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1. Introduction

In two-person zero-sum games, one player’s gains are the other’s losses and vice
versa. A two-person zero-sum game in matrix form is defined by a matrix, whose
elements are the payoffs to the first player — those for the second player are the
negative of these values. Such games have the origin in the pioneering paper [12]
of von Neumann and the landmark book [13] of von Neumann and Morgenstern.
Briefly called matriz two-person games, the games have been discussed by many
authors (see, e.g., Aubin [1, Subsect. 6.5.4] and Aubin and Ekeland [2, Sect. 2 in
Chapter 6]). We refer to Barron [4, Chapters 1 and 2] for a nice introduction to
matrix two-person games and Kuhn [8] for a comprehensive exposition of the history
of the game theory together with its basic concepts, results, and some illustrative
applications.

Despite the fact that the solution methods for matrix two-person games have been
studied in great details (see, e.g., [4, Chapter 2]), there are only a few papers address-
ing qualitative properties of the games. For symmetric matrix two-person games,
Stanford [11, Proposition 2] has proposed an algebraic procedure to test the unique-
ness of a given optimal strategy of one player and given a characterization of non-
unique solutions. Recently, using the concept of minimax variational inequality
in [5] and Robinson’s results on generalized equations [9], Huyen and Yao [6] have
studied the structure of the solution set of a general matrix two-person game and
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its stability with respect to a small change of the payoffs matrix. Then, focusing on
the extreme points of the solution sets of matrix two-person games, Huyen, Yao and
Yen [7] have defined the notions of characteristic sets and characteristic numbers,
which allow ones to look deeper into the structure of the games. In [7], upper bounds
for the characteristic numbers have been obtained and a geometric construction for
describing the optimal strategy set of each player of a game has been given.

The qualitative analyses of matrix two-person games of [6] and [7] are the basis for
our investigations in this paper. We will obtain some theorems on the continuity of
the characteristic set maps, the value of the game function, and the density of the
games having a unique optimal strategy for one player. To the best of our knowledge,
there are no similar results in the existing literature on matrix two-person games.
It is worth to stress that hard open questions remain in this topic.

In Section 2, we recall the notations and auxiliary results needed for our subsequent
study. Section 3 is devoted to the continuity of the characteristic sets and of the
value of the game. In Section 4, we investigate the upper semicontinuity of the
characteristic sets for matrix games of dimension 2 x 2. The density of the games
of dimension 2 x 2 having a unique optimal strategy for one player is proved in
Section 5. The last section presents some concluding remarks and open questions.

2. Notations and auxiliary results

The closed unit ball (resp., the closed ball centered at a with radius 6 > 0) in an
Euclidean space R* is denoted by Bgs (resp., B(a,d)). The corresponding open
balls are abbreviated respectively to Brr and B(a,d). As usual, ]R’fF stands for
the nonnegative orthant of R* and the scalar product of z', 22 € R* is denoted
by (x',2?). For a subset Q C R by Q, intQ, and 9Q we denote the closure,
the interior, and the boundary of §2, respectively. The distance from z to §2 is
d(z,Q) = infycq ||z — y||, where inf ) = 400 by convention. For any subsets €2,
Q, of R¥, the excess of Q; over €, denoted by e(€;,s), is defined by setting
e(21,8s) = sup,cq, d(x,€2). The Hausdorff distance between €y and ), is given
by h(€4, ) = max {e(21,Qa), e(2,21)} .

Let G : R* = R*2 be a set-valued map between two Euclidean spaces. As in [3], we
say that G is upper semicontinuous (usc) at u € R* if for every open set V C R*2
satisfying G(u) C V there exists a neighborhood U of u, such that G(v') C V for
all v/ € U. If for every open set V C R satisfying G(u) N’V # () there exists a
neighborhood U of u € R¥ | such that G(u/) NV # 0 for all ' € U, then we say
that G is lower semicontinuous (Isc) at u. If G is both usc and lsc at u, then G is
said to be continuous at u.

The norm in the product space R¥*%2 = R* x R*2 is defined by setting

1/2
1w, )] = (Jull® + [01)* V(u,v) € R¥ x RE, (1)

Since the following elementary result will play an important role in our subsequent
arguments, a detailed proof is provided for clarity.
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Lemma 2.1. Let Qy and Qy (resp., Qs and Q) be subsets of R¥ (resp., R¥2). Then,

\% [6(@1,91) + 6(@2,92)] < 6(@1 X QQ,Q:{ X Qz) < 6(@1,91) + B(QQ,QQ) (2)
and
% [h(QhQﬁ + h(f~22792)} < h(Q1 X Q, Q% QQ) < h(Qlle) +h(f~22792)- (3)

Proof. For any (,7) € Q1 x Q and (u,v) € Q; x Q,, by using (1) we have
_ _ - 1/2

13, ) = (u, )| = (ll = ul®+ [[5 = v]2)*

1
V2

Taking the infimum of each expression in these inequalities on (u,v) €y X Qs gives

Hence, —= |t — ul| +[|o — o[} < [[(a,0) = (u, v)[| < [|& — ][ + [|o = v].

