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1. Introduction

In recent years, much attention has been paid on set-valued optimization problems
due to their extensive applications in many fields as, for example, mathematical
economics, optimal control, differential inclusions, viability theory, game theory, well
posedness, fuzzy programming or duality in vector optimization (see, for instance,
[6, 7, 9, 15, 22] and the references there).
Scalarization is an important method in vector and set optimization since it allows
us to transform a set problem into an appropriate scalar problem. In this method,
minimal solutions of the given problem are characterized through minimal solutions
of the associated scalar problem. The most popular nonlinear scalarizations are the
Gerstewitz function [3] and the oriented distance of Hiriart-Urruty [16]. Several
extensions of oriented distance function in set optimization have been considered in
the literature [2, 6, 8, 19, 20, 23, 24, 29]. Ha [8] introduced one of these extensions of
sup-inf type and Jiménez et al. [19] another similar extension. In [8, 17, 19, 20, 21] it
is characterized the (weak) lower and upper set less relations, optimality conditions
are obtained for set optimization problems with respect to these order relations
and many properties of the scalarization such as finiteness, monotonicity, cone-
invariance, continuity and convexity, etc., were established.
One of the important questions in vector and set optimization is to investigate
properties of the solutions sets such as closedness or connectedness. This latter is
important because it provides a possibility of continuously moving from a solution
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to another. Connectedness of the efficient solution set or weak efficient solution
set or (Henig or super efficient) proper efficient solution set for vector optimization
problems or vector equilibrium problems has been intensively investigated (see, for
instance, [1, 5, 27, 28, 30]). In the last years, in set optimization, connectedness of
the (weak) l-minimal solution set has been studied in several papers [10, 11, 13].
Gong [5] studied the connectedness of the efficient sets in convex vector optimization
with set-valued maps in normed spaces; in a Pareto problem with a vector valued
map, Sun [28] proved that the efficient solution set is connected if one component
is strongly quasiconvex, and Qiu and Yang [27] established the connectedness of
the Henig proper and super efficient solution sets under the condition that the
objective function be a cone-arcwise connected set-valued mapping. Recently, in set
optimization, Han, Wang and Huang [13] stated the arcwise connectedness of the
sets of (weak) l-minimal solutions under strictly natural quasi cone-convexity with
a compact valued objective; Han [10] investigated the connectedness of the set of
p-minimal solutions, and finally, Han [11] established the connectedness and arcwise
connectedness of the sets of approximate (weak) l-minimal solutions by utilizing a
set extension of the Gerstewitz function under cone-convexity or (strictly) natural
quasi cone-convexity.
Based on the above papers, in this paper, by means of scalarizations based on the
oriented distance introduced in [19], we establish the connectedness of the (weak)
solution sets with respect to the lower and upper set less relations. Properties as
convexity, continuity and monotonicity stated in [17, 19, 20, 21] play an important
role in the proof of our results. We also establish the closedness of the weak l-minimal
set and u-minimal set under weak assumptions.

2. Preliminaries

Let X, Y be real normed vector spaces. Given a subset A ⊂ Y , we denote the
interior of A by intA. It is said that A is solid if intA ̸= ∅. Let P0(Y ) be the set of
all nonempty subsets of Y . For every A,B ∈ P0(Y ) and λ ∈ R, we denote

A+B = {y1 + y2 : y1 ∈ A, y2 ∈ B}, λA = {λy : y ∈ A}.

Throughout this paper, K ⊂ Y is a solid pointed convex cone satisfying the condition
K ∩ (−K) = {0}. We consider in Y the following relations:

∀x, y ∈ Y, x ≤K y ⇔ y − x ∈ K, and x≪K y ⇔ y − x ∈ intK.

Given a subset A ⊂ Y it is said that A is K-proper if A+K ̸= Y , K-closed if A+K
is closed, K-bounded if for each neighbourhood U of zero in Y there exists some
positive number t such that A ⊂ tU +K and A is K-compact if any cover of A of
the form {Uα +K : α ∈ I, Uα are open} admits a finite subcover. Recall that every
K-compact set is K-closed and K-bounded (see [26, Chapter 1, Proposition 3.3]),
and every K-bounded set is also K-proper (see [7, Theorem 3.1]).
Let S be an arbitrary set and F : S ⇒ Y be a set-valued map. If N denotes a
property of sets on Y , it is said that F is N-valued on S if F (x) has the property
N for all x ∈ S.
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Next, we recall the so-called lower and upper set less order relations [25, 15] and the
corresponding strict relations.
Let A,B ∈ P0(Y ), we consider the following set relations:
• A ≤l

K B ⇔ ∀b ∈ B, ∃a ∈ A : a− b ∈ −K ⇔ B ⊂ A+K.
• A≪l

K B ⇔ ∀b ∈ B, ∃a ∈ A : a− b ∈ − intK ⇔ B ⊂ A+ intK.
• A ≤u

K B ⇔ ∀a ∈ A, ∃b ∈ B : a− b ∈ −K ⇔ A ⊂ B −K.
• A≪u

K B ⇔ ∀a ∈ A, ∃b ∈ B : a− b ∈ − intK ⇔ A ⊂ B − intK.
When A and B are singletons, A = {a} and B = {b}, and j ∈ {l, u} we have
{a} ≤j

K {b} if and only if a ≤K b, and {a} ≪j
K {b} if and only if a≪K b.

We define A ∼j B ⇔ A ≤j
K B and B ≤j

K A for j ∈ {l, u}.
We collect in the following lemma some basic and well-known properties (see [18]).

Lemma 2.1. Let A,B,C ∈ P0(Y ).
(i) A ≤l

K B ⇔ A+K ≤l
K B ⇔ A ≤l

K B +K ⇔ A+K ≤l
K B +K.

(ii) ≤l
K is reflexive and transitive.

(iii) A ≤l
K B ⇒ tA ≤l

K tB for all t ≥ 0 and A+ C ≤l
K B + C.

