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The paper is devoted to the strong duality minimax theory, that works in infinite dimensional
settings, and to its applications. In particular, we deal with the nonconstant gradient constrained
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1. Introduction

The paper deals with the problem of strong duality minimax between an infinite-
dimensional convex optimization problem with nonlinear constraints and its La-
grange dual formulation.

The classical results in literature on the strong duality are based on the nonemptiness
of the interior, on the core, on the intrinsic core or on the strong quasi-relative
interior of the ordering cone (see [1, 16, 21]); therefore, they cannot be applied if
the ordering cone of the problem has an empty interior (or if any of the above-
mentioned generalized interior concepts is empty). However, this situation occurs
in many equilibrium problems, stated in infinite-dimensional spaces, as the traffic
equilibrium problem, the financial equilibrium problem, the Warlas problem, the
obstacle problem, the elastic-plastic torsion problem and many others (see [20] and
the references therein).

In order to overcome this drawback, in [8] the authors introduced a necessary and
sufficient condition, called Assumption S (for Separation), which ensures the strong
duality and it is successfull in the applications.

In this paper we present the new strong duality minimax theory (see [5, 6, 9, 10, 17,
19]). Moreover, we show that the strong duality theory, in particular the properties
of the Lagrange functional, may be applied in order to transform a constrained
minimization problem or a variational inequality on a convex feasible set in a system
of equations. This result is obtained for a nonconstant gradient constrained problem
and for the random traffic equilibrium problem. We stress that the classical strong
duality theory cannot be applied in both problems, since the interior of the ordering
cone is empty.
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In both the problems under consideration, the equivalent system of equations (see
(9), (11) and (32)—(34)) is expressed in terms of the Lagrange multipliers associated
to the problems.

The paper is organized as follows: in Section 2 the Assumption S and the strong du-
ality minimax are presented. Section 3 is devoted to the applications, in particular,
in Subsection 3.1 we study a nonconstant gradient constrained problem, whereas
in Subsection 3.2 we investigate the random traffic equilibrium problem. Finally,
Section 4 summarizes our results and future work.

2. The strong duality minimax

Let f: S— R, g: S =Y, h: S — Z be three mappings, where S is a convex subset
of a real normed space X, Y is a real normed space ordered by a convex cone C, Z
is a real normed space and consider the optimization problem:

f(wo) = min f(z)
roeK={xeS:gx)e —-C, h(z)=1=0y},

(1)

where 6 is the zero element in the space Z.

Under the additional assumption that the ordering cone is closed, it is possible to
prove that the primal problem (1) is equivalent to the optimization problem

min  sup  [f()+ (u, g(x)) + (v, h(@))] (2)

T€S yeC*, vez*
where C*:={ueY*: (uy) >0, Vye C}

is the dual cone of C' and Z* is the dual space of Z (see Lemma 6.5 in [18]).

Moreover, we associate to the primal problem (1) the following problem

max inf [f(z) + (u, g(x)) + (v, h(x))] . (3)

ueC*, veZ* €S

As it is well known, optimization problem (3) is called the dual problem, associated
with primal problem (1). The duality theory investigates the relationships between
primal problem (1) and dual problem (3). In general, the above problems are not
equivalent, but the following weak duality property always holds:

e inf [£(@) + (u, g(2)) + (v, h())] <

<min sup [f(z)+ (u,g(z)) + (v, h(z))] .

€S yeC*, veZ*

(4)

The weak-duality property means that the maximal value of the dual problem is
bounded from above by the minimal value of the primal problem.

If the primal and the dual problems are solvable, the extremal values of the two
problems cannot be, in general, equal. If the two problems are solvable and their
extremal values are not equal, one speaks of a duality gap.
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Then, we say that the strong duality holds for problems (1) and (3) if and only if
problems (1) and (3) admit a solution and their optimal values coincide.

In literature a classical theorem establishes, under the assumption of nonemptiness
of the ordering cone C, that the strong duality holds (see [18]).

However, the ordering cone of almost all the known problems, stated in infinite
dimensional spaces, has the interior empty. Hence, the above theorem cannot guar-
antee the strong duality in these applications.

In [8] the authors introduced a new conditions called Assumption S, which turns out
to be a necessary and sufficient condition for the strong duality (see also [2]) and is
really useful in the applications. This condition does not require the nonemptiness
of the interior of the ordering cone.

Now, we recall some definitions in order to present in detail the Assumption S.

Let us first recall that for a subset C' C X and x € X the tangent cone to C' at z is
defined as

To(x)={ye X : y= lim \,(z, —2), \, >0, z, € C, lim x, = z}.
n—oo n—oo

If z € clC (the closure of C') and C' is convex, it results
Te(x) = cleone(C — {z}),

where the coneA = {\z: z € A, A € R} denotes the cone hull of a general subset
A of the space.

