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We consider a semidefinite linear fractional vector optimization problem (FVP) and establish op-
timality theorem for efficient solutions for (FVP), which hold without any constraint qualification
and which are expressed by sequences. Moreover, we discuss the relations between properly effi-
cient solution of (FVP) and one of its related linear vector optimization problem (LVP). By using
the relation, we obtain optimality theorem for properly efficient solutions for (FVP), which hold
without any constraint qualification and which are expressed by sequences. Also, by using optimal-
ity theorem for efficient solutions of (FVP) and the relations, we obtain the semi-definite version
of the Isermann’s result for (FVP), which gives a sufficient condition that an efficient solution of
(FVP) can be properly efficient for (FVP). We give examples for our results for properly efficient
solutions for (FVP). Moreover, we formulate vector dual problem (VD) for (FVP) and establish
duality theorems for (FVP) and (VD). Our approach for getting our main resuts is to use linear
vector optimization problems related to (FVP).
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1. Introduction and preliminaries

Semidefinite optimization problems have been intensively studied since many opti-
mization problem can be changed into the problems which are very computation-
able [16]. Jeyakumar, Lee and Dinh [9] proved the optimality conditions for convex
optimization problem, which held without any constraint qualification and which
were expressed in terms of sequences. The optimality conditions have been stud-
ied for many kinds of convex optimization problems. In particular, Lee and Lee
[13] studied optimality conditions for efficient solutions of an abstract convex vec-
tor optimization problems which held without any constraint qualification. Kim,
Kim and Lee [11] investigated optimality conditions for a semidefinite linear opti-
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mization problems which held without any constraint qualification. Kim, Kim and
Lee [12] studied optimality conditions for weakly efficient solutions of semidefinite
linear fractional vector optimization problems which held without any constraint
qualification. We can find important results for linear fractional vector optimization
problems in [2, 3, 6].

In this paper, we consider a semidefinite linear fractional vector optimization prob-
lem (FVP) and establish optimality theorems for efficient solutions and properly
efficient solutions for (FVP), which holds without any constraint qualification and
which are expressed by sequences. We establish the semi-definite version of the
Isermann’s result [4, 7, 15] for (FVP), which gives a sufficient condition that an effi-
cient solution of (FVP) can be properly efficient for (FVP). Moreover, we formulate
vector dual problem (VD) for (FVP) and establish duality theorems for (FVP) and
(VD). Our approach for getting our main results is to use linear vector optimization
problems related to (FVP).

Let X be a Hilbert space with inner product (-,-). For a subset D C X, the closure
of D, induced by the norm topology on X, is denoted by clD.

Let C be a closed convex cone in X. Then the positive dual cone of C'is defined by
C:={z€eX : (x,2) 20 Ve e(C}.

The indicator function §4 : X — R U {+oc} is defined by

5a e 0 if xreA,
A7) +oo otherwise.

Let h: X — RU {400} be a function. Then the conjugate function of h, denoted
h*: X — RU {400}, is defined by

h*(v) := sup{(v,x) — h(z) | € domh}

where domh := {x € X | h(z) < +o0}.

The function A is said to be proper if h does not take on the valued —oo and
domh # (). The epigraph of the function h is defined by

epih = {(z,r) € X xR : h(z) < r}.

Moreover if liminf, ,,h(y) = h(z) for all z € X, we say that h is lower semicontin-
uous.

A function h : X — R U {+o0} is said to be convex if for all A € [0, 1],
h(Ax + (1 — N)y) < M(z) + (1 = Nh(y) for all z,y € X.
Lemma 1.1. [1] Let hy,hy : X — R U {400} be proper lower semicontinuous

convex functions. Then epi(hy + ha)* = cl(epi hi + epi hY). If, in addition, one of
h1 and hy is continuous at some xq € dom hy N dom ho, then

epi(hy + ha)* = epi hi + epi h.
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Lemma 1.2. [14] Let I be an arbitrary index set and let f; : X — R U {+oo} be
proper lower semicontinuous convex functions. Suppose that there exists xo € X
such that sup;c; fi(xo) < oco. Then

epi(sup;er fi)" = cl (COU epif;),
el
where sup;c;fi © X — RU {400} is defined by (sup,c;fi)(x) = sup;crfi(x) for all
reX.

