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1. Introduction

In recent years, much attention has been paid on set-valued optimization problems
due to their extensive applications in many fields as, for example, mathematical
economics, optimal control, differential inclusions, viability theory, game theory, well
posedness, fuzzy programming or duality in vector optimization (see, for instance,
6, 7,9, 15, 22] and the references there).

Scalarization is an important method in vector and set optimization since it allows
us to transform a set problem into an appropriate scalar problem. In this method,
minimal solutions of the given problem are characterized through minimal solutions
of the associated scalar problem. The most popular nonlinear scalarizations are the
Gerstewitz function [3] and the oriented distance of Hiriart-Urruty [16]. Several
extensions of oriented distance function in set optimization have been considered in
the literature [2, 6, 8, 19, 20, 23, 24, 29]. Ha [8] introduced one of these extensions of
sup-inf type and Jiménez et al. [19] another similar extension. In [8, 17, 19, 20, 21] it
is characterized the (weak) lower and upper set less relations, optimality conditions
are obtained for set optimization problems with respect to these order relations
and many properties of the scalarization such as finiteness, monotonicity, cone-
invariance, continuity and convexity, etc., were established.

One of the important questions in vector and set optimization is to investigate
properties of the solutions sets such as closedness or connectedness. This latter is
important because it provides a possibility of continuously moving from a solution
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to another. Connectedness of the efficient solution set or weak efficient solution
set or (Henig or super efficient) proper efficient solution set for vector optimization
problems or vector equilibrium problems has been intensively investigated (see, for
instance, [1, 5, 27, 28, 30]). In the last years, in set optimization, connectedness of
the (weak) l-minimal solution set has been studied in several papers [10, 11, 13].

Gong [5] studied the connectedness of the efficient sets in convex vector optimization
with set-valued maps in normed spaces; in a Pareto problem with a vector valued
map, Sun [28| proved that the efficient solution set is connected if one component
is strongly quasiconvex, and Qiu and Yang [27] established the connectedness of
the Henig proper and super efficient solution sets under the condition that the
objective function be a cone-arcwise connected set-valued mapping. Recently, in set
optimization, Han, Wang and Huang [13] stated the arcwise connectedness of the
sets of (weak) l-minimal solutions under strictly natural quasi cone-convexity with
a compact valued objective; Han [10] investigated the connectedness of the set of
p-minimal solutions, and finally, Han [11] established the connectedness and arcwise
connectedness of the sets of approximate (weak) l-minimal solutions by utilizing a
set extension of the Gerstewitz function under cone-convexity or (strictly) natural
quasi cone-convexity.

Based on the above papers, in this paper, by means of scalarizations based on the
oriented distance introduced in [19], we establish the connectedness of the (weak)
solution sets with respect to the lower and upper set less relations. Properties as
convexity, continuity and monotonicity stated in [17, 19, 20, 21] play an important
role in the proof of our results. We also establish the closedness of the weak l-minimal
set and u-minimal set under weak assumptions.

2. Preliminaries

Let X, Y be real normed vector spaces. Given a subset A C Y, we denote the
interior of A by int A. It is said that A is solid if int A # (). Let Po(Y) be the set of
all nonempty subsets of Y. For every A, B € Py(Y') and A € R, we denote

A+B={y1+y2: hn € A,jya € B}, NMA={\y: ye A}.

Throughout this paper, K C Y is a solid pointed convex cone satisfying the condition
KN (—=K)={0}. We consider in Y the following relations:

Ve,yeVY, z<gysy—rek, and gy y—xcintK.

Given a subset A C Y it is said that A is K-properif A+ K #Y, K-closed if A+ K
is closed, K -bounded if for each neighbourhood U of zero in Y there exists some
positive number ¢ such that A C tU + K and A is K-compact if any cover of A of
the form {U, + K : a € I, U, are open} admits a finite subcover. Recall that every
K-compact set is K-closed and K-bounded (see [26, Chapter 1, Proposition 3.3]),
and every K-bounded set is also K-proper (see [7, Theorem 3.1]).

Let S be an arbitrary set and F' : S = Y be a set-valued map. If N denotes a
property of sets on Y, it is said that F' is N-valued on S if F(x) has the property
N for all x € S.
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Next, we recall the so-called lower and upper set less order relations [25, 15] and the
corresponding strict relations.

Let A, B € Py(Y), we consider the following set relations:
e A<L.B&VbeBJacA:a—be-K&BCA+K.
e A<t BoVbeB JacA:a—be—intK & BCA+intK.
e A<\ B&VacAdeB:a—-be-K&ACB-K.
o A, BeVYacAdbeB:a—be—intK < ACB—intK.

