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1. Introduction

A set optimization problem is a further applied mathematical optimization model,
in which we find a minimal (optimal) set of a given set-valued map in various ways.
Basic concepts of set order relations have been studied by Nishnianidze [19] and
Young [24], and nowadays Kuroiwa-Tanaka-Ha'’s set relations [14] are used in many
concerned papers. Set relations usually focus on infinitely many elements in given
sets, although it is difficult to check all the elements in a practical period of time.
Here, we have a reason to consider set functions called scalarization functions.

To quantify the set relations, [2, 15] introduced set scalarization functions by using
Tammer’s function [5, 6]. These functions have a lot of practical properties in
set-valued analysis (e.g., [4, 15, 16]). By utilizing the functions, characterization
theorems for set relations have been proposed [1, 20, 21, 22]. As parallel approaches
in a normed space, oriented distance functions characterize the set relations and
similar properties have been found [3, 11, 12, 13].

In this paper, we investigate characterization theorems for (cl C')-type set relations
to propose a Gordan’s type theorem of the alternative. Gordan’s theorem [8] con-
trasts solutions of linear simultaneous inequalities and those of the dual equations.
Jeyakumar [10] proved a Gordan-type theorem of the alternative addressing a sub-
convexlike multi-valued function. Li [17] and Yang et. al. [23] suggest applied ver-
sions of Gordan’s theorem for convexlike set-valued maps. Nishizawa et. al. [20] and
Ogata et. al. [22] propose different types of Gordan-type theorems with the set scalar-
ization functions, which features removal of any convexity. This paper gives more
generalized conditions to prove the theorems of the alternative than ones proposed
in [21].
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As application, we discuss robustness of multi-valued optimization problems and its
calculation. Speaking of calculation of the scalarization functions, Yu et al. [25, 26]
established six kinds of algorithm in a finite dimensional space when given sets and
an ordering cone are polyhedral. Each algorithm consists of the solutions of finitely
many linear programming problems and the values of the scalarization functions
come as the minimum or maximum of them. We show some calculation algorithm
based on [26] to estimate for the problem how feasible it is under slight perturbation.

This paper is organized as follows. Section 2 contains basic notation and properties
of set relations and scalarization functions. Section 3 is devoted to our main results.
We prove relaxed characterization theorems and state a generalized Gordan’s type
theorem of the alternative in the last part of the section. In Section 4, our results
are applied to robustness of multi-valued optimization problems and its calculation
procedures are briefly shown.

2. Preliminaries

Throughout this paper, we let X be a topological vector space, P(X) the family of
all nonempty subsets in X, and C' C X denotes a convex solid (i.e., int C' # )) cone.
Note that X is partially ordered by the convex cone C' with < (i.e. it holds that
x<cyify—zeC forz,ye X). For 51,5 € P(X) and t € R, the algebraic sum
S1 + S5 and the scalar multiplication ¢5; are defined by

Sl+52 = {51+82 | S1 € 51782 c SQ},
tS; = {tSl | S1 € Sl}
Let us introduce convex conical properties ([18]). S € R(X) is C-bounded if for all
neighborhood U of zero, there exists ¢ > 0 such that S C tU 4+ C. S is C-closed if
S+clC is closed where cl C' denotes the closure of C. S is C-compact if any cover of

S in the form of {Uy+ C' | U, are open} admits a finite subcover. We easily confirm
that C-compactness leads to C-closedness, which implies C'-boundedness.

In this paper, we introduce the following set relations proposed by Kuroiwa et al.
In set optimization, various preference relations are suggested based on these six
relations.

Definition 2.1. (Set relations [14]) For S;, S € P(X),

S =) 8% ES S c (-0

SESy
S <0 S E5 80 () (s—C) #0;
SES2

&jﬁﬁéé&c&+o

Sl SQ 52ﬂﬂs+0 %@7

s€EST
Sy =8 5, &L 5 € S, - €
S =W 8, &% 8,1 () 4+ C) £ 0.

def
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Unless otherwise described, the relation jg) is denoted by “type” (i) or just (i)
in context. We note that the relations in Definition 2.1 can be expressed by the
pointwise ordering <. as follows.

Lemma 2.2. For 51,5, € P(X), it holds that
S =0 Gy = Vs € 51, Vsy €5y, 51 <c s
S =2 Sy = Js1 € 51, Vsy € Sy, 51 <¢ s
S <P Sy == Vsy €5y, Fsy € G1, 51 <¢ s
S =W 8y = 35y € 5y, Vs €51, 51 <c s
S =) Sy = Vs €5y, Tsy €5y, 51 <c s

Sl jg)) SQ < 381 < Sl, 382 € SQ, s1 <¢ So.