Definition 2.1. (see Definition 2.2 in [10]) Given the mappings f, g, h and the set
K as above, we say that Assumption S is fulfilled at a point zy € K if and only if

TM(O,@y,ez) N (R__ X ‘gy X 92) = (Z)

where R™-={A € R: XA <0} and

M =A{(f(x) = f(xo) + o, g(x) +y, h(x)) : x€S\K, @ =0, yeC}.

The following statement is the main theorem on strong duality based on Assumption

S (see [8, 10])).

Theorem 2.2. (see Theorem 2.2 in [10]) Assume that the functions f: S — R,
g: S —Y are convex and that h : S — Z is an affine-linear mapping. Assume
that the Assumption S is fulfilled at the optimal solution xo € K of problem (1).
Then, also problem (3) is solvable and if w € C*, v € Z* are optimal solutions to
(3), we have

(@, g(xo)) =0 ()

and the optimal values of the two problems coincide; namely,

(o) = min f(x) = f(x0) + (@, g(x0)) + (v, h(xo))

zeK

= max inf [f(x) + (v, 9(2)) + (v, h(2))] -



356 S. Giuffre, A. Marciano / Duality Minimaz and Applications

A very important consequence of the strong duality is the usual relationship between
a saddle point of the Lagrange functional

L(z,u,v) = f(z) + (u,g(x)) + (v,h(x)), Vzes, YueC* YveZ",
and the solutions to (1) and (3). Indeed, we have the following theorem.

Theorem 2.3. (see Theorem 2.3 in [10]) Let the assumptions of Theorem 2.2 be
fulfilled. Then, xo € K is an optimal solution to (1) if and only if there exist u € C*,
v € Z* such that (zo,u,v) is a saddle point of the Lagrange functional, namely:

L(zg,u,v) < L(xg,u,v) < L(z,u,v), VYreS YueC", Yveli* (6)
and (u,g(xg)) = 0.
Theorem 2.3 is very useful in the applications. In the following section we will show
how inequalities (6) allow us to transform a constrained minimization problem or a
variational inequality on a convex feasible set in a system of equations.
3. Some applications

3.1. A nonconstant gradient constrained problem

In this subsection we deal with the following nonconstant gradient constrained prob-
lem, formulated by means of the variational inequality:

n 2
Findu e K = {U € Hy?(Q) : |Dvf* = Z (gv> < g(x), a.e. in Q} such that:
Z;
i=1

/Qﬁu(v —u)dr > /Qf@ —u)dzx, WvéEK, (7)

with g(z) € C%(Q), g(x) > 0. Q C R" is an open bounded convex set with C2-
boundary 02, and L is the linear operator

"0
L’u:—za—%<a” 3%) Zb 8x2—|—cu

ij=1

with associated bilinear form on Hy?(Q) x Hy™(Q) given by

= ou Ov &
a(u,v) :/Q (Z aija_:vjaxl iz::b v+cuv) dzx.

ij=1
We assume the following conditions on the coefficients

n

Z aij(ac)fi{j Z V|£|2 a.e. in Q,\V/g c R"

1,j=1 Y= . (8)
v > 076Lij el (Q),bl eC (Q)

¢ > 0 such large that a(u,u) > aHuHiILQ a >0, Yu e Hy*(Q).

0 ()’
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Let us remark that in the case g = 1, problem (7) is the well known elastic-plastic
torsion problem (see [3], [4], [13], [14], [15] and the references therein).

Now, we show how variational inequality (7) may be rewritten in terms of a system
of equations.

Indeed, the following result holds:

Theorem 3.1. (see Theorem 4 in [12]) Under the above assumptions on 2 and
under conditions (8), let f € LP(2), p > 1, and u € K be the solution to problem
(7). Then, there exists @ € (L>°(Q2))* such that

((B,y) =0 Vyel>®(Q),y=0 ae in;

@ (Z ()~ g<x>)> ~0, o

[ eu=npdn =23 7R 3E), Ve H=(@)
\ i=1

N\

The previous result may be generalized, ensuring the existence of the Lagrange
multiplier in L?, but assuming f = const > 0 and an extra condition on the gradient
constraint g.

Theorem 3.2. (see Theorem 1 in [12]) Under the above assumptions on 2 and
under conditions (8), let f = const. > 0, and the following conditions be satisfied

Z@mz (aU@m)_O in Q

(3| Day; || 1 + [1b]| 1)
4v '

If u e KNW??(Q) is the solution to problem (7), then, there exists i € L*(Q) with

and ¢ > ||Db|| e + || D?aij| 1 + (10)

>0 ae in 2

i (gu) oy (j“)) —0 g in 0 (11)

i=1

Lu—f+p=0a.ce. in .

