuous at .

V. d) is lower semicontinuous at xq, and

Proof. By Theorems 3.2, 3.3 and Propositions 4.22, 4.23, 4.26, and 4.27, the proof
is complete. Il

Remark 4.31. To compare with classical results in [5] and [14], Theorems 4.28
and 4.29 are generalizations of Theorems 3.3 and 3.4 in [5] with respect to =<o-
continuity. They appear similar aspects to Theorems 3.1, 3.2, 3.3 and 3.4 in [14].
Moreover, certain inheritance mechanism related to upper and lower continuity for
set-valued maps can be examined for scalarization functions I ( V,d) when j =
2U,3L and Sg U)(:V,d) when j = 2L,3U. Therefore, Theorem 4 30 solves some of
the half—mlssmg parts of results in [5] by compactness assumptions.

Corollary 4.32. Let FF: X — P(Y), 2o € X, V € P(Y), C a nonempty convex
cone in'Y such that C #Y and d € int (C). If F is upper continuous at xq, then

(i) I(j)(F(~); V., d) is upper semicontinuous at xq, for all j = 1,3U,

i) f“ <F<->; V. d)

F(-);V,d) is lower semicontinuous at xy, for all j =1,3L,
); V. d)

PF(
iv) SY(F();V,d

I Y

is lower semicontinuous at xq, for all j = 2L, 4,

is upper semicontinuous at xq, for all j = 2U, 4.
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Proof. Set C' = {0} in Theorems 4.28 and 4.29. Then the statements follow from
Remark 2.7. O

Corollary 4.33. Let F': X — P(Y), zo € X, V € P(Y), C a nonempty convex
cones such that C #Y and d € int (C). Assume that F(zo) and V' are compact. If
F is upper continuous at xq, then

(i) I(QU (F(+); V.d) is upper semicontinuous at o,
(ii) (SL)(F( V,d) is lower semicontinuous at xy,
(ifi) SE(F(-
(i) S¢ U><F<

);
); V,d) is lower semicontinuous at x,
ok

V., d) is upper semicontinuous at x.

Proof. Set ¢ = {0} in Theorem 4.30 and then the statements follow from Re-
mark 2.7. 0

5. Examples

In this section, we provide some examples which, for comact sets Ay, V € P(Y), a
nonempty convex cone C' and d € int (C), the scalarization functions Ig U)(-; V., d)
and Ié? L)(-; V,d) are neither (51, C)-lower semicontinuous nor (<, C')-upper semi-
continuous at Ay. Also, the same goes for S(C2 L)(-; V,d) and 5(03 U)(-; V,d).

Figure 1: [(03 L)(-; V,d) is not (=1, C)-lower semicontinuous at Ay

Example 5.1. Let Y = R* C = R%, Ay = {(z,y) : 2 +y =12 and 2 < z < 10},

V={(z,y):z+y=6and 1 <z <5}andd = (1,1). Consider r¢ := I B(Ag; V, d).
Since the lines x + y = 12 and = + y = 6 are parallel, the distance between these
lines is 3v/2. By ||d|| = v/2, we can move the set V' towards the direction d to satisfy
V+kd C Ay + C when k > % = 3, and hence we get 1o = 3. Take r = 2 < ry and
an open set W with W N Ay # (), that is, there is a € Ay such that a € W. Now,
we take A(e) = B(a,¢), which is a ball around a with radius € > 0. For any ¢ > 0
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and convex cone C' C C', A(e)N(W £C") # (. Set e = 10 and A := A(10), then we
have V4+rd C A C A+ C. Hence Ig’L) (A;V,d) < r as shown in Figure 1. Therefore
I(C?’ L)(-; V,d) is not (1, C")-lower semicontinuous at Ay. Additionally, this example
can illustrate that Ig’ L)(-; V,d) is not (=1, —C")-lower semicontinuous at Ay. Be-

sides, S(C?’ U)(-; —V,d) is neither (1, C’)-upper semicontinuous nor (=<1, —C")-upper
semicontinuous at —Aj. O