Lemma 2.3. For 51,5, € P(X), it holds that

Si ﬁ(cl) Sy == 5} 5(02) Sy == 5} 5(03) Sy = 51 jg) Sa,

S1 58) So = 51 j(é) Sy = 51 j((j?) So = 51 ﬁ((fj) So.
We remark that types (3) and (5) are preorders when 0 € C|, that is, they are both
reflexive and transitive. These relations have been especially called “set less order

relations” and commonly used in the literature (see [15, 21] and the references cited
therein).

Proposition 2.4. Let S € P(X). Then it holds that W°¢ = W°+ C (i.e. W is
free-disposal with respect to C') where

W = ﬂ(s—ch’) # X.

seSs

Proof. (C) Let x€W¢. There exists a neighborhood U, of zero with z+ U, C W°.
Then, we have x +d € W€ for de U, N (—C'). Therefore, x € W¢—d C W+ C.

(D) Let x € W+ C. Then, x = w + d for some w € W€ and some d € C. There
exists a neighborhood U, of zero such that w + U, C W¢. If x ¢ W, it holds that

(w—=d+Uy,) NW # 0.
Since W — d = W, then we have the contradiction such as
(WH+d+Uy) NW = (w+Uy,) N (W —d) = (w+ U,) NW £ 0.
Thus, it is true that = € W¢. O
Similarly to Proposition 2.4, the next lemma follows.

Lemma 2.5. Let S C X. Then it holds that W¢ = W¢°—C' (i.e. W is free-disposal
with respect to (—C')) where

W= (s +cC) # X

ses
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Definition 2.6. (Scalarization functions [15]) Let S;, Sy € P(X) be nonempty sets

and k € int C. The scalarization functions Z(Ci’)k : P(X) x P(X) — RU{oo}, where
1=1,...,6, are defined by

Z3(S1, 82) = inf{t € R | Sy =& Sy +th}.

It holds that Zg?k(Sl, S3) € R under several conditions for Sy, Sy [16]. If S;,Ss, C
are convex polyhedral, these values Zg’)k(Sl, Ss) are calculable by finitely many steps

[25, 26]. These functions are based on a Minkowski-type nonlinear functional
¢ok(r) =inf{t e R |z €tk — C}

given in [5, 7, 6] as the fact that Z(Ci’)k ({x},{0}) is equivalent to ¢cx(x) for all
t=1,...,6. The function ¢¢ has sublinear contour lines and coincides with linear
functional when C' is a half space.

Next, we recall characterization theorems for the set relations of Definition 2.1. In
the literature, these kinds of equivalence relations often called “alternative theorems”
have been mainly studied for optimality conditions ([20, 22, 1]) in set optimization.
For detail and examples see [21].

Proposition 2.7. [21] Let Si,S; € P(X). Then,
Sl jgll)c SQ < Z(C{L(Sl, SQ) < 0.

Proposition 2.8. [21] Let Si,5; € P(X). If Sy is compact, then

Sl j((:?)C SQ < ZgL(Sl, SQ) < 0,

Sl j((j)c SQ g Zg:i:(sl, SQ) <0.

Proposition 2.9. [21] Let Sy, 5 € P(X). If Sy is compact, then

Sy jﬁf)c Sy <= Zg}g(sla S9) <0,

St _—<((:f)0 Sy <— ZgjL(Sl, SQ) <0.

Proposition 2.10. [21] Let S1,S; € P(X). If Sy and Sy are compact, then
Sl jv(:?)C S2 <~ ngi(sl, SQ) < 0.

3. Main results

As a main part of the research, we would like to introduce a Gordan-type theorem
of the alternative for set-valued maps. Gordan’s theorem of the alternative was
proposed in 1873 ([8]), which has been generalized for multi-valued functions ([10])
and set-valued maps ([17, 23]). In 2005, Nishizawa et al. introduced some nonlinear
scalarization functions to omit convexity assumptions ([20]). Ogata et al. studied
six Gordan-type theorems ([22, 21]) by using the scalarization function given in the
previous section. This paper suggests these six theorems with relaxed conditions.
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In this part, let V be a nonempty set, S € P(X), F': V — P(X) a set-valued map.
Proposition 3.1. [21] It holds for alli=1,...,6 and v € V that
F(v) =p S = ZO(F(v),S) <0, Vk € nt C.

