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We revisit the homogenization problem for the Poisson equation in periodically perforated domains
with zero Neumann data at the boundary of the holes and prescribed Dirichlet data at the outer
boundary. It is known that, if the periodicity of the holes goes to zero but their volume fraction
remains fixed and positive, the limit problem is a Dirichlet boundary value problem posed in the
domain without the holes, and the effective diffusion coefficients are non-trivially modified; if that
volume fraction goes to zero instead, i.e.the holes are dilute, the effective operator remains the
Laplacian (that is, unmodified). Our main results contain the study of a “continuity” in those
effective models with respect to the volume fraction of the holes and some new convergence rates
for homogenization in the dilute setting. Our method explores the classical two-scale expansion
ansatz and relies on asymptotic analysis of the rescaled cell problems using layer potential theory.
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1. Introduction

In this paper, we revisit and further explore the homogenization theory for the
following mixed boundary value problem in periodically perforated domains:

M) = ), wean
N, - Vuf(z) =0, x € 00N, (1)
u*(z) = g(x), x € 005

Here, 257 is a highly oscillatory perforated domain which is obtained by removing
a periodic array of holes from an open bounded domain 0 C R? d > 2. The small
parameter € denotes the periodicity of holes, 7 = 7. denotes the ratio with respect
to € of the length scale of the holes; the volume fraction of the holes is hence of
order O(n?). The boundary of Q%7 has two parts: an interior part Q! consisting
boundaries of the holes inside 2, and an external part 9Q; N, is the normal
vector along the inner boundary at x € 0Q2%" pointing to the outside of the holes.

See Section 1.1 for a detailed geometric set-up.
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The above problem models the steady state of heat conduction in a piece of ho-
mogeneous and isotropic material occupying a part of {2 that is outside an array
of isolated heat barriers (the holes); f models heat sources, the Dirichlet data g is
the prescribed heat distribution at the outer boundary, and the Neumann boundary
condition says the holes are heat insulators. From a probabilistic view point, u® is
given by the Feymann-Kac formula

u (z) = B {g(XTs) _ %/0 f(Xt)dt} L zeqm

Here (X¢):>o is a diffusion process in R that evolves like the standard Brownian
motion unless when it hits the boundary of a (interior) hole where it gets reflected
(with respect to the outer normal of the boundary). E* stands for the average over
processes that start from x € Q°. Hence, u®(z) is the averaged value of the sum of a
running cost due to f and a termination cost due to g in the life-span [0, 7¢) of X,
where 7¢ is the exit time when X first hits 90"

ext:*

The problem (1) is posed in a highly oscillatory domain, and is an example of PDEs
with highly heterogeneous data. Such problems are common models for applied
physics and engineering, such as in material science, atmospheric science, reservoir
engineering, etc. The Laplacian in singularly perturbed domains was studied as
early as by [34] in the context of resolvent analysis and scattering theory. Brownian
motions in domains with small absorbing holes, which corresponds to zero Dirichlet
data at 0%, was studied in [33] using probabilistic tools. Periodic homogenization
of elliptic problems in perforated domains dates back at least to [14]; the case of
zero Dirichlet data on the holes attracted particular attention because, as shown in
[1, 2, 13, 28], there is a critical scale for the size of the holes compared with the
periodicity of the holes. At this scale the collective effect of the holes starts to appear
in the macroscopic model; below the critical scale the holes play no role and above
the critical scale the effective model is more dramatically modified. When Neumann
data are prescribed at the boundary of the holes, the picture is very different. Conca
and Donato showed in [15] that only for non-zero (periodic) Neumann data there
is a critical scale and it is much larger compared with the aforementioned Dirichlet
case. For zero Neumann data like in (1), the effective operator is either modified
from the Laplacian if the hole size is comparable with the periodicity (see, e.g.[3]),
or the effective model is unperturbed if the holes are dilute.

In this paper, we focus on the case with zero Neumann data at the boundary of
the holes, and investigate the continuous transition of the effective models with
respect to the relative smallness of the holes, and we establish quantitative conver-
gence results for homogenization when the holes are dilute. The proofs are based
on a careful study of the rescaled cell-problems using layer potential techniques, a
method started in [25, 26, 27| for the case of Dirichlet data in the holes, and exhibit
the effectiveness of this approach. Before we focus on the problem (1), let us men-
tion that homogenization in perforated domains and in similar geometric settings
has gained a great deal of attention recently with new convergence rates and uni-
form regularity [30, 35, 36, 38, 39, 40] following the framework of [10, 11, 29, 31],
derivations in the non-periodic settings [20, 21, 22, 23|, derivation of higher order
models [16, 17, 18] and so on.
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1.1. Geometric set-up of the perforated domain

The model set (of holes) is denoted by T, and it is an open subset of the unit cube

Q1= (—3,3)% For each fixed n € (0,1], we define the perforated cube in the unit

scale by Y;, = Q1 \ nT, where the subscript “f” stands for “fluid” part; this is a
convention frequently used for flows in porous media. We assume T' C B 1 (0) so that
T is separated from 0@, and Y}, is connected even when n = 1. We take copies of

Y;,, and glue them together to form a 1-periodic perforated space R, , defined by

fm
RY, == | J (k+Y:,U0Q) =R\ | J (k +nT).
kEZd keZd

For each ¢ € (0, 1], we rescale R‘f{n by e to obtain the e-periodic perforated space

5R§{n; equivalently, this is obtained by removing from R? the sets T," := ek + enT,

k € Z2. Note that en is the length scale of the removed holes, and ¢ is the typical
distance between neighboring sets of holes. Finally, given an open bounded set
Q C R? and for each fixed ¢ and 7, we define the bounded perforated domain
Q=" by @ N (eR{,) with some modifications near 9€2. Denote the interior holes
completely contained in 2 by

U {ek+enT}, with Jy = {k € Z* : e(k + By,) C Q}.
keJint
Denote the boundary holes that are too close to 02 (they may even intersect 0€2) by

U {(k+enT)nQ}, with Juae := {k € Z* : e(k + Bay) N OQ # 0}
k€ Jpar
The boundary of Q%" hence contains two parts: the interior boundary

o = U (ek 4+ endT),

nt
. kejint
and the exterior boundary

0051 = 007"\ 005, = (09N eRY, ) U (| QN (ek +endT))

ext — int —
k€ Jodr
Concerning the smoothness of Q" we assume 9 and 9T are of class C*% for
some « € (0,1). Even with this assumption, the cutting of {2 and 5Rﬁn may result
in irregular boundaries near 0€2. To avoid such pathological cases we modify those
holes too close to OS2 by enlarging them so that the resulting 9} remains Lipschitz.
One way to do this is as follows: let k € Jpq, be the index of such a boundary cell,
and the neighborhood B, (¢k) of T, intersects 0). Let z denote the point in 0
that is closest to ek and, moreover, ek = z + tN, for some t € R. We enlarge the

hole 77" N Q by removing the segments
{x+7rN, :r>0,2€ B,(ck) NQ}.