(iv) A≪l
K B ⇒ A ≤l

K B.
(v) A≪l

K B and B ≤l
K C (or A ≤l

K B and B ≪l
K C) ⇒ A≪l

K C.
(vi) A ∼l B ⇔ A+K = B +K.
(vii) A≪l

K B ⇔ A+K ≪l
K B ⇔ A≪l

K B +K ⇔ A+K ≪l
K B +K.

(viii) The above properties (i)-(vii) are valid for ≤u
K changing “l” to ”u” and “+”

to “−”.

Next, the oriented distance of Hiriart-Urruty [16] is introduced. Recall that the
distance of y ∈ Y to a set A is given by d(y, A) = infx∈A ∥x − y∥, being +∞ if
A = ∅.

Definition 2.2. Let A ⊂ Y . The oriented distance D(·, A) : Y → R ∪ {±∞} is
defined as follows: D(y, A) = d(y, A)− d(y, Y \A).

We assume throughout that D(y, ∅) = +∞ and D(y, Y ) = −∞. Then we have
D(y, A) ≤ d(y, A) and D(y, A) = d(y, A) if intA = ∅.

Definition 2.3. [8, 19] Let A,B ∈ P0(Y ). Then, the following two functions from
P0(Y )× P0(Y ) into R ∪ {±∞} are defined by

Dsi(A,B) = sup
b∈B

inf
a∈A

D(a− b,−K), and D̂
si
(A,B) = sup

a∈A
inf
b∈B

D(a− b,−K).

Definition 2.4. ([4, Definition 2.5.16]) Let x0 ∈ X. A set-valued map F : X ⇒ Y
is said to be
(i) K-upper continuous (K-u.c.) at x0 if for any open set U with F (x0) ⊂ U ,

there exists a neighbourhood V of x0 such that F (x) ⊂ U +K for all x ∈ V .



328 B. Jiménez / Connectedness in Set Optimization ...

(ii) K-lower continuous (K-l.c.) at the point x0 if for every y ∈ F (x0) and for
any neighbourhood U of y, there exists a neighbourhood V of x0 such that
F (x) ∩ (U −K) ̸= ∅ for all x ∈ V .

We say that F is K-continuous at x0 if F is K-u.c. and K-l.c. at x0. We say that
F is K-u.c. (resp., K-l.c., K-continuous) on S ⊂ X if F is K-u.c. (resp., K-l.c.,
K-continuous) at each point in S.

When K = {0}, we say that F is u.c. (resp., l.c., continuous) at x0 instead of F is
{0}-u.c. (resp., {0}-l.c., {0}-continuous) at x0. Similarly, when we say F is u.c., l.c.
or continuous on S.
The following implications are obvious: u.c. ⇒ K-u.c., and l.c. ⇒ K-l.c..

Definition 2.5. [13, 25] Let j ∈ {l, u} and let S be a nonempty convex subset of
X. A set-valued map F : X ⇒ Y is said to be:
(i) ≤j

K-convex on S if, for all x1, x2 ∈ S and for all t ∈ [0, 1], one has
F (tx1 + (1− t)x2) ≤j

K tF (x1) + (1− t)F (x2). (1)

(ii) strictly ≤j
K-convex on S if, for all x1, x2 ∈ S with x1 ̸= x2 and for all t ∈ (0, 1),

one has F (tx1 + (1− t)x2) ≪j
K tF (x1) + (1− t)F (x2). (2)

(iii) natural quasi ≤j
K-convex on S if, for all x1, x2 ∈ S and for any t ∈ (0, 1), there

exists λ ∈ [0, 1] such that
F (tx1 + (1− t)x2) ≤j

K λF (x1) + (1− λ)F (x2).

(iv) strictly natural quasi ≤j
K-convex on S if, for all x1, x2 ∈ S with x1 ̸= x2 and

for any t ∈ (0, 1), there exists λ ∈ [0, 1] such that
F (tx1 + (1− t)x2) ≪j

K λF (x1) + (1− λ)F (x2).

Remark 2.6. (i) For j = l, condition (1) (resp., (2)) is equivalent to

tF (x1) + (1− t)F (x2) ⊂ F (tx1 + (1− t)x2) +K[
resp., tF (x1) + (1− t)F (x2) ⊂ F (tx1 + (1− t)x2) + intK

]
,

and many authors say that F is K-convex (resp., strictly K-convex). Similarly if F
is natural quasi ≤l

K-convex or strictly natural quasi ≤l
K-convex.

(ii) For j = u, condition (1) (resp., (2)) is equivalent to

F (tx1 + (1− t)x2) ⊂ tF (x1) + (1− t)F (x2)−K[
resp., F (tx1 + (1− t)x2) ⊂ tF (x1) + (1− t)F (x2)− intK

]
,

and many authors say that F is (−K)-concave (resp., strictly (−K)-concave). Sim-
ilarly if F is natural quasi ≤u

K-convex or strictly natural quasi ≤u
K-convex.

(iii) When F = f : X → Y is single-valued, as ≤l
K≡≤u

K≡≤K on singleton sets, we
will say that f is (strictly) ≤K-convex or (strictly) natural ≤K-convex, i.e., we omit
the superscript l or u.
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(iv) When Y = R and K = R+, we will say that a function ψ : X → R is (strictly)
concave, (strictly) natural quasi concave instead of (strictly) R+-concave, (strictly)
natural quasi R+-concave. Similarly for the convexity notions.
(v) For j ∈ {l, u}, it is well-known that each ≤j

K-convex (resp., strictly ≤j
K-convex)

set-valued map is natural (resp., strictly natural) quasi ≤j
K-convex, but the converse

is false. It is also clear that every ≤l
K-convex set-valued map is K-convex valued.

Next, inspired by Proposition 3.5 in [14], we study the natural quasi K-convexity of
some particular set-maps, but first, a note that will shorten our proofs.