TrA is the trace of n x n matrix A. For a symmetric n x n matrix A, A > 0 means
that A is positive semidefinite. Let S™ be the space of n X n symmetric matrices.
Let % ={X € ™| X = 0}. Then Tr(- -) is the inner product on S™ and S™ is the

finite-dimensional Hilbert space with Tr(- -), and ||A|| = /Tr(AA) (where A € S™)
is a norm on S™, in fact, ||A]| is the Frobenius norm defined on S™ ([10]).

2. Efficient solutions

In this paper, we consider the following semidefinite linear fractional vector opti-
mization problem:

. Tr(ChX) + oq Tr(CpX) + ap>
(FVP) Minimize (Tr(DlX) A (D) 1 B
subject to X =0, Tr(A4;X)=0b;, j=1,...,m,

WhereCiES”, aiER, l)z ES”, ﬁz GR,izl,...,p, Aj ES”, bj ER,jIL...,m
are given real numbers.
Let A :={XeS"X =0, Tr(A;X)=b;, i = 1,...,m}. Assume that Tr(D;X)+3;>0

forany X e A, i=1,---,p. Letqi(X)—%foranyXeA

Definition 2.1. (1) X € A is said to be an efficient solution for (FVP) if there
exists no other feasible X € A such that

< r(C1X) + oy Tr(C, X)Jrap) ( T(C1X)+Oé1 Tr(CpX)+ap>

Tr(D1X)+ 61" Te(DpX) + By Tr(D1X)+ B Te(DyX) + By
(Cl ) + o Tr(CpX) + ap (Cl)_() —+ aq TI"(CPX) + ay

and ( (D1)+ﬁﬁ'“’%u%Xy+@>7L<ﬂuhX) ”’ﬂU%X)H%>

(2) X € A is said to be a properly efficient solution for (FVP) if X is an efficient
solution of (FVP) and there exists a constant M > 0 such that for each i =1,--- | p,
we have

Tr(C’LX) +a;  Tr(CiX) + o
Tr(CjX) +o;  Te(CiX)+a;
TI'(D]X)—f—ﬂ] TI'(Dj _)—f—ﬂj
for some j such that
Te(C;X) +a; _ Te(C;X) + ﬁwxnﬂz Te(C,X) + o
(D, X) 15, ~ To(D;X) 1 5, whenever X € A and (D, )+ﬁz< T(D.X) 1 5,

For basic properties of efficient solutions the reader is referred to [5, 8, 15].
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Now we give the following optimality theorems for an efficient solution and properly
efficient solution of (FVP).

Theorem 2.2. Let A € R? be such that \; >0, i=1,....p. Let X € /\. Then the
following are equivalent:

(i) X is an efficient solution of (FVP);
(ii) there exist pj € R,j=1,---,m, y; 20,5=1,---,p such that

c {Z M(Cy — i(X) Dy, —as + (X)) )} + {0} x R*

+ Cl( U O w4500 + O wi(C — 4(X) D, —ay + 4;(X)B))}

pui€R j=1 y;20 j=1
+(—ST) x R+).

(iii) there exz'stué- eER,j=1,...,m, VI €St andyé- >0,j=1,...,p such that

Z)\ Ci—q;(X +hm[z,u]A +Zyj C;—q;(X)D;)=V'| =0
and lim;_,o, Tr(V'X) = 0.

Proof. (i)=-(ii) = (iii): Suppose that (i) holds, that is, X is an efficient solution of
(FVP). Then X is an efficient solution of the following vector optimization problem:

Minimize x ¢ gn <Tr(C’1X) +ar — @ (X)(Te(D1X) + B1), ...,
Tr(CoX) + o — qp(X)(Tr(D, X) + Bp))
subject to X >0, Tr(A4;X)=0b;, j=1,---,m
Then we can check that X is an optimal solution of the following problem (P):

(P) Minimizexegn Z \i [Tr(C’iX) + a; — ¢i(X)(Tr(D; X) + 51)}

subject to X >0, Tr(A;X) =0b5, j=1,...,m,
Tr(C3X) + a; — q;(X)(Te(D;X) + 8;) 20, j=1,....p.
Let A={XeS" | Tr(A;X)=0b;, j=1,--- ,m}
and  B={XeS"|Tr(C;X)+a; — ¢;(X)(Tr(D;X)+53;) <0, j=1,...,p}
Let A = S?NANB. Then 0z (X) = sy (X) +64(X) + d5(X) for any X € S™. By
Lemma 1.1, we obtain
epid; = cl(epiéz’gi + epid’y + epidyp).
Let F(X) = zp: Ai [TT(Cz‘X) +a; — qi(X)(Te(DiX) + 5y) |-

=1
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Since X is an optimal solution of (P), F(X) + 6x(X) = F(X) + §x(X) for any
X € 8™ Thus Tr(0X)—[F(X)+0x(X)] £ 0forany X € S™. Thus (F+dx)*(0) = 0.

