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We consider a semidefinite linear fractional vector optimization problem (FVP) and establish op-
timality theorem for efficient solutions for (FVP), which hold without any constraint qualification
and which are expressed by sequences. Moreover, we discuss the relations between properly effi-
cient solution of (FVP) and one of its related linear vector optimization problem (LVP). By using
the relation, we obtain optimality theorem for properly efficient solutions for (FVP), which hold
without any constraint qualification and which are expressed by sequences. Also, by using optimal-
ity theorem for efficient solutions of (FVP) and the relations, we obtain the semi-definite version
of the Isermann’s result for (FVP), which gives a sufficient condition that an efficient solution of
(FVP) can be properly efficient for (FVP). We give examples for our results for properly efficient
solutions for (FVP). Moreover, we formulate vector dual problem (VD) for (FVP) and establish
duality theorems for (FVP) and (VD). Our approach for getting our main resuts is to use linear
vector optimization problems related to (FVP).
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1. Introduction and preliminaries

Semidefinite optimization problems have been intensively studied since many opti-
mization problem can be changed into the problems which are very computation-
able [16]. Jeyakumar, Lee and Dinh [9] proved the optimality conditions for convex
optimization problem, which held without any constraint qualification and which
were expressed in terms of sequences. The optimality conditions have been stud-
ied for many kinds of convex optimization problems. In particular, Lee and Lee
[13] studied optimality conditions for efficient solutions of an abstract convex vec-
tor optimization problems which held without any constraint qualification. Kim,
Kim and Lee [11] investigated optimality conditions for a semidefinite linear opti-
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mization problems which held without any constraint qualification. Kim, Kim and
Lee [12] studied optimality conditions for weakly efficient solutions of semidefinite
linear fractional vector optimization problems which held without any constraint
qualification. We can find important results for linear fractional vector optimization
problems in [2, 3, 6].
In this paper, we consider a semidefinite linear fractional vector optimization prob-
lem (FVP) and establish optimality theorems for efficient solutions and properly
efficient solutions for (FVP), which holds without any constraint qualification and
which are expressed by sequences. We establish the semi-definite version of the
Isermann’s result [4, 7, 15] for (FVP), which gives a sufficient condition that an effi-
cient solution of (FVP) can be properly efficient for (FVP). Moreover, we formulate
vector dual problem (VD) for (FVP) and establish duality theorems for (FVP) and
(VD). Our approach for getting our main results is to use linear vector optimization
problems related to (FVP).
Let X be a Hilbert space with inner product ⟨·, ·⟩. For a subset D ⊂ X, the closure
of D, induced by the norm topology on X, is denoted by clD.
Let C be a closed convex cone in X. Then the positive dual cone of C is defined by

C∗ := {z ∈ X : ⟨x, z⟩ = 0 ∀x ∈ C}.

The indicator function δA : X → R ∪ {+∞} is defined by

δA :=

{
0 if x ∈ A,
+∞ otherwise.

Let h : X → R ∪ {+∞} be a function. Then the conjugate function of h, denoted
h∗ : X → R ∪ {+∞}, is defined by

h∗(v) := sup{⟨v, x⟩ − h(x) | x ∈ domh}

where domh := {x ∈ X | h(x) < +∞}.
The function h is said to be proper if h does not take on the valued −∞ and
domh ̸= ∅. The epigraph of the function h is defined by

epih := {(x, r) ∈ X × R : h(x) 5 r}.

Moreover if lim infy→xh(y) = h(x) for all x ∈ X, we say that h is lower semicontin-
uous.
A function h : X → R ∪ {+∞} is said to be convex if for all λ ∈ [0, 1],

h(λx+ (1− λ)y) 5 λh(x) + (1− λ)h(y) for all x, y ∈ X.

Lemma 1.1. [1] Let h1, h2 : X → R ∪ {+∞} be proper lower semicontinuous
convex functions. Then epi(h1 + h2)

∗ = cl(epi h∗
1 + epi h∗

2). If, in addition, one of
h1 and h2 is continuous at some x0 ∈ dom h1 ∩ dom h2, then

epi(h1 + h2)
∗ = epi h∗

1 + epi h∗
2.
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Lemma 1.2. [14] Let I be an arbitrary index set and let fi : X → R ∪ {+∞} be
proper lower semicontinuous convex functions. Suppose that there exists x0 ∈ X
such that supi∈Ifi(x0) < ∞. Then

epi(supi∈Ifi)
∗ = cl (co

⋃
i∈I

epif ∗
i ),

where supi∈Ifi : X → R ∪ {+∞} is defined by (supi∈Ifi)(x) = supi∈Ifi(x) for all
x ∈ X.