% [d (i, )+ d (3, Q)] < d (6, 5), Q1 % Qo) < d (i, %) +d(,0).
Now, taking supremum of each expression in the last inequalities on (@, 7) € QO x Qz,
we obtain (2). Then, by the symmetry we have

€
V2
Now, combining the second inequality in (2) and the second inequality in (4) with
the definition of Hausdorff distance, we get the second inequality in (3). Finally,

from the first inequality in (2), the first inequality in (4), and the definition of
Hausdorff distance, we obtain

(0, Q) + e(2, )| < e x D, 0 x Do) < e, D) + (2, ). (4)

1 ~ ~ ~
ﬁ h(Qth) < h(Ql X QQ,Ql X QQ)
1 ~ ~ ~
and ﬁ h(QQ,QQ) < h(Ql X QQ,Ql X QQ)
Adding these inequalities and dividing the resulted inequality by 2, we get the first
inequality in (3). O

Following [4, Chapter 1] and [6], we now recall the concept of matrix two-person
game. Let P; and P, be two players. Suppose that P (resp., P;) makes a choice
from n possible strategies (resp., m possible strategies). If P; chooses a strategy
i € I and P, chooses a strategy j € J, where [ := {1,....n} and J := {1,...,m},
then they play the game. In this zero-sum game, whatever one player wins, the
other loses. Namely, if a;; is the payoff of P;, then the payoft of P, is —a;;. Both
players want to mazimize their individual payoffs. The n x m matrix A = (a;;) is
called the payoff matriz or the game matriz.

If player P, has chosen a strategy j. € J, then a strategy i, € I satisfying a,;, < a;, ;.
for all ¢+ € I is best for player P;. Similarly, if player P, has chosen a strategy i, € I,
then a strategy j. € J satistying —a;,;, > —a;,; for all j € J is best for player P.
The last condition can be rewritten equivalently as a;,;, < a,,; for all j € J. These
observations are the motivations for the next fundamental definition.



290 D.T. K. Huyen, N.D. Yen / Some Qualitative Properties ...

Definition 2.2. (See [4, Definition 1.1.2]) A pair (i, j«) € I x J is called a saddle
point in pure strategies of the game if

In general, there may not exist any pair (i., j.) € I x J fulfilling (5). In other words,
the game may not have any solution in pure strategies. In this case, the players
choose their strategies randomly, i.e., they play the game randomly. To get the best
possible individual average payoff after a series of games, each player has to abide
by a mixed strategy. The latter is defined as follows.

Suppose that the players play the game many times. A mized strategy [4, Defini-

tion 1.13] for P; is a vector x = (z1,...,x,) € R” with
n>0Viel, Y z=L (6)
iel

Denote by S, the set of x = (x1,...,x,) satisfying (6). The choice of a mixed
strategy = € S,, of P, means that this player chooses strategy ¢« € I with the
probability ;. Similarly, a mixed strategy for P, is a vector y = (y1,...,ymn) € R™
with

Y20 Vield Y y=L (7)

jeJ

Let S,, be the set of y = (1, ..., ym) satisfying (7). The choice of a mixed strategy
y € Sy, of P, means that the player chooses strategy j € J with the probability y;.

If P, abides by a mixed strategy x € S, and P, abides by a mixed strategy y € .S,,,
then the expected payoff to P, of the game is 27 Ay. Put f(z,y) = 2T Ay. A saddle
point in mixed strategies (see [4, Definition 1.3.3]) is a pair (z,y) from S, x S,
satisfying

flz,9) < f(z,9) < f(z,y) VxesS, Yyes,.

As shown by von Neumann [12] (see also [4, Theorem 1.3.4]), such a saddle point is
always available. The set of saddle points in mixed strategies of the game is denoted
by S(A). For a saddle point (z,y) € S(A), the first component Z (resp., the second
component ¥) is said to be an optimal strategy of player Py (resp., of player P,).
Note that the values
. q .
ol e f(e.y) and mapcin f(2.0)

coincide. As in [4, Theorem 1.3.4], the just mentioned common value is called the
value of the game and it is denoted by v(A). For any (z,y) € S(A), one has

f(x,9) = v(A).

Theorem 2.3. (See [6, Theorem 3.1]) The saddle point set in mized strategies of
a matriz two-person game is a nonempty compact polyhedral convex set. The set of
optimal strategies of each player is also nonempty compact polyhedral convex.
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Given a matrix A = (a;;) € R™*™, we consider the linear program

Minimize Zpi
el
. . . (8)
subject to Zaijpi >1,5¢€d, pi>0,1€l
el

The dual problem of (8) is the linear program

Maximize qu

i< )
subject to Zaiij <l,iel, ¢=>0,j€l

jeJ

The problem of solving a matrix two-person game is reduced to solving the above
pair of linear programs in the following way.

