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We establish the existence and uniqueness of weak solutions to first-order discount mean field
games and a stability result to give the existence for the ergodic problem. We show an example
to illustrate the multiplicity of weak solutions to the ergodic problem. With this motivation, we
address a selection condition, which is a necessary condition that any limit of solutions under
subsequence satisfies. As an application, we show a nontrivial example to get the convergence of
weak solutions.
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1. Introduction

In this paper, we consider the stationary first-order discount mean field game systems
with a local coupling

eu + H(x, Du®) = f(x,m®) in T4,

(1)
em® — div(m®D,H (xz, Du®)) = ¢ in T%,
where T? is the d-dimensional flat torus identified with [0,1]?, and ¢ is a given
positive number. The functions H : T x R — R and f : T¢ x [0,4+00) — R
are given continuous functions. Here, u® : T¢ — R and m® : T¢ — [0, 00) are the
unknowns.

Mean field game (MFG) systems have been introduced simultaneously by Lasry
and Lions [18] and by Huang, Caines and Malhamé [15] to describe the optimal
strategies of a population of agents and their macroscopic distribution. These games
are often determined by a system of a Hamilton-Jacobi equation coupled with a
transport or Fokker-Planck equation. In this paper, we focus on deterministic games,
and therefore we consider the first order Hamilton-Jacobi equation coupled with a
transport equation. From a perspective of mathematical analysis, these systems are
not monotone systems, and not uniformly elliptic. For first order MFG systems in
which the coupling f is of nonlocal nature, the existence and uniqueness of solutions
are well-understood (see [19]). On the other hand, in the case of local couplings,
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in general, we cannot expect the solvability in the classical sense, and therefore it
is reasonable to introduce the notion of weak solutions. Recently the framework of
weak solutions has been developed. See [1, 4, 5, 8, 13, 24].

Our main interest in this paper is to establish the well-posedness of weak solu-
tions to (1), and to study the asymptotic behavior of the solution (u®,m®) as the
discount factor vanishes ¢ — 0. We call this asymptotic problem the vanishing
discount problem. As an analogy with the study of the vanishing discount problem
for Hamilton-Jacobi equations (see [7, 17, 22]) and also for discount MFG systems
(see [11]) we can naturally expect that the limit problem of (1), which is called the
ergodic problem, is described by

H(z, Du) = f(x,m) + X in T¢,
{ (2, Du) = f,m) + o

—div(mD,H (z, Du)) =0 in T,

where u : T — R, m : T? — [0,00) and A € R are the unknowns. We call
A an ergodic constant. The ergodic problem (2) appears in many contexts of the
asymptotic problem of MFG systems. For instance, we refer to [3, 5] for the study
of the long time average of solutions.

The discount problem naturally arises in optimal control theory and differential game
theory, where ¢ is a discount factor. In recent years, there has been much interest
and progress on the vanishing discount problem for Hamilton-Jacobi equations. The
ergodic problem for Hamilton-Jacobi equations is given by

H(x,Dv)=c inT% (3)

where v: T? — R and c€R are the unknowns. One of the standard ways to establish
the existence of viscosity solutions to (3) is to consider the solution v° € Lip(T¢) to
the discount problem

ev® + H(x,Dv?) =0 in T,

and pass to the limit as ¢ — 0. Under a coercivity assumption on the Hamiltonians,
we can easily get an a priori estimate on || Dv®||pec(14), and by the Arzeld-Ascoli
theorem, we can prove that there exists a subsequence {¢;};eny with ¢; — 0 as
j — oo such that for some (v,c) € Lip (T?) x R,
v = —¢, 0¥ —minvY v in C(T%) as j — oo.
T

Here, it is worth emphasizing that due to the lack of uniqueness of viscosity solutions
to (3), it is nontrivial whether the whole convergence of v —mings v© holds. Recently,
the convergence to a unique limit and its characterization has been established in
[7, 17, 22] using weak KAM theory, the nonlinear adjoint method, and the duality

method, respectively. We also refer [20, 28] and the references therein for further
development.

For second-order MFG systems which are uniformly elliptic systems, the vanishing
discount problem is studied in [6, 21]. For first-order MFG systems, in [11], the
authors study the existence of classical solutions under the specific Hamiltonian
H(z,p) = 5|p|* + V(z) with a small oscillatory potential.
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In this setting, since the ergodic problem has uniqueness of solutions up to constants,
the convergence of the whole sequence is rather easily proved. We also point out
that in the argument in [11], the specific form of Hamiltonian is crucial. However,
if one considers weak solutions, then the multiplicity of weak solutions to (2) rather
naturally appears. In [11, Section 2.2], the authors consider a weak solution which
is introduced in [8], and show an example to illustrate the non-uniqueness issue (see
also [12]). This multiplicity of weak solutions makes the asymptotic problem harder
and more interesting.

The main feature of this paper, compared particularly to [11], is the study of the
vanishing discount problem in a different framework of weak solutions which are
introduced in [4, 5, 13]. In [8], the authors construct weak solutions based on
variational inequality techniques and Minty’s method, and on the other hand, in
[4, 5, 13], the authors introduce weak solutions by using variational structures and
the Fenchel type of duality theorem. For a comparison between these two notions
of weak solutions, we refer the reader to [8].

The main contributions of this paper are firstly a proof of existence of a unique
weak solution in the sense of [4, 5, 13] to the discount MFG system (1). Next,
we get a stability result for (u®,m®) as ¢ — 0, which is a new way to prove the
existence of weak solutions to the ergodic problem (2). Moreover, we prove that
the limit function satisfies a viscosity supersolution property, which will be clearly
explained in Section 3. We also show an example to illustrate the multiplicity of
weak solutions to the ergodic problem. With this motivation, we address a selection
condition, which shows a necessary condition that any limit of solutions under sub-
sequence satisfies. By using this condition, we show a nontrivial example to get the
convergence result. In connection with the non-uniqueness issue on weak solutions
to the ergodic problem (2), we give several uniqueness results. We explain the main
results in the next sections in more details.

1.1. Assumptions

Throughout the paper we assume the following conditions:

(H1) The coupling term f : T¢ x [0,00) — R is continuous in both variables,
strictly increasing with respect to the second variable, and there exists ¢ > 1
and C' > 0 such that

%|m|q_1 —C < f(z,m) <Cm|*™ ' +C  for all (z,m) € T¢ x [0, 00).
By replacing H and f by

H(z,p) := H(x,p) — maxqa f(-,0) and f(xz,m):= f(z,m) — maxqa f(-,0)
if necessary, we can always assume f(z,0) < 0 for all z € T without loss of
generality.

(H2) The Hamiltonian H : T¢ x RY — R is continuous in both variables, strictly
convex and differentiable on the second variable, with D,H continuous in
both variables. Moreover, there exists » > 1 and C' > 0 such that

1
E\plr —C < H(x,p) <Clp|"+C forall (z,p) € T x R (4)
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For later purposes, we define F': T¢ x R — R U {+oc0} by

" f(x,s) ds ifm>0
F(z,m):= fO f(,s) -
400 if m < 0.

It follows that F is continuous on T¢ x (0, 00), differentiable and strictly convex in
m and satisfies, for some C' > 0,

1
5|m|q — O < F(z,m) <Clm|"+C for all (x,m) € T* x [0, c0).

Let F* be the convex conjugate of F' with respect to the second variable, i.e.,

F*(z,a) = sup{am — F(xz,m)} = sup{am — F(x,m)}.

meR m>0

Then, F* satisfies that, for some C' > 0,
1
5\@]1” —C < F*(z,a) <ClalP +C for all (z,a) € T x [0, 00), (5)

where p is the conjugate exponent of ¢, that is, 117 + % =1.