TrA is the trace of n× n matrix A. For a symmetric n× n matrix A, A ≽ 0 means
that A is positive semidefinite. Let Sn be the space of n × n symmetric matrices.
Let Sn

+ = {X ∈ Sn | X ≽ 0}. Then Tr(· ·) is the inner product on Sn and Sn is the
finite-dimensional Hilbert space with Tr(· ·), and ∥A∥ =

√
Tr(AA) (where A ∈ Sn)

is a norm on Sn, in fact, ∥A∥ is the Frobenius norm defined on Sn ([10]).

2. Efficient solutions

In this paper, we consider the following semidefinite linear fractional vector opti-
mization problem:

(FVP) Minimize
(
Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
subject to X ≽ 0, Tr(AjX) = bj, j = 1, . . . ,m,

where Ci ∈ Sn, αi ∈ R, Di ∈ Sn, βi ∈ R, i = 1, . . . , p, Aj ∈ Sn, bj ∈ R, j = 1, . . . ,m
are given real numbers.
Let △ := {X ∈Sn|X≽0, Tr(AiX)= bi, i = 1, ...,m}. Assume that Tr(DiX)+βi>0

for any X ∈ △, i = 1, · · · , p. Let qi(X) = Tr(CiX)+αi

Tr(DiX)+βi
for any X ∈ △.

Definition 2.1. (1) X̄ ∈ △ is said to be an efficient solution for (FVP) if there
exists no other feasible X ∈ △ such that(

Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
5

(
Tr(C1X̄) + α1

Tr(D1X̄) + β1
, . . . ,

Tr(CpX̄) + αp

Tr(DpX̄) + βp

)
and

(
Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
̸=

(
Tr(C1X̄) + α1

Tr(D1X̄) + β1
, . . . ,

Tr(CpX̄) + αp

Tr(DpX̄) + βp

)
.

(2) X̄ ∈ △ is said to be a properly efficient solution for (FVP) if X̄ is an efficient
solution of (FVP) and there exists a constant M > 0 such that for each i = 1, · · · , p,
we have

Tr(CiX̄) + αi

Tr(DiX̄) + βi
− Tr(CiX) + αi

Tr(DiX) + βi

Tr(CjX) + αj

Tr(DjX) + βj
− Tr(CjX̄) + αj

Tr(DjX̄) + βj

5 M

for some j such that

Tr(CjX) + αj

Tr(DjX) + βj
>

Tr(CjX̄) + αj

Tr(DjX̄) + βj
whenever X ∈ △ and Tr(CiX) + αi

Tr(DiX) + βi
<

Tr(CiX̄) + αi

Tr(DiX̄) + βi
.

For basic properties of efficient solutions the reader is referred to [5, 8, 15].
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Now we give the following optimality theorems for an efficient solution and properly
efficient solution of (FVP).

Theorem 2.2. Let λ ∈ Rp be such that λi > 0, i = 1, . . . , p. Let X̄ ∈ △. Then the
following are equivalent:
(i) X̄ is an efficient solution of (FVP);
(ii) there exist µj ∈ R, j = 1, · · · ,m, yj = 0, j = 1, · · · , p such that

(0, 0) ∈
{ p∑

i=1

λi(Ci − qi(X̄)Di,−αi + qi(X̄)βi)
}
+ {0} × R+

+ cl
( ⋃
µj∈R

{
m∑
j=1

µj(Aj, bj)}+
⋃
yj=0

{
p∑

j=1

yj(Cj − qj(X̄)Dj,−αj + qj(X̄)βj)}

+ (−Sn
+)× R+

)
.

(iii) there exist µl
j ∈ R, j = 1, . . . ,m, V l ∈ Sn

+ and ylj = 0, j = 1, . . . , p such that
p∑

i=1

λi(Ci−qi(X̄)Di) + lim
l→∞

[ m∑
j=1

µl
jAj +

p∑
j=1

ylj(Cj−qj(X̄)Dj)−V l
]
= 0

and liml→∞Tr(V lX̄) = 0.

Proof. (i)⇒ (ii)⇒ (iii): Suppose that (i) holds, that is, X̄ is an efficient solution of
(FVP). Then X̄ is an efficient solution of the following vector optimization problem:

MinimizeX∈Sn

(
Tr(C1X) + α1 − q1(X̄)(Tr(D1X) + β1), . . . ,

Tr(CpX) + αp − qp(X̄)(Tr(DpX) + βp)
)

subject to X ≽ 0, Tr(AjX) = bj, j = 1, · · · ,m.

Then we can check that X̄ is an optimal solution of the following problem (P):

(P) MinimizeX∈Sn

p∑
i=1

λi

[
Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)

]
subject to X ≽ 0, Tr(AjX) = bj, j = 1, . . . ,m,

Tr(CjX) + αj − qj(X̄)(Tr(DjX) + βj) 5 0, j = 1, . . . , p.