]
Hence (0,0) € epi(F' + 6x)" = epiF™ + epid%.

Using Lemma 1.2, we can check that

epif™ = {Z Mi(Ci = gi(X) Dy, —av; + %(X)5i>} + {0} x RY,

epidy, = (—S1) x R*,

episy = | (w400} + {0} x BY),

ui€R  j=1

epidy = cl[U {Z y;(C; — ¢;(X)Dj, —a; + ¢;(X)5;) } + {0} x R+]-

y;20 j=1

Thus (ii) holds. Suppose that (ii) holds. Then there exist Mé’ ER, Ve ST reR"
and r! € R* such that

Z)\ +IE(§3[Z'“JA +Zy] Dj)_vli|:0

and ZA —a; + gi( )5z)+r+hm[2ujb +Zy] —a; + ¢;(X )Bj)+r’}:0.

7j=1
Thus, we have,
p —
> AT VD)X
=1
m P ~
i T A, + 3 UC — (X)D) - V] X
j=1 j=1
p B m p _
=D A=+ qi(X)8) — 7 — lim [Z ihby + 3" g (—ay + 4 (X)8) + rl] .
i=1 Jj=1 Jj=1

So, we obtain, — limy_, [rl + Tr(VlX)} — 7 = 0. Since ' = 0 and Tr(V!X) = 0,
then r = 0, lim; ., Tr(V'X) = 0. Thus (iii) holds.
(iii) = (i): Suppose that (iii) holds. Then for any X € A,

Z)\ [TH(C(X ~ X)) = a(X)TH(DA(X ~ X)]

+ Jim [Z HETH(A (X = X)) + 7y (TH(Cy (X~ X)) — ¢ (X)Te(D; (X ~ X))

J=1

~Te(VI(X — X))} —0.
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So, for any X € A,

DA TGN = X)) = as(X)TR(D(X — X))
i [S DTG (X X)) - g (R)T(D, (X — X))~ Te(v'x)] = 0.

Since Tr(VIX) 20, Tr(C;X) + aj — ¢;(X)(Tr(D; X) + 3;) =0
and Tr(C; X) + o — ¢;(X)(Tr(D; X) + ;) £0
for any X € A, we have, for any X € A,
p
S [TH(@X) + a0 — au(R)(TH(DX) + 1)
i=1

=D IR [Tr(q-f() +a; — q(X)(Te(D,X) + @-)} .

Thus X is an optimal solution of (P). We can check that X is an efficient solution
of (FVP). Hence (i) holds. O

We give an assumption for (FVP):

Tr(D; X) + s

Assumption (C): {TW
J J

|i# 7, X € A} is bounded above.

Proposition 2.3. The Assumption (C) is assumed. Let X € /\. Then the following
are equivalent:

(i) X is a properly efficient solution of (FVP);
(i) X is a properly efficient solution of the following linear semidefinite vector
optimization problem:

(LVP)  Minimize (Tr(ClX) +an — (X)) (Te(DiX) + Br), ..
Tr(CpX) + ap — qP(X) (Tr(DpX) + 5:0))
subject to X eAN.

Proof. Let X € A. Then the following are equivalent:
(i) X is a properly efficient solution of (FVP).