We denote by H* the convex conjugate of H with respect to the second variable.
Note that H* satisfies

]. ! !
5|p|" — C < H*(z,p) <Clp|” +C  for all (z,p) € T* x RY, (6)

where 7’ is the conjugate exponent of r. Moreover, H*(z, -) is strictly convex, because
H(x,-) is convex, superlinear, and in C'(R?) (see [2, Theorem A.2.4, p.283| for
instance) for each x € T

We give the definition of weak solutions to (1) following the works in [4, 5, 13].
Definition 1.1. We call a pair (uf, m®) € WP (T?) x LI(T9) weak solution to (1) if
(i) mf>0ae inT [, m®de=1and m*D,H(-, Duf) € L'(T%R?),

(ii)  the first equation of (1) holds in the following sense:

eu® + H(x, Du®) = f(x,m?) a.e.in {m° > 0}, (7)
and euf + H(z, Duf) < f(z,m®) a.e. in T (8)

(iii) the second equation of (1)
em® — div(mD,H (z, Duf)) = ¢ in T% (9)

holds in the sense of distributions.

We notice here that, if pr > d, then v® € C%(T%) with v = 1 — p%, and v is
differentiable almost everywhere.
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1.2. Main results

Here, we present the main results of the paper.

Theorem 1.2. (Well-posedness) The discount mean field game system (1) has a
unique weak solution (u®,m?) € WP (T?) x L4(T?). Moreover, if pr > d, then it
holds that

euf 4+ H(x, Duf) > f(2,0) in T¢ in the sense of viscosity solutions. (10)
Next, we obtain the weak compactness of (u®, m) and a stability result. Here we set
(f) == f(z)— | fdx forany f € L'(T%.

Td
Theorem 1.3. (Stability) Assume that either ¢ > d, or v’ < qudq if ¢ < d. Let
(uf,m?) € WP (T?) x LI(T?) be the weak solution to (1). There exists a subsequence

(uf", me) such that

(u™™) = u  weakly in Wl’pr(Td), m —m  weakly in Lq(']Td),

5n/u€”dx—>—/\ as &, — 0

for some (u,m,\) € WHPr(T?) x L4(T9) x R, which is a weak solution to (2) defined
by Definition 3.1. Moreover, if pr > d, we have

H(x, Du) > f(x,0) + X in T? in the sense of viscosity solutions. (11)

We emphasize here that as in Proposition 4.1 we have the uniqueness of (m,\),
where (u,m,\) € WP (T%) x LI(T?) x R is a weak solution to (2). However, we
have multiplicity of u in general. We show an example to illustrate the multiplicity of
weak solutions to (2) in Section 4.2. Therefore, it is not clear whether u® converges
or not. In the next main theorem, we give a condition which any limit of (u®)
satisfies.

Theorem 1.4. (Necessary condition) Assume that either ¢ > d, or r' < qudq if
q < d. Let (u,m?) be the weak solution to (1). Assume that (u®) — u weakly in

WhHEr(T?), me — m weakly in LY(T?) and [, eu®de — —X as e — 0. Then, @ is a

minimizer of
ilgg /Td(u>m dx, (12)

where we set & := {u € WH(T%) | (u,m, ) is a weak solution to (2)}.

As an application of Theorem 1.4, we present a nontrivial example where the whole

sequence u® converges.

We also study the uniqueness issue of the ergodic problem (2). We define Z C T? by
Z:={reT| H(z,0) — X\ — f(x,0) > 0} U{z € T¢|m(z) > 0}. (13)

We give a comparison principle on Z for the ergodic problem (2). We denote by
USC(T%) and LSC(T?) the set of all upper and lower, respectively, semi-continuous
functions on T¢.
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Theorem 1.5. (Comparison principle) Let

(u,m, \) € (WHr(TH) N USC(TY)) x LI(T4) x R
be a weak solution to (2). Let v € WP (T4) N LSC(T?) satisfy (11). If u < v on
Z, then u < v on T

Furthermore, we consider the case where m € C(T?). (14)

Under assumption (14), we have an equivalence between weak solutions and viscosity
solutions to (2) in the following sense.

Theorem 1.6. (Equivalence) Let (u,m,\) € WP (T¢) x LY(T¢) x R be a weak
solution to (2). Assume that (14) holds.
(i)  Letwv e C(TY) be any viscosity solution to
H(x,Dv) = f(z,m)+ X in T (15)
Then, (v, m, ) is a weak solution to (2) and satisfies (11).

(ii)  Conversely, if u satisfies (11), then u is a viscosity solution to (15).

We give sufficient conditions to have (14) in Section 3.2.

This paper is organized as follows. In Section 2, we prove Theorem 1.2, that is,
we establish the existence and uniqueness of weak solutions to (1). In Section 3,
we investigate weak compactness of (u®, m®) and construct a weak solution to the
ergodic problem (2) as a limit, which implies Theorem 1.3. Then, we observe lack
of uniqueness of weak solutions for ergodic problem (2) in Section 4. We prove
Theorem 1.4 and show a nontrivial example to get a convergence of u° in Section 5.
In Section 6, we prove Theorems 1.5, 1.6.

2. Well-posedness of the discount problem

In this section, we establish the well-posedness result for (1) by following the argu-
ments in [4, 13, 5] with a careful modification to the discount problem.

2.1. Optimization problems
We consider two optimization problems corresponding to (1). Define
A W) SR by A%(6) = / F(z,c6+ H(z, D)) — 26 dx.  (16)
Td
We first notice that ¢ — A°(¢) is convex due to the convexity of F*(x,-) and H(z, -).

Let K. be the set of pairs (m,w) € LY(T¢) x (LP") = L9(T?) x L7+ (T4; R?) such
that m > 0 a.e. in T%, and satisfying

em +div(w) =¢ in T? in the sense of distributions,
that is, Dy -w dx = / e(m — 1)) dz  for all ¢ € C*(T?). (17)
T4 Td
Note that 7/ > 1 and ¢ > 1 implies =% > 1. We remark that (17) yields

r'+q—1
Jpam dz = 1.
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We next define B : K. — RU {+oc0} by
B(m,w) = [ mH"(z, —E) + F(z,m) dx, (18)
Td m
where if m(x) = 0, then we set
0 if w(xz) =0
+00 if w(x) # 0.

w

mH*(x, _E> = {

It is easy to see that (m,w) — mH*(z, —*) is convex. Take (my,w:), (M2, ws) € K.
and ¢ € (0,1) and set (m*,w') := (tmy + (1 — t)mg, twy + (1 — t)wy). Then

t
m'H*(z, ——) = sup {~w' - p — m"H(x,p)}
pERL

= s:ﬂg{t(—wl cp—myH(z,p)) + (1 —t)(—we - p — moH (x,p))}

<tmH"(x,——) + (1 = t)meH*(z, ——).

my ma

Moreover, noting that m ~ F(x,m) and w — H*(x,—2) are strictly convex since
f(z,-) is strictly increasing, we see that (m,w) +— B(m,w) is strictly convex.

First, we check that functionals A° and B are weakly lower semi-continuous.

Lemma 2.1. Let A° and B be the functionals defined by (16) and (18), respectively.
Then the funrcgionals A° and B are weakly lower semi-continuous in WP (T?) and
LY(T?) x L7+a—1 (T4 RY), respectively.

Proof. Since ¢ — A°(¢) is convex, it suffices to show that A° is lower semi-
continuous. Suppose that there exists {¢,}nen C WP (T?) such that ¢, — ¢
in WP (T?) and liminf, .. A%(¢,) < A°(¢). Then, taking a subsequence if nec-
essary, we have ¢,(r) — ¢(x) and D¢, (x) — D¢(x) for almost all z € T?. As a
preliminary, we show that there exists a constant M > 0 such that

F*(2,edn(x) + H(z, Don(1))) — edn(z) > —M (19)

for almost all z € T? and any n € N. Indeed, because (4) holds and F*(x,) is
nondecreasing, we have

F*(2,e¢n(2) +H(z, Dpu(x))) —edn(r) = F*(, €¢n(x)+%|D¢n(I)|” —C)—c¢n(2)
> F*(2,200(x) — C) — e (),
If ¢, (z) < C holds, noting that
F*(x,a) =0 forallz € T¢anda < f(x,0) <0,
we have  F*(z,6u(x) + H(@, Dou(r))) — 26u(z) > —260(z) > —C.
On the other hand, if there exists a subsequence satisfying ¢, (x) > C, it holds

F*(,26u(x) + H(z, Déa(x)) = £6u(2) 2 Zledn(@) - 6,(x) - C,

where C is a sufficiently large constant. Because p > 1, we obtain (19).
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It follows from Fatou’s lemma that

lim inf A*(¢,,) + M = lim inf/ F*(z,ep + H(x,D¢y,)) — ey, + M dx
Td

n—oo n—o0

> [P0+ Hiz, Do) — 20+ M do = A(¢) + M,
Td

which is a contradiction. Hence, (16) is lower semi-continuous.