Let A = {X ∈ Sn | Tr(AjX) = bj, j = 1, · · · ,m}

and B = {X ∈ Sn | Tr(CjX) + αj − qj(X̄)(Tr(DjX) + βj) 5 0, j = 1, . . . , p}

Let △̃ = Sn
+ ∩A∩B. Then δ△̃(X) = δSn

+
(X) + δA(X) + δB(X) for any X ∈ Sn. By

Lemma 1.1, we obtain

epiδ∗△̃ = cl(epiδ∗Sn
+
+ epiδ∗A + epiδ∗B).

Let F (X) =

p∑
i=1

λi

[
Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)

]
.
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Since X̄ is an optimal solution of (P), F (X) + δ△̃(X) = F (X̄) + δ△̃(X̄) for any
X ∈ Sn. Thus Tr(0X)−[F (X)+δ△̃(X)] 5 0 for any X ∈ Sn. Thus (F+δ△̃)

∗(0) 5 0.

Hence (0, 0) ∈ epi(F + δ△̃)
∗ = epiF ∗ + epiδ∗△̃.

Using Lemma 1.2, we can check that

epiF ∗ =
{ p∑

i=1

λi(Ci − qi(X̄)Di,−αi + qi(X̄)βi)
}
+ {0} × R+,

epiδ∗Sn
+
= (−Sn

+)× R+,

epiδ∗A = cl
( ⋃
µj∈R

{
m∑
j=1

µj(Aj, bj)}+ {0} × R+
)
,

epiδ∗B = cl
[⋃
yj=0

{
p∑

j=1

yj(Cj − qj(X̄)Dj,−αj + qj(X̄)βj)}+ {0} × R+
]
.

Thus (ii) holds. Suppose that (ii) holds. Then there exist µl
j ∈ R, V l ∈ Sn

+, r ∈ R+

and rl ∈ R+ such that
p∑

i=1

λi(Ci − qi(X̄)Di) + lim
l→∞

[ m∑
j=1

µl
jAj +

p∑
j=1

ylj(Cj − qj(X̄)Dj)− V l
]
= 0

and
p∑

i=1

λi(−αi + qi(X̄)βi) + r + lim
l→∞

[ m∑
j=1

µl
jbj +

p∑
j=1

ylj(−αj + qj(X̄)βj) + rl
]
= 0.

Thus, we have,

0 =

p∑
i=1

λiTr(Ci − qi(X̄)Di)X̄

+ lim
l→∞

Tr
[ m∑
j=1

µl
jAj +

p∑
j=1

ylj(Cj − qj(X̄)Dj)− V l
]
X̄

−
p∑

i=1

λi(−αi + qi(X̄)βi)− r − lim
l→∞

[ m∑
j=1

µl
jbj +

p∑
j=1

ylj(−αj + qj(X̄)βj) + rl
]
.

So, we obtain, − liml→∞

[
rl + Tr(V lX̄)

]
− r = 0. Since rl = 0 and Tr(V lX̄) = 0,

then r = 0, liml→∞ Tr(V lX̄) = 0. Thus (iii) holds.

(iii)⇒ (i): Suppose that (iii) holds. Then for any X ∈ △̃,
p∑

i=1

λi

[
Tr(Ci(X − X̄))− qi(X̄)Tr(Di(X − X̄))

]
+ lim

l→∞

[ m∑
j=1

µl
jTr(Aj(X−X̄)) +

p∑
j=1

ylj(Tr(Cj(X−X̄))− qj(X̄)Tr(Dj(X−X̄)))

−Tr(V l(X − X̄))
]
= 0.
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So, for any X ∈ △̃,
p∑

i=1

λi

[
Tr(Ci(X − X̄))− qi(X̄)Tr(Di(X − X̄))

]
+ lim

l→∞

[ p∑
j=1

ylj(Tr(Cj(X − X̄))− qj(X̄)Tr(Dj(X − X̄)))− Tr(V lX)
]
= 0.

Since Tr(V lX) = 0, Tr(CjX̄) + αj − qj(X̄)(Tr(DjX̄) + βj) = 0

and Tr(CjX) + αj − qj(X̄)(Tr(DjX) + βj) 5 0

for any X ∈ △̃, we have, for any X ∈ △̃,
p∑

i=1

λi

[
Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)

]
=

p∑
i=1

λi

[
Tr(CiX̄) + αi − qi(X̄)(Tr(DiX̄) + βi)

]
.

Thus X̄ is an optimal solution of (P). We can check that X̄ is an efficient solution
of (FVP). Hence (i) holds.

We give an assumption for (FVP):

Assumption (C):
{

Tr(DiX) + βi

Tr(DjX) + βj
| i ̸= j, X ∈ △

}
is bounded above.

