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1. Introduction

We consider the boundary value problem

—div(a(z,u(x))Du(x)) = f(x), x€Q )
u =0, x € 0N

where () is a bounded open subset of R®, n > 3, f,u : & ¢ R* — RY and

a: QxRN — RN*? is matrix valued with components a; ’5(13, u) where i,5€{1,...,n}

and o, 8 € {1,...,N}. Note that the first line in (1) is a system of N equations of
the form

N

3o, (z > ay

Jj=1 B=1

quu)zfo‘ a=1,...,N. (2)

We want to show the existence of a bounded weak solution u :  C R® — R for
the problem (1) under suitable assumptions on the coefficients a"’ (7,u) and on the
datum f. The main feature in this study is a kind of degenerate ellipticity, that
is, ellipticity that vanishes when |u| is large. This topic has been studied when (2)
is a single equation, that is, N = 1: a priori estimates are contained in [2], exis-
tence results can be found in [9, 10, 14, 34, 40], uniqueness is studied in [38], lower
order terms appear in [8, 11, 12, 15, 16, 18], the nonlinear case has been dealt with in
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[1, 11], regularity for the gradient is contained in [24], the anisotropic case can be
found in [5, 22]|. Let us also mention [23], where the right hand side is in divergence
form, that is f = —divF, and [4], where the biharmonic operator is considered.

In the vectorial case N > 2, existence of bounded solutions for elliptic systems (2) is
a delicate matter: De Giorgi counterexample says that, in general, it cannot happen,
see section 6. In order to keep away such a counterexample, we need some additional
assumptions on coefficients a; o #(7,u): to this aim, we require that the support of
u— a®P’ ¥ (w,u) is confined in a butterﬂy” set, see assumption (Ajz) and Figure 2.1 in
the sequel. Precise assumptions and our result are in section 2; in order to prove it,
we use an approximation argument: we consider auxiliary non degenerate problems
and we derive estimates in section 3; then, in section 4, we pass to the limit and
we get the result for the degenerate system. An example is given in section 5; such
an example shows that the aforementioned condition on the support helps us to
deal with systems that cannot be treated using the structure conditions employed
n [7, 19, 20, 28, 42]. Section 6 is devoted to De Giorgi counterexample and its
application to the present situation.

2. Assumptions and a first result

Foralli,j € {1,...,n} and all o, 5 € {1,..., N} we assume that aaﬁ OxRY - R
satisfies the following conditions:

(Ayg) x> a; ’ﬁ(a: y) is measurable and y — a; (:v y) is continuous;
(A1) (boundedness of all the coefficients) there exists ¢ > 0 such that |a§ff (x,y)| <c
for almost every x € Q and for all y € RY;

(Az) (degenerate ellipticity of all the coefficients) there exist constants v > 0 and
6 € (0,1) such that

N

5> €
IPIALTECE 2 T Iy

a,f=11,j=1

for almost every x € €, for all y € RN and ¢ € RV*™;

(As3) (support of off-diagonal coefficients) there exists Ly > 0 such that for all
L > Ly we have

(a3 (z,y) #0, |y*|>L) = |y°|>L.

Please, note that (Aj3) is always fulfilled when o« = §; on the contrary, when « # 3,
(As3) forces the support of a%ﬁ (x,y) to be contained in the grey region of Figure 2.1.

The assumptions on the support of off-diagonal coefficients are sometimes used when
dealing with elliptic systems: in [37] off-diagonal coefficients a;' of (7, y) are required
to vanish when y is large; in [41] the system is assumed to be trldiagonal, that is,
aff = 0 for § > «; [32] and [33] require that the support of afff (x,y) is confined in
squares along the y® = +y” diagonals; in [30] various conditions on the support are
given; [29] requires a stronger condition than the one in the present work.
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. N . 2 . .. .
As far as f is concerned, we assume that f € L™(Q,R"Y) with m > 55 this implies

that v — [, fv is a linear and continuous functional on Wy ?(Q,RY). Note that,

when n > 3, % = (2*)', where 2* = 2 is the Sobolev exponent and p’ = - is
n n P
the Holder conjugate of p.
ya
8
afy =0
Ly
B
— I y
w8 _
ai7j — O

Figure 2.1: Assumption (Aj3): off-diagonal coefficients a?ff vanish on the white part

of the picture; they might be non zero only on the grey part.