Lemma 2.7. Let A ∈ P0(Y ).
(i) tA+ (1− t)A ≤l

K A for all t ∈ [0, 1].
(ii) If A is K-convex, then tA + (1 − t)A + K = A + K for all t ∈ [0, 1], i.e.,

tA+ (1− t)A ∼l A.
(iii) If A is (−K)-convex, then tA + (1 − t)A −K = A −K for all t ∈ [0, 1], i.e.,

tA+ (1− t)A ∼u A.
Proof. Part (i) says that A ⊂ tA+ (1− t)A+K, which is evident. To prove part
(ii), the inclusion “⊃” is obvious and so, we only have to see the inclusion “⊂”. Let
a1, a2 ∈ A and k ∈ K, then ta1 +(1− t)a2 + k = t(a1 + k)+ (1− t)(a2 + k) ∈ A+K
because A+K is convex by assumption. The proof of part (iii) is identical.

For a, b ∈ Y , we denote [a, b] := {y ∈ Y : y = ta + (1 − t)b, t ∈ [0, 1]} (segment of
extremes a and b), and if a ≤K b then [a, b]K := (a+K) ∩ (b−K) (a box).
We say that A ∈ P0(Y ) is radiant if tA ⊂ A for all t ∈ [0, 1], and A is K-radiant
if A + K is radiant. It is obvious that if A is radiant, then A is K-radiant (the
converse is false). Finally, let us observe that for a convex set A one has that A is
radiant if and only if 0 ∈ A.

Proposition 2.8. Let A ∈ P0(Y ) and S be a nonempty convex subset of X.
(i) If A is K-convex and f : X → Y is (resp., strictly) natural quasi ≤K-convex

on S, then F (x) := f(x) +A is (resp., strictly) natural quasi ≤l
K-convex on S.

(ii) If A is K-convex and K-radiant and r : X → R is natural quasi concave on S
with r(x) ≥ 0 for all x ∈ S, then F (x) := r(x)A is natural quasi ≤l

K-convex
on S.

(iii) If q ∈ Y and f : X → Y is (resp., strictly) natural quasi ≤K-convex on S, then
F (x) := [f(x), f(x) + q] is (resp., strictly) natural quasi ≤l

K-convex on S.
(iv) If f : X → Y is (resp., strictly) natural quasi ≤K-convex on S and g : X → Y

satisfies f(x) ≤K g(x) for all x ∈ S, then F (x) := [f(x), g(x)]K is (resp.,
strictly) natural quasi ≤l

K-convex on S.
(v) If A is K-convex and K-radiant, F : X⇒Y is ≤l

K-convex on S and r : X → R
is concave on S with r(x) ≥ 0 for all x ∈ S, then G(x) := F (x) + r(x)A is
≤l

K-convex.

Proof. (i) Let x1, x2 ∈ S and t ∈ (0, 1). As f is natural quasi ≤K-convex on S,
there exists λ ∈ [0, 1] such that f(tx1+(1− t)x2) ≤K λf(x1)+ (1−λ)f(x2), that is

λf(x1) + (1− λ)f(x2) ∈ f(xt) +K, (3)
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where xt = tx1 + (1 − t)x2. As A is K-convex, we obtain from Lemma 2.7(ii) that
λA+ (1− λ)A+K = A+K. Adding to (3) we obtain

λf(x1) + (1− λ)f(x2) + λA+ (1− λ)A+K ⊂ f(xt) +K + A+K,

or equivalently, λ(f(x1) + A) + (1− λ)(f(x2) + A) +K ⊂ f(xt) + A+K, which is
equivalent to F (xt) ≤l

K λF (x1)+ (1−λ)F (x2)+K, and using Lemma 2.1(i), this is
equivalent to F (xt) ≤l

K λF (x1)+(1−λ)F (x2). So we have proved that F is natural
quasi ≤l

K-convex on S.
If f is strictly natural quasi ≤K-convex, the proof is similar: we simply apply that
K + intK = intK and Lemma 2.1(vii) instead of K +K = K and Lemma 2.1(i).
(ii) Let x1, x2 ∈ S and t ∈ (0, 1). As r is natural quasi concave on S, there exists
λ ∈ [0, 1] such that

λr(x1) + (1− λ)r(x2) ≤ r(tx1 + (1− t)x2). (4)
Let s1 = λr(x1) ≥ 0, s2 = (1− λ)r(x2) ≥ 0 and s0 = s1 + s2. We claim that

s1A+ s2A+K = s0A+K. (5)
Indeed, if s0 = 0, there is nothing to prove since then s1 = s2 = 0. Thus, let s0 > 0.
As A is K-convex, by Lemma 2.7(ii) we have s1

s0
A + s2

s0
A +K = A +K, and from

here we deduce that (5) holds.
Now, let β = r(tx1 + (1 − t)x2) ≥ 0. From (4), one has s0 ≤ β. We claim that
s0A +K ⊂ βA +K. Indeed, if β = 0 then s0 = 0 and it is obvious. If β > 0, then
s0
β
∈ [0, 1] and as A is K-radiant, it results that s0

β
(A+K) ⊂ A+K. In consequence,

s0A+K ⊂ βA+K. Besides, in view of (5), we get
s1A+ s2A+K = s0A+K ⊂ βA+K.

Now, from here, it results
λr(x1)A+ (1− λ)r(x2)A+K ⊂ r(tx1 + (1− t)x2)A+K.

This is equivalent to F (xt) ≤l
K λF (x1) + (1 − λ)F (x2) + K, which is equivalent

to F (xt) ≤l
K λF (x1) + (1 − λ)F (x2) by Lemma 2.1(i). Thus F is natural quasi

≤l
K-convex.