Proposition 2.3. The Assumption (C) is assumed. Let X̄ ∈ △. Then the following
are equivalent:
(i) X̄ is a properly efficient solution of (FVP);
(ii) X̄ is a properly efficient solution of the following linear semidefinite vector

optimization problem:

(LVP) Minimize
(
Tr(C1X) + α1 − q1(X̄)(Tr(D1X) + β1), . . . ,

Tr(CpX) + αp − qp(X̄)(Tr(DpX) + βp)
)

subject to X ∈ △.

Proof. Let X̄ ∈ △. Then the following are equivalent:
(i) X̄ is a properly efficient solution of (FVP).

(ii)(1) There does not exist X ∈ △ such that Tr(CiX)+αi

Tr(DiX)+βi
5 Tr(CiX̄)+αi

Tr(DiX̄)+βi
for all

numbers i = 1, . . . , p and Tr(CjX)+αj

Tr(DjX)+βj
<

Tr(CjX̄)+αj

Tr(DjX̄)+βj
for some j ∈ {1, . . . , p};

(2) there exists M > 0 such that, for each i = 1, . . . , p and each X ∈ △ satisfying
Tr(CiX)+αi

Tr(DiX)+βi
< Tr(CiX̄)+αi

Tr(DiX̄)+βi
, there exists at least on number j ∈ {1, . . . , p} such that

Tr(CjX̄) + αj

Tr(DjX̄) + βj
<

Tr(CjX) + αj

Tr(DjX) + βj
and

Tr(CiX̄) + αi

Tr(DiX̄) + βi
− Tr(CiX) + αi

Tr(DiX) + βi

Tr(CjX) + αj

Tr(DjX) + βj
− Tr(CjX̄) + αj

Tr(DjX̄) + βj

5 M
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(iii) (1) there does not exist X ∈ △ such that

Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi) 5 0 = Tr(CiX̄) + αi − qi(X̄)(Tr(DiX̄) + βi)

for all i = 1, . . . , p and

Tr(CjX)+αj−qj(X̄)(Tr(DjX) + βj) < 0 = Tr(CjX̄)+αj−qj(X̄)(Tr(DjX̄)+βj),

for some j ∈ {1, · · · , p};
(2) there exists M > 0 such that for each i = 1, · · · , p and each X ∈ △ satisfying

Tr(CiX)+αi−qi(X̄)(Tr(DiX)+βi) < 0 = Tr(CiX̄)+αi−qi(X̄)(Tr(DiX̄)+βi),

there are some j ∈ {1, · · · , p} such that

Tr(CjX̄) + αj − qj(X̄)(Tr(DjX̄) + βj) < Tr(CjX) + αj − qj(X̄)(Tr(DjX) + βj)

and
(Tr(CiX̄) + αi − qi(X̄)(Tr(DiX̄) + βi)− (Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi))

(Tr(CjX) + αj − qj(X̄)(Tr(DjX) + βj))− (Tr(CjX̄) + αj − qj(X̄)(Tr(DjX̄) + βj))

5 Tr(DiX) + βi

Tr(DjX) + βj
M.

Thus the result holds.
Modifying Example 3.6 in [2], we give an example showing that if the Assumption
C does not hold, then the result of Proposition 2.3 is not true.

Example 2.4. Consider the following semidefinite linear fractional vector optimiza-
tion problem (FVP):

Minimize

Tr
(

−1 0
0 0

)(
x1 x2

x2 x3

)
− 1

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

,
Tr

(
0 0
0 −1

)(
x1 x2

x2 x3

)
− 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1


subject to

(
x1 x2

x2 x3

)
∈ S2

+, and Tr
(

0 1
1 0

)(
x1 x2

x2 x3

)
= 0.

Let △ be the feasible set for (FVP) and let X̄ =

(
1 0
0 1

)
.

Let a = 1, b = 0 and c = 1. Then X̄ =

(
a b
b c

)
.

Let M be arbitrarily positive number. We choose
(

x1 x2

x2 x3

)
∈ △ such that

Tr
(

0 0
0 −1

)(
x1 x2

x2 x3

)
− 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

< min

−M,

Tr
(

0 0
0 −1

)
X̄ − 1

Tr
(

1 0
0 0

)
X̄ + 1

 .
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Then Tr
(

0 0
0 −1

)
X̄ − 1

Tr
(

1 0
0 0

)
X̄ + 1

−
Tr

(
0 0
0 −1

)(
x1 x2

x2 x3

)
− 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

Tr
(

−1 0
0 0

)(
x1 x2

x2 x3

)
− 1

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

−
Tr

(
−1 0
0 0

)
X̄ − 1

Tr
(

0 0
0 1

)
X̄ + 1

=
(
− c+ 1

a+ 1

)(
−x3 + 1

x1 + 1

)
> − c+ 1

a+ 1
(−M) = M.