The enlarged boundary holes are still denoted by 77", k € Jya,. As it will be clear
later, the precise modification plays no important role.

For notational simplicity, in most of the paper 7 is omitted from the super- and

subscriptions in Q7 T, Y},mR?,m 5R§{n, u®", etc.
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We always assume that ¢ is set up as above and, moreover, the following assump-
tions hold. In the rest of the paper, those conditions altogether are referred to as
the geometric set-up (A):

(A1) T is the union of several disjoint star-shaped open sets, T C B, /3, 0T is of
class C%°.

(A2) Q is simply connected, and 9 is of class C*.

(A3) Boundary holes are modified when necessary so that 9€)¢ is Lipschitz (not
uniform in €, 7).

We remark that the assumption that €2 is simply connected and the precise bound
of T are not crucial and can be relaxed. Note also that by assumption Y;, R¢ and
hence §2° are connected.

1.2. Background and the main results

As seen from the geometric set-up, the parameter 7 (which may depend on €) is the
relative smallness of the holes with respect to the periodicity €. When 7 is a fixed
parameter in (0, 1) as € goes to zero, we are in the classical setting and the effective
model can be derived from a formal two-scale expansion. Plug in the ansatz

u(z) = uo(z,y) + euy(z,y) + *us(w,y) + ..., with y=2
to (1), apply the chain rule and replace the gradient V by V, + %Vy. We get
(Lo + 1Ly + Lo) (uolz,y) + ewr(z,y) + ug(z,y) +...) = f,
where the differential operators £;, © = 0, 1,2, are defined by
Lo=-Ay, Ly=-2V,-V,, Ly=-A,.

Assume that each w; is defined on Q x (T \ #T) where T? stands for the unit
torus (i.e. periodic cell), in particular they are periodic in the y variable. Making
terms of the same order in € equal, we obtain a hierarchy of equations in y with
boundary conditions that the u;’s must satisfy. The leading order equations yield
uo(z,y) = up(x) and the next order leads to

d

8u0
ur(@,y) = Xely)o— () + uro(x)
—1 81’k
where u; o(x) is a constant function in y, and, for each k = 1,...,d, the function
Xk = Xk, 1s the unique (up to an additive constant) solution to the cell problem
- AXk,r](y) = 07 Yy € Td \ 777, (2)
Ny - (VXky +er)(y) =0, y € noT.

Here, e;’s are the unit coordinate vectors and N denotes the outer normal vector
along 9(nT'). The next order equations in the hierarchy produce the problem for wus:

- AyU'Z(xa y) = f(.f) + A:CUO(:E) + QayeXk(y)aggkaO(l‘)? Yy e Td \Tv
Ny ’ VyU2($7y) = _N€a2 UQ(.T)Xk(?J), Yy € n@T

Y~ TeTg
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As always the summation convention is assumed. By a compatibility condition the
integrals of the right hand sides, in T¢\ nT and on 79T respectively, must be equal.
This leads to

w=phs == ([ owonaiy) 2, (o)
TAnT
After some rewriting, we conclude that

{—v@mwwunzﬂm, req
u'(x) = g(z), x € 0N0.

where the homogenized coefficients A(n) = (aj;) are constants defined by
W=, 8+ )y ()
Td\nT

Throughout the paper, f stands for averaged integrals. The matrix A(n) is known
to remain symmetric and elliptic. Rigorous results showing that u® converging in
proper sense to u were proved e.g.in [9, 32, 3] even in more general settings.

The dilute setting, i.e. when 7. — 0 together with ¢, was studied by Conca and
Donato in [15]. They showed that, with periodic Neumann data h prescribed at
the inner boundary, there is a critical scale 7. 1(¢) for n above which the energy
|Vus |3, blows up as e — 0 if h has non-zero mean over the boundary of the holes.

This scale guarantees that lim._,gen. =1 is in (0,00). Note that 7e1 ~ e for
d > 2, and at this scale the total surface volume of 02, remains finite as ¢ — 0. It is
natural to compare 7., with the critical scale 7., o that occurs in homogenization of
perforated domains with zero Dirichlet data set in the holes. The latter is determined
so that o. has limit in (0, 1), where

a—2

en~ 7, d >3,

=9 (5)
ellogn|z, d=2.

0. is the bounding constant of a version of Poincaré inequality for H' functions in

B. with zero value in B,.; see e.g. |2, 25]. Note that 7,2 ~ ez for d > 3 and
Ner,2 ™~ eXp(—E%) for d = 2. Clearly, 7e,1 is of an order much larger than 7, o.

For zero Neumann data, i.e. h = 0 as in the second line of (1), the dilute setting is
very simple and the homogenized equation is

— Au(z) = f(x), x€Q, 6

u(z) = g(x), x € 0N0. (©6)

In other words, the effective conductivity matrix A(0) is simply the identity matrix

I. Moreover, even without using correctors, it is easy to verify that u® converges

strongly in H' to u; see [15]. As far as we know, convergence rates for homogenization
in the dilute setting, even for zero Neumann data, have not been studied before.
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We also remark that cell problems (2) was not used in [15]. A main contribution of
this paper is to establish such results by analyzing the two-scale expansion and the
cell problems.

Our first main result concerns the continuous transition of effective models from (3)
to (6) with respect to n (understood as the limit of 7.). Let M? denote the set of
d x d symmetric and positive definite real matrices. Define A : [0,1) — M? by (4)
for n € (0,1) and by I for n = 0.