Theorem 2.4. (See, e.g., [4, pp. 83-85] and [7, Theorem 3.2]) For every n x m
matriz A, one can find a positive constant p such that if A, is the matriz obtained
from A by adding a positive number pi to every element a;j, then v(A,) > 0. With
such a number u, the following properties hold for the linear programs (8) and (9)
where a;; stands for the (i,7) element of A, for anyi € I and j € J:

(a)  Ifp=(p1,-.-,Pn) is an optimal solution of (8) with the corresponding optimal
value o, then the vector é]ﬁ is an optimal strategy of player P, and é — |4 1S
the value of the game defined by A. Moreover, every optimal strateqy of player
P, can be obtained in this way.

(b)  Ifq=(qi,---,qm) is an optimal solution of (9) with the corresponding optimal
value [, then the vector % q is an optimal strategy of player Py and %— 1 is the
value of the game defined by A. In addition, every optimal strategqy of player

Py can be obtained in this way.

In connection with Theorem 2.4, it is assumed that for a given n x m matrix A, a
constant p > 0 has been chosen so that the matrix A, obtained from A by adding
a positive number p to every element a;; has the property v(A,) > 0, where v(A,,)
is the value of the game described by A,. In the sequel, the linear programs (8)
and (9) will be considered with A = A,. Thus, both problems have solutions, the
corresponding optimal values & and (3 are positive, and 8 = a.

Following [7], we denote the optimal strategy set of player Py (resp., of player P») by
S1(A) (resp., Sa(A)). The set of extreme points of S1(A) (resp., S2(A)) is abbrevi-
ated to Ey(A) (resp., Ex(A)).

Theorem 2.5. (See [7, Theorem 3.3]) One has S1(A) = ép, Se(A) = =D,
S(A) = 51(A) x S3(A), (10)

where P and & > 0 (resp., D and 3 > 0) are the solution set and the optimal value
of (8) (resp., of (9)). In addition,

E(A) = E1(A) x Ey(A). (11)

I =
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Formula (10) shows that the saddle point set in mixed strategies of a matrix two-
person game has a decomposition property. Namely, S(A) is the product of the
optimal strategy sets of the two players. Since S(A) is a nonempty compact poly-
hedral convex set by Theorem 2.3, from (10) it follows that both sets S;(A) and
S5(A) are nonempty compact polyhedral convex.

Definition 2.6. (See [7]) The sets E(A), E1(A), and Ey(A) are said to be charac-
teristic sets of the matrix two-person game defined by matrix A. The numbers of
elements of E(A), Ei(A), Ey(A) are denoted respectively by x(A), x1(A), x2(A),
and are called characteristic numbers of the game.

It has been noted in [7, Remark 3.7] that, for any matrix A € R™™, the numbers
X(A), x1(A4), x2(A) are positive integers and the equality x(A) = x1(A)x2(A) holds.

According to [7, Remark 3.7], the number y(A) is a measure of complexity of the
game defined A: the game is complex if x(A) is large. Similarly, the number y;(A)
(resp., x2(A)) is a measure of complexity of the game from the point of view of player
Py (resp., player P,). If x(A) = 1 (in this situation, one has x;(A) = x2(A) = 1),
then the game can be regarded as a simple one.

Following [7], we put A =co{ay,as,...,a, }, where
a1 21 Qn1
a12 a22 a2
ay, = . , Q2. = . yeeey Qn =
A1m Aom Anm

are the column vectors of AT, and build the “carriage”
1 m
Cla) := ~Jm + RY (a>0),

where J,,, stands for the column vector consisting of m numbers 1. Consider the
conditions

AN (int C(a)) = 0, (12)
AN (0C(a)) # 0. (13)

Theorem 2.7. (See [7, Theorem 5.4]) The couple of conditions (12) and (13) is
necessary and sufficient for & > 0 to be the optimal value of (8). In addition, if
n = m, the matriz A is nonsingular, and & > 0 is the optimal value of (8), then the
solution set of (8) and the optimal strategy set of player Py are respectively computed
by the formulas

P =a(A") [An (9C(a))] (14)

and

Si(A) = (A") AN (9C(a))].- (15)

We will need the next fundamental stability property of matrix two-person games.
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Theorem 2.8. (See [6, Theorem 4.1]) The saddle point set map in mized strategies
S(+) of the matriz two-person game is locally upper Lipschitz everywhere, i.e., for
any matric A € R"™ ™ there exist constants €4 > 0 and 4 > 0 such that

S(A) € S(A) + £4]|A — A|| Bgn g
for any A € R™™ satisfying | A — A|| < 4.

3. Continuity of the characteristic sets and of the value of the game

The first result of this section gives a sufficient condition for the continuity of the
characteristic sets with respect to the perturbation of the matrix A.

Theorem 3.1. If S(A) is a singleton, then the characteristic set maps
E() . RnXm :§ ]Rn-l—m7 El() . RnXm j Rn, EQ() . RnXm j Rm
are continuous at A. Moreover, there exist constants €4 > 0 and £4 > 0 such that

] h(E(A), E(A)) < (a]|A - A| (16)

h(Ei(A), Ey(A)) < 2V204]|A = All, h(Ey(A), Ex(A)) < 2v204|A— Al (17)
for every matriz A € R™™ satisfying |A — A|| < 4.