Examples for Proposition 3.1 are shown in Figure 1. The left side shows F'(v) j(cl) S

and the right one does the other case Zél L(F (v),S) > 0. This paper proves the
converse implication being true with relaxed conditions.

Figure 1: Examples of type (1) for Proposition 3.1

Proposition 3.2. Let k € int C and v € V. Then,
Fv) Zap S = Ze)(F(0),8) > 0.

Proposition 3.2 is proved in Theorem 4.2 of [21].
Theorem 3.3. Let k € intC andv € V. If F is C-compact valued on V,
F(v) A0 8 = 28 (F(v),5) > 0.

Proof. By the assumption, We have F'(v) C W€ where

W= ﬂ(s—ch).

seS
For all y € F(v), there exists t, > 0 such that y — ¢,k € W° In consequence
{t,k + W+ C}ycrw) is an open cover of F(v) since we have for all y € F'(v) that

Y€tk + W=t k+W+C

by Proposition 2.4. Thus, we obtain

n n

F(v) |ty ke +We+C) =tk + W)

i=1 i=1

for some y,...,y, € F(v) since F(v) is C-compact. This implies

Z3(F(v),8) >>0
for ¢ :== min{t,,,...,t,, } O
Proposition 3.4. Let k € intC and v € V. If F' is C-closed valued on V,

F(v) 256 S = ZEWF(v),5) > 0.



382 Y. Ogata / Generalized Characterization Theorems ...

Proof. We assume Zg:}c(F(v), S) < 0. Then we obtain tk + .S C F(v)+clC for all
t > 0. Therefore,

S C [ \(~th + F(v) +clC) = d(F(v) + clC) = F(v) + clC

>0
since F'(v) is C-closed. O
Proposition 3.5. Let k € intC and v € V. If S is (—C')-closed then,

F(v) 255 S = ZEWF(),9) > 0.

Proposition 3.5 directly follows from Proposition 3.4 by replacing 57,55, and C with
55,51, and —C, respectively. Propositions 3.4, 3.5 have been also studied in different
ways or forms (e.g., [6, 9]). The above proof is a relatively (and expectedly) simpler
one.

Theorem 3.6. Let k € intC andv € V. If S is (—C)-compact then,
F(v) 256 S = ZG(F(v),8) > 0.

Proof. By the assumption, we have S C W€ where

W .= ﬂ (y+clO).

yEF (v)

For all s € S, there exists t; > 0 such that s+t;k € We°. Thus, {—tsk+ W —C}ses
is an open cover of S since it holds for all s € S that

s€—tsk+W=—-tk+W°-C

by Lemma 2.5. Thus, we obtain

n n

S|tk +We = C) = | J(~to b+ W)

i=1 i=1
for some sq,...,s, € S since S is (—C)-compact. This implies that
ZW (F(v),8) > >0
Ok ) Z

for ¢ := min{t,,,...,ts }. O

Theorem 3.7. Let k € intC and v € V. If F is C-closed valued and S is (—C')-
compact, or F is C-compact valued and S is (—C')-closed, then

F(v) 256 S = ZGW(F(v),8) > 0.

Proof. Here, we assume that F' is C-closed valued and S is (—C')-compact. Then,
we have S C (F(v) + clC)¢. Since F(v) is C-closed, it holds that (F'(v) + c1C)° is
open.
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Hence, for all s € S, there exists t; > 0 such that s+ tk € (F(v)+clC)°. Thus,

ScJ((F@) +c0) —tk) = (F) +clC)° —tk — C)

ses ses

since (F(v) 4+ clC)° — tsk is free disposal with respect to (—C') for all s € S. This
implies {(F(v) 4+ clC)° — tsk — C}yes is a subcover of S. Therefore,

n

SclJ(F@) +cC) =tk —C)

i=1
for some s1,...,s, € S since S is (—C)-compact. By taking ¢ := min{t,,, ..., ¢, },
it holds that S C (F(v) 4+ c1C)° — tk, that is,
(S+tk)N (F(v)+clC) =10
for all ¢ < ¢. Thus, we conclude that Zggﬁ(F(v), S)>t>0. O

By Propositions 3.2, 3.4, 3.5 and Theorems 3.3, 3.6, 3.7, we obtain the following
generalized Gordan’s theorem of the alternative, which is a relaxation of Theorem 3.1
in [22].