Theorem 1.1. Under the geometric set-up conditions (A), the mapping n > A(n)
defined above is continuous, and moreover, the following expansion holds:

ay; = 0ij — n? o7 Vuw) - Vw? + O(n*%), as n — 0. (7)

In particular, there exists a constant C' > 0 independent of n so that for sufficiently
small n, we have |A(n) — I| < Cn?. Here, for each k € {1,...,d}, w2 is the unique
solution to the exterior Neumann problem

— Awg(z) =0, z € RI\T,

ﬁwk

() = — 8
AN (2) N, z € JT, (8)
|wi(2)] =0, 2| = oo,

Remark 1.2. The existence and uniqueness of w) is classical and a formula using
single-layer potential operator is given in Section 3. We may view (7) as an expansion
of the effective diffusion in terms of the hole volume fraction v := n?|T|, as in [8, 21];
then it is a first order formula although the second order could also be read from the
proofs in Section 3. Due to the definite sign of the second term, we see the effective
diffusion is slowed due to the collective effects of holes. O

The proof of the above theorem is given in Section 4.1 and is based on explicit
representation and detailed analysis in Section 3 of the cell problems (32) rescaled
from (2). Expansions of this type were previous obtained in [4, 7, 8] for effective
conductivity or elasticity coefficients of periodic two-phase materials. The basic tool
is the periodic layer potential theory and we supply some key results in Section 2.2.
To see what the above theorem implies for solutions of PDEs, for each fixed ¢ and n
(which depends on ¢), let u®" be the solution to (1). Treat n as fixed and let A(n)
be defined by (4). Let @"” and u be the solutions to (3) and (6) respectively. We can
quantify the convergence of u"7 to u, which shows the continuous transition of the
effective models as the holes become dilute.

Corollary 1.3. Assume that the geometric set-up (A) holds. Then there is a con-
stant C' > 0 independent of € and n, such that for any n > 0 sufficiently small, for
any f € L*(Q) and g € H*(QY), we have

IV@ = w22y < Cn(Ifllze + gll)- (9)
If we assume further f € C*(Q) and g € C**(Q), then

[ = ullene@) < Cr(fllon + llglcne). (10)
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The above is a direct consequence of the quantitative behavior of A(n) in (7) and
the standard elliptic PDEs theory. We only briefly outline the proof in Remark 4.3
below. Our next main result is the convergence rate for u® to u, as € and n go to
zero. In view of Corollary 1.3, we may quantify the difference between u® and u"
instead. We only treat the simplest setting for which @"” and u are smooth solutions
to (3) and (6), to emphasize the role of 7.

Theorem 1.4. Assume that the geometric set-up (A) holds. Foreachk € {1,...,d},
let Xk, be solutions to the cell problems (2). Then there is a constant C > 0 such
that, for all n sufficiently small, for any f € C*(Q) and g € C?**(Q), the solution
u® of (1) and @ of (3) satisfy

£

[u® =T = exen(2) 0" || 11 (02

nd-! if 2/ > 1,
< C(Ifllce + llgllcze) x S venz, ifnt2jo2 <1,d >3, (11)
Venllognlz, ifn*2/o? <1, d=2.

e

When 7 is fixed and of order one, u” is precisely the homogenized solution and
convergence rates for the left hand side of (11) was proved in [32], in the more general
context of elasticity (elliptic) systems, and the bound is given by C\/|[@”|| gs. Their
result was generalized recently in [35] and in [40] for less regular holes and less regular
u". The novelty of our result here is the explicit dependence on 7. Theorem 1.4 is
proved in Section 4.2. We do not recover the classical rate O(y/€) by setting n = 1 in
(11) as some of the estimates used in the proof are useful only in the dilute setting.

Note also that the rate O(n?~!) is sharper than O(y/g) when 1 < 52<d1*1), that is,
below the scale ,/fer 1.

The term z. := exy,,0xu" is the so-called corrector. When 7 is of order O(1), it
is necessary to add z. to u” so that the corrected quantity u" + 2. is close to u®
in H'. As mentioned earlier, in the dilute setting with zero Neumann data in the
holes, such correctors are not needed for the strong convergence of u® — u in H'.
A simple weak convergence argument suffices; see [15]. Moreover, a quantification
of the argument (see Remark 4.2) yields

d
2

Using the results in Section 3 we check ||z g1 ) < Cn. This together with (11)
also yield the above estimate. Apparently, the one in Remark 4.2 is easieg. On the
other hand, for d > 3 the right hand side in (11) is much smaller than O(n2); hence,
for d > 3, adding the corrector to " yields a sharper approximation of u¢ in H*.

At this point we also mention that the boundary modification of 2° near 9} in
Section 1.1 is more complicated than a more commonly used one, namely removing
(or filling in) the boundary holes, as in [35, 40]. The exterior boundary in this latter
case is simply 0€2. We elaborate the apparently more complex case to demonstrate
a fact taken often as granted: boundary modifications do not play essential roles in
homogenization.
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Notations

The unit (flat) torus of R?, i.e. the closed unit cube [—3, 3]% with opposite faces iden-
tified, is denoted by T?¢. The open unit cube (—%, %)d is denoted by @;. Functions
in T¢ are treated at the same time as T¢periodic functions defined in R?. Similarly,
functions in T¢\ 5T are treated as T?-periodic functions defined in R¢. Given a set
A C R and r > 0, rA denotes the rescaled set {rz : z € A}, fA is the averaged

integral over A, |A| is its volume and |0A| is the surface volume of its boundary 0A.

Under the geometric set-up (A), the space of H'(2?) functions vanishing in 9%, is
denoted by
Voi={ve H'(QF) : v=0 in 990} (13)

We use L(OT) to denote the space of square integrable functions in 97T that are also
mean zero. Concerning Neumann boundary conditions at the boundary of the holes,
N always denotes the outer normal vector pointing out of the hole. Throughout
the paper, summation convention that repeated indices are summed over is always
invoked. Finally, a bounding constant C' in an estimate is called universal if it
depends only on d, o, 2, T'.

2. Preliminary results

In this section, we give some basic results that will be used to prove the main
theorems. For each fixed ¢, € (0,1), let Q° be defined as in Section 1.1. We
recall an energy estimate for Poisson equations in €2 with general Neumann data
prescribed at the inner boundary. This will be used to quantify the convergence
rates in Theorem 1.4. We also introduce the periodic layer potential operators and
some fundamental properties, which are key tools for the analysis of the rescaled
cell problems.

2.1. Basic energy estimates

We consider the mixed boundary value problem:
— Aw = divF + fo, in Q°,

ow _ .
8_N = —N . F —|— h, 1m 8th,

w = (o, in 00

ext”

(14)

Here, fo and F' = (F") are, respectively, scalar and vector fields belonging to L?(2),
go € HY(Q) and h € L*(09%,). By a weak solution to (14) we mean a function

int

w € H'(QF) satisfying w — go = 0 in 90, and

Vw -V = fogo—F-Vap—l—/ he, Vo e V..
Qe Qs 008

int

Evidently, the identity above can be replaced by

V(w—g0)- Vo= [ fop—(Vgo+F)-Vo+ / he. (15)
Qe o00N¢

int

Qe
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Thanks to the Poincaré type inequality (53) which can be applied to w — go, an
application of the Lax-Milgram theorem shows, for each fixed € and 7, there is a
unique weak solution w € H*(Q°) for (14). Define the parameter

o [max{E T Eene) it d >3, 16)
T max{(e 7Yz, (enllogn))2},  ifd=2.