Proof. By Theorem 2.8, we can find constants €4 > 0 and ¢4 > 0 such that the
inclusion

S(A) € S(A) + Cal A — Al|Bar i (18)
holds for any A € R™™ satisfying ||A — A| < e4. Clearly, (18) implies that
e(S(A),5(4)) < LallA - Al (19)

By our assumption, S(A) has just one element. Hence, E(A) = S(A) and from (19)
it follows that e(S(A),S(A))) < La||A — Al|. Moreover, since E(A) C S(A) and
E(A) is a singleton, by (19) we have

e(B(A), B(A)) < L] A= A (20)
and e(E(A),E(A)) < l4]|A - Al (21)
Combining (20) with (21), we obtain the inequality (16) for every matrix A e R™™
satisfying ||A — A|| < ea.
For any matrix A € R™™ with |4 — A|| < e4, by Theorem 2.5 one has

E(A) = E\(A) x Bx(4), E(A) = E\(A) x Ey(A).

So, applying the second assertion of Lemma 2.1 to the sets E1(A), E1(A), Ea(A),
E5(A) gives
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From the first inequality in (22) and the estimate (16) we get the estimate
B (Bu(A), Bi(4)) + 1 (Ea(A), Bo(A)) <2204 A - A,

which clearly implies (17).

Now, it remains to show that the fulfillment of (16) and (17) for every matrix
A € R™™ gatisfying ||A — A|| < £4 implies the desired continuity of the set-valued
maps E(-), F1(-) and Fy(:) at A.

Suppose that E(A) = {z}, where z = (Z,7) € R" x R™. Let W C R" x R™ be any
open set containing F(A). Choose p > 0 as small as B(z, p) C W and put

€1 = min{gA, gﬁ}

Then, for any matrix A € R™™ satisfying |A — A| < e, one has ||[A — A| < e,
and (4]|A — A|| < p. So, from (16) we get the inequality h(E(A), E(A)) < p, which
assures that E(A) € B(z,p) € W. Thus, the usc property of E(-) at A has been
established. Now, let W C R™ x R™ be any open set having a nonempty intersection
with E(A). Since E(A) = {z}, there exists p > 0 such that B(z,p) C W. As
what has been done above, we can find a constant £; > 0 such that the inclusions
E(A) B(z,p) € W hold for any matrix A € R™™ satisfying ||A — A < &.
Since E(A) # 0 by the celebrated theorem of John von Neumann [12] (see also
Theorem 2.3), this implies that E(A)NW # () for every matrix A € R™*"™ satisfying
|A—A| < e;. The Isc property of E(-) at A and, therefore, the desired continuity of
E(-) at A, have been proved. The fact that both set-valued maps E(-) and E(-) are
continuous at A can be derived from the validity of (17) for every matrix A € R™*™
satisfying ||A — A < €4 in a similar way.

The proof is complete. O

Remark 3.2. One referee observed that for a compact polyhedral convex set S and
an one-point set {p}, we always have

(5. 093) = max {sup o =l inf [ ol | = (5. 1) = e(B(S), (),

where E(S) denotes the finite set of extreme points of S (for the last equality, see,

g., [7, Lemma 2.3]). This property clearly shows equivalence between (16) and the
upper Lipschitz relation in Theorem 2.8 in the setting of Theorem 3.1 and therefore
can help to shorten the proof of the theorem. Arguing in this way, one can see why
the condition S(A) is a singleton comes into use. O

The requirement that S(A) is a singleton in the assumption of Theorem 3.1 seems
to be too strict. However, as it will be shown in the forthcoming example, the
assertions of that theorem may not hold if S(A) has more than one element.

Example 3.3. Let n =m =2 and A = [1 ﬂ By solving the linear program (8)
and the dual program (9) we get

S1(A)={p= (p1,p2) | P1 >0, p2 >0, p1 +p2 =1}
and So(A) ={g=(q1,02) |1 20, 220, ¢1 + g2 =1}
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Hence, E1(A) = {(0,1),(1,0)} and Ey(A) = {(0,1),(1,0)}. So, thanks to (11), we
have E(A) = {(0,1),(1,0)} x {(0,1),(1,0)}. Thus, E(A) is a set of four isolated

Loe 14 25]. The problem (8),

U _
points in R*. For each ¢ € (0,1), we put A, = [1+5 1~ 9

where A, plays the role of A, becomes
Minimize p; + p2 subject to
(I=ep+(A+e)pa>1, (1+2e)p1+(1—-2e)pa>1, p1 >0, pa >0.

The corresponding dual problem is

Maximize ¢, + qo subject to
I=epr+(1+2)p<1, (I+e)pr+(1-26)gp<1, ¢ >0, qg=>0.

Solving these linear programs yields

st ={(34)) i 5= {30}

Hence, F1(A.) = {(%, %) }, Ey(A,) = {(; é) } By Theorem 2.5, we have

11 21
24) ={(33)} *{G3)}-
To show that the set-valued map E;(-) : R**? = R? is neither usc nor Isc at A, we
choose V = B <(1,0)7 é) UB ((0, 1), é) Clearly, E1(A) C V and E;(A) NV # 0.