Lemma 3.8. (Generalized Gordan’s theorem of the alternative) Let V' be a nonempty
set, F:' V. — P(X). If

. F is C-compact valued on V when i = 2;

. F is C-closed valued on V when i = 3;

e Sis (—C)-compact when i = 4;

e Sis (—C)-closed when i =5;

. F is C-closed valued on'V and V is (—C)-compact, or F is C-compact valued
on'V and S is (—C')-closed when i = 6,

then exactly one of the following two statements is true:
(i) eV st Fv)=<9.s;
(i) FkeintC st Z2(F(v),8) >0, YoeV.

4. Application

In this section, we show calculation algorithm in computing values of the scalariza-
tion functions in a finite dimensional space and discuss some robustness in multi-
valued optimization.

For S C R", coS and coneS denote the convex hull and the conical hull of S,
respectively. The recession cone of S is defined to be

{deR"|s+tde S, Vs e S, vt >0}

and is denoted by rec(S). M(a, ) is the set of all & x  matrices. S is said to be
polyhedral if S = {x € R | Pz > q} for some P € M(«a,n) and some g € R*. S is
finitely generated if S = coS7 + cocone Sy for some finite sets S1, S, C R". s € S is
an extreme point of S if s # ts; + (1 — t)sy for all 1,59 € S and all ¢t € [0, 1].
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The set of all extreme points of S is denoted by ext(S). Moreover if S € R” is
a convex set, we have S = coext(S) + rec(S) (e.g. Proposition 1.12 in [27]). Also,
polyhedrality and finitely generatedness coincide in a finite dimensional space (see
Theorem 1.2 in [27]).

Proposition 4.1. Let C' # R" be a convex solid cone and S C R™ finitely generated.
Then, S is C-bounded if and only if rec(S) C cl C.

Proof. (=) Assume that we have k € rec(S) N (1 C)°. Then, there exists a neigh-
borhood Uy, of zero such that k — U, C (clC)°. Thus, k € U + clC, that is,
tk € t(Uy + C) = tUy + C for all t > 0. Since tk € S, S is not C-bounded.

(<) For all neighborhood U of zero, there exists t;; > 0 such that coext(S) C tyU
since coext(S) is bounded. Thus, we have

S = coext(S) +rec(S) CtyU +clC =tyU + C. O
By Theorem 1.12 in [27], rec(S) = cocone Sy for some finite set Sy for a finitely

generated set S. If C is also polyhedral (that is, C' = {z | Pz < 0} for some
P € M(a,n) and g € R*), Proposition 4.1 simply describes the fact that

S is C-bounded <= Ps <0, Vs € 5.

Proposition 4.2. Let C' # R" be a conver solid cone and S C R™ be finitely
generated. Then, S is C-bounded if and only if S is C-compact.

Proof. It is sufficient that we prove C-boundedness leads to C-compactness. Let
{Ux + C}ea be a cover of S for some open sets Uy. Since coext(S) is C-compact,
there exists Aq,..., \,, € A such that

coext(S) C U (Uy, +C).

By the assumption, it holds that rec(S) C ¢l C, which implies

7

S = coext(S) +rec(S) C U (Uy, +C) +clC C U (Uy, + O).

i=1,....m i=1,....m

Therefore, S admits a finite subcover. [

Proposition 4.3. Let C' # R"™ be a convex solid cone and S C R". If S and C are
both finitely generated, then S is C'-closed.

Proof. We assume that rec(S) = cocone Sy and C' = co cone Cy for some finite sets
SQ, CO C Rn Then,

S + clC = ext(S) + cocone Sy + co cone Cy = ext(.S) + co cone(Sy + Cp).

Since ext(S) is compact and cocone(Sy + Cp) is closed, S + clC is proved to be
closed. ]
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Optimization problems may solve real issues mathematically, although their ideal
models can’t be exactly same as real ones due to perturbed factors and small errors.
In perturbation theory, we give small deviation to an optimization problem to figure
out how its feasible set and solutions are robust. In this part, we discuss computable
criteria for robustness of the feasibility of a multi-valued optimization problem.

Let S C R” be nonempty, ¢ : S -+ R, f: S — R", r € R". Consider the following
multi-valued optimization problem:

(P) Minimize ¢(s) subject to f(s) <¢ r
under a convex cone C defined by
C:={zeR"|(pj,x)<0,Vj=1,...,m}

for some pq,...,pm € R™, or simply, C' := {z € R" | Pox < 0} for an m x n matrix
Po where each row is pJT.