So, X̄ is not a properly efficient solution of (FVP). Consider the following linear
semidefinite vector optimization problem (LVP):

Minimize((
Tr

( −1 0
0 0

)( x1 x2

x2 x3

)
− 1

)
− q1(X̄)

(
Tr

( 0 0
0 1

)( x1 x2

x2 x3

)
+ 1

)
,(

Tr
( 0 0

0 −1

)( x1 x2

x2 x3

)
− 1

)
− q2(X̄)

(
Tr

( 1 0
0 0

)( x1 x2

x2 x3

)
+ 1

))
subject to

(
x1 x2

x2 x3

)
∈ S2

+, and Tr
(

0 1
1 0

)(
x1 x2

x2 x3

)
= 0,

where q1(X̄) =
Tr

 −1 0
0 0

X̄−1

Tr
 0 0

0 1

X̄+1

= −1 and q2(X̄) =
Tr

 0 0
0 −1

X̄−1

Tr
 1 0

0 1

X̄+1

= −1.

(LVP) becomes: Minimize (−x1 + x3, x1 − x3)

subject to
(

x1 x2

x2 x3

)
∈ S2

+, and x2 = 0.

Thus X̄ is a properly efficient solution of (LVP). Notice that

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

is not bounded above over the feasible set of (FVP) and

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

is not bounded above over the feasible set of (FVP). Thus, the result of Proposition
2.3 does not hold for this example.

Following the proof of Theorem 2 in [5], and using Proposition 2.3, we can obtain
the following proposition:
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Proposition 2.5. The Assumption (C) is assumed. Let X̄ ∈ △. Then the following
statements are equivalent:
(i) X̄ is a properly efficient solution of (FVP);
(ii) there exist λi > 0, i = 1, · · · , p such that X̄ is an optimal solution of the

following linear optimization problem:

(LP) Minimize
p∑

i=1

λi

(
Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)

)
subject to X ∈ △.

Using Proposition 2.5 and following the proof of Theorem 2.2, we can obtain the
following optimality theorem for properly efficient solution of (FVP):

Theorem 2.6. The Assumption (C) is assumed. Let X̄ ∈ △. Then the following
statements are equivalent:
(i) X̄ is a properly efficient solution of (FVP);
(ii) there exist λi > 0, i = 1, . . . , p, µj ∈ R, j = 1, . . . ,m such that

(0, 0) ∈
{ p∑

i=1

λi(Ci − qi(X̄)Di,−αi + qi(X̄)βi)
}
+ {0} × R+

+cl
( ⋃
µj∈R

{
m∑
j=1

µj(Aj, bj)}+ (−Sn
+)× R+

)
.

(iii) there exist λi > 0, i = 1, · · · , p, µl
j ∈ R, j = 1, · · · ,m, V l ∈ S+

n such that

p∑
i=1

λi(Ci − qi(X̄)Di) + lim
l→∞

[ m∑
j=1

µl
jAj − V l

]
= 0 and lim

l→∞
Tr(V lX̄) = 0.

The following theorem, which is semidefinite version of the Isermann’s result [4, 7,
15], gives a sufficient condition that an efficient solution of (FVP) can be properly
efficient for (FVP).

Theorem 2.7. The Assumption (C) is assumed. Let X̄ ∈ △. Assume that

⋃
µj∈R

{ m∑
j=1

µj(Aj, bj)
}
+

⋃
yj=0

{ p∑
j=1

yj(Cj − qj(X̄)Dj,−αj + qj(X̄)βj)
}
+ (−Sn

+)×R+

is closed. If X̄ is an efficient solution of (FVP), then X̄ is a properly efficient
solution of (FVP).

Proof. Let λ = (λ1, · · · , λp) ∈ Rp with λi > 0 for all i = 1, · · · , p. Let X̄ is an
efficient solution of (FVP). Then by Theorem 2.2,
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(0, 0) ∈
{ p∑

i=1

λi(Ci − qi(X̄)Di,−αi + qi(X̄)βi)
}
+ {0} × R+

+ cl
( ⋃
µj∈R

{ m∑
j=1

µj(Aj, bj)
}
+

⋃
yj=0

{ p∑
j=1

yj(Cj−qj(X̄)Dj,−αj+qj(X̄)βj)
}

+ (−Sn
+)× R+

)
.

By assumption,

(0, 0) ∈
p∑

i=1

λi(Ci − qi(X̄)Di,−αi + qi(X̄)βi)

+
⋃
µj∈R

{ m∑
j=1

µj(Aj, bj)
}
+

⋃
yj=0

{ p∑
j=1

yj(Cj − qj(X̄)Dj,−αj + qj(X̄)βj)
}

+ (−Sn
+)× R+.