(ii)(1) There does not exist X € A such that ggg’li)ﬁ%z < %Egi%féﬁ for all

TI‘(C]'X)-‘,-OL]' < TI‘(C]')?)—FO(J'
Te(D;X)+6; ~ Te(D;X)+5;

numbers ¢ = 1,...,p and for some j € {1,...,p};

(2) there exists M > 0 such that, for each i = 1,...,p and each X € A satisfying

%ggﬁ)ﬁzz < %nggi%:, there exists at least on number j € {1,...,p} such that
Tr(C; X) + oy - Tr(CiX) + i
Tr(CiX) +a; _ Te(C5X) + oy and (D X)+ 8 Tr(DiX)+Bi ~ 50
TI‘(DJX) + 6]' TI'(DJX) -+ ﬂj TI'(C]X) + Oéj _ TI‘(C])g) —+ Oéj =
Tr(D;X) + 85 Te(D;X) + B
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(iii) (1) there does not exist X € A such that
Tr(CiX) + ;i — q;(X)(Tr(D; X) + ;) £ 0=Tr(C; X) + oy — ¢:(X)(Tr(D; X) + 3:)
foralli=1,...,pand

Tr(CyX) +a;—q;(X)(Tr(D; X) + B;) < 0 = Tr(C;.X) +a;—q;(X)(Tr(D; X) +5;),
for some j € {1, -+ ,p};
(2) there exists M > 0 such that for each i = 1,--- | p and each X € A satisfying

Tr(CiX)+a; —qi(X)(Tr(D; X )+ 6;) < 0= Tr(C;iX) 40— q;(X) (Tr(D;: X)+5;),

there are some j € {1,---,p} such that

Tr(CX) + a; — q;(X)(Te(D; X) + B5) < Te(C3X) + o — ¢;(X)(Te(D; X) + B)

and
(Tr(CiX) + i — g (_X)(Tf(DiX) + Bi) = (Tr(CiX) + i — gi 7_)(TT(D1'X2 + B:))
(Tr(C3X) + aj — ¢;(X)(Tr(D; X) + ;) — (Tr(C3 X) + o — ¢;(X)(Tr(D; X) + 55))
< Tr(DiX) + Bi
= Te(D;X) +B;
Thus the result holds. O

Modifying Example 3.6 in [2], we give an example showing that if the Assumption
C does not hold, then the result of Proposition 2.3 is not true.

Example 2.4. Consider the following semidefinite linear fractional vector optimiza-
tion problem (FVP):

Minimize

subject to S ESJQF, and Tr 01 ) )
Ta T3 10 Ty I3

Let A be the feasible set for (FVP) and let X = (

Leta=1, b=0and c=1. ThenX:<Z i)

Let M be arbitrarily positive number. We choose < il ? ) € A such that
2 T3
Tr 00 S Tr 00 X -1
0 —1 Ty I3 . 0 —1
< min ¢ —M

10 1 T2 ’ 1 0 S
Tr(oo><l_2 x3>+1 Tr(OO>X+1
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e vy L) (G L) (2 )
n(yg)xe oy o) (m )
Tr(al 8)(2 ii)—l Tr<(;1 8)){—1
Tr<8 ?)(2 i§>+1 . Tr(g ?)X+1

1
_ (_c+1> <_x3—|-1> - _ct (=M) = M.
a+1 1 +1 a-+1

So, X is not a properly efficient solution of (FVP). Consider the following linear
semidefinite vector optimization problem (LVP):

Minimize

((m(3" o) (e 2y =) —aeo(n(y V)5 2) ),
(o S )2 2 ) =) —weo(n(y ) (5 2)+1))

subject to S GS?H and Tr 01 ST ,
To I3 10 T2 XT3

T -1 01\ 0 0 -
~ r( 0 0 )X—l ~ Tr( 0 —1 )X—l
where ¢(X) = =—1 and @(X)= =—1.

0 0. 1 0.
Tr( 0 1 >X+1 Tr( 0 1 )X+1
(LVP) becomes:  Minimize (—z1 + 23,17 — 3)
subject to ( T ) € SJQF, and xo = 0.
To I3

Thus X is a properly efficient solution of (LVP). Notice that
1 0 Tr1 T2
Tr(O 0>($2 $3>+1
0 0 T, X9
(o) (5 n)
is not bounded above over the feasible set of (FVP) and
0 0 r1 X2
(o) (5 )
1 0 r1 T2

is not bounded above over the feasible set of (FVP). Thus, the result of Proposition
2.3 does not hold for this example. O

Following the proof of Theorem 2 in [5], and using Proposition 2.3, we can obtain
the following proposition:
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Proposition 2.5. The Assumption (C) is assumed. Let X € /\. Then the following
statements are equivalent:

(i) X ids a properly efficient solution of (FVP);
(ii) there ewist \; > 0, i = 1,--- ,p such that X is an optimal solution of the
following linear optimization problem:

p
(LP) Minimize D X (Te(CiX) + i — i(X)(Te(D; X) + 57))
=1
subject to X e A.