When A and B are singletons, A = {a} and B = {b}, and j € {l,u} we have
{a} <J. {b} if and only if a <k b, and {a} <% {b} if and only if a < b.

We define A ~ B < A <} Band B <. A for j € {l,u}.

We collect in the following lemma some basic and well-known properties (see [18]).

Lemma 2.1. Let A, B,C € Py(Y).
i) A< B A+K<, B A<L B+K&sA+K<, B+K.

(i) <k is reflerive and transitive.

(iii) A<L B=tA<L tB forallt >0 and A+ C <L B+C.

(iv) A< B= A<l B.

(v) A<t Band B<y C (or A<t Band B<l C)= A< C.

(vij A~'B & A+ K=B+K.

(vii) A<t Be A+K<t. B A<, B+K& A+ K<Y B+K.
(

viii) The above properties (i)-(vii) are valid for <% changing “I” to "u” and “+”

“_»

to

Next, the oriented distance of Hiriart-Urruty [16] is introduced. Recall that the
distance of y € Y to a set A is given by d(y, A) = inf,ca ||z — y||, being +o0o if
A=0.

Definition 2.2. Let A C Y. The oriented distance D(-,A) : Y — R U {£o0} is
defined as follows: D(y, A) = d(y, A) — d(y, Y \A). O

We assume throughout that D(y,0) = +oo and D(y,Y) = —oo. Then we have
D(y, A) < d(y,A) and D(y, A) = d(y, A) if int A = (.

Definition 2.3. [8, 19] Let A, B € Py(Y'). Then, the following two functions from
Po(Y) x Po(Y) into R U {£oo} are defined by

D*(A, B) = sup inf D(a — b, —K), and D’ (A B) =supinf D(a —b,—K). O

beB a€A acA beB
Definition 2.4. ([4, Definition 2.5.16]) Let 2y € X. A set-valued map F': X =Y
is said to be

(i)  K-upper continuous (K-u.c.) at zg if for any open set U with F(xy) C U,
there exists a neighbourhood V' of x4 such that F(z) C U + K for all z € V.
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(ii)  K-lower continuous (K-l.c.) at the point zg if for every y € F(xy) and for
any neighbourhood U of y, there exists a neighbourhood V' of xy such that
Flx)Nn(U—-K)#0DforallzeV.

We say that F'is K-continuous at xq if F is K-u.c. and K-l.c. at zo. We say that
Fis K-u.c. (resp., K-l.c., K-continuous) on S C X if F'is K-u.c. (resp., K-l.c.,
K-continuous) at each point in S. O

When K = {0}, we say that F is u.c. (resp., l.c., continuous) at z instead of F is
{0}-u.c. (resp., {0}-l.c., {0}-continuous) at xy. Similarly, when we say Fis u.c., l.c.
or continuous on S.

The following implications are obvious: u.c. = K-u.c., and l.c. = K-l.c..

Definition 2.5. [13, 25] Let j € {l,u} and let S be a nonempty convex subset of
X. A set-valued map F : X =2 Y is said to be:

i <J —convez on S if, for all z1, 25 € S and for all ¢ € [0,1], one has
K
F(try + (1 — t)ag) < tF(z) 4+ (1 — t)F(xy). (1)
(i)  strictly SJI;-com)ex on S if, for all xy, x5 € S with 1 # x5 and for all t € (0,1),

one has F(tzy + (1 — t)ag) < tF (1) + (1 — ) F(x2). (2)

(iif) natural quasi <}.-convez on S if, for all 1,2z, € S and for any t € (0, 1), there
exists A € [0, 1] such that

F(tzy + (1 — t)ag) <he AF(21) + (1 — N F ().
(iv)  strictly natural quasi §§{-convex on S if, for all x1,x9 € S with x; # x5 and
for any t € (0,1), there exists A € [0, 1] such that
F(tzy 4 (1 = t)ag) <l A (1) + (1 = N)F ().

Remark 2.6. (i) For j =1, condition (1) (resp., (2)) is equivalent to

tF(z1)+ (1 —t)F(z2) C F(tey + (1 —t)as) + K
[resp., tF(z1) + (1 — t)F(22) C F(twy + (1 — t)zp) + int K|,
and many authors say that F' is K-convex (resp., strictly K-convex). Similarly if F’
is natural quasi SlK—convex or strictly natural quasi glK—convex.

(ii) For j = u, condition (1) (resp., (2)) is equivalent to

F(try+ (1 —t)xg) CtF(z1) + (1 —t)F(12) — K
[resp., F(tzy + (1 — t)xs) C tF(21) + (1 — t)F(zp) — int K|,
and many authors say that F is (—K')-concave (resp., strictly (—K)-concave). Sim-
ilarly if F'is natural quasi <}j-convex or strictly natural quasi <%-convex.