The following energy estimate holds.

Theorem 2.1. Assume the geometric set-up (A). There is a universal constant
C' > 0 such that, for any fized € and n, the unique weak solution w to the problem
(14) satisfies

w100y < C{llfollzze) + 1F 220y + ol @) + Kenllbllze@es )} (17)

We note that k., blows up as ¢ — 0 if n = 7. shrinks slower than 5ﬁ, i.e.if
1> Nera- Secondly, in both lines of (16), the first terms dominate if n > 7,2 and
the second terms dominate if 7 < 7e0; see the paragraph above and below (5) for
the definitions of e, 1 and 72 respectively.

Proof. We need to estimate the trace in 9QF, for functions in H'(QF); this is given
in Proposition A.4 and is due to Conca and Donato [15]. The rest of the proof is

standard. Take ¢ = w — go in (15); we get

IV (w — gO)H%ﬁ(QE) < [ follz2oe)llw — goll 2(0e)
+ ([[Vgo + Fll 20 IV (w = go)ll 222y + |1l 2 (00s

int

|w - 90||L2(am )-

int

Apply the trace inequality (54) to w — go for the last item and then the Poincaré
inequality (53) for ||w — gol|r2(s). We then can control |[w — go|| g1 and ||w]] g1 (o)
as desired. [

2.2. The periodic layer potentials
Recall that I' € C*°(R¢\ {0}) defined by

1 1
eapE e 423

= log |z] d=2,

is the fundamental solution of the Laplace equation in RY, i.e. AT' = §,. Classical
layer potential theory provides useful tools to solve Laplace equations inside and ex-
terior to T, with prescribed Dirichlet, Neumann or transmission data; see e.g. [6, 19].

In the next section we will study the rescaled cell problem (32), which is a Laplace
equation in the punctured torus 1T\ T, with Neumann data at the boundary 97
The periodic variant of layer potentials can be used to solve it. For this, we consider
the fundamental solution G on the unit torus, i.e.

AG =6 —1 in T4, Jra G =0.

It is known that G =T'+ R, and R is a smooth function in the unit cube ;.
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More precisely, R is the unique solution that solves
—AR=1 inQy, R+ T(z) is in C*(T*\ {0}). (18)

Note that R is smooth in @, but derivatives of R do not match on opposite sides of

0Q1.
For d > 2, we can check that G"(z) := n?~2G(nx) is the fundamental solution of the
Laplace equation in the rescaled torus —Td, ie.

AG" =6y —n? in %Td, fiqrd G" = 0.

We then verify that G" is a simple perturbation of I', as follows

N2 R(nz), d>3,
G"(z) =T(x)+q |
5-logn + R(nz), d=2. (19)
VG (z) = VI'(z) + n 'V R(nz), d>2.

The periodic single-layer and double-layer potential operators associated to the set
T (viewed as a subset of Td) are then defined by replacing I' by G in the classical
operators: given a momentum function ¢ defined in 07T and for = € 1']I‘d \ 0T, they
are defined, respectively, by

Sol(x) = /BTG%y—x)cb(y)dy, (20)
Dyl¢l(z) = AT%M,@)@ (21)

We mainly put the operators in the L? setting. It is easy to check the following:
for ¢ € L*(9T), the double-layer potential D) [¢] always defines a harmonic function
in le \ 0T, but the single-layer potential S"[d)] is harmonic there if and only if
f aTgb = 0. On the other hand, S,[¢] is continuous across 9T and the trace there
is still denoted by S;[¢] as the definition (20) makes sense also for z € 9T. §;[¢]
hence defines a continuous function over n~1T¢.

The most important property of layer potential operators are the trace formulas,
also known as jump relations. A simple modification of the classical theory yields:
for x € T,

8‘;’;;\[,¢] ]i(:c) = lim N, - (VS][g]) (v £ N,) = (i%] + K1) [g)(2), -
(@) = Jim DY[¢](x +1N,) = (:F%I + KD [¢) ().

Here, K] is defined by the same formula as D, in (21) but now both variables z,y
live in 0T, i.e.,

Kilo)(z) == /aT %Ny_x)qb(y)dy, x e 0T, (23)

and K" is the adjoint of K. In view of the regularity of T (being C* is suf-
ficient), they are regular integral operators on 97", and, moreover, compact linear
transformations of L?(9T).
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The jump relations above show that Dy[¢] and N, - VS [¢] have Jumps across 0T
They also suggest how to solve boundary value problems in T and T° with Dirichlet
or Neumann data put in 0T

2.2.1. Solvability for exterior Neumann problems

In [25, 26], we have systematically studied the properties of —11 + K" and its
adjoint operator ——[ + Ky which provide key tools for the asyrnptotlc analysrs of
the exterior Dlrlchlet problems in the punctured torus 1Td \T. For the exterior
Neumann problem (32), we need to study 37+ K and 1[ + K5

For notational simplicity, we present the case of 7 = 1 and omit 7 from the notations.
Recall (see [25]) that the constant function with value 1 over 0T satisfies

(5T + K1) = 7). (24)

If h € ker(31 + K}), we have

1 1
h=—— h I—i—/C = / ]+/C :T_l/ h.
/aT 1] S 2 TR = g =T

Since by assumption |T| # 1, we conclude that h € L3(0T). This shows that
ker(31 + K;) C L§(9T), and if we set u = S,[h] and let uy and u_ be its component
outside and inside T, respectively, then u4 is harmonic. Since

8U+ ]_ «
5 . . 8U+ 9
the Green’s identity O=— [ up—c = |V
or  ON TA\T

shows that u, is a constant. By the continuity of u across 9T', we conclude that
u_ is the same constant in 7', and, finally, that h = (g‘—]\? — ?—A} = 0. This and the
Fredholm theory allow us to conclude that

ker (%r + /c;;) — ker (%1 + zc,,) _ (o},

1 1
ran (51 + IC;‘) = ran (51 + le) = L*(0T).

Clearly, the argument above works also in the rescaled torus %Td, and the above
identities hold for K} and K. In particular, 37 + K™ is invertible in L?(97T).