(iii) This follows from part (i) since F (x) = f(x) + [0, q] and the segment A = [0, q]
is a convex set of Y for all q ∈ Y , and therefore, it is a K-convex set.
(iv) First, assume that f is natural quasi ≤K-convex. Let us note that F (x) +K =
f(x) +K and so from part (i) it follows that F (x) +K is natural quasi ≤l

K-convex
on S. Finally, as G = F +K is natural quasi ≤l

K-convex, we derive that F is natural
quasi ≤l

K-convex as one can be easily checked by using the definition and Lemma
2.1(i).
The same reasoning is valid if f is strictly natural quasi ≤K-convex, we use Lemma
2.1(vii) instead of Lemma 2.1(i).
(v) The mapping H(x) = r(x)A is ≤l

K-convex on S, which is proved as in part (ii).
Now G(x) = F (x) +H(x) is ≤l

K-convex on S.
Part (v) improves Proposition 3.5(c) in [14], where it is assumed that A is the unit
closed ball in Y .
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Remark 2.9. (a) If f : R → Y is (≤,≤K)-increasing on a convex set S ⊂ R, i.e.,
[x1, x2 ∈ S, x1 ≤ x2 ⇒ f(x1) ≤K f(x2)], then f is natural quasi ≤K-convex on S.
The same result is valid if f is (≤,≤K)-decreasing.
This is easy to check. For example, if f is (≤,≤K)-increasing then (3) is satisfied
for all t ∈ (0, 1) with λ = 0, and with λ = 1 if f is (≤,≤K)-decreasing.
(b) If f1, f2 : X → Y are natural quasi ≤K-convex then f1 + f2 is not necessarily
natural quasi ≤K-convex. This can easily be checked. Consider f1, f2 : R → R,
f1(x) = −x2, f2(x) = 2x, S = [0, 2]. Then f1, f2 are natural quasi convex on S (let
us observe that f1 is decreasing on S), however f(x) = f1(x) + f2(x) = −x2 + 2x is
not natural quasi convex.
(c) Proposition 2.8(iv) is true for any set-valued map F : X⇒Y satisfying the
condition f(x) ∈ F (x) ⊂ f(x) +K for all x ∈ S.
(d) A similar result to Proposition 2.8 can be stated for ≤u

K changing “≤l
K” to “≤u

K”
and requiring A is (−K)-convex in part (i), A is (−K)-convex and (−K)-radiant in
parts (ii) and (v), and g is (resp., strictly) natural quasi ≤K-convex on S instead of
f in part (iv).

The level sets of a natural quasi ≤j
K-convex set-valued map are convex sets as

the next result shows. For a mapping F : X⇒Y , a nonempty set S ⊂ X and
A ∈ P0(Y ), we denote

Lev j(F,A, S) := {x ∈ S : F (x) ≤j
K A} for j ∈ {l, u}.

Proposition 2.10. Assume that S is convex and F is natural quasi ≤j
K-convex on

S. Then we have
(i) if j = l, then Lev l(F,A, S) is convex for all A ∈ P0(Y ).
(ii) if j = u, then Levu(F,A, S) is convex for all (−K)-convex set A ∈ P0(Y ).
In particular, if f : X → Y is a natural quasi ≤K-convex function on S, then the
set Lev≤K

(f, y, S) := {x ∈ S : f(x) ≤K y} is convex for all y ∈ Y .

Proof. (i) If j = l. Let x1, x2 ∈ Lev l(F,A, S) and t ∈ (0, 1). As F is natural quasi
≤l

K-convex on S, there exists λ ∈ [0, 1] such that
F (tx1 + (1− t)x2) ≤l

K λF (x1) + (1− λ)F (x2). (6)
As x1, x2 ∈ Lev l(F,A, S), one has F (x1) ≤l

K A and F (x2) ≤l
K A.

Multiplying the first inequality by λ and the second one by (1 − λ) and adding,
using (6) and taking into account Lemma 2.7(i), it results

F (tx1 + (1− t)x2) ≤l
K λF (x1) + (1− λ)F (x2) ≤l

K λA+ (1− λ)A ≤l
K A.

This implies that tx1 + (1− t)x2 ∈ Lev l(F,A, S).
(ii) If j = u, the proof is similar but we use Lemma 2.7(iii) instead of Lemma
2.7(i).

For a function ψ : X → R and a nonempty set S ⊂ X, we define
Sol(ψ, S) := {x0 ∈ S : ψ(x) ≥ ψ(x0), ∀x ∈ S}.
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Proposition 2.11. If S is convex and ψ : X → R is natural quasi convex on S,
then Sol(ψ, S) is a convex set.

Proof. If x0 ∈ Sol(ψ, S), then it is clear that Lev≤(ψ, ψ(x0), S) = Sol(ψ, S), and so
the conclusion follows from Proposition 2.10.

Proposition 2.12. If S is convex and ψ : X → R is strictly natural quasi convex
on S, then Sol(ψ, S) is empty or a singleton.

Proof. By contradiction, assume that there exist x1, x2 ∈ Sol(ψ, S), with x1 ̸= x2.
Then ψ(x1) = ψ(x2). Choose t ∈ (0, 1), as S is convex we have tx1 + (1− t)x2 ∈ S.
Now, as ψ is strictly natural quasi convex on S, there exists λ ∈ [0, 1] such that

ψ(tx1 + (1− t)x2) < λψ(x1) + (1− λ)ψ(x2) = ψ(x1),

which contradicts that x1 ∈ Sol(ψ, S).
This is a consequence from the fact that the graph of a strictly natural quasi convex
function does not contain any horizontal segment, i.e., for all a, b ∈ S with a ̸= b,
and ψ(a) = ψ(b) = α, one has [(a, ψ(a)), (b, ψ(b))] is not contained in the graph of
ψ since ψ(ta+ (1− t)b) < α for all t ∈ (0, 1).

Let S be a non-empty subset of X. For j ∈ {l, u} we consider the following set
optimization problem

(SOP) ≤j
K −minF (x) subject to x ∈ S.

In the following, we recall some concepts of minimal solution using the set criterion
and the set relations stated above (see, for instance, [15, 18, 20]).