Note that lim A. = A and E;(A.) contains only the point (%, %) for every number

e—0t
€ (0,1). So, one cannot find any neighborhood U of A such that E;(A) C V for
all Ae Uor E{(A)NV # () for all A € U. Arguing similarly, one can show that the
set-valued maps Fy(+) :R**? = R? and F(-):R?*? = R* areneither usc norlscat A.

Remark 3.4. Clearly, S,, C Bgn for all z € S,. Hence, we have [|z|| < 1 for all
x € S,. Similarly, ||y <1 for all y € S,,. O

The second result of this section is about the continuity of the value of the game
w.r.t. the perturbation of A. It will play an important role in our investigations of
matrix two-person games having multiple saddle points in mixed strategies.

Theorem 3.5. For any matric A € R"™™, there are constants 4 > 0 and £4 > 0

such that N -
[v(A) = v(A)] < (1 +20[A[)]|A - Al (23)

for every matriz gl e R satisfying ||A — A|| < ea. Thus, the value of the game
function A v(A) is locally upper Lipschitz on the space R™™ of n X m matrices.

Proof. Similarly as in the proof of Theorem 3.1, by Theorem 2.8 we can find
constants €4 > 0 and £4 > 0 such that (19) holds for all A € R™™ satisfying
|A — A|| < ea. Fix any matrix A € R™*™ with ||A — A|| < e4 and recall that both

sets S(A) and S(A) are nonempty and compact (see Theorem 2.3).
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To obtain the inequality (23), take any (Z,7) € S(A). By (19) we can find some
point (z,y) € S(A) such that
1) — (@9 < LalA— Al (24)
Note that v(A) = 2T Ay, v(A) = 2T Ay, and
PTAy— 7" Ay =" (A - A)g+ (7 - 2)TAG+ 2T A®G — 7).
Hence, by (24) and Remark 3.4 we have the following estimates
0(A) — v(A)] = |F7 (A — A)j + (7 — BT A+ FTAGG - )
< NEIIA = AN + 7 — 3ANIGH + 121115 — 31
< A= All+ G4l A= AN + 4 A - 4]
= (1+ 24| Al A — AL

Thus, (23) holds for any A € R™™ satisfying ||A — A|| < e4. O

Remark 3.6. The continuity property of v described by (23) is also called the local
calmness of v at A, where A is a fixed matrix. [

4. Upper semicontinuity of the characteristic sets

As shown by Example 3.3, the characteristic set maps can be discontinuous in gen-
eral. So, in light of Theorem 2.8, it is of interest to find some sufficient conditions
for the usc property of these maps.

To prove a result on the usc property of the characteristic set maps for a class of
matrix two-person games by using Theorem 2.4, we first establish the next lemma.

Lemma 4.1. For every nonsingular n xn matriz A = (a;j), one can find a constant
f > 0 such that, for any p € [fi,+00), all the entries of the matriz A, := (a;; + 1)
are positive and det A, # 0.

Proof. Put g(u) = det A, for all 1 € R. Clearly, g(u) is a polynomial whose degree
does not exceed n. Since g(0) = det A # 0 by our assumption, the constant term of
g() is nonzero. Hence, the polynomial g(u) is not identically null. Therefore, it can
have at most n real roots. Hence, if i > 0 is chosen large enough, then all the entries
of the matrix A, = (a;; + p1) are positive and det A, # 0 for every p € [f1, +00). O

Theorem 4.2. If A € R?**? is a nonsingular matriz, then the characteristic set
maps Ey(-) : R?*?2 = R?, Ey(-) : R?*2 = R? and E(-) : R?*?2 = R* are upper
semicontinuous at A. Moreover, these maps are upper Lipschitzian at A in the
sense that there exist constants €1 > 0 and {1 > 0 such that

e(Er(A), Br(A)) < ]| A~ A, (25)
e(E(A), B(A)) < 6| A - A| (27)

for any matriz A € R¥? satisfying |A — A|| < &;.
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Proof. By Theorem 2.8 we can find constants ¢ > 0 and ¢ > 0 such that the

meduality e(S(A), S(A)) < (A - Al (28)

holds for any matrix A € R?>*? satisfying |A — A|| < e. In addition, according to
Theorem 2.5,

S(A) = S1(A) x Sy(A),  S(A) = S1(A) x Sy(A).

Therefore, we can apply the first assertion of Lemma 2.1 to the sets Si(A), S1(A),

Sa(A), So(A) to get
% [e (51(21), 51(,4)) te (52(,21), sg(A))} (29)
<e (S<A), S(A)) <e (51(21), Sl(A)> te (55(21), SQ(A)> .
Combining the first inequality in (29) with the estimate (28) we obtain
e(S1(A), S1(A)) + e(Sa(A), S2(A)) < V2|4 - A,
which implies that
e(S1(A), S1(A)) < V2| A - Al|, e(S2(A),S5(A)) < V2A— Al (30)

Thus, the inequalities in (30) are valid for any matrix A € R?*? with ||A — A|| < «.