(25)

Remark 2.2. Note that the connectedness of T° is required above to conclude
Vu, =0, but T is allowed to have the form Ui]‘ilDi if D;’s are disjoint and each D;
is simply connected. Indeed, (24) still holds in this case: the double-layer potential
D, ; associated to each set D; is defined, and for x € T\ (UM, D;),

M
ZD Loz, ZDM ==Y _|D;| = —[T].
=1

This is a big contrast Wlth the case of Dlrlchlet boundary conditions, as the dimen-
sion of ker(—%/ + K,) depends on the number M. O
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2.2.2. Perturbative results of periodic layer potentials

In view of the perturbative relations (19), we expect that, for sufficiently small 7,
the operators Sy, Dy, K and K" are perturbations of the corresponding classical
layer potential operators S, D, K and IC*. More precisely, S, D are K are defined
as in (20), (21) and (23), but with G" replaced by I', and K* is the adjoint of K.
Indeed, for the single-layer potential, we observe that for d > 3,

S} =8 +n""RY, (26)

where R is a regular integral operator
RUela) = | Renly=a)ot)d, = € Q1.
T

Since R € C*(Q),), the above defines a continuous function in %Td. Similarly,

Ky = K" + n'RY, ford > 2,

where * is the Neumann-Poincaré operator associated to the free-space layer po-
tentials associated to 9T, and R3 is a regular integral operator defined for x € 7—17@1.
They are given, respectively, by

) = [ Sy, RN = [ N (VR )y

It is well known that as long as R?\ T is connected, the operator %[ +K* is invertible
in L?(9T); see [19, Chap. 3|; actually, the proof goes like the argument above (25).
Recast 31 + K" as

QI+ [T+ 'RY], with RI= (A +K°) 7" R

By (25), we already know that 17 + Ky is invertible in L*(9T'). Using asymptotic
analysis, we also obtain the following representation for it.

Proposition 2.3. Under the geometric set-up (A), and for n € (0,1) that is suffi-
ciently small,

1 IR . 1 N

(37487) = Sr-nemy (5rx) (27)
=0

holds in L*(OT). The Neumann series above converges absolutely in L*(0T), and,

moreover, it converges also in C(JT), the space of continuous functions in 0T .

Proof. We already know that (1/4K*)~" is bounded as a transformation in L*(9T).
Since 0T is regular (C? is sufficient), one can show (c.f. [19, Sec. 3.B]) that (57 +K*)
is an invertible bounded linear transformation in C'(97T) as well: * maps L>°(9T)
to C'(0T) and is compact as a linear transformation in L*(97T). Now, if we have
g € C(dT) C L*(9T), there exists a unique ¢ € L*(9T) so that (31 + K*)[¢] = g,
then ¢ € L? and (31 + K*)[¢] € C(OT) implies that ¢ € C(0T). This shows the
surjectivity in C(0T) of 11 + K*. The injectivity is clear since C(9T) C L*(9T).
The continuity of %I + K* is clear since K* is bounded as an operator in L*>(9T),
and the continuity of (37 + K*)™ in C'(9T') then follows.
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To prove the proposition, it suffices to show that R is a bounded linear transforma-
tion in L?(0T) and in C'(9T), with operator norms uniformly bounded in 7. Since
it is easy to verify that R4, and hence R2, maps L?(9T') to C(9T), it suffices to find
a universal C' > 0, so that ||R2|| 2z~ < C. To this end, we check that,

IRE[AN L < 1(GT +K) " lwemsroe R3] [
< NG+ K)oz | Rller@u 0T |2 |0] 2 for any ¢ € L*(OT).

Let C' be the constant above in front of ||¢|| 2. For n sufficiently small, namely
ni-t < %C, the Neumann series in the proposition converges absolutely, and the

proof is complete. [

Remark 2.4. It is easy to check that (1] + K*) and (37 4+ K*)~! preserves the
mean-zero property, i.e. L2(0T) is invariant under them. Similarly, RJ (and hence
RJ) also have this property: indeed, if h € L3(9T), then

Ry = [ ([ 5o TRt - e ) nody

oT oT
= / (n/(AR)(n(x - y))dx) My)dy =—[T| | h=0.
or T ar
The terms in the Neumann series (27), hence, preserve L2(9T) also. O

It is possible to obtain expansion formulas for the function R; see e.g.[6, 7]. Using
such finer information, one can obtain more useful properties of R’s.

Proposition 2.5. Let d > 2 and assume that the geometric set-up (A) holds. Then
the following results are true.

(1) In a neighborhood of the origin, the function R in (18) behaves like

1
R(z) = R(0) = o= 2| + O(Ja"). (28)
(2) Viewed as bounded linear operators from L(OT) to C(OT), R and R3 satisfy
1
R! =n*Q, +0(n*), RI= 77(5[ + K71y + O(n?), where (29)
1 1
Q[o)(x) =~ | o —ylPo(y)dy, Qofd](z):=—= [ Np-(z—y)dly)dy.
2d Jor d Jor
Proof. The expansion formula of R near the origin was obtained by Ammari and
Kang [6, Section 2.8] using Fourier series representation of G; the qualitative feature
of R, namely the evenness and the vanishing of first order derivatives, can be ob-

tained using symmetry arguments. The expansion of R] then follows immediately;
in particular, the constant R(0) has no contribution if ¢ € LZ(9T). O

Remark 2.6. For d = 2, in view of the formula (19), the relation (26) still holds
if the operators are restricted to the space L3(9T). The proposition further shows,
for all d > 2 and ¢ € L3(9T),

Sl = Sle] +n'Qle] + O(n™?)  in L=(9T). (30)
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The O(n®™?) means that this term has an operator norm from L3(0T) to L>°(9T)
of order O(n¢+?). O

3. Analysis for the rescaled cell problems

In this section we study the cell problem (2) in the dilute setting, i.e.n is small, and
explore the asymptotic behaviors of the cell problem solutions as ¢ — 0. To make
the removed hole fixed, we rescale the spatial variable y € T? to z = y/n and define
the rescaled function

Xp(2) = %ka(nz), z € %Td \T. (31)
— Ax/(2) =0, z€ (GTH\T,
Then x,’ solves (32)
N, -Vx/(z) = —ex - N, z € dT.

We denote ej, - N by N* below. The above is an exterior Neumann problem in %']I‘d

outside the set 7. We use layer potential theory to solve y,’ and investigate its
behavior from this rather explicit representation. In fact, X, can be written as a
single-layer potential, and, hence, it is defined in the whole torus %Td. We prove the

following results for ;! and xy,,.

Lemma 3.1.  There exist universal positive constants C'’s such that, for each
ke {l,...,d} and for sufficiently small n € (0, 1], the following conditions hold.