Definition 2.13. Let x0 ∈ S. It is said that x0 is a
(i) ≤j

K-minimal (or j-minimal ) solution of (SOP), denoted x0 ∈ Minj(F, S), if
F (x) ≤j

K F (x0) for some x ∈ S implies F (x0) ≤j
K F (x),

(ii) weak ≤j
K-minimal (or weak j-minimal ) solution of (SOP), denoted

x0 ∈ wMinj(F, S), if F (x) ≪j
K F (x0) for some x ∈ S implies F (x0) ≪j

K F (x).

We also define the sets of strict ≤j
K-minimal solutions and strict weak ≤j

K-minimal
solution as follows:

sMinj(F, S) := {x0 ∈ S : F (x) ̸≤j
K F (x0), ∀x ∈ S \ {x0}},

swMinj(F, S) := {x0 ∈ S : F (x) ̸≪j
K F (x0), ∀x ∈ S \ {x0}}

We associate to problem (SOP) two scalarizations: ϕ for ≤l
K and ϕ̂ for ≤u

K as follows:
Let ϕ, ϕ̂ : X ×X → R be defined by

ϕ(x, y) := Dsi(F (x), F (y)) and ϕ̂(x, y) := D̂
si
(F (x), F (y)), ∀x, y ∈ X.

When we consider ϕ (resp., ϕ̂) we will assume that F is K-bounded valued (resp.,
(−K)-bounded valued), so ϕ(x, y) ∈ R (resp., ϕ̂(x, y) ∈ R) (see [21, Theorem 3.13]).
We define

Sol(ϕ(·, y), S) := {x0 ∈ S : ϕ(x, y) ≥ ϕ(x0, y), ∀x ∈ S}, ∀y ∈ S.
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Lemma 2.14. [20, Proposition 4.15(i)] Assume that A1, A2, B ∈ P0(Y ), A2 and B
are K-compact and K is solid. If A1 ≪l

K A2, then Dsi(A1, B) < Dsi(A2, B).

Lemma 2.15. [20, Theorem 5.7 and Remark 5.8] Suppose that K is solid, x0 ∈ S
and F (x0) is K-compact. Then the following statements are equivalent:
(a) x0 ∈ wMinl(F, S).
(b) x0 ∈ swMinl(F, S).
(c) F (x) ̸≪l

K F (x0) for all x ∈ S.
(d) Dsi(F (x), F (x0)) ≥ Dsi(F (x0), F (x0)), for all x ∈ S.

Lemma 2.16. [4, Proposition 2.5.8(ii)] Let ∅ ̸= S ⊂ X and F : X⇒Y be upper-
continuous on S. If S is connected and F (x) is nonempty and connected for all
x ∈ S, then F (S) is connected.

3. Closedness and connectedness

In this section, first we study the closedness of the sets of weak ≤j
K-minimal solutions

of (SOP), and then we apply our results to obtain connectedness of the sets of ≤j
K-

minimal solution and weak ≤j
K-minimal solutions to set optimization problem (SOP)

for j ∈ {l, u}.

Proposition 3.1. If S is closed and F : X⇒Y is K-u.c. on S, then swMinl(F, S)
is closed. If, in addition, F is K-compact valued, then wMinl(F, S) is closed.

Proof. Let (xn) ⊂ swMinl(F, S) with xn → x0. As S is closed, one has x0 ∈ S. By
contradiction, assume that x0 /∈ swMinl(F, S). Then there exists x̂ ∈ S \ {x0} such
that F (x̂) ≪l

K F (x0), that is, F (x0) ⊂ F (x̂) + intK. Since U = F (x̂) + intK is an
open set that contains to F (x0) and F is K-u.c. at x0, there exists a neighbourhood
V of x0 such that

F (x) ⊂ F (x̂) + intK +K = F (x̂) + intK, ∀x ∈ S ∩ V. (7)

Since xn → x0, there is n0 such that xn ∈ S ∩ V for all n ≥ n0, and consequently,
in view of (7), F (xn) ⊂ F (x̂) + intK, which means that F (x̂) ≪l

K F (xn) for all n
large enough. This contradicts the fact that xn ∈ swMinl(F, S).
The second part, follows from Lemma 2.15 since swMinl(F, S) = wMinl(F, S) when-
ever F is K-compact valued.

This proposition improves Proposition 2.3 in [12] where it is assumed that F is u.c.
with compact values.
Proposition 3.2. If S is closed and F : X⇒Y is (−K)-l.c. and (−K)-compact
valued on S, then wMinu(F, S) is closed.

Proof. Let (xn) ⊂ wMinu(F, S) with xn → x0. As S is closed, one has x0 ∈ S.
On the one hand, as F is (−K)-l.c. and (−K)-compact valued on S, the function
ϕ̂A : X → R, defined by ϕ̂A(x) = D̂

si
(A,F (x)) for all x ∈ X, is upper semicontinuous

(u.s.c.) on S by Theorem 5(ii-a) in [17] for each (−K)-compact set A (we apply this
theorem to the pair (G,F ), where G is the constant set-valued map G(x) = A for
all x ∈ X).
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Let us observe that ϕ̂A(x) ∈ R by [21, Theorem 3.13(v)] since A is (−K)-bounded
because it is (−K)-compact and F (x) is (−K)-proper because it is (−K)-compact.
On the other hand, by Theorem 5.15 in [20], assuming that F is (−K)-compact
valued on S, one has that

z0 ∈ wMinu(F, S) ⇐⇒ D̂
si
(F (x), F (z0)) ≥ 0 ∀x ∈ S, (8)

because D̂
si
(F (z0), F (z0)) = 0 by [20, Theorem 3.20(iii)]. Hence, as xn∈wMinu(F, S),

we derive that

ϕ̂F (x)(xn) = D̂
si
(F (x), F (xn)) ≥ 0, ∀x ∈ S, ∀n ∈ N. (9)

Therefore, as ϕ̂F (x)(·) is u.s.c. on S, the set Ex := {y ∈ S : ϕ̂F (x)(y) ≥ 0} is closed.
As xn ∈ Ex for all n by (9) and as xn → x0, it follows that x0 ∈ Ex, and this is true
for all x ∈ S. This means that ϕ̂F (x)(x0) ≥ 0 for all x ∈ S. Now, by applying (8)
with z0 = x0, we conclude that x0 ∈ wMinu(F, S).