Theorem 2.1. Under the assumptions (Ao), (A1), (As2), and (As), with n > 3,
fe L™QRY) and 3 < m < n, there exists a bounded weak solution u of the
problem (1), that is, there exists u € W, 2(Q,RN) N L®(Q,RN) such that

/Q 5™ 6w, u(e)) Dy () Dig® () = / > e )

a,f=11,j=1
for all o € Wy (Q,RN).

Remark 1. If we drop assumption (Asj), then Theorem 2.1 is false, in general, see
section 6.

Remark 2. Assumption (Aj3) is used at the beginning of the proof in order to get
equality (7).
Remark 3. Note that our result is valid for § < 1. Indeed, in the present vectorial

situation we cannot argue as in [9] and [1], where the scalar case and 6 < 1 is dealt
with. We take advantage of the technique in [14] that requires § < 1.

Remark 4. An example for our Theorem 2.1 is given in section 5.

Remark 5. Assumption (Ay) says that degeneracy in the a equation of system (2)
occurs when u® is large; on the contrary, in [13] degeneracy in the « equation occurs
when u” is large, with 8 # a and o, 8 € {1, 2}.

Remark 6. Our Theorem 2.1 deals with right hand side f € L™ when integrability
exponent m is bigger than n/2. It would be nice to deal with case m < n/2: we
leave it to some future work.
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3. Approximation and estimates

We set a2 (z,y) = afff(x,y) + $0a,30;; with

1,7,k
b=
’ 0 ifi#j.
We consider the following family of approximate problems

(Pr) — 2 Di (Z?ZI g (2, “k)Djufj> =fo, e
ur =0, x € 0.

We want to show the existence of a weak solution for each problem (P;), that is a
function u, € Wy(€, RY) such that

/ S S a0, (0, (0)) Dyl () Dy ) — / Zfo‘ o 3)
a,f=11,7=1
for all ¢ € W,?(Q,RY). Let us first give some properties of the coefficients a; f e

From assumption (.A4;) it follows that
(Al) |a2]k(x y)’ §C+1

Using assumption (As) we have the following non degenerate ellipticity condition

ZZaMyuf

a,f=11,7=1

(o) ZZ P(z.y)€8E) + kZZé,ﬁé,@é

a,B=11,57=1 a,B8=11,5=1
N
€22

1
>vy ]
_VFJLHWW Al

In the last line, +]¢|* makes a; f . hon degenerate, so we can apply the surjectivity

result of Leray-Lions, see [35]. This gives the existence of a weak solution uy for the
problem Py, that is, there exists u, € Wy (€, RY) such that (3) holds true for every
o €Wy 2(Q,]RN). In Lemma 3.1, arguing as in [14], we prove that weak solutions
uy to problem Py are bounded. We first recall the following elementary inequalities
that will be used in the proof of Lemma 3.1. We have

Zaﬁ <M (Zaa) , (4)
and (Z aa) < MPZ(aa)p, (5)

provided a, > 0 for all « € {1,..., M} and p > 0.
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Lemma 3.1. Assume that f € L™(Q,RY) with 2 < m < n and let w, be a weak
solution of Py. Then the norms of ug in L>(Q,RN) and in W, (Q,RY) are bounded

by a constant which depends only on Lo, 0, m, n, N, v, |Q| and the norm of f in
L™(Q,RY).

Proof. For every L > L := max(1, Ly), let us define the function

0 it |s| < L
Go(s) = =
r(s) {S—Lﬁ if |s| > L,

and let us consider as test function in (3) the function ¢ € W,*(Q, RY) defined as
o= (gh o) = (Gulub),.... Crlu)): (6)
let us remark that, using the notation Af ; = {z € Q : |u(z)| > L}, we have
D;p® = D;Gr(uy) = DiuglAg’L,
where 14(x) =1 if € A and 14(x) = 0 otherwise. Using (.A3) we obtain

35 ue()) g, (1) = 35 (o, ) Lag, ()10 (). (7)

Now, let us also remark that by definition of the coefficients &;x]ﬁ . and in view of (7)
and (Ajz), we have