We assume in (P) that f and r are perturbed in the sets F' and R respectively where
F(s):={f(s) | f € F} ={x € R" | Pp(s)x < qr(s)},
R:={x € R" | Prx < qgr}

for Pp S — M(a,n), gr : S — R, Pgr € M(53,n), and qg € R?. Then, it holds
that for all s € S,

F(s) = co Fi(s) + cocone Fy(s)
R =co R; + cocone Ry

for some finite set-valued maps Fi(s), F»(s) and some finite set Ry, Ry by processing
Fourier-Mozkin Elimination (see Section 1.2 in [27]). Then, by Theorems 3.3 and
3.4 in [26], it clearly holds that

GL(F(s), R) = min {Val (LPU(j,5)) }:

Jj=1,..,

N

Z%)(F(s), R) = Val (LP<2>(3)) :

C%(F(s), R) = sup {Val (LP(g)(r, s)) } :

reR

N

29 (F(s), R) = Val (LP<4>(5)> :

ZEWF (s), R) = . {Val (LP<5> (x))} :

zEF (s
79 (F(s), R) = Val (LP<6>(S)> :

where Val(-) denotes the optimal values of the following problems:

.. (pj,x—r)
Maximize 2~~~
LPW(j, s) (pj, k)

subject to  Pr(s)z < qr(s) and Prr < qg;
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( Minimize te€ R

(2) : <pjax> <pj7 _T> R
LP®(s) subject to Wi ) —f-ig}i{) ) <t forall j=1,...,m,

\ Pr(s)x < qp(s);
( Minimize ¢t € R

(pj,x—1)
<pjak>

L Pr(s)r < qr(s);

Minimize t € R

LP®)(r, s) subject to <t forall j=1,...,m,

(4) subject to  su (p;, ) + b 1) o t forall j=1,...,m,
LR () ) S0 ik T ok J

Prr < qg;
( Minimize te€R

LP®)(z) { subject to (2= 1) <t forall j=1,...,m,
<pjak>

\ Prr < qg;
( Minimize ¢t € R

{pj,z =)
<pj7k>
( Pr(s)z < qp(s) and Pgrr < gg.

LPO(s) subject to <t forall j=1,...,m,

By Lemma 3.8 and Proposition 4.1, the feasibility of (P) is confirmed by calculating
values of Zg)k(F (s), R) as follows:

o (P) is feasible for all f(s) € F(s) and r € R when

s € Sst. min {Val (LP“)(j, s))} <0;

Jj=1,..,

o there exists f € F such that (P) is feasible for all » € R when there exists s € S
such that
Poi <0 (V5 € Fy(s)), Val (LP<2>(S)> <0

o for all » € R, there exists f € F such that (P) is feasible when there exists
s € S such that

Pcs <0 (V5 € Fy(s)), sup {Val <LP(3)(T, s))} < 0;

reR

o there exists 7 € R such that (P) is feasible for all f € F' when
Poi <0 (Vf € Ry), 3Jse S st Val (LP<4>(3)> <0
« forall f € F, there exists € R such that (P) is feasible when

Per <0 (V7€ Ry), dse€ Sst. sup {Val <LP(5)(1’)>} < 0;

TEF(s)
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there exist f € G and r € R such that (P) is feasible when

Poi <0 (VF€R,), 3s€8 s.t. (Pod <0, Vi€ Fy(s)) A (Val (LP(G)(S)> < o) .

Acknowledgments. The author is grateful to anonymous referees for helpful re-
marks and comments. Also, I would like to dedicate the paper to the memory of
Professor Wataru Takahashi. This work was supported by the Research Institute
for Mathematical Sciences, an International Joint Usage/Research Center located
in Kyoto University.

Disclosure statement. There is no potential conflict of interest.

Funding. This work was supported by the Japan Society for the Promotion of
Science (JSPS) KAKENHI Grant Number JP21K13842 (Grant-in-Aid for Early-
Career Scientists).

References

Y. Araya: Four types of nonlinear scalarizations and some applications in set opti-
mization, Nonlinear Analysis 75 (2012) 3821-3835.

A.Hamel, A.Lohne: Minimal element theorems and Ekeland’s principle with set
relations, J. Nonlinear Convex Analysis 7 (2006) 19-37.

L. Huerga, B. Jimenez, V.Novo, A. Vilchez: Six set scalarizations based on the ori-
ented distance: continuity, convexity and application to convex set optimization,
Math. Methods Oper. Res. 93 (2021) 413-436.