1 The solution X, to (32) (and extended to 1T by the single-layer potential
k n

satisfies . -
HVX;J“L?(%TUZ) + TIHXIZHLQ(%’]N) <C. (33)

(2)  The solution X, to (2) is in WL(T9\ nT) and satisfies
Xkl < Cn o and [Vl < C. (34)

3) Foreachk=1,...,d, letw) be defined as in (8). Then the following expansion
( k g

holds:
Xkq = nwh + O(n™), in C'(noT). (35)

Proof. Fix a k € {1,...,d} below. Let x,’ be the solution to (32). Since we have
Xk = NX; (+/n), the estimates (34) are equivalent to

||>ZIZ||L°°(%Td\T) + H)NCI?HLOO(%’]I‘d\T) <C. (36)
We seek for x,' = §)'[¢x] and, by the trace formula (22), ¢}, = ¢y, should solve
(31 + K1) [Bry) = —N*.

By (25) this integral equation over 07 is uniquely solvable; moreover, in view of
Proposition 2.3 and the formula (27), for n sufficiently small, we have

oo

k=) _(~1) IR [AR] = o) — 0 RY[GR] + O V), (37)

=0

where ¢ (independent of 1) is the moment function (371 + K*)~![—N*].
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Since N* € C'(9T), the above identity holds in C(9T) and in L?*(9T). In particular,
for some universal constant C' > 0,

I¢kllcior) + 1¢kallcer) < C.

Set w) = S[@?] where S is the single-layer potential in the free space. Then, for
z € %Td \T, x, is given by

Xi(2) = (S + 1" RY) [dn.y)
= wy + 0 RG] — n"T SRY[6p] + O(n* )

in Lw(%Td \ T). When restricted to z € 9T, since N* averages to zero over 9T, so
do ¢? and each of the terms in (37). Note that w) = S[¢?] is harmonic in R?\ 9T
and satisfies % = N* at OT.

Moreover, from the definition of single-layer potential we check that |w)| — 0 at
infinity (to check this for d = 2, the fact [,,.¢] = 0 is crucial). In other words, wy

is the unique solution to the local problem (8). Finally, thanks to the observations
in Remark 2.4 and by Proposition 2.5 we further have

R = ' Q] ST+ QA O ) i C(T). (38)

From this we obtain(35) (even with the next order terms). Clearly, for some C' > 0
we have ||X/||L=(or) < C.

To prove (33), via integration by parts we have
. ox,, - .

Note the repeated k above is not summed. Recall that ;) = S"[¢y,| is defined
everywhere in %']Td and is harmonic also in 7". Using the jump relation (22), we have

IV = [ 2% gn = [ (N v
Xk L2y = IN Xk = o k) X -

or

Here means that the derivative is taken as a limit from the inside of 7.

ol
The above quantities are bounded uniformly in 7, and so is ||[Vx/|| L2(ATa): The
estimate for ||x/|| L2(ATd) then follows from the Poincaré-Whirtinger inequality since
X, , defined by the periodic single-layer potential, is mean zero in the torus.

To prove the estimates (34) we verify (36). Combining the bound of || x| = (a7r) With
the maximum principle, we have ||| 1o ira) < C. As for the gradient estimate,

the explicit formula x,' = S)[¢x,] and the uniform bound of ¢y, lead to, for some
universal constant C

V()| <C, z€ 1T\ B, (39)

Apply then the elliptic regularity theory for ¥, in By \ T, we can also bound |Vy/|
there and hence obtain the gradient estimate in (36). This completes the proof. [J
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Remark 3.2. In view of the relation xy,(y) = 17)2,?(%), and by rescaling, we also

have d
IV Xkl 2crey + XG0l L2(rey < Cn2. (40)

Moreover, z + Xi,(%) defines an e-periodic function in R? and by rescaling, in
each e-cube (say, in ).), we have

d
2.

IVXkn (220 + X5 (D lz2@.) < Clen)

Note that the above estimate of ||xxy| r2(g.) is better than what one gets using only
[Xkallzoe < C.

4. Proofs of the main results

In the following two subsections, we prove Theorem 1.1 and Theorem 1.4 respec-
tively.

4.1. The expansion of the effective coefficients

Recall the definitions of the cell problem (2) and the rescaled cell problems (32);
their solutions are denoted, respectively, by xx, and x,’. Given the informations
of those functions in the previous section, the proof of Theorem 1.1 becomes a
straightforward computation.

Through integration by parts and rescaling, we rewrite the formula (4) as

1

W= byt Oy ==t [ Ny
j j - in(y) I T - in(y)
Uk <
— 0 — —1 [ N2z
T 1] Jor ™
Plug in the expansion formula (38) of x,’, we obtain

oT

In particular, ]6% — 0| < Cn?. Since w} is the unique solution to the exterior
problem (8), we use Green’s identities and check that

, ow?
— Nzwgz/ E;X;w,lg:/ =V (wpVuy) = — V) - V).
or oT RAT RANT

For the second equality, we used the fact that as r — oo, w}|sp, — 0 and %—ﬁ\agr is
of order O(r~(4=V). The desired formula is hence proved.
4.2. Proof of the convergence rates in the homogenization

We prove Theorem 1.4. Let u®, " and u be the unique solutions to the problems
(1), (3) and (6) respectively. We consider the discrepancy function

¢ = =T = exeg(2)OT (1) (42)
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Direct computation shows that, for z € Q°,

VG =V = Vi, — (Vi) (2)00T () = X0 (D) VT,

and = A = =, ({a@ = 8 — (OG)(D0") + 20 (un(D)OZT) . (43)

Following the standard technique as carried in [12, 29], we can represent the first
term on the right in a better form as follows. Let 6(n) = n¢|T| be the volume fraction
of the hole in T\ (T); let 1lya,7 denote the indicator function in T of T4\ #T.
For each fixed j = 1,...,d, define the vector field

Fy=(F}), with F:=(1—-0(n))a}, — {0 + (0ix;)(®)} Lrays, vy € T

We compute the distributional derivative 0 F. Take a test function ¢ € C>(T%);
we compute

/ —(Orp)F} = —/ Ok (p{dij + Dix;}) +/ OO
Td Td\yT

TANnT

= N¥o(8i5 + 0ixj) + / ~ pOROiX;-
or T\ T

The distributional derivatives of Fj can be computed easily, and due to the boundary
conditions in (2), we also have div F; = §,Ff =0 in T

Lemma 4.1. There exists a tensor field V = (Wy;;), k,i,j € {1,...,d}, in the unit
torus T and a universal constant C > 0, such that for all k,i, 7,

. d
Uiij = —Wirs, (F3)' = 0e(Yei), [[Wrislloms < C, and ||Wiij|lp2ray < Cnz. (44)

Proof. Note that ¥ should depend on 1 but we hide it from the notations. For
cach j, it is clear that [, F; = 0; the estimate (34) shows F; € L**(T) and, for
some universal constant C, || F}||z < C. Following the standard technique (e.g. [37,
Prop. 3.1]) we can find Wy;; by solving

Aty =F — inT? with [ ¢ =0,
Td

and then setting Uii = Oktbij — Oitdy;.
The first identity in (44) follows immediately, the second holds true since divF; = 0.
The L* bound of ¥ follows from that of F}. Finally, we note that
; C, in nT,
[Fl(z) <9 - 4 S -
Cn" + 0ix;(y),  in T\ T,
which leads to
IF e < Crt+ [ (0P = Ot [ (8 @)Pdz < 0!
T\nT lraT

d
2 .