SN @ (@ wn(@) D (x) Dy (z) =

a,f=11,5=1

N n
«a 1 «a
= Y ) (@7 (ww(x)) + E5a,ﬂ5i,j)Djug($)Diuk(iv)lAg,L(fv) =

a,8=114,j=1

=> > af (:B,Uk(ﬂf))Djug(ﬂf)lAgL(ﬂf)DiU?(ﬂi)lA;L(93)+

a,8=11,5=1

N n
1 o
+ Y E5a,ﬂ5i,ijuf($)Diuk(x)lAg,L(x) >

a,8=114,j=1

|Dup(2)Lag, (2) L&

”Z T Tt * 2 2o flDai @, () 2

N | Dug () Lag , (@)
2Ty g (2)])?

a=1

v

v
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Therefore, if we substitute the test function (6) in (3) we get

/QZfo‘(x)gp (x)dz =
/ Z Z a”k 2, up(x)) Dy} () Dig® () da >

a,f=11,j=1
/ Z |Duk’21Ao‘ Z/ |Duk|2
(1 + Jug|)? o (14 |uk
From the previous inequality and using Hélder inequality we have

S, e < LS =%, rou

1 1
N e N Y
< S e, ( / |GL<uz>|m) <o) ( / |GL<uz>|m) ,
a=1 A(I:,L a=1 A%,L
where m' = "= and Cy := ||f||zm(q) (here and sometimes in the sequel, we drop

the target space RY); then, we have in particular

1
m’

Z/ 1‘?&([' sz (/ G ()™ ’)m , (8)

Now, for any 1 < o < 2, using Holder’s inequality with exponents % and ﬁ, (4)
and (8), we get

1+|u
N g 2—0
P \* / 2\
S A+ lhs ) <
Z( i)\,
o 2—o
N 3 N =
Dug? -
= / T e | 1+ Jug])>=e <
;< kL <1+|uk|)9 ; kL ’

2—0o

/ (
A(Jt

| Dug| 5 N 2\
<N L : / 1+ |ug|)z-s <
< Z/a 1+1u&|) Z(( ) ) <

C , ﬁ 2 N . 2

<N fz(/ |GLuk>|m) Z(/ <1+|uz“|>2—a)
a=1 k,L

nm

Since § < m < n, we can choose ¢ = +—; it results that 1 < o < 2 and
nm+m-—n

2—0o

the exponent ¢* = is equal to m’.

n—o
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A simple use of the Sobolev embedding theorem gives
G L) 4z ) = NG o ag ) = 1GL(@) |2 @) (9)

< Csl|DGL(up) o) = Cs|DGL(ui) e ag ) = Csll Dugl| Lo ag

k,L)’

where Cs := (n—1)o/(n— o). Then, using (5) and the last two inequalities, we get

N g N N
D R oL 0 o) ALY
a=1 a=1 a=1 k,L

< NoHL (Of05>2 (
- v

N g N
CiCg )\ 2
« o+1 fYs
(;l!Duk\lLo(Ag,a) < N7T <T) >

therefore

N g o
c.C
(Z ||Dug||La(AgﬁL)> S N20+2 (ﬁ)
a=1

-

||Du?HLG(Ag,L)>

then

v

Then, using (4) and (5) we have

N
Z ||Duk||LU(Ag7L) <N (
a=1

< s (S ) f(/ 1+|uzr>f—"a>2 < (10)

o
1[]=
-
<
=L
=
q

C(;
Q
\_/
Q
|

a=1
o N 2—0
c:C
§N2”+5< ! S) Z(/ (1+ lug])> ) .
a=1
Now, for any a = 1,..., N we want to give an estimate from above of the following
integral

],

k,L

(1+ |uzr>f"o) (11)

depending on || Dug|[zs (40 ,) and on the measure of A ;. First, let us remark that,
since L > max(1, Ly) > 1, it results that

L+ |ug(v)] < 2(L + |Gr(ug(x))]), forallz e A} ;. (12)
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Then, using (5) we have

2—0

2—0
_bo o a o
(/ <1+\uzr>2—o> < (/ 22—6<L+|GL<uk>|>z—a>

2—0o
< ( / 2752775 (L 3% +|GL<uz>|f”o>> (13)
Aoz

k,L

2—0
o o o
:2290' LzU’Ak,L‘+/a ‘GL(uk)‘ )
k,L

B 2—0o
<2 L@”|AziL|2—“+( / |GL<uz>rf"o)
k,L

We recall that 6 < 1; so, it results 57> < 57 and it is easy to check that ;= < o*

since m > Z. Then, in the followmg relatlon we apply first Holder 1nequahty with
exponents Zz > 1 and its conjugate %,
2—0o

finally Young inequality with exponents % and 1—19

( N \GL<uz>|f”a>2_U < ( [, e

o (2— o') 0o

then Sobolev inequality as in (9),

90’