(iii) When F = f: X — Y is single-valued, as <l.=<%=<j on singleton sets, we
will say that f is (strictly) <g-convex or (strictly) natural <g-convex, i.e., we omit
the superscript [ or u.
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(iv) When Y =R and K = R, we will say that a function ¢ : X — R is (strictly)
concave, (strictly) natural quasi concave instead of (strictly) R, -concave, (strictly)
natural quasi R -concave. Similarly for the convexity notions.

(v) For j € {I,u}, it is well-known that each <-convex (resp., strictly <}-convex)

set-valued map is natural (resp., strictly natural) quasi <}.-convex, but the converse
is false. It is also clear that every <’.-convex set-valued map is K-convex valued. [J

Next, inspired by Proposition 3.5 in [14], we study the natural quasi K-convexity of
some particular set-maps, but first, a note that will shorten our proofs.

Lemma 2.7. Let A € Py(Y).

(i) tA+ (1 —-t)A<t A forallte|0,1].

(ii) If A is K-convex, then tA+ (1 —t)A+ K = A+ K for all t € [0,1], i.e.,
tA+ (1 —t)A~ A,

(iii) If A is (—K)-convex, then tA+ (1 —t)A — K = A— K for allt € [0,1], i.e.,
tA+ (1 —t)A ~" A.

Proof. Part (i) says that A C tA+ (1 —t)A + K, which is evident. To prove part

(i), the inclusion “D” is obvious and so, we only have to see the inclusion “C”. Let

ai,ay € Aand k € K, then tag + (1 —t)ag+k =t(a1 +k)+ (1 —t)(as+k) €e A+ K

because A 4+ K is convex by assumption. The proof of part (iii) is identical. ]

For a,b € Y, we denote [a,b] :={y €Y : y =ta+ (1 —1t)b, t € [0,1]} (segment of
extremes a and b), and if a <g b then [a,b]x := (a+ K)N (b — K) (a box).

We say that A € Py(Y) is radiant if tA C A for all t € [0,1], and A is K-radiant
if A+ K is radiant. It is obvious that if A is radiant, then A is K-radiant (the
converse is false). Finally, let us observe that for a convex set A one has that A is
radiant if and only if 0 € A.

Proposition 2.8. Let A € Py(Y) and S be a nonempty convex subset of X.

(i) If A is K-convex and f : X — Y is (resp., strictly) natural quasi <y-convex
on S, then F(z) := f(x) + A is (resp., strictly) natural quasi <% -convex on S.

(i) If A is K-convex and K-radiant and r : X — R is natural quasi concave on S
with r(x) > 0 for all x € S, then F(x) := r(z)A is natural quasi <k -convex
on S.

(iii) Ifg €Y and f: X — Y is (resp., strictly) natural quasi <y -convex on S, then
F(z) := [f(x), f(z) +q] is (resp., strictly) natural quasi <% -convex on S.

(iv) If f: X =Y is (resp., strictly) natural quasi <g-conver on S and g: X —Y
satisfies f(x) <k g(z) for all x € S, then F(z) = [f(x),9(x)]x is (resp.,
strictly) natural quasi <% -convez on S.

(v) If Ais K-convex and K -radiant, F : X =Y is < -convex on S andr: X - R
is concave on S with r(x) > 0 for all x € S, then G(x) = F(z) + r(x)A is
SlK-confuex.

Proof. (i) Let 1,29 € S and t € (0,1). As f is natural quasi <g-convex on S,
there exists A € [0, 1] such that f(tz+ (1 —1)x2) <g Af(z1)+(1—X)f(z2), that is

M(z1) + (1= N f(x2) € f(ay) + K, (3)
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where z; = tx; + (1 — t)xe. As A is K-convex, we obtain from Lemma 2.7(ii) that
M+ (1 - M)A+ K = A+ K. Adding to (3) we obtain

M)+ (1 =N f(x2) + AMA+ (1 - MNA+ K C f(xy) + K+ A+ K,
or equivalently, \(f(x1) + A) + (1 — N)(f(x2) + A) + K C f(zy) + A+ K, which is
equivalent to F(z;) <4 AF(z1) + (1 — \)F(x5) + K, and using Lemma 2.1(i), this is
equivalent to F'(z;) <% AF(z1)+(1—

quasi <4-convex on S.

A)F(x2). So we have proved that F' is natural

If f is strictly natural quasi <g-convex, the proof is similar: we simply apply that
K +int K = int K and Lemma 2.1(vii) instead of K + K = K and Lemma 2.1(i).