We are now in a position to establish the usc property of the characteristic set map
El() at A.

First, let us consider the case where all the entries of the matrix A are positive.
Under the assumptions made, the problem (8) becomes

(31)

Minimize p; + p2 subject to
anpr +azp2 > 1, apgpr +axep: >1, p1 >0, pp >0

with a;; > 0 for all (i,5) € I x J and I = J = {1,2}. Denote the solution set and
the optimal value of (31), respectively, by P and & > 0. Applying Theorems 2.4

and 2.5, we have v(A) = é and S1(A) = v(A)P. If (31) has a unique solution, i.e.,

S1(A) is a singleton, then using some arguments of the proof of Theorem 3.1 and the
first inequality in (30), which is valid for any matrix A € R?*? with||A — A|| < ¢, we
can show that Fy(-) is usc at A. Hence, in what follows we will assume that S;(A)
is not a singleton.

Let C stand for the constraint set of (31). Clearly, C' is an unbounded two-
dimensional polyhedral convex set. Since S;(A) is not a singleton and S1(A) =
v(A)P, the solution set P of the linear program (31) has more than one element.
As P is a closed face of ', which is compact by Theorem 2.3, we can assert that
P must coincide with one of the following ‘candidates to be an one-dimensional
compact face of C”:

Fy = {p=(p1,p2) € RY | auip1 + amps = 1, arap1 + asopo > 1},
Fy = {p = (p1,p2) € Ri | anipr + azpe > 1, arapy + agepa = 1} .
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(It may happen that one of these sets is empty.) By renumbering the columns of
A, we may assume that P = F. Let aj, j € J, stand for the j-th column of A.
Setting ¢ = (1,1) € R?, we can rewrite the objective function of (31) as (¢, p). Since
this function is constant on the polyhedral convex set F;, which has more than one
element, there exists v > 0 such that a; = ¢ = (,7). Consider the line segments

Ly = {p= (p1,p2) € R | a11p1 + asipr = 1},
L2 = {p = (p17p2) & Ri | ai12P1 + A22P2 = 1} .

Since A is nonsingular, the situation Ly = L; is excluded. Hence, one of the following
situations must occur:

(a) L2 N L1 = @,
(b) Ly and L; have one common end-point;

(¢) Ls and L; have one common point, say u = (uy, uz), belonging to the interior
of R2.

Let ¢’ € (0,¢) be such that for any matrix A = (a;;) € R?*? with ||A — A|| < ¢’ one
has a;; > 0 for all (i,7) € I x J. The linear program of the form (8) related to such
a matrix A reads as follows

Minimize p; + p2 subject to
(32)
anpi + azips > 1, aiepr +agp: =21, pp >0, pp > 0.

By Theorems 2.4 and 2.5, if P and @ > 0 are, respectively, the solution set and

the optimal value of (31), then v(A) = % and Sy(A) = v(A)P. Let us denote the
constraint set of (32) by C and set
Ly :={p= (p1,p2) €RY | anps + amps = 1},
Ly:= {p=(p1.p2) € RZ | Grop1 + Gaapo = 1} .
If the situation (a) occurs, then one has
P=F =L ={p=(p,p2) € R} | aupi + azp> = 1},

where L; is a line segment orthogonal to ¢. Hence, from the formula S;(A) = v(A)P

we have
0= {(50). 00} - {C0) 0} o

Moreover, by taking a smaller number ¢’ > 0 if necessary, for any matrix A= (@i;)
with ||A — A|| < ¢’ we will have Ly N L; = () and

C = {p=(p1,p2) €ERY | Gups + azmps > 1}.

It follows that
[(Lv 0)7 (07 %)} if d21 = &11

75: {(L,O)} if Qo1 < Q11
{(O; L)} if Qo1 > Q11-
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Consequently, the formula Sy (A) = v(A)P yields
v(A){(z,0), (0,25)} if az = an
Ei(A) = v(A){(:-,0)} if ag < an (34)
{ O, L)} if Qo1 > Q11

for any matrix A = (a;;) with |A — A| < ¢’. For every i € I, one has

UEA) _ o) _ | anvA) —aﬂv(A))
_ ’(ailv(;l) —ai1v(A)) + (a;v(A4) — @ilv(A))|
a;1041
< anlv(A) — U(f{)l| fU(A)\ail — a1

and |a; — @] < |A — A|. So, thanks to (33), (34), using Theorem 3.5 we can
find constants e; € (0,¢’) and ¢; > 0 such that (25) holds for any matrix A € R**?
satisfying ||A — A|| < &1.

Slightly modifying the above arguments, we can show that if the situation (b) or
the situation (c) the situation occurs, then there also exist constants ¢ € (0,¢’) and
¢, > 0 such that (25) holds for any matrix A € R?*? satisfying ||A — A < ;. (One
can reduce €1 > 0 and enlarge ¢; > 0 if necessary.)