Using Proposition 2.5 and following the proof of Theorem 2.2, we can obtain the
following optimality theorem for properly efficient solution of (FVP):

Theorem 2.6. The Assumption (C) is assumed. Let X € /. Then the following
statements are equivalent:

(i) X is a properly efficient solution of (FVP);
(i) there exist \; > 0,i=1,...,p, p; €R, j=1,...,m such that

e {LMC - a(DODi i+ a0} + {0} xR
el (U 0 m(A450)) + (=57 < RY).

iii) there exist \; >0,i=1,---,p, pt €R, j=1,--- ,m, VI € S+ such that
J n

Z Ai( X)D;) + lim [Z ,u]A Vl] =0 and lim Tr(V'X) = 0.

l—00 l—00

The following theorem, which is semidefinite version of the Isermann’s result [4, 7,
15], gives a sufficient condition that an efficient solution of (FVP) can be properly
efficient for (FVP).

Theorem 2.7. The Assumption (C) is assumed. Let X € /. Assume that

m P B B
U {560} + U { D w(Cs = 6(X)Dj, —a5 +4;(X)8) } + (=57) < Ry
pi€R  j=1 20 =1

is closed. If X is an efficient solution of (FVP), then X is a properly efficient
solution of (FVP).

Proof. Let A = (\,-++,),) € RP with \; > 0 for all i = 1,---,p. Let X is an
efficient solution of (FVP). Then by Theorem 2.2,
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e {Z M(Cs — q(X) Dy, —as + qi(X)ﬂi)} + {0} xR,

+cl < U {Zuj(Ambj)} + U {Xp:yj((]j—qj(X)Dj,—aj+qj(X)6j)}

wiER  j=1 y; 20 j=1
+(—S¢)><]R+).

By assumption,

€ ) N(Ci — ai(X)Di, —i + (X))
=1

+ {Zm:/ij(Awbj)}Jr U {

piER =1 y;20  j=

+(=S5%) x Ry

Dj, —a; + qj(X)ﬁj)}

-
I
5
—

So, there exist fi; € Rand §; 20, j=1,---,m, 7 =0 and V € S7 such that

p m p
O:Z)\z(C_QzX Z Z _qJX ) 4
=1 j=1 j=1
and 0= Z(Amtzjl)(—aﬁ—ql( )BZ) Z bj + .
=1 j=1

So for any X € A,

0= i )\iTr(C'i—qi()_()Di)X%—i ujTr(AjX)+i y;Tr(C;—q;(X)Dj) X —Tr(VX).

=1 j=1
Hence, for any X € A,

Tr(VX)+7
P

Z()\ + ) (Tr(Cs X) + a — qi(X)(Tr(D; X) + 35)) i (Tr(A;X) —b;)

= A+ 5)(Tr(CiX) + oy — q(X)(Te(D;X) + ).

i=1

Since 7 = 0 and V € S7, for any X € A,

Z(Ai + ) (Te(Ci X)) + i — qi(X)(Te(D; X) + )
> 0= (A +5)(Tr(CiX) + s — i(X)(Te(DiX) + By)).

=1
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Since \; +#; > 0, by Proposition 2.5, X is a properly efficient solution of (FVP). [

Now we give examples illustrating how to solve semidefinite linear fractional vector
optimization problems by using Theorem 2.6.

Example 2.8. Consider the following semidefinite linear fractional vector optimiza-

tion problem (FVP):
Tr<1 1)(”31 x2>+1 Tr(l 0)(”51 x2>+1
.. 1 1 To X3 0 1 To I3
Minimize o P 00 P
1 2 1 2
Tr<0 0)(372 x3>+1 Tr(o 1><x2 333)+1
subject to (xl xQ)GSi, ( )( ! ):1 and
To T3 X2
11 1 T2 .
Tr(l 1)(93 x?,)—l-

Let A be the feasible set for (FVP). Then

O =

X X
! 2)652|O§J]1§1,ZL‘3:1—ZL’1,I2:O}.
T2 T3

s(31)(n ), () (5 E)e
Since o 3 < 2 and o i < 2, the
r1 I Tl T2
T(OO (332 .1‘3>+1 Tr(()l)(xg x3>+1
Assumption (C) in Theorem 2.6 is satisfied.