This result improves [12, Proposition 2.4], where it is assumed that F is l.c. with
compact values. Let us observe that the proof of Proposition 3.2 is very different
from the one of Proposition 3.1, where we have used a scalarization while in the
second one, it is a direct proof.
From now on we focus on connectedness, starting with some previous results.

Lemma 3.3. Assume that S is a convex set, and F is strictly natural quasi ≤l
K-

convex on S and K-compact valued. Then
swMinl(F, S) = wMinl(F, S) = sMinl(F, S) = Minl(F, S).

Proof. The first equality follows from Lemma 2.15 since F is K-compact valued.
The inclusion sMinl(F, S) ⊂ swMinl(F, S) is clear from the definitions. Let us prove
the reverse inclusion swMinl(F, S) ⊂ sMinl(F, S). Indeed, let x0 ∈ swMinl(F, S)
and assume that there exists x1 ∈ S \ {x0} such that F (x1) ≤l

K F (x0). Then

F (x0) ⊂ F (x1) +K. (10)

As F is strictly natural quasi ≤l
K-convex on S, for all t ∈ (0, 1), there exists λ ∈ [0, 1]

such that
λF (x0) + (1− λ)F (x1) ⊂ F (xt) + intK, (11)

where xt := tx0 + (1− t)x1. From (10) and since K is a cone we have

(1− λ)F (x0) ⊂ (1− λ)F (x1) +K,

and so, using (11) it follows

F (x0) ⊂ λF (x0) + (1− λ)F (x0) ⊂ λF (x0) + (1− λ)F (x1) +K

⊂ F (xt) + intK +K = F (xt) + intK.

Therefore, F (xt) ≪l
K F (x0), which contradicts the fact that x0 ∈ swMinl(F, S).

Finally, sMinl(F, S) ⊂ Minl(F, S) is obvious, and by [15, Proposition 2.7(i)] we know
that Minl(F, S) ⊂ wMinl(F, S). In consequence, the proof is finished.
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Lemma 3.4. Assume that S is a convex set, and F is strictly natural quasi ≤u
K-

convex and (−K)-compact and (−K)-convex valued on S. Then

swMinu(F, S) = wMinu(F, S) = Minu(F, S) = sMinu(F, S).

Proof. It is similar to Lemma 3.3 observing the following:
(i) For the equality swMinu(F, S) = wMinu(F, S) we apply Theorem 5.15 in [20].
(ii) To prove swMinu(F, S) ⊂ sMinu(F, S), assume x0∈swMinu(F, S) \ sMinu(F, S);
then there exists x1 ∈ S \ {x0} such that

F (x1) ≤u
K F (x0). (12)

As F is strictly natural quasi ≤u
K-convex on S, for all t ∈ (0, 1), there exists λ ∈ [0, 1]

such that
F (xt) ≪u

K λF (x0) + (1− λ)F (x1), (13)
where xt := tx0 + (1− t)x1. From (12), (1− λ)F (x1) ≤u

K (1− λ)F (x0). Using this,
(13) and Lemma 2.7(iii) since F is (−K)-convex valued on S, we derive

F (xt) ≪u
K λF (x0) + (1− λ)F (x1) ≤u

K λF (x0) + (1− λ)F (x0) ≤u
K F (x0),

and so F (xt) ≪u
K F (x0), which contradicts that x0 ∈ swMinu(F, S).

Let us observe that F is (−K)-convex valued in Lemma 3.4, in contrast to Lemma
3.3, where the corresponding requirement, F is K-convex valued, it is not necessary.

Proposition 3.5. Let S be a convex subset of X. If F : X⇒Y is natural quasi
≤l

K-convex on S, then ϕ(·, y) is natural quasi convex on S for all y ∈ X.

Proof. Let y ∈ X, x1, x2 ∈ S, B = F (y) and t ∈ (0, 1). As F is natural quasi
≤l

K-convex on S, there exists λ ∈ [0, 1] such that
F (tx1 + (1− t)x2) ≤l

K λF (x1) + (1− λ)F (x2).
Then, on the one hand, by Theorem 3.22(iii-b) in Jiménez et al. [21], one has that
Dsi(·, B) is ≤l

K-increasing on P0(Y ), and on the other hand, Dsi(·, B) is convex on
P0(Y ) by [17, Theorem 2(ii)]. Therefore by applying both properties we obtain

Dsi(F (tx1 + (1− t)x2), B) ≤ Dsi(λF (x1) + (1− λ)F (x2), B)

≤ λDsi(F (x1), B) + (1− λ)Dsi(F (x2), B),

which proves that ϕ(·, y) is natural quasi convex.

Proposition 3.6. Let S be a convex subset of X. If F : X⇒Y is natural quasi
≤u

K-convex on S with (−K)-convex values, then ϕ̂(·, y) is natural quasi convex on S
for all y ∈ X.

Proof. The proof is similar as Proposition 3.5. Now we use [21, Theorem 3.22(v-b)]
which states that D̂

si
(·, B) is ≤u

K-increasing on P0(Y ), and [17, Theorem 2(ii)] which
shows that D̂

si
(·, B) is convex on P0(Y ) if B is (−K)-convex. For this reason, in

this proposition we need the additional assumption F is (−K)-convex valued.
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Lemma 3.7. Assume that F is K-compact valued. Then⋃
y∈S

Sol(ϕ(·, y), S) = swMinl(F, S) = wMinl(F, S).