Renumbering the players and applying the obtained result, we can establish (26).
To get (27) from (25) and (26), one can apply the second inequality of (2) to the

sets F1(A), E1(A), Eo(A), E5(A). (Again, one can enlarge ¢; > 0 if necessary.)

Since F1(A) (resp., Ez(A), E(A)) is a compact set, from the validity of (25) (resp.,
(26), (27)) for any matrix A € R**? satisfying ||[A — A|| < &; one can easily show
that Ey(.) (resp., Ea(.), E(.)) is usc at A.

To deal with the case where A has some non-positive entries, it suffices to apply
Lemma 4.1 and observe that the transformation

A=(ay) > A= (@ +p)  (HER), (35)

denoted by ®,,, does not change the norm of the difference of two arbitrary matrices.

Namely, for any matrices A and A from R™*™ where n and m are positive integers,
one has [[®,(A) — @, (A)[| = [| A, — Aull = [[A = Al O

Remark 4.3. One referee noted that the first estimate (reps., the second estimate)
in (17) can be derived from the inequalities in formula (30) under a less restrictive
condition: Sy(A) is a singleton (resp., So(A) is a singleton). O

5. Density of the games having a unique optimal strategy for one player

It is reasonable to conjecture that the set of games having a unique optimal strateqy
for one player, say, Pi, is dense in the space of matrices R™*™. Our first attempt
was successful in the case n = m = 2.
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Theorem 5.1. For n =2, the set {A € R™™ | x1(A) = 1} is dense in R™".

Proof. Let A € R™"™ be an arbitrary matrix. To prove the theorem, we have to
show that for any p > 0 there exists A € R™*" with || A—A|| < p such that y;(A) = 1.
Consider the parametric matrix A+¢cF, where E denotes the unit matrix of order n
and ¢ € R is a parameter. Clearly, det(A + ¢F) is a polynomial of order n of
the variable €. Since the polynomial can have at most n distinct roots, we can find
e € (0,27'p) such that det(A+eFE) # 0. As ||[(A+eE)—A| < 27!p, the proof will be
completed if we can show that there exists A € R™" with ||[A — (A +cE)|| <27 1p
such that y;(A) = 1. Thus, by replacing A with A + ¢FE (if necessary), we may
assume from the beginning that det A # 0.

According to Lemma 4.1, there exists p1 > 0 such that all the entries of the matrix
A, = (a;; + p) are positive and det A, # 0. If we can find a matrix A € R"*" with

|A = A,| < psuch that x;(A) = 1, then applying the inverse of the transformation

@, defined by (35) to A gives the desired matrix. Indeed, setting A = ®_,(A), we
have . R R
A = All = [[®u(A) = Pu(Au)] = |4 = Aull < p

~ - ~

and x1(A4) = x1(®,(A)) = x1(A) = 1 because
S(A) = S(@,(A)) = § (@, (@_,(4)) ) = S(A)

(see also Theorem 2.5 and Definition 2.6). Therefore, it remains to prove the next
result.

Claim. For n =2, given any nonsingular matriv A € R™" having positive entries
and a constant p > 0, one can find a matriz A € R™" with [|A — Al < p such that

To prove the claim, we apply Theorem 2.5 to get S1(A) = ép, where P and & > 0

are respectively the solution set and the optimal value of (8). Thus, if P is a
singleton, then S;(A) is also a a singleton, and we have x1(A) = 1. Hence, in this
case it suffices to take A = A. Suppose now that P has more than one element.
We have to show the existence of a slight perturbation of A which yields a linear
program having a unique solution.

Under the hypotheses of the claim, by Theorem 2.7 we see that the conditions (12),
(13) are satisfied and the equalities (14), (15) hold true.

Recall [10, p. 162] that a face of a convex set C' is a subset C” of C' such that every
closed line segment in C' with a relative interior point in C” has both endpoints in
C’. We refer to [10, p. 2] for the definition of dimension of a convex set. The relative
interior of a convex set C, which is denoted by riC, is defined [10, p. 44] as the
interior which results when C' is regarded as a subset of its affine hull.

To proceed furthermore, we will rely on Theorem 2.7. First, note that the set
_ 1
Cla) = Lh+ R

has the following two faces of dimension 1:
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_ 1 . . .
Ci(a) = {z = (21,20) ER? : 2; = = 22— for j' 7{7} (j€lJ),

where J = {1,2}. Clearly,

11 Cj(@) := {Z:(Zl,ZQ)ERZ Dz = for j’%j} (7 €J).

1
a
If AN[riCj(@)] is empty for every j € J, then from (12) and (13) we can deduce that
(1
AN (OC(a)) = {aJQ}.