d V

0 2 4 6 8 10 12 14 16 18 20

Figure 2: 1(03 L)(~; V., d) is not (<1, C)-upper semicontinuous at Ay

Example 5.2. With the same settings of Example 5.1, we consider (51, +C')-upper
semicontinuity for I(C?’L)(-; V,d). Note that rq := Ig’L)(AO; V,d) = 3. Take r € (3,5)
and an open set W with W N Ay # (. That is, we can consider a € Ay such that
a € W. Now, we set A = {a}, which implies that AN (W £ C") # () for any convex

cone C' C C. However, V+rd ¢ A+C = {a}+R%. Then Ig’L)(A; V,d) >5>ras

shown in Figure 2. Hence Ig’ L)(-; V,d) is not (<1, C’)-upper semicontinuous at Ap.

Additionally, this example can illustrate that I(C?’ L)('; V,d) is not (=1, —C")-upper

semicontinuous at Aj. Besides, S(C3 U)(-; —V,d) is neither (=, C")-lower semicontin-

uous nor (=1, —C")-lower semicontinuous at — A,.

Example 5.3. Let Y = R?*, C = R, Ay = {(z,y) 1z +y=12and 4 <z <8},
V={(z,y):z+y=6and 1 <x <5} and d = (1,1). Consider ry := IgU)(AO;V, d).
We observe that (,c4,(a+C) = {(z,y) : x> 8 and y > 8} = (8,8) + R3.

Then we can move the set V towards the direction d to satisfy the condition
(Naea, (a+ ) N (V +kd) # 0 when k > 5; hence we get ro = 5. Take r € (3,5)
and an open set W with W N Ay # 0, that is, there is a € Ay such that a € W.
Now, we take A = {a}, which implies that AN (W £+ C") # () for any convex cone
C'C C. Also, (,esla+C) =a+ C and (a+ C) N (V +rd) # 0.



P. Dechboon, T. Tanaka / Inheritance Properties ... 221

16
14
12

10

: ‘ A 00‘..’. AN V H- 70 d

4 \ .‘V_'_r.d
. |

0 2 4‘1 6 t? 10 12 14 16 18 %0

Figure 3: [, g U)(-; V,d) is not (=1, C)-lower semicontinuous at A,

Hence IgU) (A;V,d) = 3 < r as shown in Figure 3. Therefore IgU)(-; V,d) is not
(=1, C")-lower semicontinuous at A,. Additionally, this example can illustrate that
I(CzU)(-; V,d) is not (<1, —C")-lower semicontinuous at Ay. Besides, SgL)(-; —V,d) is
neither (51, C’)-upper semicontinuous nor (1, —C’)-upper semicontinuous at —Ay.

V +rd
- 37“0d

f2 ‘ 2 4 6 8 10 12 14 16 18 20 22
Figure 4: Ig U)(-; V,d) is not (=1, C)-upper semicontinuous at A,

Example 5.4. Let Y = R?, C = R, Ay = {(z,y) 1z +y =12 and 2 <z < 5},
V=A{(z,y):x+y=6and 1 <z <5} and d = (1,1). Consider ry := IgU)(AO;V,d).
We observe that (),c4,(a +C) = {(z,y) : > 5 and y > 10} = (5,10) + R%.

Then we can move the set V' towards the direction d to satisfy the condition
(Naca,(a+C)) N (V +kd) # 0 when k > 5; hence we get 7o = 5. Take r > rg
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and an open set W with W N Ay # 0, that is, there is a € Ag such that a € W.
In the same way as Example 5.1, we take A(¢) = B(a,e). For any ¢ > 0 and
convex cone C' C C, A(e)N (W £ C") # (. Set ¢ = r and A := A(r), then we
have ((N,ca(a+C)) N (V +rd) = 0. Hence IgU)(A; V,d) > r as shown in Figure
4. Therefore I(C2 U)(«; V,d) is not (=1, C")-upper semicontinuous at Ag. Addition-
ally, this example can illustrate that Ig U)(-; V,d) is not (=1, —C")-upper semicon-

tinuous at Ay. Besides, Sg L)(-; —V,d) is neither (5, C")-lower semicontinuous nor
(=1, —C")-lower semicontinuous at —Ay.