Proof. Let x0 ∈ ∪y∈S Sol(ϕ(·, y), S). Then there exists y0 ∈ S such that

Dsi(F (x), F (y0)) ≥ Dsi(F (x0), F (y0)), ∀x ∈ S. (14)

Suppose that x0 /∈swMinl(F, S); then there exists x1∈S such that F (x1)≪l
K F (x0).

By using that Dsi(·, F (y0)) is strictly ≤l
K-increasing on K-compact subsets of Y since

F (y0) isK-compact (see Lemma 2.14), we get Dsi(F (x1), F (y0)) < Dsi(F (x0), F (y0)),
which contradicts (14).
The equality swMinl(F, S) = wMinl(F, S) follows from Lemma 2.15. Now, assume
x0∈wMinl(F, S). Then by Lemma 2.15 we get Dsi(F (x), F (x0))≥Dsi(F (x0), F (x0)),
for all x∈S, which implies x0∈Sol(ϕ(·, x0), S), and so x0∈∪y∈S Sol(ϕ(·, y), S).

Lemma 3.8. Assume that F is (−K)-compact valued. Then⋃
y∈S

Sol(ϕ̂(·, y), S) = swMinu(F, S) = wMinu(F, S).

The proof is similar to the one of Lemma 3.7, now we use [20, Theorem 4.17(vi)],
which shows that D̂

si
(·, B) is strictly ≤u

K-increasing on (−K)-compact sets if B is
(−K)-compact, and [20, Theorem 5.15], which proves that

x0 ∈ wMinu(F, S) ⇔ x0 ∈ swMinu(F, S) ⇔ D̂
si
(F (x), F (x0)) ≥ 0, ∀x ∈ S.

Theorem 3.9. Assume that S is a compact and convex subset of X, F : X⇒Y
is K-continuous on S, natural quasi ≤l

K-convex on S and K-compact valued on S.
Then wMinl(F, S) is connected.

Proof. Step 1. Sol(ϕ(·, y), S) ̸= ∅ for all y ∈ S. Indeed, ϕ(x, y) = Dsi(F (x), F (y))
is continuous on S × S by [17, Corollary 1(i)]. As S is compact, ϕ(·, y) attains a
minimum on S at some point x0 ∈ S, and so x0 ∈ Sol(ϕ(·, y), S).
Step 2. Sol(ϕ(·, y), S) is a convex set for all y ∈ S. Indeed, as F is natural ≤l

K-
convex on S, by Proposition 3.5 we have that the function ϕ(·, y) is natural quasi
convex on S. Now, by Proposition 2.11 we obtain that Sol(ϕ(·, y), S) is convex.
Step 3. The set-valued map M : S⇒S defined by M(y) = Sol(ϕ(·, y), S) is u.c.
on S. Indeed, by contradiction, suppose that M is not u.c. at y0 ∈ S. Then there
exists an open set V such that M(y0) ⊂ V and for all neighbourhood U of y0 one
has M(U) ̸⊂ V . This implies that there exists a sequence (yn) ⊂ S, with yn → y0
and M(yn) ̸⊂ V . So, for each n ∈ N there is xn ∈M(yn) satisfying

xn /∈ V, ∀n ∈ N. (15)

As S is compact, without lost of generality we may assume that xn → x0 ∈ S. Since
xn ∈M(yn) one has

Dsi(F (x), F (yn)) ≥ Dsi(F (xn), F (yn)), ∀x ∈ S, n ∈ N. (16)
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As ϕ is continuous on S × S by [17, Corollary 1(i)] because F is K-continuous and
K-compact valued on S by assumption, and as (xn, yn) → (x0, y0), we get from (16)

Dsi(F (x), F (y0)) ≥ Dsi(F (x0), F (y0)), ∀x ∈ S,

which means that x0 ∈ M(y0). As xn → x0 ∈ M(y0) ⊂ V , we derive that xn ∈ V
for all n large enough, which contradicts (15).
Step 4. wMinl(F, S) is connected. Indeed, by Lemma 3.7 one has wMinl(F, S) =
∪y∈SM(y). As S is convex, M(y) ̸= ∅ (step 1) and M is u.c. on S (step 3) with
connected values since M(y) is convex for every y ∈ S (step 2), by using Lemma
2.16 it follows that wMinl(F, S) =M(S) is connected. The proof is finished.

We remark that the proofs of Lemma 3.7 and Theorem 3.9 are similar to those of
Theorem 3.1 and Theorem 4.1(i), respectively, in [11].

Theorem 3.10. Assume that S is a compact and convex subset of X, F : X⇒Y
is K-continuous on S, strictly natural quasi ≤l

K-convex on S and K-compact valued
on S. Then Minl(F, S) is connected.

Proof. By Lemma 3.3 we have Minl(F, S) = wMinl(F, S). Now the theorem follows
from Theorem 3.9 taking into account that a strictly natural quasi ≤l

K-convex set-
valued map is also natural quasi ≤l

K-convex.

This theorem is in the line of Theorem 3.1 in [13], where it is proved that Minl(F, S)
is arcwise connected (a stronger conclusion) but it is assumed that F is continuous
with compact values (stronger assumptions).

Theorem 3.11. Assume that S is a compact and convex subset of X, F : X⇒Y
is (−K)-continuous on S, natural quasi ≤u

K-convex on S and (−K)-compact and
(−K)-convex valued on S. Then wMinu(F, S) is connected.

The proof is similar to the one of Theorem 3.9 and for this reason is omitted, we only
have to take into account the following: In the proof of Theorem 3.11 are used the
function ϕ̂, [17, Corollary 1(i)] with F (−K)-continuous and (−K)-compact valued,
Proposition 3.6 obtaining that ϕ̂(·, y) is natural quasi convex on S and Lemma 3.8
instead of the function ϕ, [17, Corollary 1(i)] with F K-continuous and K-compact
valued, Proposition 3.5 and Lemma 3.7, respectively, which are used in the proof of
Theorem 3.9.