The weakly lower semi-continuity of B can be proved similarly, provided the lower
semi-continuity of its integrand is verified. Then it suffices to check that

b, b
lim inf (anH* (z, =) + F(x, an>) > agH"(z,——) + F(z, ao) (20)

n—00 Qp, )

holds for any x € TY, if (a,,b,) — (ag,by) on R x R%. In the case ag < 0, (20) holds
because F(z,a9) = F(x,a,) = oo for any sufficiently large n € N. On the other
hand, in the case ag > 0, we have a,, > 0 for any sufficiently large n € N. Thus, it
is clear that (20) holds. In what follows, we consider the case ay = 0. Note that,
taking a sufficiently large constant C' > 0, we have

0 ifa,=0and b, =0
by, + 00 if a, =0and b, # 0
0 (7, —) > , (1)
aTL a’n bn " C th .
— |—| —a,C otherwise.
 la a rwi

In case (21) if by = 0, (20) holds because

bn

A, n—00

lim inf (% — anC’> > liminf —a,C = 0.
n—oo C

If by # 0, there exists ¢ > 0 such that |b,| > ¢ for sufficiently large n € N. Hence,

liminf a,, H* (z, —b—n) > lim inf (a_n ) anC') = 400,
n—00 an, n—00 C |a,
which implies (20). O

Here, we consider two optimization problems. At first, we study the one correspond-
ing to the first equation of (1).

Proposition 2.2. For all € > 0, the optimization problem

inf  A%(¢) (22)

peWLpr(Td)

has a minimizer ¢ € WLPr(T4).  Moreover, if pr > d, there exists a minimizer
¢ € WIPr(T4) satisfying

ed+ H(x, Do) > f(x,0) in T in the sense of viscosity solutions. (23)
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Proof. Note that infyep1er A%(¢) = infyecr A%(¢). Take a sequence {¢,}nen C
CY(T?) satisfying A°(¢,) — infyepror A°(¢) as n — oo. Here, we prove that
{én}nen is bounded in W' (T%). As a preliminary, we check that [, ¢pda is
bounded. Since F*(z,-) is nondecreasing, we have

A% () > /]l‘d F* (35, —Cy + /’]I‘d ggbn) — ey, du (24)

for some Cy > 0. Noting that F*(x,a) = 0 for any a € T¢ and a < 0, by (5), we get

A () > / Lol —C de— / e da. (25)
(eon>Co} C T

Here, we divide the argumentation into two cases.
Case 1: ¢, < Cp a.e. in T%

Case 2: L%({e¢, > Cp}) # 0, where L4(A) denotes the Lebesgue measure of
AcCTe

In Case 1, by (24), we have Cy > / e¢p dx > —A*(¢,) > —C for some constant
Td

C' > 0. In Case 2, it follows from (25) and Jensen’s inequality that

1
A% () > —/ lep,|P dx —/ ey, dx —/ e¢y, dx — C.
C Jicpn>co} {e6n>Co} {e62<Co}

1 p
> 5 ‘ / epy dr| — / epy dz — C, (26)
C | teon>co} {edn>Co}

which implies || (e 5Cp} E@n dw is bounded. Then, (26) yields

/ epy, dv > —C.
{epn<Co}

In conclusion, we obtain the boundness of fw e, dx.

Next, we prove that D¢, is bounded in LP"(T%). We have

| DGl iy = / Dul'|? do < C/ |H(z, D¢,) + C| dx
<c / (60 + H(x, Do)l + |C — P du
Td

< 0/ F*(2,e0, + H(x,D¢,)) + C + |C — e, | da
Td

<c (A&(%) + [ con dat gl + 1)
Td
<C (mf.AE +1+ €p||<¢n>||Lp Td)

p

On dx| +
d

5/qu§nd:c —|—1)

< Cap||D¢n||Lp ray T C < SCeP|| Depyl|7,. ray T Cs +C, (27)
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by using the Poincaré-Wirtinger inequality and the Young inequality with arbitrary
d > 0 in the last inequality. By taking a small 0 > 0, we obtain || D, || Lrr14) < C.

It follows from the Poincaré-Wirtinger inequality that ¢, is bounded in Whr(T?).
Thus, we can choose a subsequence such that ¢, converges to some ¢ weakly in
WLrr(T) as n — co. In light of Lemma 2.1, ¢ is a minimizer of (22).

On the other hand, set «,(z) := e¢,(z) + H(z, Dp,()).
Let ¢, be the viscosity solution to
£ + H(z, Doy (z)) = max{ay,(z), f(x,0)} in T
By comparison, it holds ¢, > ¢,. Noting that
F*(z,a) =0 forallz € Tand a < f(x,0) <0, (28)
we have
F* (2,60 + H(w, Dn(2))) = F*(z, max{a,(z), f(z,0)})
Fr@,an(@) i an(e) >
N {0 if () <

which implies that
/ F*(z,e¢, + H(z, DgEn(x))) dr = / F*(z, Edy, + H(z, D&n(m))) dx
Td {an>f(-,0)}

- /T F*(z, an(z)) do.

Thus, we have
As(¢y) = / F*(z,0p) — ¢, dv < / F*(x,ap) — ey, dx = A% ().
Td Td

Hence, we obtain A%(¢,) — infsepror A%(¢) as n — oo. Similarly, ¢, is bounded
in W'#"(T9). Then, we can choose a subsequence such that ¢, converges to some ¢
weakly in W17 (T4). Inlight of Lemma 2.1, ¢ is a minimizer of (22). If pr > d, by the
Rellich-Kondrachov compact embedding theorem, it holds that ¢, — ¢ uniformly
on T¢ as n — oco. Because

edn + H(w, Doy(x)) > f(2,0) in T
holds in the viscosity sense, due to the stability of viscosity solutions, ¢ satisfies

(23). O

Next, we study the dual optimization problems, which corresponds to the second
equation of (1).

Proposition 2.3. The optimization problem

inf  B(m,w) (29)

(m,w)eK,

has the unique minimizer (m,w) € K..
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Proof. Take a sequence (m,,w,) € K. such that B(m,, w,) = inf, w)ex. B(m,w)
as n — 0o. Then, noting that (1,0) € K., for sufficiently large n € N, we have

B(1,0) 4+ 1> B(mn,wy) = | mnH*(z, — %) + F(z,m,) dz
Td my,
1 m, | w v
> [ Zim |4 22| o e
> | Glmalt+ gD O d (30)

In particular, ||my||rs is bounded. Note that w, = 0 a.e. in {m, = 0} because
B(my,w,) < +oco. By the Holder inequality, we have

/ ‘wnlr/:—qq‘_l dx :/ ‘wn‘# dx
T {mn>0}
b o\ TR
< ||mn||Lq(’L]11‘d) /{ 1 df) <C. (31)

Hence, we can choose a subsequence such that (m,,, w,) — (m,w) weakly as n — oo

'l‘/q

in L9(T9) x L7+ (T%;R?). In light of Lemma 2.1, (m,w) is a minimizer of (29).

Since (m,w) + B(m,w) is strictly convex, m is unique and so is > in {m > 0}. As
w =0 in {m = 0}, uniqueness of w follows as well, which implies the uniqueness of
the minimizer of (29). O

Finally, we prove that the two optimization problems are in duality.

Proposition 2.4. [t holds that

min A% (¢) = — min  B(m,w).

peWLpr(Td) (m,w)eK.
Proof. Let X := LI(T?) x L7+1(T%R%). We can rewrite (29) as

min  B(m,w) = min sup mH*(x,—2)+F(x,m)+w'D¢+€(1—m)¢ dr.
(m,w)eK, (mw)eX peon Jrd m

Indeed, because F'(x,m) = +oo for m < 0, it suffices to pay attention to the case
in which (m,w) € X does not satisfy (17). Then, there exists ¢ € C1(T?) satisfying

/ w-DqAS—I—s(l —m)gg dzr # 0.