(ii) Let 1,29 € S and t € (0,1). As r is natural quasi concave on S, there exists
A € [0, 1] such that

Ar(xy) + (1 = Nr(zg) < r(tzg + (1 — t)xg). (4)
Let s = Ar(x1) >0, s5 = (1 — A\)r(x2) > 0 and sg = s; + s2. We claim that
81A+82A+K:SQA+K. (5)

Indeed, if sy = 0, there is nothing to prove since then s; = so = 0. Thus, let sq > 0.
As A'is K-convex, by Lemma 2.7(ii) we have 24+ 24+ K = A+ K, and from
here we deduce that (5) holds.

Now, let 8 = r(txy + (1 — t)zy) > 0. From (4), one has so < . We claim that
sgA+ K C A+ K. Indeed, if 8 = 0 then sy = 0 and it is obvious. If g > 0, then

% €[0,1] and as A is K-radiant, it results that % (A+K) C A+ K. In consequence,

sopA+ K C A+ K. Besides, in view of (5), we get
$1A+ 59A+ K =s0A+ K C fA+ K.
Now, from here, it results
Ar(z)A+ (1= Nr(x) A+ K Cr(te; + (1 —t)za) A+ K.

This is equivalent to F(z;) <% AF(z1) + (1 — \)F(x2) + K, which is equivalent
to F(z;) <% AF(x1) + (1 — A\)F(22) by Lemma 2.1(i). Thus F is natural quasi
§IK-COHV6X.

(iii) This follows from part (i) since F'(z) = f(z) + [0, q] and the segment A = [0, ¢]
is a convex set of Y for all ¢ € Y, and therefore, it is a K-convex set.

(iv) First, assume that f is natural quasi <g-convex. Let us note that F(z) + K =
f(x) + K and so from part (i) it follows that F'(z) + K is natural quasi <}-convex
on S. Finally, as G = F + K is natural quasi <-convex, we derive that F is natural

quasi <l--convex as one can be easily checked by using the definition and Lemma
2.1(i).

The same reasoning is valid if f is strictly natural quasi <g-convex, we use Lemma
2.1(vii) instead of Lemma 2.1(i).

(v) The mapping H(x) = r(x)A is <l.-convex on S, which is proved as in part (ii).
Now G(z) = F(x) + H(x) is <l,-convex on S. O
Part (v) improves Proposition 3.5(c) in [14], where it is assumed that A is the unit
closed ball in Y.
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Remark 2.9. (a) If f: R — Y is (<, <f)-increasing on a convex set S C R, i.e.,
[z1,29 € S, x1 < 29 = f(z1) <k f(x2)], then f is natural quasi <g-convex on S.
The same result is valid if f is (<, <f)-decreasing.

This is easy to check. For example, if f is (<, <j)-increasing then (3) is satisfied
for all ¢ € (0,1) with A = 0, and with A = 1 if f is (<, <k )-decreasing.

(b) If f1, fo : X — Y are natural quasi <g-convex then f; + fo is not necessarily
natural quasi <g-convex. This can easily be checked. Consider fi, f, : R — R,
fi(x) = =22, fo(x) = 22, S =[0,2]. Then fi, f, are natural quasi convex on S (let
us observe that f; is decreasing on S), however f(x) = fi(z) + fo(z) = —2% + 27 is
not natural quasi convex.

(c) Proposition 2.8(iv) is true for any set-valued map F : X =2Y satisfying the
condition f(x) € F(z) C f(z)+ K forall z € S.

(d) A similar result to Proposition 2.8 can be stated for <% changing “<!.” to “<%”
and requiring A is (—K')-convex in part (i), A is (—K)-convex and (—K)-radiant in
parts (ii) and (v), and g is (resp., strictly) natural quasi <g-convex on S instead of
f in part (iv). O

The level sets of a natural quasi S’I'(—convex set-valued map are convex sets as
the next result shows. For a mapping F' : X =Y, a nonempty set S C X and
A € Py(Y), we denote

Lev;(F A, S):={zx€S: F(zx) <l A} forj € {l,u}.

Proposition 2.10. Assume that S is convex and F' is natural quasi S%—convex on
S. Then we have

(i) ifj =1, then Lev)(F, A,S) is convex for all A € Py(Y).
(ii) if j = u, then Lev,(F, A, S) is convex for all (—K)-convex set A € Py(Y').
In particular, if f : X — Y is a natural quasi <g-convex function on S, then the
set Lev<, (f,y,S) ={x € S: f(x) <k y} is convex for ally € Y.
Proof. (i) If j = 1. Let 1,25 € Lev;(F,A,S) and t € (0,1). As F is natural quasi
<l-convex on S, there exists A € [0, 1] such that

F(tzy + (1 —t)as) <t AF(x1) + (1 — N F(xy). (6)
As 11,19 € Levy(F, A, S), one has F(x;) < A and F(x,) <% A.