Theorem 3.12. Assume that S is a compact and convex subset of X, F : X⇒Y is
(−K)-continuous on S, strictly natural quasi ≤u

K-convex on S and (−K)-compact
and (−K)-convex valued on S. Then Minu(F, S) is connected.

This theorem follows directly from Theorem 3.11 if we take into account that we
have Minu(F, S) = wMinu(F, S) by Lemma 3.4.

References
[1] L. Q. Anh, P. T. Duoc, T. T. T. Duong: Connectedness properties of the efficient sets

and the nondominated sets to vector optimization problems, Optim. Letters 16/8
(2022) 2457–2468.



338 B. Jiménez / Connectedness in Set Optimization ...

[2] J. Chen, Q. H. Ansari, J. C. Yao: Characterizations of set order relations and con-
strained set optimization problems via oriented distance function, Optimization 66/11
(2017) 1741–1754.

[3] C. Gerth, P. Weidner: Nonconvex separation theorems and some applications in vec-
tor optimization, J. Optim. Theory Appl. 67/2 (1990) 297–320.

[4] A. Göpfert, H. Riahi, C. Tammer, C. Zălinescu: Variational Methods in Partially Or-
dered Spaces, CMS Books in Mathematics 17, Springer, New York (2003).

[5] X. H. Gong: Connectedness of efficient solution sets for set valued maps in normed
spaces, J. Optim. Theory Appl. 83/1 (1994) 83–96.

[6] C. Gutiérrez, B. Jiménez, E. Miglierina, E. Molho: Scalarization in set optimization
with solid and nonsolid ordering cones, J. Global Optim. 61/3 (2015) 525–552.

[7] C. Gutiérrez, E. Miglierina, E. Molho, V. Novo: Pointwise well-posedness in set opti-
mization with cone proper sets, Nonlinear Anal. 75/4 (2012) 1822–1833.

[8] T. X. D. Ha: A Hausdorff-type distance, a directional derivative of a set-valued map
and applications in set optimization, Optimization 67/7 (2018) 1031–1050.

[9] A. Hamel, F. Heyde: Duality for set-valued measures of risk, SIAM J. Financ. Math.
1/1 (2010) 66–95.

[10] Y. Han: Connectedness of weak minimal solution set for set optimization problems,
Oper. Res. Lett. 48/6 (2020) 820–826.

[11] Y. Han: Connectedness of the approximate solution sets for set optimization prob-
lems, Optimization 71/16 (2022) 4819–4834.

[12] Y. Han, N. J. Huang: Well-posedness and stability of solutions for set optimization
problems, Optimization 66/1 (2017) 17–33.

[13] Y. Han, S. H. Wang, N. J. Huang: Arcwise connectedness of the solution sets for set
optimization problems, Oper. Res. Lett. 47/3 (2019) 168–172.

[14] E. Hernández, R. López: Some useful set-valued maps in set optimization, Optimiza-
tion 66/8 (2017) 1273–1289.

[15] E. Hernández, L. Rodríguez-Marín: Nonconvex scalarization in set optimization with
set-valued maps, J. Math. Anal. Appl. 325/1 (2007) 1–18.

[16] J. B. Hiriart-Urruty: Tangent cones, generalized gradients and mathematical pro-
gramming in Banach spaces, Math. Oper. Res. 4/1 (1979) 79–97.

[17] L. Huerga, B. Jiménez, V. Novo, A. Vílchez: Six set scalarizations based on the ori-
ented distance: continuity, convexity and application to convex set optimization,
Math. Methods Oper. Res. 93/2 (2021) 413–436.

[18] J. Jahn, T. X. D. Ha: New order relations in set optimization, J. Optim. Theory Appl.
148/2 (2011) 209–236.

[19] B. Jiménez, V. Novo, A. Vílchez: A set scalarization function based on the oriented
distance and relations with other set scalarizations, Optimization 67/12 (2018) 2091–
2116.

[20] B. Jiménez, V. Novo, A. Vílchez: Characterization of set relations through extensions
of the oriented distance, Math. Methods Oper. Res. 91/1 (2020) 89–115.

[21] B. Jiménez, V. Novo, A. Vílchez: Six set scalarizations based on the oriented distance:
properties and application to set optimization, Optimization 69/3 (2020) 437–470.



B. Jiménez / Connectedness in Set Optimization ... 339

[22] A. A. Khan, C. Tammer, C. Zălinescu: Set-Valued Optimization. An Introduction with
Applications, Series Vector Optimization, Springer, Berlin (2015).

[23] Khushboo, C. S. Lalitha: Scalarizations for a set optimization problem using gener-
alized oriented distance function, Positivity 23/5 (2019) 1195–1213.

[24] Khushboo, C. S. Lalitha: Scalarization and convergence in unified set optimization,
RAIRO Oper. Res. 55/6 (2021) 3603–3616.

[25] D. Kuroiwa, T. Tanaka, T. X. D. Ha: On cone convexity of set-valued maps, Nonlinear
Anal. 30/3 (1997) 1487–1496.

[26] D. T. Luc: Theory of Vector Optimization, Lecture Notes in Economics and Mathe-
matical Systems 319, Springer, Berlin (1989).

[27] Q. Qiu, X. Yang: Connectedness of Henig weakly efficient solution set for set-valued
optimization problems, J. Optim. Theory Appl. 152/2 (2012) 439–449.

[28] E. J. Sun: On the connectedness of the efficient set for strictly quasiconvex vector
minimization problems, J. Optim. Theory Appl. 89/2 (1996) 475–481.

[29] Y. D. Xu, S. J. Li: A new nonlinear scalarization function and applications, Opti-
mization 65/1 (2016) 207–231.

[30] Y. D. Xu, P. Zhang: Connectedness of solution sets of strong vector equilibrium prob-
lems with an application, J. Optim. Theory Appl. 178/1 (2018) 131–152.