Td

Setting <z3n = ngg and changing the signature if necessary, to yield

mH*(z, —E) + F(x,m) +w - Dop +e(1 —m)p, dz — 400 (n — c0),
m

Td

which can not be the infimum. Hence, this infimum is attained at (m,w) € K.
obtained by Proposition 2.3.
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By Sion’s min-max theorem, it holds that

min sup mH*(m,—E)—I—F(:p,m)+w-D¢+s(1—m)¢ dx
(m,w)eX $eC JTd m

= sup min mH*(z, —E) + F(x,m)+w-D¢p+e(l —m)¢ dx.
pcct (mw)eX Jpa m

By using the interchange of minimization and integration (see [27, Theorem 14.60,
p.677]), we obtain

sup inf mH*(m,—E)+F(x,m)+w~D¢+€(1—m)q§ dx
sect (mw)eX Jrd m

b
= sup / ( inf  aH*(z,—=)+ F(z,a) +b-Dp+¢<(1 —a)p du.
Td (a,b a

$eC! JERXR?

An easy computation shows that

b
F* H(x,D¢)) = — inf H*(x,— )+ F b-D¢ —
(r,0 Hr,DO) = = inf  aH*(z,~2) + Flz,a) + b- Do — cas,
so that min  B(m,w) = sup / —F*(z,e¢ + H(x, D9)) + ¢ dux. O
(m,w)eK. peCt(Td) J1d

2.2. Existence and uniqueness of weak solutions to the discount problem

In this section, we prove that a pair of minimizers of the optimization problems (22)
and (29) is a weak solution to (1).

Proposition 2.5. Let ¢ € WP (T?) and (m,w) € K. be minimizers of (22) and
(29), respectively. Then, (¢, m) is a weak solution to (1).
Conversely, if (¢, m) is a weak solution to (1), then ¢ and (m,w) are minimizers of

(22) and (29), respectively, where we set w := —mD,H (x, D).

Proof. Let ¢ and (m,w) be minimizers of (22) and (29), respectively. In view of
the duality, Proposition 2.4, we have

/ F*(z,e¢p+ H(x,D¢)) —ep de = — | mH*(x, —%) + F(z,m) dz.
Td

Td

By the convexity of F(x,-) and H(z,-), we get

0= [ mH*(x, —%) + F(z,m) + F*(z,e¢ + H(z, Do) — e dz
Td
> [ mH"(x, —%) + F(x,m) +m(ep+ H(x,D¢)) — F(x,m) —e¢ dx
Td
> / —w - D¢ +ep(m —1) du. (32)
Td

We now use the fact that (m,w) satisfies (17), D¢ € LP"(T9) and that we have

w € L1 (T4 RY) = (L7 (T4 R?)Y, where we denote by X’ the dual space of a
Banach space X.
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The conditions imply /

—w - Dop+ep(m—1) de = 0.
Td

151

Hence, equalities hold in estimate (32). In particular, combined with dualities of

convexity of F(x,-) and H(x,-), we have

F(z,m)+ F*(z,e¢ + H(x, D¢)) = m(e¢p + H(z, Dg)) a.e. in T

and m {H*(a:, —E) + H(x, qu)} = —w-D¢ a.e. in T
m
Since F(x,-) is strictly convex and smooth on (0, +00), we get
oF .
ep+ H(x, Do) = e f(z,m) ae. in {m > 0}.
m

Moreover, if x € {m = 0}, we have

co(x) + H(x, Dé(x)) € D, F(,0),

(33)

where we write D, F'(x,0) for the subdifferential of F(z,0) in m. Noting that

D, F(z,0) = (—oo, f(z,0)], we obtain (8). Also, (33) implies
w(z) = —m(z)D,H(z, D¢) a.e. in T
By the duality of H(z,-), combined with (m,w) € K., we obtain

6/Td(m—1)w dx:/rdw-Dzﬁ dx:—/TdepH(x,Dgzﬁ)-Dzﬁ dx,

for ¢» € C*(T?), which yields (9).

Next, let (¢, m) be a weak solution to (1) and define w = —mD,H (x, D¢). Then,

(m,w) belongs to K.. Moreover,

H*(z, —%) — D¢ - D,H(z, D¢) — H(z, D¢).

(34)

We prove that (m,w) is a minimizer for (29). Let (m/,w’') € K.. By convexity of

F(z,-) and H*(z,-), using (34), we obtain

B(m',w') > m'H*(a:,—%)—l—F(a:,m)—i—f(x,m)(m'—m) dr
Td
> m’H*(a:,—%)—i—F(a:,m)+{€¢+H(J;,qu)}(m'—m) dx
Td
= [ wiE e -2

Td

> / —w' - D¢+ F(x,m) —mH (x, Dp) + ep(m’ —m) dx
Td

T, ——
m

_ /T —eg(m — 1) + F(e,m) — mH (w, Dg) da

= / —ep(m — 1)+ F(x,m) +w- Do+ mH"(x, —%) dr = B(m,w).
Td

Hence, (m,w) is a minimizer for (29).

ad )+ H(z,D¢)} + F(x,m) —mH (z, Do) + ep(m’ —m) dx
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Finally, we prove that ¢ is a minimizer for (22). Let ¢/ € W1#"(T9). Note that

F*(z, f(x,m)) = sup{sf(z,m) — F(x,s)} = mf(z,m) — F(x,m).

seR
If m(z) > 0, from (7) and the above equality, we get
F*(z,e¢ + H(x, D$)) + F(x,m) = m{e¢ + H(z, D¢)}. (35)
On the other hand, if m(z) = 0, from (8), for all a € R, we have
F*(z,a) — F*(z,e¢ + H(xD@)) > F*(x,a) — F*(z, f(x,0)) = F*(z,a)
> 0=m(z){a—(e¢+ H(z,D¢))}.  (36)
Thus, (35) and (36) implies m € D, F*(x,e¢ + H(x, D¢)). Then, we obtain
A(¢) = /TdF*(x,egb+H(x,ng))+m{€q§'—€¢+H(m, D¢\ —H(x, Do)} —e¢ da

> / F*(a,26 + H(z, D$)) + m {e¢ — e+ D,H(z, D) - D(¢ — )} — e du

Td

/ F*(,26 + H(z, D)) + m(ed — 26) — w- D(&/ — &) — e/ da
’]l‘d

/T F(a,ep 4+ H(z, D9)) — 6 dz = A°(9), (37)

since (m,w) € K.. Hence, ¢ is a minimizer for (22). O

Here, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. The existence of weak solutions is given by Proposition
2.5. Here, we only prove the uniqueness. Let (u$, m5) and (u3, m§) be weak solutions
to (1). It follows from the uniqueness of minimizers of (29) that m® := m§ = m§
a.e. in T?. Next, suppose that

LY ({x € T?|m*(z) > 0 and Duj(z) # Duj(z)}) > 0,

where £4(A) denotes the Lebesgue measure of A C T?. Because H(z,-) is strictly
convex, as in (37), we have

A (u3) > /F*(a:,gui—i-H(x,Du‘i))—i—m{gu;—au‘i—l—H(a:,Du%)—H(w,Dui)}—gug dx
Td

> /F*(:z:,eu‘i—l—H(x, Du3)) + m{eus — eui + D, H(z, Du) - D(u3 — uj)} — eus dx
T

d

> / F*(z,eul + H(xz, Du3)) — eui de = A%(uj).
Td

Hence, u§ is not a minimizer of (22), which contradicts the result of Proposition 2.5.
Thus, we conclude that Du§ = Du§ a.e. in {z € T? | m®(z) > 0}. In particular, by
(7), u§ = u a.e. in {x € T¢|m(x) > 0}.
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Next, we prove the uniqueness of u°. We define

—E € € 1 15 &€ € 3

uf (v) == max{uj(z),u5(x)} = 5(“1 + uy + |uf — u).
As in [9, Lemma 7.6], it follows that 4 € WP (T?) with

—& g g 1 g 13 :
DU = Xus>ugy DUT + X{us <ugy Dus + §X{u§:u§}(Du1 + Du§) a.e. in T,

where x4 is the characteristic function for A C T9, that is, ya(z) = 1if z € A
and xa(z) =0if x € A. We claim that (u®, m®) is a weak solution to (1). Indeed,
because Duf = Du§ = Du§ a.e. in {x € T¢ | m®(x) > 0}, it is clear that (7) and (9)
hold. Moreover, we can see that

et + H(z, Duf) < f(x,m®) a.e. in {u] # uj}.