Multiplying the first inequality by A and the second one by (1 — \) and adding,
using (6) and taking into account Lemma 2.7(i), it results

Ftzy + (1 —t)ag) <t AF(21) + (1 — N F(z) <h M+ (1= N)A<b A
This implies that tz1 + (1 — t)zo € Lev(F, A, S).
(ii) If j = wu, the proof is similar but we use Lemma 2.7(iii) instead of Lemma
2.7(1). O
For a function 9 : X — R and a nonempty set S C X, we define
Sol(¢,8) :={xp € S : Y(x) > Y(xg), Yx € S}.
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Proposition 2.11. If S is convexr and ¥ : X — R s natural quasi conver on S,
then Sol(v, S) is a convex set.

Proof. If zy € Sol(¢,.S), then it is clear that Lev< (¢, (), S) = Sol(¢, S), and so

the conclusion follows from Proposition 2.10. 0

Proposition 2.12. If S is conver and v : X — R is strictly natural quasi convex
on S, then Sol(y, S) is empty or a singleton.

Proof. By contradiction, assume that there exist x1, s € Sol(¢,.5), with z; # xs.
Then ¢ (x1) = 1(x2). Choose t € (0,1), as S is convex we have tx; + (1 —t)xs € S.
Now, as v is strictly natural quasi convex on S, there exists A € [0, 1] such that

Ptz + (1 = H)ae) < M(z1) + (1 = A)p(a2) = ¢(21),
which contradicts that z; € Sol(¢, S).

This is a consequence from the fact that the graph of a strictly natural quasi convex
function does not contain any horizontal segment, i.e., for all a,b € S with a # b,

and ¥ (a) = ¥(b) = a, one has [(a,®(a)), (b,1(b))] is not contained in the graph of
¥ since Y(ta + (1 —t)b) < a for all ¢t € (0,1). O

Let S be a non-empty subset of X. For j € {l,u} we consider the following set
optimization problem

(SOP) <J. —min F(z) subject to z € S.

In the following, we recall some concepts of minimal solution using the set criterion
and the set relations stated above (see, for instance, [15, 18, 20]).

Definition 2.13. Let zq € S. It is said that z¢ is a

(i) S%(—mz'nimal (or j-minimal) solution of (SOP), denoted zy € Min;(F,S), if
F(x) <} F(xg) for some x € S implies F(xq) <} F(z),
(i)  weak <).-minimal (or weak j-minimal) solution of (SOP), denoted

zo € wMin, (F, S), if F(z) <J F(x0) for some z € S implies F(xo) <3 F(z).

We also define the sets of strict gﬂ—minimal solutions and strict weak §§{-minimal
solution as follows:

sMin;(F, S) :={zo € S: F(x) gi{ F(zo), Yz € S\ {zo}},
swMin; (F, S) :={zo € S: F(x) Kﬁ( F(zg), Y € S\ {zo}}

We associate to problem (SOP) two scalarizations: ¢ for <% and ¢ for <Y as follows:
Let 6,6 : X x X — R be defined by

é(z,y) = D*(F(z), F(y)) and o(z,y) =D (F(z),F(y)), Vi,ye X.

When we consider ¢ (resp., qg) we will assume that F' is K-bounded valued (resp.,
(—K)-bounded valued), so ¢(z,y) € R (resp., d(z,y) € R) (see [21, Theorem 3.13]).

We define
Sol(é(-,y),S) :={xz0 € S : ¢(x,y) > ¢(x0,y), Vo €S}, VyecS.
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Lemma 2.14. [20, Proposition 4.15(i)] Assume that Ay, As, B € Py(Y), Az and B
are K-compact and K is solid. If Ay <4 Ay, then D*(A;, B) < D*(As, B).

Lemma 2.15. [20, Theorem 5.7 and Remark 5.8] Suppose that K is solid, xy € S
and F(xg) is K-compact. Then the following statements are equivalent:

(a) xo € wMin(F,S).

(b) zo € swMin(F,S5).

(c) F(x) &b F(xo) forallz € S.

(d) D*(F(x), F(xo)) > D*(F(xo), F(x0)), for all z € S.

Lemma 2.16. [4, Proposition 2.5.8(ii)] Let ) # S C X and F : X =Y be upper-
continuous on S. If S is connected and F(x) is nonempty and connected for all
x €S, then F(S) is connected.