Letcl:(i1))D1:(58)702:(é(]?)7132:<8(1])7a1:17

1 0 11
5121,%:1752:1,141:(0 1),142:(1 1)75121 and by = 1.

LetX:((l] 8) Then X € A.

i _Tr<1 1>x+1 ) _Tr(
Let ql(X)_Tr<10>X+1 and qQ(X)_Tr<
Then ¢(X)=1 ch(l) @(X) =2,
1+ (C1 = a(X)D1, =1 + a(X)B1) + 5(Co = ax(X) Do, —az + 02(X) B
+((8 8),0)+%(A1,b1)+(—1)(A2,b2)+(—( ) )
()9l B ) (o) o)
(o)) ren(G) ) (o) o)

O OO =

o O

o O
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1 00 -1 1 00
-((£1)2) (o)) 5)=)((00) )
0 0
-((50) )

By Theorem 2.6, X is a properly efficient solution of (FVP). N

— o=

1
1
2

Example 2.9. Consider the following semidefinite linear fractional vector optimiza-
tion problem (FVP):

Minimize

subject to S ESi, and Tr 00 S -
To I3 01 Ty I3

Let A be the feasible set for (FVP). Then

A:{<x1 xQ)GSQ | 1'120,1'220,1‘3:0}
To XT3

and the Assumption (C) in Theorem 2.6 is clearly satisfied.

Let X = L0 . Then X € A.
0 0
Let ¢ (X and ¢(X) = 2 :
0 0
Then ¢;(X)=1 and ¢(X)=—1

Let01: 0 0),D1:(0 1),02:(1 %)7D2:(0 O)andA:(O 1)
2

11
Then 1-(Cy —q(X )D1)+1 (02—Q2(X)D2)+nhm [nA—(? 2)}
3
(0 AN h s\ _ (00
(4 ) (7)) - (00

and lim,,_, (

WI= 3 =

LN _
(2] ) X = 0. In consequence of Theorem 2.6, X is a properly
VP).

efficient solution of (FV O
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Remark 2.10. In Example 2.9, there are no solutions Ay, s, p for the following

system: B B
AM(CL— q1(X)D1) 4+ Xao(Co — q2(X) D3) + pA € S-2|-a

A1 >0, Ay >0, peR,
TI‘[/\l(Ol — ql()_()Dl) + )\2(02 — q2(X>D2) + ,MA]X = 0.

So we should consider the limit in Example 2.9.

Applying Theorem 2.7, we will show that the matrix X in Example 2.8 is a properly
efficient solution of the problem (FVP).

Example 2.11. Consider the problem (FVP) in Example 2.8. Let Ay, Ay, by, b,

1 0
0 O).Then

we can geometrically check that X is an efficient solution of (FVP). Let

C1, D1, ou, B1, Co, Dy, aa, o be same as in Example 2.8. Let X = (

A= J{uwi(Arby) + uap(Az, by)}

u1 €ER

T U (G- a(E) D —on 0 (K)8)+92(Co— al(X) Do, — 0+ (X))
+(=53) xRy
and K:{(u1+u2,u2,u2,u1+u2,u1+u2) | up,uy € R}

+{(y2, vy, Y1, ¥1 — Y2,2) | y1 2 0,2 = 0}
+{(~a,~b,—b,—c,7) | a =0, ¢20, ac—b* =0, 7= 0}.
Then A is closed if and only if A is closed.
We now prove that A is closed. For any (r1,79,73) € R3, there exist y; = 0, yo = 0
such that r; — r3 = —y; + 2y2. So, for any (r1,79,73) € R3,
((r—=(re —v1) —y2) + (r2 —y1) + 42, (12— 1) +u1,
(11 = (ro =) —y2) + (ra —y1) + y1 — 42)
= (r1i,72, 71 +y1 — 2y2) = (11,72, 71 — 11 +713) = (11,72, 73).