0'*) ‘A | o*(2— a) 6o

CF I DURNI% az ) 1A o=

0)790

= GL)%% (e ) 1AL (14)

(2—0)—6o
<ot (5\|Duknu— ag) + Caldz | )

where 6 > 0 can be arbitrarily chosen and Cj5 = 5719, Since m > 2, we have

27
o< 2 and
n—1

(2—0)o* —fo
2 .
TS T o0—g)
(2—0)o* — o o
2 gt 1—erZ
moreover o 1=0) o+ 1—6( o+ n)

*(2—0)—0 - .
sothat g, |7 T = |Ag o] Ag |0 < A el 0o,

Then, putting together (13), (14) and the last inequality, we have the following

estimate of (11):
2—0
<207 | LY AR P70 + (/ |GL(UZ)|20:"’>
wL

(/ha " |uz|>f—“a>

c*(2—0)—00
< 20 LA P 4 200 (GNP )+ ColA7s )

2—0

—0 o 0o allo o (o Teg(l-0+7 @ 7
< 22707\ A2 1277 4 2200 O Ol Dugl|Zecag ) + 2207 CE G| TR AR P

_ 2200(L00 + 02005|Q|%(lfoJr%))'Ag’LF—a + 22600305“DU2H20(A%7L)
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Now, from (10) and the last inequality we have

C’C o N 2—0o
o S N
> g, < 6 ()3 (/ W '“k”“)

k,L

a=1

v

CiCs\” :
§N2”+5( f S) ZW’(L@“+O@"Camlﬁ“*"*ﬁ))lA?,LF“’

a=1

o N
20+5 CfCS 200 0o allo
+ N (T) 22 CS 5||Duk||La’(Ag’L)

a=1

Choosing § sufficiently small (for example § < % 5 NQU - <1+Cyfos> 22901020)7 we have

N CrCs\° & 6
S D0l < 20005 (L) S o (ue s ciotst o Dl e
a=1

a=1

To simplify the notation we set
CiCs\’ CiCs\° -
Cl — 2N20+5 ( fy S> 22907 02 — 2N20+5 ( fy S> 2290021006|Q|13;0(1—0+;)’

so that the last inequality becomes

N N
> IDw e e ) Z (CLLY + Co) | AR P

By Sobolev’s embedding as in (9) and the last inequality we obtain

ZHGL U T (g ) < CSZHDGL W Zoag ) =

a=1

=Cs Z 1DUNTe ag ) < CEOLLY + Co) Z AL

a=1 a=1

By our choice of L > 1, we have Cy < CyL%; then, setting C' := CZ(Cy + Cy), we
can write

N N

a\||o (2o « —0
Z ||GL(uk)||LU*(AgyL) <CL Z |Ak,L|2 :
a=1 a=1

Since m > 7, then 2 — o = % + ¢ for some ¢ > 0; then we can write

N i N
> ([ ) <o 3 e
a=1 k,L a=1

Let us remark that for all h > L > 1 it results

|Gz [ 16l = k- 0y

k:,hl;
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fed

then (/ |GL(U%)|0) > (h— L)J|Ag,h|‘%-

Putting together (15) and the last inequality, we get

N N i N
=D Y A < Y ( [ e ) < o1y LAy )
a=1 a=1 a=1
. LQC’ Y .
then Z |AZ |7 Z |AS |
Now, using (4) and (5), we have
N G N o N
« < a % N?CLOU a | Z+4e
(Suat) " <o Sl < GO S gl <
a=1 a=1 a=1

T+e

SNU* LeaN (ZM >a

N C’ N 1+eZ-
that is Z |AR | < WLGU* (Z \A?,L’) (16)
a=1 a=1

where C := N(C’N)§. Now, we define the function 1 : [L, +00) — [0, +00) by

N
h) =) |A,l
a=1

let us remark that the function 1 is decreasing and, in view of (16), we can say that
for all h > L > L it results

C

oL e

¥(h) <

Then, we can use a variant of Lemma 4.1 at page 93 of [39] that we write for the
convenience of the reader, see Lemma A.2 in [14], Lemma 2 in [27], Lemma 2.3 in
[22] and Lemma 2.3 in [21].