3. Closedness and connectedness

In this section, first we study the closedness of the sets of weak gﬂ—minimal solutions
of (SOP), and then we apply our results to obtain connectedness of the sets of S%—
minimal solution and weak </.-minimal solutions to set optimization problem (SOP)
for j € {l,u}.

Proposition 3.1. If S is closed and F : X =Y is K-u.c. on S, then swMin,(F,S)
is closed. If, in addition, F is K-compact valued, then wMin(F,S) is closed.

Proof. Let (z,) C swMin(F, S) with x,, — xg. As S is closed, one has xy € S. By
contradiction, assume that zo ¢ swMin;(F, S). Then there exists £ € S\ {z} such
that F(2) <% F(xo), that is, F(zo) C F(2) + int K. Since U = F(&) + int K is an
open set that contains to F(zo) and F'is K-u.c. at xg, there exists a neighbourhood
V of zy such that

F(z) C F(Z)+int K + K = F(2) +int K, VYxeSnV. (7)

Since x,, — xg, there is ng such that z,, € SNV for all n > ng, and consequently,
in view of (7), F(z,) C F(%) + int K, which means that F (%) < F(x,) for all n
large enough. This contradicts the fact that x,, € swMin;(F,S).

The second part, follows from Lemma 2.15 since swMin;(F, S) = wMin,(F, S) when-
ever F'is K-compact valued. O

This proposition improves Proposition 2.3 in [12] where it is assumed that F is u.c.
with compact values.

Proposition 3.2. If S is closed and F : X =Y is (—K)-l.c. and (—K)-compact
valued on S, then wMin, (F,S) is closed.

Proof. Let (z,) C wMin,(F,S) with z,, — x¢. As S is closed, one has z € S.

On the one hand, as F' is (—K)-Lc. and (—K)-compact valued on S, the function
¢4 X — R, defined by ¢a(x) = ]DDSZ(A, F(z)) for all x € X, is upper semicontinuous
(u.s.c.) on S by Theorem 5(ii-a) in [17] for each (—K')-compact set A (we apply this
theorem to the pair (G, F'), where G is the constant set-valued map G(z) = A for
all z € X).
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Let us observe that (EA(a:) € R by [21, Theorem 3.13(v)] since A is (—K)-bounded
because it is (— K )-compact and F'(x) is (—K)-proper because it is (— K )-compact.
On the other hand, by Theorem 5.15 in [20], assuming that F is (—K)-compact
valued on S, one has that

% € WMiny(F, §) <= D" (F(z), F(z)) >0 VzeS, (8)

because I@Si(F(zO), F(z)) = 0by [20, Theorem 3.20(iii)]. Hence, as x,, € wMin, (F, S),
we derive that

~ ~S1

br@(zn) =D (F(x), F(x,)) >0, VoeS VneNlN. 9)

Therefore, as &EF(Z)(-) is w.s.c. on S, the set F, :=={y € S: ap(m) (y) > 0} is closed.
As z,, € E, for all n by (9) and as z,, — xq, it follows that xy € F,, and this is true
for all x € S. This means that (/b\F(x) (x9) > 0 for all z € S. Now, by applying (8)
with zy = zg, we conclude that zo € wMin, (F,.S). H

This result improves [12, Proposition 2.4|, where it is assumed that F' is l.c. with
compact values. Let us observe that the proof of Proposition 3.2 is very different
from the one of Proposition 3.1, where we have used a scalarization while in the
second one, it is a direct proof.

From now on we focus on connectedness, starting with some previous results.

Lemma 3.3. Assume that S is a convex set, and F is strictly natural quasi <b-
convex on S and K-compact valued. Then

swMin,(F, S) = wMin (F, S) = sMin(F, S) = Min,(F, S).

Proof. The first equality follows from Lemma 2.15 since F' is K-compact valued.
The inclusion sMin, (F, S) C swMin,(F, S) is clear from the definitions. Let us prove
the reverse inclusion swMin;(F,S) C sMin(F,S). Indeed, let zo € swMin,(F,.S)
and assume that there exists z; € S\ {zo} such that F(z;) <% F(x¢). Then

F(z) C F(x1) + K. (10)

As F is strictly natural quasi <4-convex on S, for all ¢ € (0, 1), there exists X € [0, 1]
such that
AF(z0) + (1 = A\ F(zq) C F(x;) + int K, (11)

where z; := txg + (1 — t)x1. From (10) and since K is a cone we have
(1 =NF(z9) C (1 = AN)F(x1) + K,
and so, using (11) it follows
F(xo) CAF(z) + (1 = N)F(x9) C AF(z0) + (1 = N F(21) + K
C F(x)) +int K + K = F(zy) + int K.
Therefore, F(x;) <% F(x0), which contradicts the fact that zy € swMin(F, S).