For almost all z € {uj = u5}, by the convexity of the Hamiltonian, we get

1
eu + H(x, Duf) < =(eui + H(z, Duj)) + 5(51@ + H(z, Du3)) < f(z,m®),

N —

which implies that (a, m®) is a weak solution to (1).
Note that x € {m® = 0}, by (8) and (28), we have

/ F*(z,eu] + H(z, Duj)) dx = / F*(xz,eu® + H(z, Du®)) dz.  (38)
{me=0 {me=0)

Here, we suppose that £I({u5 # u5}) > 0. By (7) and (38), we have
A (u7) < / F*(z,eu® + H(x, D)) — euj dx
Td
= / F*(z,eu] + H(x, Du)) — euj dx = A°(uj),
Td

which contradicts that u$ is a minimizer of (22). Thus, we have u§ = u5 on T

Finally, we assume pr > d. Because of the uniqueness of weak solutions, u® coincides
the minimizer ¢ obtained in Proposition 2.2, which satisfies (10) in the viscosity
sense. O

3. Weak compactness and stability

In this section we prove Theorem 1.3. We first recall the definition of weak solutions
to (2) introduced by [5].

Definition 3.1. We call a triple of (u,m,)\) € W"(T?) x LI(T?) x R a weak
solution to (2) if

i) m>0ae inT? [ mdr=1and mD,H(-, Du) € L'(T%),

Td
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(ii)  the first equation of (2) holds in the following sense:
H(z,Du) = f(z,m)+ X a..in {m > 0}, (39)
and H(x,Du) < f(x,m)+ X ae. in T% (40)
(iii) the second equation of (2) holds
—~div(mD,H (x, Du)) =0 in T, (41)

in the sense of distribution.

3.1. Discounted aproximations

The existence of weak solutions to (2) is firstly proved by [5]. In [5], they directly
prove the existence by considering the optimization problem as in Section 2. In this
paper, we prove it by considering weak compactness and stability for the vanishing
discount problem.

Proposition 3.2. Let (uf,m®) € WP (T9) x LY(T?) be the weak solution to (1),
and w® = —mFD,H (x, Du®). There ezists a constant C' > 0 independent of € > 0

such that
€ / u® dx
Td

Proof. Firstly, as in the proof of Proposition 2.2, we can prove that both |e [ ufdx|
and ||Duf||r»r are bounded uniformly in e. It follows from the Poincaré-Wirtinger
inequality that ||(u®)||yy1e- is bounded uniformly in e.

Finally, using (30) and (31), we have

N v +
L +q—1 ('Jl‘d;Rd)

| {(u) lwrwr(ray + [[m°|| paeray + [|w <C. (42)

+q—1 (Td;R4)
which gives (42). O

(LU TZCD Rl Lo <C,

Finally, we study the stability of weak solutions using ['-convergence type arguments.
To prove Theorem 1.3, we introduce several notations. We define

A:WH(TY) xR =R by Ao, \) := / F*(x, =X+ H(x,D¢)) + \ du.
Td

Let K be the set of pairs (m, w) € LI(T%) x L7+ (T4 R) such that m > 0 a.e. in
T, de m = 1, and satisfies
div(w) =0,

in the sense of distribution. Next, we prove the following two lemmas.
Lemma 3.3. It holds that

lim su min  A%(¢) < inf A(o, ).
5_>op¢ewlw(1rd) (qb)_(d),c)GWl’Pr(’I[‘d)xR (6,¢)
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Proof. Take any (¢,c) € C*(T?) x R. Set ¢f := ¢ — c/e. Then, we get

limsup inf  A%(¢) <lim sup/ F*(z,e¢° + H(x, D¢%)) — e¢® dx
Td

e=0  GEWLPT(T9) e—0

e—0

= limsup/ F*(z,e¢p —c+ H(x,D¢p)) —ep+c dx
Td
< / F*(z,—c+ H(z,D¢)) + ¢ dz = A(¢, c).
Td
Taking the infimum on (¢, ¢) yields the conclusion. O

Lemma 3.4. Assume either ¢ > d orr' < % if g < d. Then, it holds that

limsup min B(m,w) < inf B(m,w). 43
a—)Op(mvw)GKa ( ) (mw)eK ( ) ( )

Proof. We only need to consider the case of infx B < +oo. Take any (m,,, w,) € K
so that B(m,,,w,) — infx B as n — oco. Consider

—Av, =m, —1 inT¢

Since m,, € L4(T?), we have v, € W24(T%). In particular, v, satisfies

Dy - Dv, doe = / (my, — 1) dz, for all p € C*(T%).

Td Td

Set m; =+ (1 —¢e)m,, and w;:=w,—ec(c—1)Duv,.
Note that if ¢ > d then we can easily check that (mg,ws) € LI(T?) x L7+t (T¢).
If ¢ < d then since we assume 1’ < qudq, we have
/ 2
r'q < q-d - qd '
r+q=17 (d=q)(r+q—-1) d—gq

By the Sobolev inequality we get w;, € L7 (T9). Moreover, it is easily seen that

/wi-D@/)dx:/wn-D@b—s(e—l)D@/)-Dvndx
Td

Td

= /T —e(e = 1)(mn — 1) da = / e(my, — 1) dzx

Td
for all 1 € C*(T%), which implies (m¢,ws) € K..
Note that F(z,m5) < C(|m,|? + 1) € L*(T9), and

o <\wn —e(e — 1) Du,| N mE)

le 4+ (1 —e)my, |7t "

<C <mn ) |Dv,|” + mn> : (44)
m

n
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_qd_
d—q

see that the right hand side of (44) is in L*(T%). By the Fatou lemma, we obtain

By a similar argument to Proposition 2.3 and using assumption ' < , We can

13
limsup min B(m,w) <limsup [ m;H"(z, —&) + F(z,m;) dx
e=0  (muw)EK: e=0  Jd mg,

< m, H*(x, —&) + F(z,my) de = B(my,, w,).

Td my,

Sending n — oo yields the conclusion. O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. By Lemmas 3.3, 3.4 and the duality on A and B by [5,
Lemma 4.3], we have

lim su inf  A%(¢) < inf A(p,c) = — inf B(m,w
a—>0p¢>€W1vP"(Td) () (,c)EW P (Td) xR (¢:¢) (mw)eK ( )

< —limsup inf B(m,w) = liminf <—( inf B(m,w))

cs0  (mw)ek. e=0 mow)eK.

=liminf inf  A%(¢).

e—0 ¢€W1,pr(11‘d)

Thus, equalities hold in the above estimates, which implies

. . L .
}:1_1?% ¢€WllI«1Pf;(Td)A (9) = (¢,c)€VVllr’le’“('ﬂ‘d)><RA(¢7c)
=— inf B(m,w)=—lim inf B(m,w).
(mw)eK e—=0 (m,w)eK,

Let (m*, w*®) be the minimizer of (29). By Proposition 3.2, up to extracting a subse-

/

quence, (mf, w®) converges weakly in LI(T%) x L7+ (T% R) for some (m,w) € K.
Then, we observe
inf B(m,w)=1lim inf B(m,w) = liminf B(m®, w®) > B(m,w),
(mw)eK e—=0 (m,w)eK, e—0
which implies that (m,w) minimizes B over K.

On the other hand, let u® be the minimizer of (16). In view of Proposition 3.2,
(uf) — u weakly in W' (T9) and [eu® — —X as ¢ — 0 along subsequences.
Similarly, we can see that (u, \) minimize A over W"(T4) x R. By [5, Proposition
4.5], (u,m, \) is a weak solution to (2).