Lemma 3.2. Let c,,«, 3,7 be positive constants. Let ¢ : [L,+00) — [0,400) be
decreasing and such that
c, e

< ———[y(L)]° 1
Y(h) < (h—L)aW( )] (17)
for every h, L withh > L > L >0. If 3> 1 and v < 1, then we have (L +d) = 0,

where d = {Ac,[ih( (L)]P1oab/(B= )}1/a

and A = max {@m; [2 (e 1255 5} } |
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In view of the previous lemma, we deduce that
N

¢(E + d) = Z |Ak L+d| =0.

a=1

Let us note that ¥(L) < N|Q[; then we have
ud(z)| < L+d, foralla=1,...,N, a e inQ,

that is, the norms of functions u$ are bounded in L>(Q) by a constant C* := L +d
depending only on Lg, 8, m,n, N, v, || and on || f||Lm ).

Now, it remains to show that also the norms in VVO1 () are bounded. Taking uy, as
test function in (3) and using assumption (As), we have

/Zfa )iz dm_/zzamﬂfuk ))Djul (z) Dl (z)dx =

a,B=11,j=1

/ Z Za , ug () Dyul () Dyl () daz+
a,f=11,j=1
/ Z Z M%D ul (x) Dyu (x)dx >

a,B=11,j= 1
’Duk| 2
/Z +|ug\9_ 1+C* Z‘Duk‘

since [|uf]| o) < C* for all k; we have

(1+C*)? 1L+C*)f
» Z D < / Zfa oz < L oy g

since f € L™(Q,RY) with m > 2 it follows also f € L'(Q2,R") and the boundedness
of wuy, in Wy (Q, RY) is proved. O

4. Passing to the limit: Proof of Theorem 2.1

Proof of Theorem 2.1 In Lemma 3.1 the boundedness in L>(2) and in W,"*(2)
is proved for the sequence of solutions wu; to (3). Then we can say that there
exists a constant K such that |[ug||z~@) < K and ||U1<:||W12 < K for all k € N.

Boundedness of wuy in VV0 ?(Q) implies the existence of a subsequence uy, weakly
converging in W,*() to a function v € W,?(Q), that is uz, — u. Moreover,
by Rellich-Kondrachov embedding Theorem, Sobolev space W,(2) is compactly
embedded in L?(Q); then, there exists a subsequence U, strongly converging to u

in L?. From L? convergence we get pointwise convergence almost everywhere, up to
a further subsequence.
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To simplify the notation, we can say that there exists a subsequence uy, such that
up, —u in Wy2(Q),
ug, —u in L*(9),

Uk, () = u(z) a. e in (18)
[yl @) S K, uky [lyr2q) < K

Pointwise convergence and L* bound show that u € L*>(Q2). In (3), written for the
elements of subsequence ug, , we pass to the limit as A — +o00 and we want to prove

AgkLESEJMMwwA»D%<ﬂmmmm:

a,8=11,j=1

/ Z Za ))Dju’ (x) D™ (x)d.

a,8=11,j=1

Indeed, we have

a5y, (2, up, () Dy () Dig® () dar+

a,B 1i,5=1
/ Z Z ))Dju’ (x) D™ (x)dx| =
a,f=11,j5=1
(s () Dy, (2) D () v+
a,B 1,5=1
/ Z Z aﬁaup up () Dig®(z)da+
a,B=11,j= l

/ Z Za z,u(x))Dju’ (x)Dip® (x)dw

a,f=11,j=1

<

azy (@, uny (x)) — agf (@, u(@))] Dyu, (2) Dy ()| +

aﬁ 14,j=1

+/ZZ Dy () Dy (x)dx

a=1 i=1

+ / Z Z )[Djuy, () — Dju’ ()] Dig (z)dx

a,f=11,7=1

=l + 11+ 11].