Finally, sMin;(F, S) C Min;(F, S) is obvious, and by [15, Proposition 2.7(i)] we know
that Min(F,S) C wMin,(F,S). In consequence, the proof is finished. O
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Lemma 3.4. Assume that S is a convex set, and F is strictly natural quasi <%-
convex and (—K)-compact and (—K)-convex valued on S. Then

swMin, (F, S) = wMin,(F, S) = Min, (F, S) = sMin,(F, S).
Proof. It is similar to Lemma 3.3 observing the following:
(i) For the equality swMin, (F,S) = wMin,(F,S) we apply Theorem 5.15 in [20].
(i) To prove swMin, (F, S) C sMin,(F, S), assume z, € swMin,, (F, S) \ sMin, (F, S);
then there exists ;1 € S\ {zo} such that
Flay) < Flao). (12

As F is strictly natural quasi <%-convex on S, for all ¢ € (0, 1), there exists A € [0, 1]
such that
F(xy) <k AF(x0) + (1 = A)F (1), (13)

where x; := txg + (1 — t)zy. From (12), (1 — A\)F(z1) <% (1 — A\)F(x). Using this,

(13) and Lemma 2.7(iii) since F' is (—K)-convex valued on S, we derive
F(ay) g AF(20) + (1 = M) F(an1) <g AF(20) + (1 = M) F(20) <k F(0),
and so F(z;) <% F(xo), which contradicts that xy € swMin,,(F, S). O

Let us observe that F' is (—K)-convex valued in Lemma 3.4, in contrast to Lemma
3.3, where the corresponding requirement, F'is K-convex valued, it is not necessary.

Proposition 3.5. Let S be a convex subset of X. If F : X =Y 1is natural quasi
<lb.-convex on S, then ¢(-,y) is natural quasi convexr on S for ally € X.

Proof. Let y € X, 21,20 € S, B = F(y) and ¢t € (0,1). As F is natural quasi
<l-convex on S, there exists A € [0, 1] such that

Then, on the one hand, by Theorem 3.22(iii-b) in Jiménez et al. [21], one has that
D% (-, B) is <'-increasing on Py(Y), and on the other hand, D*(-, B) is convex on
Po(Y) by [17, Theorem 2(ii)]. Therefore by applying both properties we obtain
D (F(tzy + (1 — t)z), B) < D¥*(AF(21) + (1 — A\)F(x3), B)
< ADSZ(‘F(‘Tl))B) + (1 - /\) ]D)Si(F(xQ)v B)7

which proves that ¢(-,y) is natural quasi convex. ]

Proposition 3.6. Let S be a conver subset of X. If F': X =2Y is natural quasi

<Y -convez on S with (—K)-convex values, then ¢(-,y) is natural quasi convex on S
forally € X.

Proof. The proof is similar as Proposition 3.5. Now we use [21, Theorem 3.22(v-b)]
which states that D" (-, B) is <Y%-increasing on Py(Y'), and [17, Theorem 2(ii)] which
shows that ]IA)sz(-, B) is convex on Py(Y) if B is (—K)-convex. For this reason, in

this proposition we need the additional assumption F'is (—K)-convex valued. [
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Lemma 3.7. Assume that F' is K-compact valued. Then
L Sol(¢(-,), S) = swMiny(F, §) = wMin(F, 5).

yeS

Proof. Let zg € Uyes Sol(¢(-,y),S). Then there exists yo € S such that
D™ (F(x), F(y0)) = D"(F(x0), F(y)), Vx €S, (14)

Suppose that zo ¢ swMin(F, S); then there exists x; € S such that F(z;) <! F(xg).
By using that D% (-, F(yo)) is strictly <!-increasing on K-compact subsets of Y since
F(yp) is K-compact (see Lemma 2.14), we get D* (F (1), F(yo)) < D¥(F(x0), F(v0)),
which contradicts (14).

The equality swMin,(F,S) = wMin,(F, S) follows from Lemma 2.15. Now, assume
o€ wMin;(F, S). Then by Lemma 2.15 we get D*(F(x), F(x0)) >D*(F (o), F(x0)),
for all x €S, which implies o€ Sol(¢(+, x¢),S), and so g€ Uyes Sol(¢(-,y),S). O

Lemma 3.8. Assume that F' is (—K)-compact valued. Then

| S0l(6(-, ), ) = swMin, (F, ) = wMin,(F, S).

yeSs

The proof is similar to the one of Lemma 3.7, now we use [20, Theorem 4.17(vi)],
which shows that D (-, B) is strictly <.-increasing on (—K)-compact sets if B is
(— K)-compact, and [20, Theorem 5.15], which proves that

o € WMin(F, S) & z, € swMing(F, S) < D" (F(z), F(z)) > 0, Va € S.