6. Conclusions

The classical semicontinuity of both scalarization functions and set-valued maps is
extended to general concepts with respect to binary relations and cones in a topolog-
ical vector space, called (5, C)-lower (upper) semicontinuity and (=<, C')-continuity,
respectively; (x,C)-ls.c., (£,C)-u.s.c., and (%, C)-conti. shortly in Tables 1, 2, 3.

As special cases for scalarization functions, the paper explores unified types de-
fined by I(Cj)(-;V, d) and S(Cj)(-;V, d), for each j = 1,2L,3L,2U,3U, 4, as a class of
sublinear-like scalarization. These scalarization functions are characterized by con-
tinuity properties as in Tables 1 and 2, respectively. In the tables, V € P(Y),
d € int (C), C" and C are nonempty convex cones in Y such that C' C C' # Y, and
the tables have marks v/, %, X with proposition (Prop.) or example (Ex.) numbers.

« v means that the property is satisfied;
e x means that the property is satisfied under some compactness assumptions;

e« X means that the property is not satisfied even if compactness assumptions
hold.

Accordingly, we can summarize inheritance properties on cone continuity for set-
valued maps via scalarization in Table 3; the generalized continuity of parent set-
valued maps is inherited to composite functions with scalarization functions. In
the table, mark (x) means that the property is satisfied under some compactness
assumptions.

Table 1: Continuity properties of I(Cj)(-; V., d) for each j = 1,2L,3L,2U,3U, 4.

(21,C")-ls.cc | (R2,C")-lsc | (R1,—C")-us.c | (K2, —C")-us.c
19V, d) | v (Prop. 4.5) v (Prop. 4.16)
I8P (5 V,d) v (Prop. 4.18) | v (Prop. 4.7)
[(C?’L)(-; V,d) | X (BEx.5.1) | * (Prop. 4.26) X (Ex. 5.2)
189V d) | X (Ex 5.3) X (Ex. 5.4) « (Prop. 4.22)
189V, d) |  (Prop. 4.5) v (Prop. 4.16)
1(04)(~;V, d) v (Prop. 4.18) | v (Prop. 4.7)
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Table 2: Continuity properties of S(Cj)(~; V,d) for each j = 1,2L,3L,2U,3U, 4.

(51, —C")-ls.cc | (K2, —C")-ls.c | (21,C")-us.c | (Z2,C")-us.c
Sg)(-;v,d) v (Prop. 4.17) | v (Prop. 4.6)
SER V) | X (Ex 5.4) « (Prop. 4.23) | X (Ex.5.3)
SBE (v, d) v (Prop. 4.17) | v (Prop. 4.6)
SENV,d) | v (Prop. 4.8) v (Prop. 4.19)
SEIV.A) | X (Bx 52) X (Bx.5.1) | * (Prop. 4.27)
SP(V,d) | v (Prop. 4.8) v (Prop. 4.19)

Table 3: Continuity properties of the composite functions.

e (<1, C") (22,0 | (%1,=C") | (Re2,—C") l.c. u.c.
-conti. -conti. -conti. -conti. | (C"={0}) | (C"={0})
[g) oF Ls.c. - - u.s.c. Ls.c. u.s.c.
IgL) oF - ls.c u.s.C. - u.s.c. Ls.c.
[g’L) oF - Ls.c. (%) - - - Ls.c. (%)
IézU) oF - - - u.s.c. (x) - w.s.c. (%)
I(C?’U) oF l.s.c. - - u.s.c. l.s.c. u.s.c.
Igl) oF - ls.c u.s.c - u.s.c. l.s.c.
Sg) oF u.s.c. - - L.s.c. u.s.c. Ls.c.
SgL) oF - - - Ls.c. () - ls.c. ()
SgL) oF u.s.C. - - Ls.c. u.s.c. Ls.c.
S(CQU) oF - u.s.c. lLs.c. - Ls.c. u.s.c.
ngU) oF - u.s.c. () - - - u.s.c. ()
SgL) oF - u.s.c. Ls.c. - Ls.c. u.s.c.
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