+

Let us estimate the three items in the last sum.
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Using Hoélder’s inequality and boundedness of the sequence uy, in I/VO1 2(9) we get

/Z Z ” (2, ur, (2)) = ?Jﬁ($7“(x))]Djugk(if)Di@a(m)diﬁ

1

a,B=11,j=1
N n %
<5030 Y ([l o @) — @) Pt k) (19
a,f=1ij=1
For any 7,7 = 1,...,n and for any o, 8 = 1,..., N, using pointwise convergence in

(18) and contmulty of functions y — a;" P(x,y) we have that

]a%ﬁ(w,ukk(:ﬁ)) - afff(:c,u(m))\2|Dicp°‘(x)]2 =0 as \— +oo;

moreover from (A;) we have

jafy (2, un (2)) = af (2, u(x)) P| D™ (2)]* <
< (a3 (x, un, (2))] + [afy (2, u(@))*| Dig® ()* <
< (c+e)’|Dip™(2)|* € LY(Q);

therefore by dominated convergence theorem we have that

1

(/Q \aﬁf(m,ukx(x)) — a;ff(x,u(x))|2|Dig0a(x)\2d:c) — 0 as A — 4o0;

this and (19) imply that [ tends to zero as A — +o00. In view of the boundedness
of sequence uy, and using Holder’s inequality we have

I, =

/ZZ]{;DUM

a=1 =1

1 (03 «
S ZZ 1D, |2 | D™ 2 <
a=1 =1

1
< k_/\nNKHSD“W(}!Q(Q,RN),

so that Il tends to zero as A\ — +o00. Finally, since u@ —uf in W, 2(Q), it follows
that for any i, = 1,...,n and for any o, 3 =1,..., N we have

/Qagf(x, u(x))[D]qu(x) — D’ ()] D™ (v)dr — 0 as A — +00;

then also I11; tends to zero as A — +o00. This ends the proof of Theorem 2.1.
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5. Example

Let us consider N = 2 and set 0 < 0 < 1; let us take

1 1
(T4 Jyo)?2 (14 [yP])7r

a (z,y) = 6,597 (y) (20)

where ¢; ; is the Kronecker symbol defined at the beginning of Section 3, the map
P . R? — R is continuous with

P (y) =2 (21)
and a# B = 0<¢(y) <1 (22)
moreover «a # 3 =  support of v*’(y) C {y € R*: |y*| < |v°|} (23)
as it is shown in Figure 5.1.
o
yﬂ

Figure 5.1: Assumption (23): when o # 3, the support of ¢*# is contained in the
grey part.

The last condition (23) implies (Aj3) for every Ly > 0. Furthermore, (Ap) and (A;)
are satisfied with ¢ = 2. Let us check (Ay): we have

2 n B
«, « (6% 5’? f
> S g = Y 3 6,0 e o

a,f=11,5=1 a,f=11,5=1
_ Z Zwﬁ &' &
a,f=1 i=1 1+|Z/"|)9/2 (1 + [y?])or

_ 1,1 & 12 & &
‘;1” W) T <1+\y|9/2 Zw ) Ty 72 T+ )P

_'_il/ﬁ,l( ) 552 gzl +Zw2,2( ) 612 €z2
AR W e T & Y T )R (1 )

|€1|2 4 [¢1,2(y> 4 ¢2,1(y)] i gzl 5@2 + ) |€2|2 .
(1+[y'])? (L [yt Do (L4 (2D (L )
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we note that 0 < ¥?(y) + > (y) < 2 and

- & &
ZZI T+ 1yt (L + 12?7

n é.l 21/2 n 52 21/2
= [Z (<1+\y1|>9/2) ] [Z (<1+\y2\>9/2) ]
Ly g V., 1y g Y
Si;((lﬂyll)eﬂ) +5§(<l+|y2\>9/2>
1 JER 1 e
201+ [y)? 21+ y3))?
Then
) S = CEep e
W)+ 21+|y|6/2 RN e RN R CE ek

=1

Now we are ready to check (Az): we have

Z Za (2, y)&¢;

a,f=11,j5=1
P | e g e e
=2y WO WL e g ey
S R < N
Gl A+ O+ 2 2+ )
&P ep

T A )

Thus, (Ay) holds true with v = 1. Then, our Theorem 2.1 can be applied to the
present example. On the contrary, this example cannot be handled by means of [31]:
in order to show that, we further require that

D2 (yn) =1 (24)
for every M € {1,2,3, ...}, where
ym = (M, M +1). (25)

Note that, in the quasilinear case, [31] requires that there exist constants ¢; €
(0,400) and ¢ € [0, +00) such that

'Y
e B3 [FOL 20

B=11,5=1

for every v =1, ..., N, for every y and &, for almost every .
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We now show that this cannot hold true in our example. Indeed, in our example
N = 2 and we can take v = 1, y = yy, so that (26) becomes

12 -
P oS b gl Y !