So, there exist µ̄j ∈ R and ȳj = 0, j = 1, · · · ,m, r̄ = 0 and V̄ ∈ Sn
+ such that

0 =

p∑
i=1

λi(Ci − qi(X̄)Di) +
m∑
j=1

µ̄jAj +

p∑
j=1

ȳj(Cj − qj(X̄)Dj)− V̄

and 0 =

p∑
i=1

(λi + ȳi)(−αi + qi(X̄)βi) +
m∑
j=1

µ̄jbj + r̄.

So for any X ∈ △,

0 =

p∑
i=1

λiTr(Ci−qi(X̄)Di)X+
m∑
j=1

µ̄jTr(AjX)+

p∑
j=1

ȳjTr(Cj−qj(X̄)Dj)X−Tr(V̄ X).

Hence, for any X ∈ △,

Tr(V̄ X) + r̄

=

p∑
i=1

(λi + ȳi)(Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)) +
m∑
j=1

µ̄j(Tr(AjX)− bj)

=

p∑
i=1

(λi + ȳi)(Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi)).

Since r̄ = 0 and V̄ ∈ Sn
+, for any X ∈ △,

p∑
i=1

(λi + ȳi)(Tr(CiX) + αi − qi(X̄)(Tr(DiX) + βi))

= 0 =

p∑
i=1

(λi + ȳi)(Tr(CiX̄) + αi − qi(X̄)(Tr(DiX̄) + βi)).
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Since λi+ ȳi > 0, by Proposition 2.5, X̄ is a properly efficient solution of (FVP).

Now we give examples illustrating how to solve semidefinite linear fractional vector
optimization problems by using Theorem 2.6.

Example 2.8. Consider the following semidefinite linear fractional vector optimiza-
tion problem (FVP):

Minimize

Tr
(

1 1
1 1

)(
x1 x2

x2 x3

)
+ 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

,
Tr

(
1 0
0 1

)(
x1 x2

x2 x3

)
+ 1

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1


subject to

(
x1 x2

x2 x3

)
∈ S2

+, Tr
(

1 0
0 1

)(
x1 x2

x2 x3

)
= 1 and

Tr
(

1 1
1 1

)(
x1 x2

x2 x3

)
= 1.

Let △ be the feasible set for (FVP). Then

△ =

{(
x1 x2

x2 x3

)
∈ S2 | 0 5 x1 5 1, x3 = 1− x1, x2 = 0

}
.

Since
Tr

(
0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

Tr
(

1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

5 2 and
Tr

(
1 0
0 0

)(
x1 x2

x2 x3

)
+ 1

Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

5 2, the

Assumption (C) in Theorem 2.6 is satisfied.

Let C1 =

(
1 1
1 1

)
, D1 =

(
1 0
0 0

)
, C2 =

(
1 0
0 1

)
, D2 =

(
0 0
0 1

)
, α1 = 1,

β1 = 1, α2 = 1, β2 = 1, A1 =

(
1 0
0 1

)
, A2 =

(
1 1
1 1

)
, b1 = 1 and b2 = 1.

Let X̄ =

(
1 0
0 0

)
. Then X̄ ∈ △.

Let q1(X̄) =
Tr

 1 1
1 1

X̄+1

Tr
 1 0

0 0

X̄+1

and q2(X̄) =
Tr

 1 0
0 1

X̄+1

Tr
 0 0

0 1

X̄+1

.

Then q1(X̄) = 1 and q2(X̄) = 2,

1 · (C1 − q1(X̄)D1,−α1 + q1(X̄)β1) +
1

2
(C2 − q2(X̄)D2,−α2 + q2(X̄)β2)

+

((
0 0
0 0

)
, 0

)
+

1

2
(A1, b1) + (−1)(A2, b2) +

(
−
(

0 0
0 0

)
, 0

)
= 1 ·

((
0 1
1 1

)
, 0

)
+

1

2

((
1 0
0 −1

)
, 1

)
+

((
0 0
0 0

)
, 0

)
+

1

2

((
1 0
0 1

)
, 1

)
+ (−1)

((
1 1
1 1

)
, 1

)
+

(
−
(

0 0
0 0

)
, 0

)
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=

((
1
2

1
1 1

2

)
,
1

2

)
+

((
0 0
0 0

)
, 0

)
+

((
−1

2
−1

−1 −1
2

)
,−1

2

)
+

((
0 0
0 0

)
, 0

)
=

((
0 0
0 0

)
, 0

)
.

By Theorem 2.6, X̄ is a properly efficient solution of (FVP).