Moreover, let us note the Lagrange multiplier ji € L?(Q) is unique. It easily follows
from the third equation in (11).

Theorem 3.1 has been proved in [12], using the classical duality theory, since, setting

S=X=HE™(@), ¥ = L3, GO)= Y (50 ) - ala) s HE¥(ER) > L5(9),

the ordering cone C' = {w € L>(Q) : w(t ) > 0 a.e. in 2} has a nonempty interior.

Moreover, since
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the variational inequality (7) may be rewritten as the minimum problem

miny(v) = y(u) =0 (12)
where P(v) = /Q(Eu — f)(v—u)dz. (13)

So, we can apply classical strong duality property and, consequently, if u is a solution
to (7), then to problem (12), there exists i € C* solution to the dual problem

max inf[¢)(v) + (u, G(v))] (14)

peC* ve
and (u, 1) is a saddle point of the so called Lagrange functional
L(v, 1) = ¢(v) + (1, G(v)), Yo € Hy™(Q),Vp € C*,
namely, L(u,p) < L(u, 1) < L(v, i), Yo € Hy™(Q),Yu € C*. (15)
From the right hand side of (15) it follows, Yo € Hy™(9),

L(v, ) = / (Cu— )(v - u)dz + (7, G()) > L, F) = (7 G(u) = 0.

Choosing v = u + ¢, Yo € Hy™(Q) we obtain
ou 8g0 ST
- 27 2y >
/Q(Lu S de +2( Z@xl 8:6@ ;(8@) )20

ou O 00\ >
and /(ﬁu—f)sodx+2u,zauaf>—(EZ(J)KQ

Then, we consider the test function € ¢, € > 0, in both the inequalities. If € tends
to zero, we get:

ou ago
[ eu=ppds = G —22 2. (16)

In conclusion, from (5), (16), taking into account that
C*={pe (L®(Q)": uly) >0y € L>*(Q), y(x) > 0a.a z €N}
we obtain conditions (9) and Theorem 3.1 is achieved.

In order to obtain the existence of the multiplier in L?((2), it is no longer possible to
apply the classical strong duality theory, since in this case we have X =Y = L*(Q),
C=C*"={vel*9Q):v(x) >0ae in Q}, and the interior of C is the empty set.

In [12] it is proved that, under the assumptions of Theorem 3.2, the solution u to
problem (7) coincides with the solution to the obstacle problem

Find v € K : / Lu(v — u)dx > / flv—u)dz, Yve K, (17)
Q Q

where Ky ={veHy(Q):0<v(z) <wx)ae onQ},
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and the obstacle w € H"(Q) is the viscosity solution to the Hamilton-Jacobi
equation

|Dw| = +/g(x) a.e.in ) (18)
w =0 on 0N
defined by w(x) = infy,conl (T, xo) (19)

with

\V g dS OT() —>Q

L(z,zo) =inf < Jo ) (20)
£(0) =z, &(Ty) = xg, [€'(s)] <1 ae. in [0, Ty

Problem (17) may be rewritten as the optimization problem

min (v) = t(u) = 0. (21)
with ¢(v) = [, (Lu— f) (v —u) dz. The optimization problem (21) fulfills Assump-

tion S. We report the proof for the reader’s convenience. We have

X=Y=L*0),C=C"={vel’(Q:v(x)>0aec inQ}, Glv)=v—w,
and we must show that, if we have

(l, GLz(Q)) = (li;n Un((vy) + ), 1171111 Vn(v, —w(x) + yn))

with {v,} a positive real sequence, o, € R, v, € L*(Q) \ K1, lim,, ¥(v,,) + o, = 0,
lim,, (v, —w(z) +y,) = 0in L*(Q), y, € C, then [ must be nonnegative. We obtain

li£n v (vy) = lign Un, /Q(Eu — (v, —u)dx
= liTILn {/Q(Eu — (v —w(x) + yp) dx + vy, /Q(Eu — Hw(x) —y, —u)dz| .

Since w(x) — y, < w(z), taking into account that

lirrln Vn(vp —w(z) +y,) = 0in L*(Q) and /Q(ﬁu — Hw(x) =y, —u)dx >0,

we get [ > 0, that is the strong duality holds. Then, Theorem 2.3 holds too, namely,
setting

L(v,pn) = /Q(Eu — f)(v—u)dr + /Qu(v(x) —w(x))dr, ve L*Q), ueC, (22)
there exists i € C' such that / i(u(z) —w(z))de =0 (23)

and L(u,p) < L(u, 1) < L(v,m) Vv € L*(Q), Yu € C. (24)
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Considering the right-hand side of (24), we get
/Q(/Ju—f—l-ﬁ)(v—u)dxzo Vv € L*(9), (25)
from which we get Lu—f+p7=0ae. in Q. (26)
Moreover, from (23) we also have
m(x)(u(z) —w(x)) =0 a.e. in Q. (27)

The second one of conditions (11) follows from Theorem 2 in [12].