Finally, if we assume pr > d, by the Rellich-Kondrachov compact embedding theo-
rem, (uf) — u uniformly on T¢. In view of the stability of viscosity solutions and
(10), u satisfies (11) in the viscosity sense. O

3.2. Continuity of density m

In this section, we give some conditions to obtain the continuity of m.
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Proposition 3.5. Let d = 1. Assume that there exists J : [0,00) — R and ¢y > 0
such that

F(z,m) — F*(z,a) > ma+ colm — J(a)]* for all m,a € [0,00) and z € T. (45)
Then, we have m € H'(T) c C(T). (46)
Furthermore, assume that H* and F are twice differentiable in the first variable and

H;,(x,p) <C(p|”" +1)  and  Fy(z,m) < C(jm|* + 1),
for all (z,p) € T xR and m > 0. Then, we have
Il oy < € (47)

for some C' > 0, which is independent of €.

Proof. The continuity of m, that is (46), is due to [14, Theorem 3.4]. Estimate (47)
is a straightforward result of a Sobolev estimate in Appendix, Proposition A.1. [

For instance, if we have F(x,m) = F(m) and F"(m) > ¢y > 0 for all values
(z,m) € T x [0,00), then taking J(a) := (F*)'(a) = f~'(a), we can check that (45)
holds. See [26, Section 3] for more details.

Remark 3.6. We point out here that due to (47) and the uniqueness of m we have
m®—m in C(T) ase—0,

which is of independent interest.

In a higher dimension, we give another type of results.

Proposition 3.7. Let ¢ € R and assume that (¢, m, \) is a weak solution to ergodic
problem (2). Then, m € C(T%).

Proof. From (39), it holds that
H(z,0) = f(z,m)+ X a.e. in{m > 0}.
Since A+ [, max{f~!(x, H(x,0) — X),0} dz is monotone, we can choose A so that
max{f*(z, H(z,0) — \),0} dz = 1.
Td
Hence, we can explicitly get m(z) = max{f~'(x, H(z,0) — \),0}. O
For instance, letting H(z,p) := 3[p|* + V() for some V € C(T%), we can easily
check that (0,m, \) is a weak solution to ergodic problem (2).

4. Uniqueness issue of the ergodic problem

Here, we study uniqueness and non-uniqueness of solutions to the ergodic problem
(2). We prove that (m, ) € LY(T¢) x R is unique. On the other hand, we give an
example which shows the multiplicity of u € WhPr(T?).
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4.1. Uniqueness of m and )\

First, we prove the uniqueness of (m, A). This is known in [5], but we give it for the
completeness of the paper.

Proposition 4.1. Let (uy,my, A1) and (ug, m2, \2) be weak solutions to (2). Then,
A = Ao, my =my a.e. in T and Du; = Duy a.e. in {x € T? | m(z) > 0}.

Proof. Just as in Proposition 2.3, inf(,, ,)ex B(m, w) has the unique minimizer
(m,w) € K. As in the proof of Proposition 2.5, we have

w = —mD,H (z, Du;),

and combining this with (39) we obtain
* w X w
—w - Du; = m{H"(z, _E) + H(x, Du;)} = m{H"(z, —E) + (f(z,m) + \)},
for + = 1,2. Then, we have
mA; = —mH*(z, —E) —w - Du; — mf(z,m) a.e. in T%
m
Therefore, integrating over T¢, we get

i = —mH*(a:,—g)—w-Dui—mf(:v,m) dx
Td m

= | —mH(z,——) — mf(z,m) dz,
Td m

since we have div(w) = 0 in the sense of distribution, which implies A\; = Ag. Set
A=A = Ao

Next, suppose that
L4 ({z € T | m(z) > 0 and Duy(z) # Dus(z)}) > 0.

In light of the strict convexity of H(z,-), by a similar argument to that of the proof
of Proposition 2.5, we have

A, \) > / F*(@, —\ + H(z, Duy)) + m(H(z, Dus) — H(x, Duy)) + A da.

Td

> / F*(x,—X+ H(x, Duy)) + mD,H(x, Duy) - D(ug — uy) + A dx
Td

= / F*(z,— A+ H(z, Duy)) + X\ de = A(uq, ),
Td

where we use the fact that (m,w) satisfies (41). Hence, (ug, \) does not minimize
A over WHPr(T9) x R, which contradicts the result in [5, Proposition 4.5]. Thus we
conclude that Du; = Duy a.e. in {z € T? | m(x) > 0}. O
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4.2. Lack of uniqueness

In this section, we point out an example to demonstrate the non-uniqueness issue
of u € Whvr(T4), where (u,m, \) is a weak solution to (2) satisfying (11).

Example 4.2. Let d =1, f(z,m) = m and H(x,p) = 3|p|*+W (z), where the map
W : T — R is given by

—32x + 4 for ngg}l

— 1 1

W(z) = 32x — 12 for 151 <3
—3204+20 for ;<z<3

32z — 28 for 2<a<1.

Then, (2) becomes
{ SlusP4+W(x)=m+XA  inT, (1)

—(mug), =0 in T.

In this case, p = ¢ = 7 = 2. Thus u € WY(T) c C%i(T). Set A = 0 and
m(z) = max{W(x),0}. Then, (0,m,\) is a weak solution to (48). Indeed, clearly
(39) and (40) hold and also we can easily check that for all 1 € C'(T),

/_(mum)wz dr =0,
T

because u, = 0 in T, which implies (41). By Proposition 4.1, (m,\) is uniquely

determined. Moreover, all weak solutions u € CO’%(T) satisty
u; =0 a.e in{m>0}=10,1/8]U[3/8,5/8] U[7/8,1].

From the first equation of (48), all weak solutions u satisfy

luz| < \/2max{—W(z),0} a.c. inT.

We consider another type weak solution satisfying
1
§\ux|2 +W(x) >0 inT in the sense of viscosity solutions, (49)

which corresponds to (11). In particular, due to (49), u, cannot jump from a negative
value to a positive value in {m = 0}. For any 6 € [§, 2], we set

UZ(x) :\/2 max{—W(z),0} - X{i<z<0}u{l<e<1-6}

- \/2 max{—W(x), 0} ’ X{€<z<%}u{179<x<%}’ (50)

where Y4 is the characteristic function of a set A C T, which was used as in the
proof of Theorem 1.2. Set

u’(x) = /Ox ul(y) dy + C, (51)

with any C' € R. We can easily check u? € W4(T) ¢ C%3(T) and (u?,m,0) is a
weak solution to (48) and satisfies (49). Also, we emphasize that all weak solutions

satisfying (49) are characterized by u’ for 6 € [5, 2].
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Figure 4.1: Plot of v’ in (51) with § = 2 and C = 0.

Remark 4.3. In Example 4.2, we point out that there exist weak solutions which
do not satisfy (49). Indeed, (0,m,0) is a weak solution, but it does not satisfy (49).
Moreover, setting

V() = — /2max{—W(z),0} - X{L<a<0}U{5<r<1-0}

+ \/2 max{—W(z),0} - X{o<az<2yu{1-6<a<I}>

L 3] but it does not satisfy

we can easily check that v? is a weak solution for all # € (5%

(49).

5. Selection criterion
5.1. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. This criterion is inspired by the works in
(10, 22, 11].

Proof. We normalize A = 0 in the proof. By (7) and (40) we have for almost every
x € {m® > 0},

flz,m) — f(x,m") > —eu® + H(x, Du) — H(z, Du®)
> —eu® + D,H(x, Duf) - D(u — u®).