Hence, by (14) we see that P is a singleton. But, this contradicts the standing
assumption that P has more than one element. Thus, the must exits j, € J such
that AN[riCj,(a@)] # 0. Hence, applying [7, Proposition 5.6], we have AN(9C(a)) =
ANCj(@). Since A is the line segment joining ay. with ao. and Cj (&) is a closed
half-line, the condition A N [ri C},(&)] # 0 implies that one of the end-points of A
must belong to 11 Cj,(@). Without loss of generality, we may assume that j, = 1.
Moreover, by renumbering the indexes if necessary, we may admit that ay. € ri C(&)
and a1 < asge. Therefore, one has

a—l O_{_l 1
a;. = |: :| , Qg = |:a22:| , Qo > 5, a1o € (0,@22). (36)

(It may happen that a;; € (0,a™').) Let A(e) € R?*? be the matrix whose transpose

matrix is
{@—1 al+ e]

a12 22

(37)

Clearly, for any p > 0, one has ||A. — A]| < p if ¢ < p. The linear program
corresponding to the matrix two-person game defined by A(e) is

(38)

Minimize p; + py subject to

a'prt (@t te)pa>1, anpr+anps>1, pr >0, ps >0.
Denote the solution set and the optimal value of (38), respectively, by P. and ..
One has a. > 0. Let p = (py,p2) € P- be given arbitrarily. Clearly, the inequalities
in (38) are satisfied with (p1,p2) = (1, p2), i-€.,

alpr+ (@t +e)pp>1
a12D1 + agepy > 1 (39)
p1 =0, p2 > 0.

Since p; + P2 = a, from the first inequality in (39) it follows that @ ta. > 1 — eps.
Hence,
ot Zat —e(a'pp) 2ol —, (40)

where the second inequality follows from the fact that a_'p, € [0,1]. From (40) we

can deduce that
al<al+e (41)
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Thanks to the strict inequality (36), we can find € € (0, p) such that

92 >1 (Ve €(0,8)). (42)

al+e

For any ¢ € (0,¢), using (42), we can easily verify that p = (py, p2) with p; := 0 and

or, equivalently,

1 . .
= . <
pri= ——_isa feasible vector of (38). Thus, one has a. < P

azt > a'+¢e. Combining this with (41) yields a;! = a~! +&. Hence, looking back
to (40), we see that for any p = (p1,p2) € P- the following must hold true

al=al—e(a'p) =a ' —¢,
This clearly forces po = . and p; = 0. We have thus proved that P. is a singleton
for every € € (0,&). Now, applying Theorem 2.7 for the game defined by A(e), we

can anclude that S;(A.) is a singleton. So, the assertion of our claim is fulfilled
with A := A..

The proof of the theorem is completed. OJ

As an illustration for the result in Theorem 5.1, let us apply the method of perturba-
tion suggested in the above proof to the matrix two-person game in [7, Example 6.2].

3
Example 5.2. Let n = m = 2 and A = E é] Then one has a;, = [ﬂ and
2

ag, = B} . The linear program (8) has the optimal value @ = 1 and the solution set

{p=(p1,p2) >0 : p1 +p2 =1}. Thus, x1(A) = 2. For this game, AN [riCy(@)] is
nonempty. The relationship between the simplex A = co {a;,as.} and the carriage
C(a) = J + RZ is shown in Figure 5.1. The result x;(A) = 2 can also be obtained
by applying Theorem 2.7. In accordance with (37), the transpose of the matrix A(e)
of the perturbed game is

-l '3

So, the linear program (38) becomes

(43)

Minimize p; + py subject to
prt+(1+e)pe > 1, %p1+3p2 >1, p1 =20, pp >0.

The largest number & > 0 satisfying the condition (42) is € := 2. For any € € (0, £),
the solution set of (43) is
P={(0)}
1+e¢
1

. This result comes in full agreement with the formula a_;* =

Hence, a, =
+e

a~ ' + ¢ which was obtained in the proof of Theorem 5.1.

Remark 5.3. There is a hope that the perturbation method in the proof of The-
orem 5.1 can be applied to the case where n = m > 3, provided that the set
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Figure 5.1: The relationship between A and C(@) of Example 5.2

AN (0C(a)) contains at least one of the vectors a1 ,as,...,a,, say, a;, . Namely,
in this situation, one can try to perturb a;, in a suitable way and let other vectors
in the system unchanged. [

Remark 5.4. In the case where n = m > 3, it may happen that the set AN(9C(&))
does not contain any vectors from the system a; ,as, ..., a, . In that situation, it is
still unclear to us what kind of perturbation can be applied to A. O

6. Conclusions

We have studied some qualitative properties of matrix two-person games. Several
results on the continuity of the characteristic sets and of the value of the games,
the upper semicontinuity of the characteristic sets, the density of the games having
a unique optimal strategy for one player have been established. We think that the
following questions are interesting and deserve further investigations.

Question 1: Whether the upper semicontinuity and the upper Lipschitzian property
in the conclusions of Theorem 4.2 are still valid if A is a nonsingular matriz from
R™ ™ with n > 37

Question 2: s it true that the set {121 e R™™ | x1(A) = 1} is dense in R™™?

Question 3: Is it true that the set {fl e Rmm | Xl(fl) = 1} s open in R"*™¢
Question 4: s it true that, for any matrix A € R™™, each one of the sets
QA) = {AeR™™ | x(A) <x(A)}, N(4):={AeR™™ | xi(A) < xa(A)},
0(A) := {A € R | x2(A) < xa(A)}

contains A in its interior?
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