Example 2.9. Consider the following semidefinite linear fractional vector optimiza-
tion problem (FVP):

Minimize


Tr

(
1 0
0 0

)(
x1 x2

x2 x3

)
Tr

(
0 0
0 1

)(
x1 x2

x2 x3

)
+ 1

,

Tr

 −1
1

2
1

2
1

(
x1 x2

x2 x3

)

Tr
(

0 0
0 0

)(
x1 x2

x2 x3

)
+ 1


subject to

(
x1 x2

x2 x3

)
∈ S2

+, and Tr
(

0 0
0 1

)(
x1 x2

x2 x3

)
= 0.

Let △ be the feasible set for (FVP). Then

△ =

{(
x1 x2

x2 x3

)
∈ S2 | x1 = 0, x2 = 0, x3 = 0

}
and the Assumption (C) in Theorem 2.6 is clearly satisfied.

Let X̄ =

(
1 0
0 0

)
. Then X̄ ∈ △.

Let q1(X̄) =
Tr

 1 0
0 0

X̄

Tr
 0 0

0 1

X̄+1

and q2(X̄) =
Tr

 −1 1
2

1
2 1

X̄

Tr
 0 0

0 0

X̄+1

.

Then q1(X̄) = 1 and q2(X̄) = −1.

Let C1=

(
1 0
0 0

)
, D1=

(
0 0
0 1

)
, C2=

(
−1 1

2
1
2 1

)
, D2=

(
0 0
0 0

)
and A=

(
0 0
0 1

)
.

Then 1 · (C1 − q1(X̄)D1) + 1 · (C2 − q2(X̄)D2) + lim
n→∞

[
nA−

( 1
n

1
2

1
2

n

)]
=

(
0 1

2
1
2

0

)
+ lim

n→∞

( − 1
n

−1
2

−1
2

0

)
=

(
0 0
0 0

)

and limn→∞

( 1
n

1
2

1
2

0

)
X̄ = 0. In consequence of Theorem 2.6, X̄ is a properly

efficient solution of (FVP).
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Remark 2.10. In Example 2.9, there are no solutions λ1, λ2, µ for the following
system:

λ1(C1 − q1(X̄)D1) + λ2(C2 − q2(X̄)D2) + µA ∈ S2
+,

λ1 > 0, λ2 > 0, µ ∈ R,
Tr[λ1(C1 − q1(X̄)D1) + λ2(C2 − q2(X̄)D2) + µA]X̄ = 0.

So we should consider the limit in Example 2.9.

Applying Theorem 2.7, we will show that the matrix X̄ in Example 2.8 is a properly
efficient solution of the problem (FVP).

Example 2.11. Consider the problem (FVP) in Example 2.8. Let A1, A2, b1, b2,

C1, D1, α1, β1, C2, D2, α2, β2 be same as in Example 2.8. Let X̄ =
(

1 0
0 0

)
. Then

we can geometrically check that X̄ is an efficient solution of (FVP). Let

Λ =
⋃
u1∈R
u2∈R

{u1(A1, b1) + u2(A2, b2)}

+
⋃
y1=0
y2=0

{y1(C1−q1(X̄)D1,−α1+q1(X̄)β)+y2(C2−q2(X̄)D2,−α2+q2(X̄)β2)}

+ (−S2
+)× R+

and Λ̃ = {(u1 + u2, u2, u2, u1 + u2, u1 + u2) | u1, u2 ∈ R}
+ {(y2, y1, y1, y1 − y2, y2) | y1 = 0, y2 = 0}
+ {(−a,−b,−b,−c, r̂) | a = 0, c = 0, ac− b2 = 0, r̂ = 0}.

Then Λ is closed if and only if Λ̃ is closed.
We now prove that Λ̃ is closed. For any (r1, r2, r3) ∈ R3, there exist y1 = 0, y2 = 0
such that r1 − r3 = −y1 + 2y2. So, for any (r1, r2, r3) ∈ R3,

((r1 − (r2 − y1)− y2) + (r2 − y1) + y2, (r2 − y1) + y1,

(r1 − (r2 − y1)− y2) + (r2 − y1) + y1 − y2)

= (r1, r2, r1 + y1 − 2y2) = (r1, r2, r1 − r1 + r3) = (r1, r2, r3).

In consequence,

{(u1 + u2, u2, u2, u1 + u2, u1 + u2) | u1, u2 ∈ R}
+ {(y2, y1, y1, y1 − y2, y2) | y1 = 0, y2 = 0}

= {(r1, r2, r2, r3, r1) | r1, r2, r3 ∈ R}.

Hence

Λ̃ = {(r1 − a, r2 − b, r2 − b, r3 − c, r1 + r̂) | a = 0, c = 0, ac− b2 = 0, r̂ = 0}
= {(α, β, β, γ, δ) | α, β, γ ∈ R, δ = α}.