Then we get ||\Pkij||L2(’Ed) S C’maxivj ||v¢ij||L2(Td) S Oman “-Fj”L2(11‘d) S C’I]
This completes the proof of the lemma. O
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Now we derive the equations satisfied by the discrepancy function (42). We claim
that (¢ is the (unique) solution to the following mixed boundary value problem.

,—ACS =0n)f + <0 (bkij(g)akajﬂn> in OF,
gg\f = —8Nibkij(£)akajﬂn + 5Ni@kij(§)8j8kﬂ” in 09X, (45)
(" =exe n( )0” + (9 — u")Lanoac,, in 0%,

\

Note that 2 N 0%, is precisely the union of the boundary of the holes that cut
through 0f).

Firstly, using the fields Wy;;’s, we rewrite (43) and get
CACE = 0(n)f — O, ( ( )0, u") +ed, ( o )az-amn)
—0(n)f — O, ((aqukijx )5@’7) +ed, (Xgé)aiam)
= 0n)f = 0 (Ou(eWas (2)0,77) + 20, (xS
)8]@") + €0; (Xg(g)aiagﬂn> + 581(111,€Z](§)8k(9jﬂ’7)

3)
)aiam")

In view of Uy,;; = —W;;;, the second term on the right vanishes. We hence obtain
the first line of (45) with
brij = ki + XjnOik- (46)

Concerning boundary data, at the exterior boundary we check easily that the third
line of (45) holds; at the interior boundary, direct computations using the boundary
condition in (2) lead to

ac
ON

In view of (46), the above is equivalent to the second line of (45).

—EXia(Z = )N, (051", (47)

We define some boundary layer functions that are useful to deal with the mismatches
between u® and u (or w”) at 0Q,,. Note that, by the modification of boundary holes
in the geometric set-up in Section 1.1, in each boundary cell Q. = e(k + Q) with
k € Jbar, the enlarged hole T contains B,,(ck) N Q2 and, meanwhile, is contained in
the ball By, (ck). We can choose a smooth cut-off function ¢f with values in [0, 1]

so that it is supported in By, (ek), and ¢f = 1 in Ba.,(ck) and [Vy§| < C(en)~t.

Define Oi(2) = Y Uila)(g —u)(2), (48)
k€ Jbar

which is the superposition of a family of functions supported in mutually disjoint

patches near 99); the total number of patches is of order O(¢~4™!). We claim that,

with g,u € C?*(Q), ®; satisfies

d
1ol ) < Clllgller + lluller)(en). (49)

To check this, we only need to estimate the H' norm of ¢ (g—u), for a fixed k € Jyqr,
in the cube By, (ck) which contains the support of ;. Note that

V(p(g —u) = (Vi) (g —u) + V(g — u).
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For each x € By.,(ck), let o = xo(z) be a point on 02 that is nearest to x. Clearly,
| — zo| < 4en. Since u = g in 0f), we have

g(x) —u(z) = g(x) = g(xo) — (u(z) — u(wo)).

Since g,u € C%(Q) and |z — o] < 4en, we conclude that the quantity above is
bounded by (||g||ct + ||u||ct)en uniformly in x, and hence

d+2

lg — U!|L2(B4€n(ak)) < C(llgller + lluller)(en) 2.

Also by the uniform boundedness of |V (g — u)|, we have

d
2

IV (g = )l 2(Bacy(ery < Cllgller + [[uller)(en)z.

Combining those computations above, we check that

195i(g = Wl Bayery < Clem) g — ullez + g — ullzz + V(g — w)lle.
Combining the estimates above, we check that (49) holds.

For ¢ > 0, let U; be the sub-domain {z € Q : dist(z,0) < t}. Note that 00, is
contained in U.. We can choose a smooth cut-off function ¢ with values in [0, 1] so
that )¢ is supported in Uy and 9° =1 in Us,.. Define

®y(z) = 7 (2) (e () Opu(z)), =z € Q. (50)
We claim that, for some universal constant C' > 0,
[@a1]121(0) < Cllullcz(en)?. (51)
We compute and check
V&, = (V) Xk ()0t + UV (VX)) () Ortt + €0 X (2) O V.

Note that U,. is covered by a collection of e-cubes near 02, and the total number
is of order O(e~9*1). Hence, in view of the estimates in Remark 3.2, we have

XDl @y < [Cem M en)™]? < Clen?)2.

Then by the uniform bound of |[u||c2(q) and the formula of V&, above, we get

1allm < D Cle + Dllullezllxinallm @i
k

Combining those results above, we obtain (51).

Clearly, if we replace u by u" in the definition of those boundary layer functions @,
and ®,, the above results still hold. This is because, due to the uniform ellipticity
of A(n) (for sufficiently small 1), |[@"||c2 can be bounded uniformly in 7.

We observe that the problem (45) is of the standard form (14) with

T , T
fo= 9(77)f> F= (€bkij(g)ak8ﬂn)i> h = 5N2‘I}kij(g)ajakﬂn> go = @1 + Ps.
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Invoking the energy estimate in Theorem 2.1, the easy L? bound on f, and the
estimates (49)—(51), we have

d
IV |20 < C {Wd +VeEn: + [1F | r2q) + “EWHhHLQ(aﬂin)} '

In view of the uniform in 7 estimate of ||@"||c2(q), the periodicity of b = (by;;) and
its representation (46), the estimates (44) and (40), and by the usual rescaling, we
have

4

2

| F|| 1205y < Cellblr2eray < Ce {1 ¥l z2eray + x|l 2(ray } < Cenyz.