1+ M)° ij—1 ij=1
_ 218 12 - & &
T (1+ M) Y (yM>;(1+M+1)9/2(1+M)9/2’

we can take ¢' = (1,0, ...,0) and & = (¢,0, ...,0) so that (26) now reads as follows

C1 2 t
A< :
A1) 2SO a)yP (T M+ 1)1+ M2

(27)

but it is false when ¢ goes to —oo; this shows that (26) cannot hold true and [31]
cannot be used to deal with the present example. Now we recall assumption (H3)’
in [42]: in the quasilinear case it requires that

<ZZa (+.9)&/€] (28)

p=11,5=1

for every v =1, ..., N, for every y and &, for almost every z. This cannot hold true
in our example. Indeed, in our example N = 2 and we can take v = 1, y = yas, S0
that, considering ¢! and &2 as before, (28) reads as follows

2 t
0< :
STy T A+ MR+ MR

(29)

but it is false when ¢ goes to —oo; this shows that (28) cannot hold true in our
example. Let us now recall assumption (As) in [28]: in the quasilinear case it
requires that

0<ZZCL (z,9)€] [(Id —b@b) €]7 (30)

a,f=11,5=1

for every y € RY, for almost every z € Q, for every £ € RV*" for every b € RY
with |b] = 1, see also [20], [7]. In [19], inequality (30) is required for |b] < 1. Note
that, when N = 2, (30) implies (28): take first b = (0, 1), then b = (1,0). Since we
are in case N = 2, failure of (28) implies failure of (30); so, our example does not
verify (30).

6. Remarks on De Giorgi’s counterexample

Concerning De Giorgi’s counterexample we refer to [17], page 54 in [25], page 183
n [26], Section 3 in [36], page 86 in [6] and page 99 in [3]. In the sequel we adapt
it to the case in which the boundary datum is zero. De Giorgi counterexample says

that the unbounded map u(z) = =i IW is a weak solution of the system

) (z a:ﬂww) S0 et

i=1 B.j=1
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when x € B(0,1) C R"; here, B(0,1) is the open ball around 0, with radius 1;
moreover, n > 3,

y = g {1-[2n—22+1""2 >1

and 0 () = Ga,p 655 + (@) bs (@)
with bai(x) = [(n —2)0a, + nT;Tg

This means that « € W?(B(0,1), R™) and

n

/ ( > af (@)D’ (2) D" (x)dz = 0

BOL) a,p,i,j=1

for every ¢ € W,*(B(0,1), R™). Note that b,,; € L®(B(0,1)) and

n

> afPa)gfer = 16 + (b(x), €)% > ¢ (31)

a,B,i,j=1

Let us remark that u(z) = z on 0B(0,1): in order to have zero boundary value, we
need to consider the difference v(x) = u(z)—z; it turns out that v € W, *(B(0,1),R")
and

/01 S () D () D / () Dy Dy (2)

aﬁzg 1 Ol)a,é’zj 1

for every ¢ € W, (B(0,1),R"). Let us set F*(z) = — 2 a; | P(x)D;z’; then
B.j=1

[ > wwnp@pe@e= [ Y m@Dne e
B(0.1) o f7 -1 B(0,1) o =1

for every ¢ € Wy*(B(0,1),R"). Note that £~ € W'(B(0,1)) N L>(B(0,1)) for
every p < n; since 3 < n, we can take p > 2 and, integrating by parts in the right
hand side, we get

J,

if we set f(x) = Z —D;F*(z), then
i=1

n

@D ) D ()ds = [ 37 DR ()6 (o)

B(0,1)

Ol)aﬁzg 1 ayi=1

n

/, 5o > oD D e = [ >t 32

aﬁzg 1 B(0,1) a=1

for every ¢ € W,*(B(0,1),R").
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Note that f* € LP(B(0,1)) for every p < n; this means that p can be chosen
larger than %; since (31) holds true, v is the unique solution to (32); moreover, v is
unbounded; thls means that, in general, for systems, we cannot hope for existence
of bounded solutions v € W , unless additional conditions on coefficients a;' ’ﬁ are
assumed. This was done in thls paper by requiring that off-diagonal coefﬁments a; ’6
have a “butterfly” support. When dealing with this kind of systems, we have to do
a different approximation: compare our choice of approximate coefficients, in the
second line of Section 3, with the one made in (2.3) of [14], when dealing with a
single equation.
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