So, Λ̃ is closed and hence Λ is closed. Hence by Theorem 2.7, X̄ is a properly efficient
solution of (FVP).
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3. Duality theorems

Now we formulate the dual problem (VD) for (FVP) as follows:

(VD) Maximize (v1, · · · , vp)

subject to
p∑

i=1

λi(Ci − viDi) + lim
l→∞

[ m∑
j=1

µl
jAj − V l

]
= 0,

lim sup
l→∞

m∑
j=1

µl
jbj 5

p∑
i=1

λi(αi − viβi), λi > 0, i = 1, . . . , p,

µl
j ∈ R, j = 1, . . . ,m, V l ∈ Sn

+, l = 1, 2, . . . .

Theorem 3.1. (Weak duality) Let X be feasible for (FVP). Let (v, λ, {µl
j}, {V l})

be feasible for (VD). Then the following does not hold:(
Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
5 (v1, . . . , vp)

and
(
Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
̸= (v1, . . . , vp).

Proof. Let X be feasible for (FVP) and let (v, λ, {µl
j}, {V l}) be feasible for (VD).

Suppose to the contrary that(Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
5 (v1, · · · , vp)

and
(Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
̸= (v1, · · · , vp).

Then for some i,

Tr(CiX) + αi

Tr(DiX) + βi
< vi and for all j, j ̸= i,

Tr(CjX) + αj

Tr(DjX) + βj
5 vj.

Thus for some i, Tr(CiX) + αi − vi(Tr(DiX) + βi) < 0 and for all j, j ̸= i,

Tr(CjX) + αj − vj(Tr(DjX) + βj) 5 0.

So for some i, αi − viβi + Tr(Ci − viDi)X < 0 and for all j, j ̸= i,

αj − vjβj + Tr(Cj − vjDj)X 5 0.

Since λi > 0, i = 1, · · · , p, we have
p∑

i=1

λi(Tr(Ci − viDi)X + αi − viβi) < 0

and hence
p∑

i=1

λi(αi − viβi)− lim
l→∞

[
Tr(

m∑
j=1

µl
jAj − V l)X

]
< 0.
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Hence,
p∑

i=1

λi(αi − viβi) < lim
l→∞

[
Tr(

m∑
j=1

µl
jAjX)− Tr(V lX)

]
5 lim sup

l→∞
Tr(

m∑
j=1

µl
jAjX) + lim sup

l→∞
(−Tr(V lX))

5 lim sup
l→∞

m∑
j=1

µl
jTr(AjX) = lim sup

l→∞

m∑
j=1

µl
jbj.

This is a contradiction. Consequently we obtain(Tr(C1X) + α1

Tr(D1X) + β1
, . . . ,

Tr(CpX) + αp

Tr(DpX) + βp

)
̸≤ (v1, v2, · · · , vp).

Theorem 3.2. (Strong duality) Let X̄ ∈ △ be a properly efficient solution of
(FVP). Suppose that Assumption (C) is assumed. Let v̄i =

Tr(CiX̄)+αi

Tr(DiX̄)+βi
. Then there

exists (λ, {µl
j}, {V l}) such that (v̄, λ, {µl

j}, {V l}) is feasible for (VD) and moreover
(v̄, λ, {µl

j}, {V l}) is an efficient solution of (VD).

Proof. Let X̄ ∈ △ be a properly efficient solution of (FVP). By Theorem 2.6, there
exist λi > 0, i = 1, · · · , p, µl

j ∈ R, j = 1, · · · , p, V l ∈ Sn
+ such that

p∑
i=1

λi(Ci − qi(X̄)Di) + lim
l→∞

[ m∑
j=1

µl
jAj − V l

]
= 0 and lim

l→∞
Tr(V lX̄) = 0.

Let v̄i = qi(X̄). Then
p∑

i=1

λi(Ci − v̄iDi) + lim
l→∞

[ m∑
j=1

µl
jAj − V l

]
= 0.

Hence
∑p

i=1 λiTr(Ci − v̄iDi)X̄ + liml→∞

[∑m
j=1 µ

l
jTr(AjX̄)− Tr(V lX̄)

]
= 0.

So,
∑p

i=1 λiTr(Ci − v̄iDi)X̄ + liml→∞
∑m

j=1 µ
l
jTr(AjX̄) = 0.

So,
∑p

i=1 λi

[
Tr(CiX̄)− v̄iTr(DiX̄)

]
+ liml→∞

∑m
j=1 µ

l
jbj = 0.

Since v̄i =
Tr(CiX̄)+αi

Tr(DiX̄)+βi
, we have Tr(CiX̄)− v̄iTr(DiX̄) = −αi + v̄iβi, and so

p∑
i=1

λi(−αi + v̄iβi) + lim
l→∞

m∑
j=1

µl
jbj = 0.

Thus (v̄, λ, {µl
j}, {V l}) is feasible for (VD). By Theorem 3.1, (v̄, λ, {µl

j}, {V l}) is an
efficient solution of (VD).
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