Multiplying this by m® and integrating on T¢, we get

e /T ' do— /T div(D,H (a, Du)ym?)(u—u) dir < / (f(z, m)—f(x, m))mé du,

Td

which implies

5/Td(u—u€)dx—5/w umé dz < /Td(f(x,m)—f(x,ma))madx. (52)

Similarly, by (8), (39), for almost every x € {m > 0}, we have
eu® + DpyH(z, Du®) - D(u® —u) < f(z,m®) — f(x,m).
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Multiplying this by m and integrating over T¢ yields

6Aﬂ%Mx§A$ﬂLmﬂ—ﬂLmﬁmm. (53)

Combining (52) and (53) together, we get
5/(u—u€)dx—5/ umadx+5/ u'mdr < /(f(x,ms)—f(x,m))(m—ma)dx <0.
T4 Td Td Td

Therefore, dividing this by € > 0, and sending ¢ = ¢, — 0, we obtain

/ﬂmdm—/ ﬂdxg/ umd:z:—/ udz,
Td Td Td Td

which finishes the proof. ]

5.2. Convergence result

In this section, as an application of our criterion, Theorem 1.4, we show a nontrivial
example where convergence of the whole sequense of weak solutions to (1) holds. In
Example 4.2, we show the multiplicity of weak solutions satisfying (49). Here, we
prove that the minimizer of (12) is unique. In this example, it holds pr > d. Hence,
any limit of (u") satisfies (49) as in Theorem 1.3. First we notice that

inf /T (uym dr = inf /T (u®ym dz, (54)

uee oelL,2

where u? is the function defined by (51). Because (u’) is invariant with respect to
adding constants, we can assume that u?(0) = 0 without loss of generality. Moreover,
because v’ and m are symmetric with respect to x = %, it suffices to consider the
interval [0, 3]. Recall that m(z) = max{W(z),0} and

u? =0 a.e in {m >0} =10,1/8]U[3/8,5/8] U[7/8,1].
Thus,

o
IN
>
VAN

ool W

Case 1. Here, (50) can be written by

ug(x) = 2\/5{ V8r —1 (X{§<:c<9} - X{9<x<%}> —V3—-8x- X{%<x<%}} )



162 H. Mitake, K. Terai / On Weak Solutions ...

and Y is given by

(0 for ogxgé
1_36@_%)% for %SmSQ
u’(z) = 3—;(9—%)%—1—36@—%)% for § <z<:
- -FQF PG -0 for j<o<]
(20— 1)z — 2(1)3 for $<a<i
In particular, we have
0 0 for 0<z<0
Y (‘T) = 1\ L 1
Thus
o ([2 , o [1,(3 >
-~ d _ )0l 2) 0 d
0 (/0 w'ym x) 00{4 <8> /0 B ‘”}
19 ,(3 20, 1., 1
=2 () - Sl dr=16(0—=)E(0—~) <0
100" (8) L gt w160 —gp0-7) <0,
if 0 € (3,3), which implies [[.(u?)m dx is strictly decreasing in § < 6 < 1.

Case 2. Here, (50) can be written by

Ug(z) = 2\/5{ V8T — IX(icpcty + V3 — 82 (X{i<;v<6} - X{9<$<%})} ;

and v is given by

(0 for 0<a<3:
1_36@_%)% for $<az<i
W(x) = —19(3 —g)s + 32(L): for L<z<p
~2E )i+ 2+ 8 —a)]  for 6<a<]
—FE -0+ F(p): for 8<a<i
In particular, we get
0 0 for 0<z<46
Y (I’) - 3 1 1
00 16(3 — 0)2 for 6 <x<3
Thus
0 > 0 B 0 |1 o (3 3 p
Y, </0 {u >md$> _ae{4“ (8>_/0 u’ dw
10 ,(3 29 0 3 .
=7 s —u’ dr =16(= — 0)2
100" (8) L ag =160

which implies [ (u’)m dz is strictly increasing in ; < 0 < 2.

1

¢—7)>0,

4
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As observed above, the minimization (54) attains at 6 = }L uniquely. Note that the
limit @ of (u) satisfies [, @ dx = 0 because [,(u®) dz = 0. In conclusion, we get
the following result.

Proposition 5.1. Let W be the function defined in Example 4.2, and let (u®, m*)
be the weak solution to

{ eut + LS + W(z) =m* in T,

em® — (mfus), = ¢ in T.

Let u be defined by (51) with 0 = % and choosing C' € R such that deﬂ dz = 0.
Then, (u®) — U as € — 0 uniformly on T.

derivative of tilde u tilde u
4 1.0
3r 0.8}
2r 0.6

0.4

0.2
-1F
0.0 -

Figure 5.1: The limit of (u®) in Proposition 5.1.

6. Uniqueness set

In this section we consider a uniqueness set for weak solutions to the ergodic problem
(2). We call Z C T¢ a uniqueness set if two weak solutions (uy,m, ), (ug, m, \) €
Wier(Td) x L9(T¢) x R with (11) satisfy u; = uy on Z, then u; = uy on T

6.1. Classical comparison principle

We prove that Z given by (13) is a uniqueness set of the ergodic problem (2). We
first notice that m may not be continuous in general, so the notion of viscosity
solutions may not work in T?. However, if Z¢:= T\ Z # (), then u satisfies

H(z,Du) < f(x,0)+ A a.e. in Z°
Then, u € W1*°(Z¢). Due to the convexity of Hamiltonian, u satisfies
H(z,Du) < f(x,0)+ X in Z°  in the viscosity sense.

Therefore, we can use a standard technique in the theory of viscosity solutions.
Indeed, by a simple adaptation of the argument in [16], we can easily prove the
following comparison result. We give it for the completeness of the paper.
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Proof of Theorem 1.5. Let 0 < p < 1. Suppose that
ma () = o(z)} >0,
and this maximum is attained at some zo€ Z¢. For § > 0 define ¥ : T¢ x T? — R by

2
x_
W(e,y) = () — ofy) — I g

Take (xs5,ys) so that W(xs,ys) = maxpaype V. By a standard argument, we can
prove xs — xo and ys — xg as 6 — 0.

Let U,, be an open neighborhood of zy with U,, C Z¢. Then, by (40), u is a
viscosity subsolution to

H(z,Du) < f(z,0) + A in U,,.

Taking 6 > 0 so small that x5, ys € U,,, by the definition of viscosity solution, we get

wH <x5, Ps + 2(26 — zO)) < uf(xs,0) + pA (55)

and H(y5ap6) Z f(y57 0) + )‘7 (56)

where ps := #=¥ By the coercivity of H(z,-), inequality (55) implies that |ps| < R
for some R > 0 independent of §. Subtracting (55) from (56) yields

ps + 2(zs — x0)
1

W ( ) — H(ys,ps) < uf (25.0) — f(ys,0) + (1 — DA.

By passing to a subsequence if necessary, we have ps;, — p € B(0, R).
Sending ¢ = d; — 0 yields

(5= D)L (0,0) + A} > T ( g) — H(zo,p) > —(1— 1) H(z,0),
by the convexity of Hamiltonian, which implies
H(xp,0) — XA — f(z0,0) > 0.

This contradicts a fact zy € Z°. ]
Example 6.1. Let H(xz,p) = 1|p|*+V (z) for V € C(T?) and f € C([0,00)). Then,
{ UDul?+V(z) = f(m)+ X  inT¢,

—div(mDu) =0 in T

Then, for all ¢ € R, (¢,m, \) is a weak solution, where m is uniquely determined by
m(z) = max{f (=X + V(x)),0}

and we choose A € R such that [, m(x) = 1. Thus, (13) becomes

Z={zeT?| —A+V(z)— f(0) >0}
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Combining Proposition 4.1 and Theorem 1.5, we get a sufficient condition to obtain
the convergence of the whole sequence (u®).

Corollary 6.2. Letc € R and assume that (¢, m, \) is a weak solution to the ergodic
problem (2). Furthermore assume that the set defined by

{reT?| — X+ H(x,0) — f(x,0) > 0}
is connected and satisfies

{zeT| =X+ H(x,0) — f(2,0) >0} ={z € T| — X+ H(z,0) — f(x,0) > 0}.

Then, a weak solution u € W1H(T?) to (2) with (11) is unique up to constants.
Moreover, if pr > d, then (u®) uniformly converges to a unique limit on T as e — 0.

Proof. By Proposition 3.7, we have m € C(T?), which implies u € W1 (T?).
Because (¢,m, ) is a weak solution we have

{z eT!|m(z) >0} ={zecT| f(z,~ X+ H(z,0)) >0}
={r T — X+ H(x,0)— f(x,0) > 0}.