Theorem 3.9. Assume that S is a compact and convexr subset of X, F : X 3Y
is K -continuous on S, natural quasi <% -convex on S and K -compact valued on S.
Then wMin(F, S) is connected.

Proof. Step 1. Sol(¢(-,y),S) # 0 for all y € S. Indeed, ¢(z,y) = D*(F(x), F(y))
is continuous on S x S by [17, Corollary 1(i)]. As S is compact, ¢(-,y) attains a
minimum on S at some point xy € S, and so zg € Sol(¢(+,y), S).

Step 2. Sol(é(-,y),S) is a convex set for all y € S. Indeed, as F is natural <4-
convex on S, by Proposition 3.5 we have that the function ¢(-,y) is natural quasi
convex on S. Now, by Proposition 2.11 we obtain that Sol(¢(-,y), S) is convex.

Step 3. The set-valued map M : S =S defined by M(y) = Sol(¢(-,y), S) is u.c.
on S. Indeed, by contradiction, suppose that M is not u.c. at yg € S. Then there
exists an open set V' such that M(yy) C V and for all neighbourhood U of y, one
has M(U) ¢ V. This implies that there exists a sequence (y,) C S, with y, — o
and M (y,) ¢ V. So, for each n € N there is z,, € M (y,) satisfying

x, ¢V, VYnelN (15)

As S is compact, without lost of generality we may assume that =, — xq € S. Since
x, € M(y,) one has

D*(F(x), F(y,)) > D*(F(x,), F(y,)), VYr€S,necN. (16)
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As ¢ is continuous on S x S by [17, Corollary 1(i)] because F' is K-continuous and
K-compact valued on S by assumption, and as (x,, y,) — (Zo,yo), we get from (16)

D (F(x), F(yo)) = D"(F(x0), Fy)), Yz €S,

which means that xo € M(yy). As x, — xo € M(yo) C V, we derive that z,, € V
for all n large enough, which contradicts (15).

Step 4. wMin;(F,S) is connected. Indeed, by Lemma 3.7 one has wMin,(F, S) =
UyesM(y). As S is convex, M(y) # 0 (step 1) and M is u.c. on S (step 3) with
connected values since M (y) is convex for every y € S (step 2), by using Lemma
2.16 it follows that wMin;(F,S) = M (S) is connected. The proof is finished. O

We remark that the proofs of Lemma 3.7 and Theorem 3.9 are similar to those of
Theorem 3.1 and Theorem 4.1(i), respectively, in [11].

Theorem 3.10. Assume that S is a compact and conver subset of X, F : X 3Y
is K -continuous on S, strictly natural quasi <% -convex on S and K -compact valued
on S. Then Min(F,S) is connected.

Proof. By Lemma 3.3 we have Min, (F, S) = wMin, (£, S). Now the theorem follows
from Theorem 3.9 taking into account that a strictly natural quasi <’.-convex set-
valued map is also natural quasi <4-convex. O

This theorem is in the line of Theorem 3.1 in [13], where it is proved that Min,(F, S)
is arcwise connected (a stronger conclusion) but it is assumed that F' is continuous
with compact values (stronger assumptions).

Theorem 3.11. Assume that S is a compact and conver subset of X, F : X 3Y
is (—K)-continuous on S, natural quasi <Y}-convex on S and (—K)-compact and
(—K)-convez valued on S. Then wMin, (F,S) is connected.

The proof is similar to the one of Theorem 3.9 and for this reason is omitted, we only
have to take into account the following: In the proof of Theorem 3.11 are used the
function ¢, [17, Corollary 1(i)] with F' (—K')-continuous and (—K)-compact valued,
Proposition 3.6 obtaining that ¢(-,y) is natural quasi convex on S and Lemma 3.8
instead of the function ¢, [17, Corollary 1(i)] with F' K-continuous and K-compact
valued, Proposition 3.5 and Lemma 3.7, respectively, which are used in the proof of
Theorem 3.9.

Theorem 3.12. Assume that S is a compact and convex subset of X, F : X 3Y is
(—K)-continuous on S, strictly natural quasi <% -convexr on S and (—K)-compact
and (—K)-convex valued on S. Then Min, (F,S) is connected.

This theorem follows directly from Theorem 3.11 if we take into account that we
have Min, (F,S) = wMin, (F,S) by Lemma 3.4.
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