In consequence,

{(uy + ug, ug, ug, uy + ug, uy + uz) | ur, us € R}
+{(y2, y1, 91,91 — y2,92) | y1 = 0,42 = 0}
== {(7’1,7’2,7”2,7’3,7"1) ‘ r1,T2,T3 € R}

Hence

/N\:{(7"1—G,T2—b,7"2—b,7“3—c,7“1+?) |a>0,¢2>0, ac—b* 20, 720}
:{(CK,B,B,’}/,(S) ‘ @7B77€R, 5204}

So, A is closed and hence A is closed. Hence by Theorem 2.7, X is a properly efficient
solution of (FVP). O
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3. Duality theorems
Now we formulate the dual problem (VD) for (FVP) as follows:

(VD) Maximize (vy,---,vp)
p m
. : ! !
subject to Z Xi(C; —v;D;) + lli)rglo [Zl Ay — V} =0,
=

hmsupz,ujb <Z)\ —vi3), \i >0, 1=1,...,p,

l—00

l n
il € R, 3:1,...,m, Viest 1=1,2,....

Theorem 3.1. (Weak duality) Let X be feasible for (FVP). Let (v, X, {5}, {V'})
be feasible for (VD). Then the following does not hold:

Tr(CiX) + (CpX) + ay
<TT(D1X)—|—ﬁ1"”’ TI“(D X)_,_Bp) = (vlw"avp)

(Ol )+041 ( )"’Oép
and < (Dl ) “’Tr(D X)+6p) 7& (’Ul,...,?)p).

Proof. Let X be feasible for (FVP) and let (v, X, {¢}}, {V'}) be feasible for (VD).
Suppose to the contrary that

(TI‘(C1X) +aq Tr(CpX) + ap> < (U o )

Tr(D1X)+ 617 Te(D,X) + B,/ = L » VP
Tr(ChX) + aq Tr(CpX) + ap> o

and (TT(D1X)+51"”’Tr(DpX)+ﬁp # (Uly ,Up).

Then for some i,

DX £ i < wv; and for all 7,7 # 1,

Te(D,X) + 8, = 7

Thus for some i, Tr(C; X) + a; — v;(Tr(D; X) + ;) < 0 and for all j, j # i,
Tr(C;X) + a; — vj(Tr(D; X) + ;) < 0.

So for some i, a; — v;3; + Tr(C; — v;D;) X < 0 and for all j, j # 4,

Oéj — Ujﬁj + Tr(Cj — Uij)X é 0.

Since \; >0, i =1,---,p, we have
P
Z Xi(Te(C; — v, D)X + a; — v;5;) <0
i=1
and hence

i=1 j=1
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Hence, Z Aoy — v 3;) < lli)m [Tr(Zm: ,ué.A]-X) — Tr(VlX)]

i=1 j=1

< limsup Tr ZMJA X) + limsup(—Tr(V'X))

l—00 j=1 l—00
< limsup Z 15 Tr(A;X) = lim sup Z 115,
l—o0 =1 l—o0 =1
This is a contradiction. Consequently we obtain
TI'(ClX) —+ a1 TI'(C:DX) —+ Olp>
b V1, V2, ,Up). O]
<ﬂ<D1X> B DX +5,) B )

Theorem 3.2. (Strong duality) Let X € A be a properly efficient solution of
(FVP). Suppose that Assumption (C) is assumed. Let v; = % Then there

exists (X, {p’},{V'}) such that (0, X, {u},{V"'}) is feasible for (VD) and moreover
(0, A\, {pk},{V'}) is an efficient solution of (VD).

Proof. Let X € A be a properly efficient solution of (FVP). By Theorem 2.6, there
exist \; >0, i =1,---p, ué ER,j=1,---,p, V! € ST such that

Z Al X)D;) + lim [Z JhA; - vl] =0 and lim Tr(V'X) = 0.
Let ; = ¢i(X). Then Z Al )+ lim [Z HiA; — vl] —0.

Hence Zle )\ZTI'(O,L — @lDz)X + limlﬁoo [ZT 1 ,LLl TI'(A X) TI‘(VZX):| = 0.
SO, Z?:l )\lTr(Cl — TJZDJX + llmlﬁoo Z;nzl ﬂéTI'(AJX) = 0.
So, A [Tr(C’ X) — uTr(D; X)} +limy o D7 p5b; = 0.

Since v; = %ﬁ?ﬁ—;, we have Tr(C; X) — 9, Tr(D; X) = —a; + ©;3;, and so

p m
_ . l
Z; Ni(—a; +9;8;) + lligloz;“jbj =0.
i= j=

Thus (o, A, {g}},{V'}) is feasible for (VD). By Theorem 3.1, (0, A, {:},{V'}) is an
efficient solution of (VD). O
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