Let (uq,m, \) and (ug, m, A) be weak solutions to (2) and satisfy (11). By Proposition
4.1, Duy = Duy = 0 in {m > 0}. Because {m > 0} is connected, there exists a
unique constant M € R such that u; = uy + M in {m > 0}. Since

{zr e T?|m(x) >0} ={z e T?| — A+ H(x,0) — f(x,0) > 0}
={z €T — X+ H(z,0) — f(x,0) > 0},

it holds that Z = {m(z) > 0}. Hence, by Theorem 1.5, we have u; = uy + M in T

Under assumption pr > d, (u®) uniformly converges to u, which is a unique (up
to constants) weak solution to (2) and satisfies (11), along subsequences. Because
Jpa(u®) dz =0, one has (u®) — @ uniformly, where u satisfies [, @ dz = 0. O

6.2. Comparison in terms of Mather measures

In this section, we first prove Theorem 1.6, and as a corollary, we give a comparison
principle in terms of Mather measures.

Proof of Theorem 1.6. We first prove (i). We notice that under the continuity
assumption on m we can easily see that A\ coincides with the ergodic constant for
the Hamilton-Jacobi equation. Thus, (15) admits at least one viscosity solution
v € Lip(T?). Note that v satisfies

H(x,Dv) = f(z,m)+ X a.e. in T

Thus, we obtain
A(v, ) = / F*(z,—A+ H(z,Dv)) + X dx = / F*(z, f(x,m)) + X dz
Td Td

:/ F*(x,—)\+H(x,Du))+)\dx+/ F*(z, f(z,0)) + A dz.
{m>0} {m=0}
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As in (28), because
F*(x,—A+ H(z,Du)) = F*(z, f(x,0)) =0 on {m = 0},
we have

A(v, \) = /11‘«1 F*(z,— A+ H(z, Du)) + X\ dz = A(u, \).

Therefore, (v, \) is a minimizer of inf, oecwrryr A(,c). As in Proposition 2.5,
(v,m,\) is a weak solution to (2). Because f(x,-) is increasing, v satisfies (11) in
the sense of viscosity solutions.

Next, we prove (ii). In light of (40) and m € C(T?), we have u € W'*°(T¢). Due to
the convexity of H(z,-), we can easily check that u is a viscosity subsolution to (2).
We prove that u is a viscosity supersolution by contradiction. Suppose that there
exists 7o € T? and ¢ € C(T?) such that

(u—¢)(xo) < (u—¢)(z) forall xz e U,,
and H(xg, Do(x0)) < f(w0, m(x0)) + A, (57)

where U,, is a sufficiently small open neighborhood of zy. Because u satisfies (11),
it is enough to consider the case o € {m > 0} and U,, C {m > 0}.

Here, let v € Lip(T%) be a viscosity solution to (15). Then, as we proved above,
(v,m, \) is a weak solution to (2). Note that Du = Dv a.e. in {m > 0} due to
Proposition 4.1. Thus, there exists a constant ¢ = u(x) — v(x) for all z € U,,. In
particular, we have

(v+é—o)(xg) < (v+¢é—o¢)(x) forall x € Uy.
Because v + ¢ is a viscosity solution to (15), it holds
H(xo, Dp(x0)) > f(xo,m(x0)) + A,
which contradicts (57). O

Corollary 6.3. Let (uy,m, \), (ug, m, \) € WP (T4) x LI(T¢) xR be weak solutions
to the ergodic problem (2) and satisfy (11). Assume that m € C(T%). If

// wy dp(z,v) < // ug dp(z,v)  for all p € M,
Tdx R4 TdxRe

then, uy < uy in T Here, we denote by M C P(T¢xR?) all minimizing measures of

inf L d
it [[ L) dutaro),

where we set L(z,v) := suppeRd{v -p—H(z,p) + f(xr,m)}, and
H = {M € P(T? x RY) | // v- D¢ du(x,v) =0 forall ¢ € Cl(’]I‘d)} .
Td xRd

Proof. By Theorem 1.6, u; and uy are viscosity solutions to (15). Thus, this is a
straightforward result of [23, Theorem 1.1]. O
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A. Sobolev estimate

In this appendix, we obtain a H!-estimate for m? inspired by the works in [14, 25, 26].
In this section, we additionally assume that H* and F' are twice-differentiable with
respect to the first variable. Here is the goal of this appendix.

Proposition A.1. Assume that there exist J,J : [0,00) — R and ¢y > 0, such that
F(z,m) 4+ F*(z,a) — ma > co|J(m) — J(a)|?. (58)
for all m,a € [0,00). Further, assume that there exists C > 0 such that

d

O2H* .
(. p)hih; < C (yp| + 1) 2, (59)
i,j=1 v
d
O%F
T (z,m)h;ih; < C(Im|?+ 1) |h|?, (60)
i,j=1 e/

forallh = (hy,...,hg) € RY, (z,p) € T¢ x R and m > 0. Let (m,w®) € K. be the
minimizer of (29). Then there exists a constant C > 0, which is independent of ¢,

such that .
17m) s 2oy < €.

Lemma A.2. Let us define B¢ : T — R by

—w(x)
me(z)
where (m®,w®) is obtained in Proposition 2.3. There exists a constant C' > 0 such

that for all h € T? and € > 0,
B#(h) < B%(0) + C|h|*.

B*(h) == | m(x)H" (37 + h,

Td

) + F(x + h,m*(z)) dz,

Proof. In the proof, we write fy(z) := f(z — h) for all h € T¢ and f : T? — R.
We first notice that B° : T? — R takes a minimum at h = 0. Indeed, since
(m5,,w;) € K., we have

B(h) = B(mj,,w;) > B(m®,w®) = B%(0). (61)

Lety € T?and h = (hq, ..., hy) € T4 By Taylor’s expansion, there exists a constant
6 € (0,1) such that

B*(y+h) — B(y)
— | m*D,H (¢ +y,——) - h+ D,F(z +y,m°) - h do
Td me

w® O*F
/TZ{ axaxj (o y+ O~ w2 D +y+9h,m€)}hihj dz.
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It follows that B® € C'(T?) with
DB (y) = mEDxH*(x+y,—w—) + D, F(x +y,m%) du.
Td me

In view of (61), DB®(0) = 0. Hence, it follows from (59) and (60) that

B*(h) — B(0)

w® 0*F _
/WZ{ Qxax]x+y+9h —)+ a$3%($+y+9h7m)}hihjd9&

_ Clap [
o 2 Td

Noting that |m®|| e(ray is bounded uniformly in e by Proposition 3.2, and as in
estimate (30), we have
L
m
Td

mE

£ r/

w

dr + |m|? + 1 dx. (62)

e

de < C(B(1,0)+1).

Hence, combining the above with (62), we have (A.2). O
Lemma A.3. We have

A (u) + B(m,w) > ¢ y |J(m) — J(eu+ H(z, Du))|*dx

for all w € WP (T?), and (m,w) € K..

Proof. Using (58), and the convexity of H*(z, ), we have
A (u) + B(m, w)
> ¢ y |J(m) — J(eu + H(z, Du))|*dz
+ /Tdm (H(m,Du) + H” <x, —%)) —eu+eumdx
> ¢ 5 |J(m) — J(eu+ H(z, Du))|*de 4+ | —Du-w — eu+ cum dx

Td

=co | |J(m)— J(eu+ H(x, Du))|* dz. N
Td

Proof of Proposition A.1. Let u® be a minimizer of (22). Using Lemmas A.3,
A.2 and Proposition 2.4, we get

1 € €
§||J(m ) — J(mh)”%%’ﬂ‘d)

< [|J(m) = J(ew® + H(z, Du)) |72 + || (eu® + H(z, D)) — J (my,)|7
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IN

%{AW) + B(m*, wh)} + %O{Aé‘(ué‘) + Bmj, wi)}

= - {~B(m* ) + B, u)} = —{B(h) - BO)} < CIAP,

which gives the uniform boundness of J(m?) in H(T9). O
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