K.Ike, Y.Ogata, T. Tanaka, H. Yu: Sublinear-like scalarization scheme for sets and
its applications to set-valued inequalities, in: Variational Analysis and Set Optimiza-
tion. Developments and Applications in Decision Making, A.A.Khan et al. (eds.),
CRC Press, Boca Raton (2019) 72-91.

C. Gerstewitz (C. Tammer): Nichtkonvexe Dualitit in der Vektoroptimierung, Wiss.
Zeitschrift Tech. Hochschule Leuna-Merseburg 25 (1983) 357-364.

C. Gerth (C. Tammer), P. Weidner: Nonconvex separation theorems and some appli-
cations in vector optimization, J. Optimization Theory Appl. 67 (1990) 297-320.

A. Gopfert, H. Riahi, C. Tammer, C. Zalinescu: Variational Methods in Partially Or-
dered Spaces, Springer, New York (2003).

P. Gordan: Uber die Aufiosung linearer Gleichungen mit reellen Coefficienten, Math.
Annalen 6 (1873) 23-28.

Y.Han: Nonlinear scalarizing functions in set optimization problems, Optimization
68 (2019) 1-34.

V.Jeyakumar: A generalization of a minimax theorem of Fan via theorem of the
alternative, J. Optimization Theory Appl. 48 (1986) 525-533.

B. Jimenez, V.Novo, A.Vilchez: A set scalarization function based on the oriented
distance and relations with other set scalarizations, Optimization 67 (2018) 1-26.

B. Jimenez, V. Novo, A. Vilchez: Siz set scalarizations based on the oriented distance:
properties and application to set optimization, Optimization 69 (2019) 1-34.



388

[13]
[14]

[15]

[27]

Y. Ogata / Generalized Characterization Theorems ...

B. Jimenez, V. Novo, A. Vilchez: Characterization of set relations through extensions
of the oriented distance, Math. Methods Oper. Res. 91 (2020) 89-115.

D. Kuroiwa, T. Tanaka, T. X. D. Ha: On cone convexity of set-valued maps, Nonlinear
Analysis 30 (1997) 1487-1496.

I. Kuwano, T.Tanaka, S. Yamada: Characterization of nonlinear scalarizing func-
tions for set-valued maps, in: Proc. Asian Conf. Nonlinear Analysis and Optimiza-
tion, Yokohama Publishers, Yokohama (2009) 193-204.

I. Kuwano, T.Tanaka, S. Yamada: Unified scalarization for sets and set-valued Ky
Fan minimaz inequality, J. Nonlinear Convex Analysis 11 (2010) 513-525.

Z.Li: A theorem of the alternative and its application to the optimization of set-valued
maps, J. Optimization Theory Appl. 100 (1999) 365-375.

D.T.Luc: Theory of Vector Optimization, Lecture Notes in Economics and Mathe-
matical Systems 319, Springer, Berlin (1989).

Z. G. Nishnianidze: Fized points of monotonic multiple-valued operators, Bull. Geor-
gian Acad. Sci. 114 (1984) 489-491.

S. Nisizawa, M. Onodsuka, T. Tanaka: Alternative theorems for set-valued maps based
on a nonlinear scalarization, Pacific J. Optimization 1 (2005) 147-159.

Y. Ogata: Characterization of Set Relations in Set Optimization and its Application
to Set-Valued Alternative Theorems, Ph. D. Thesis, Graduate School of Science and
Technology, Niigata University (2019).

Y. Ogata, Y. Saito, T. Tanaka, G.M. Lee, J. H. Lee: An alternative theorem for set-
valued maps via set relations and its application to robustness of feasible sets, Opti-
mization 67 (2018) 1067-1075.

X.M. Yang, X.Q. Yang, G.Y.Chen: Theorems of the alternative and optimization
with set-valued maps, J. Optimization Theory Appl. 107 (2000) 627-640.

R. C.Young: The algebra of many-valued quantities, Math. Annalen 104 (1931) 260—
290.

H. Yu, K.Ike, Y. Ogata, Y. Saito, T. Tanaka: Computational methods for set-relation-
based scalarizing functions, Nihonkai Math. J. 28 (2017) 139-149.

H. Yu, K.Ike, Y. Ogata, T. Tanaka: A calculation approach to scalarization for poly-
hedral sets by means of set relations, Taiwanese J. Math. 23 (2019) 255-267.

G. M. Zieglar: Lectures on Polytopes, Springer, New York (1995).