In a similar way, we also have

N[

17l r200s,) < CVEY| oo [|@7]| 2] 1| 2200y < C (en™1) 2.

int

Note that (= — (®1 + ®5) belongs to the functional space V. defined in (13). Hence,
by the Poincaré inequality (53), we get

167 = (D1 + P2)[[m1(0e) < [V [L2(02) + [[V(P1 + P2 £2(0)-
We use (49) and (51) to control ||V (P + ®3)| 12 and elliptic regularity theory to get
[@"|c2e < C(|fllce + llgllcze).
Those estimates lead to
1 a0y < C{II@1+ Pollano) + IV 2200
< C(lflles + llglicza) {n + Van? +en? + kelen®™)2 ),

Fix d > 3 first. From the definition (16), we know that the last term on the right
hand side is of order O(en?) if and only if 1/062 < 1, then the quantity above is of
order O(y/zn?). When 1/0% > 1, then the last term is of order O(n~!) and we
need to compare 7?1 with \/zn?. We see that O(5?!) dominates if and only if

[ SIS

n%2/e > 1, or equivalently, when %72 /02 > 1 since %! /02 = (n?=%/¢)?. The case
of d = 2 can be checked similarly. This concludes the proof of Theorem 1.4.

Remark 4.2. We provide a simpler argument that proves (12). For any w € V.,
let w = Ew € H(Q) denote the extension of w in  in Proposition A.1. From
equations of u® and u, we have

Vu® - Vw = fw, and /Vu-VzI):/fu?, Yw € V..
Qs Q Q

Qe

Consider the discrepancy function v* = u® — u. By the identities above, for all
w e V.,

Vva-Vw:/fﬁJ—/ VU-V@TJ:/ Vu -V — fw.
Qe £ € Q\Qs

Note that v € H'(QF) and its trace in 9, agrees with ®; defined in (48), so
setting w = v® — ®; then w € V..

We then get HVwﬂiz(Qe) = —/ Vo, - Vuw + \ Vu -V — fw.
s a\Q:
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Using the Poincaré’s inequality (53) for @ and properties of the extension operators,

and noting that ||1{|12(q\oe) is of order O(n?), we get

d
[wllioe) < Cl[Vwlrze) < C{IVPLl2 + 12 (|Vaul[ e + [ fll)}-

Since v = w + ®1, we can replace w on the left by v°. Due to estimate (49) we get

d
2 .

d
[u® = ullgies) < C(L+e2)n
This gives a short proof for the estimate (12).

Remark 4.3. We briefly outline the proof of Corollary 1.3. From (3) we have
/ AV (@ —u)-V(@"—u) = / f@"—u)— / Vu- (W' —u)+ / (I—An))Vu-V (@ —u).
Q Q Q Q

The first two terms on the right cancel. In view of |A(n) —I| < Cn? and that [Vl 2
is bounded, we get (9). With more regular data we can control u —@" in C**(Q).
Indeed, the difference function u — w" is of class C**(Q) and satisfies

~V-(Am)V@ —u))=h,  inQ,
ul —u =0, in 002,

where h = V- ((A(n) — I)Vu). In view of (4) we have ||h ca@) < Cn?||ul/c2.a. Then
(10) follows from the standard elliptic estimate. O
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A. Useful tools for functions in perforated domains
A.1. Extension operators

Let Q¢ as defined in Section 1.1. We use Q¢ to denote the domain obtained by filling
the interior holes. Note that the (modified) boundary holes are left untouched and
we see 0§2° = 082

ext*

Proposition A.1. There exists an extension operator £ : H'(QF) — HY(¥), and a
universal constant C' >0 such that, for any we H'(Q°), Ew is in H'(QF) and satisfies

Ew=w in ¥, [Ewl e < Cllwliz@, [VEW) 2@ < ClVelz@. (52

If w is also in V., i.e.w vanishing in OSY,, then there exists an extension such that

Ew € HY(Q) and the above estimates hold with QF replaced by Q.

Proof. Such extensions are classic; see e.g.[5, 14, 15, 24]. We recall the key in-
gredients. Without loss of generality we assume 7T is simply connected subset of
B = B;(0). Basic Sobolev spaces theory allows us to find an extension operator P
that maps H'(B\T) to H'(B) and a universal C' > 0 so that, for any v € H'(B\T),
Pv € HY(B) satisfies

Pv=v in B\T, [[Pvleas) < vl@sa, 1VP)les < 10l
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Then for w € H'(B\ T) above, we apply P to the mean-zero function w — fB\Tw
and then add the mean term back; that is,

Ew(y) = fprw+P <w — fB\Tw) (y), y € B.
We check that Ew € H'(B) and £w = w in B\ T. In view of the inequalities
Fozv| < Clwlam and o = fozwlmn < CIVelamm,
we also have

1wz < Cllwll 2y, VIEW) 2y < ClIVWl 27

For each of the inequalities, the norms on both sides involve the same order of
derivatives and integrations, and are hence scaling invariant. Therefore, given w €
QF, we can extend w in each e-cell e(k + Q1) by rescaling. More precisely, focusing
inside e(k 4+ nB), we define

Euwly) = (€ ek + ) ( —ch

€n

), y € e(k+nB).

Glue those extensions and keep the value of w elsewhere; we get £. The estimates
(52) hold due to the aforementioned scaling invariance. In case w € V., we set w by
zero in the boundary holes. The desired estimates hold clearly. [

As an application, those extension operators can be used to prove the following
Poincaré type inequality.

Corollary A.2. There is a universal constant C' > 0 such that
w120 < CllVwllia@e),  Vw e Ve (53)

Proof. We apply the extension operator in Proposition A.1 to get Ew € H(Q), to
which the usual Poincaré inequality can be applied. (53) then follows from the last
inequality of (52). O

Remark A.3. We also refer to [3] for an alternative proof of (53) which does not
rely on the extension operators and hence applies to more general, namely macro-
scopically connected, holes. O

A.2. Trace type inequalities

In the proof of the basic energy estimate in Section 2.1, we need the following trace
type estimate, where the parameter £, is defined in (16).

Proposition A.4. Assume that the geometric set-up conditions (A) hold. There is
a universal constant C' > 0 so that, for all ¢ and n, the following holds:

||w||L2(aQ§ ) S CligjnHwHHl(Qe), Vw - Hl(Qe) (54)

int

We refer to Lemma 2.1 of Conca and Donato [15]. The proof there is based on a
careful computation of the trace and volume integrals inside each e-period. The
above estimates are much sharper than what one gets from a naive rescaling of the
usual trace estimate, as the latter only yields a rough bound of order O((en)2).
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