3.2. The Random Traffic Equilibrium Problem

In this subsection we deal with a general random traffic equilibrium problem, namely,
a traffic problem where the data are affected by a certain degree of uncertainty.
The path flows as well as the travel demand often vary over time in a non-regular
and predictable manner. Then, a random model may be very useful in order to
describe many realistic features of the traffic equilibrium problem. Moreover, since
the demand itself is dynamic and can change randomly, this framework is able to
handle random constraints.

In [7] the authors give for this equilibrium problem a random generalized Wardrop
equilibrium condition and show that the equilibrium conditions are equivalent to a
random variational inequality:.

The framework of the model is a Hilbert space setting, in which it is possible to
obtain, under general assumptions, existence and uniqueness results and to perform
a complete duality theory.

For the reader’s convenience, we introduce in detail the random traffic equilibrium
model. A traffic network consists of a triple (N, A, W), where N = (N1, Na, ..., N,)
is the set of nodes, A = (Ay,...,A,) represents the set of the directed arcs con-
necting couples of nodes and W = {wy,...,w;} C N x N is the set of the origin-
destination (O/D) pairs. The flow on the arc A; is denoted by f; and the uncer-
tainty, which affects the knowledge of f;, is given by the dependence of f; on w,
namely, f; = fi(w), where w € Q and (2,4, P) is a probability space. We will
set f(w) = (fi(w),..., fu(w)). A path is a set of consecutive arcs and we assume
that each O-D pair w; is connected by r; > 1 paths, whose set is denoted by R,
j=1,...,1. All the paths in the network are grouped into a vector (Ry, ..., Ry,).

We can describe the arc structure of the path by using the arc-path incidence matrix
A= {0y}, i =1,...,n, r = 1,...,m, whose entries take the value 1 if A; € R,
and 0 if A; ¢ R,. To each path R, there corresponds a flow F,.(w), w € 2, and
the path flows are grouped into a vector (Fj(w), ..., F,(w)), which is called the
path flow vector. The flow f; on the arc A; is equal to the sum of the flows on
the paths containing A;, so that f(w) = AF(w), w € Q. Let us now introduce
the unit cost of going through A; as a function ¢;(f(w)) > 0 of the flows on the
network, so that c¢(f(w)) := (c1(f(w)),...,cn(f(w))) denotes the arc cost on the
network. Analogously C(F(w)) := (Cy(F(w)),...,Cn(F(w))) will denote the cost
on the paths.
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Usually C,.(F(w)) is given by the sum of the costs on the arcs building the path:
Co(F(w) = dnci(f(w), weQ or C(F(w)) =ATe(AF(w)).
i=1

Instead of assuming paths with infinite capacity, we suppose that there exist two
random capacity vectors A(w), p(w), AMw) < p(w), such that

0<\Nw) < F(w) < p(w), P—a.s.

For each pair w; there is a given random traffic demand D;(w) > 0, so that
(D1(w),...,Di(w)) is the demand vector. We require that the so-called traffic con-
servation law is fulfilled, namely, that the demand D;(w) verifies the conservation
law

Z oiFr(w)=Djw) j=1,...,1, P—a.s,
r=1

where ® := {¢;,}, j = 1,...,1, r = 1,...,m, is the pair-incidence matrix whose
elements ¢j, are equal to 1, if the path R, connects the pair w;, and equal to 0
otherwise. We assume that F(w) € L*(Q, P,R™), D(w) € L*Q, P,R') and the
random cost C(F(w)) : L*(Q, P,R™) — L*(Q, P,R™). By L*(Q, P,R™) we denote
the class of R™-valued functions defined in €2, which are square integrable with
respect to the probability measure P, while the symbol (-, -) will denote the standard
scalar product in R™. Moreover we set

(G, F)) = /Q<G(w),F(w)>de VE, G € L*(Q, P,R™).

Then, the set of random feasible flows is given by
Kp = {F(w) € L*(Q, P,R™) : \Nw) < F(w) < p(w),®F(w) = D(w), P — a.s.},
which is a closed, bounded and convex subset of L?*(€2, P,R™). Setting Vw € ,
K(w) = {F(w) €R™: A(w) < F(w) < p(w), ®F(w) = Dw)},
and, assuming, in order to ensure the nonemptiness of K(w),
PAW) < DF(w) < Bu(w),
Kp may be rewritten as
Kp = {F(w) € L*(Q, P,R™) : F(w) € K(w), P — a.s.}.

We can give the following equilibrium definition, that generalizes Wardrop equili-
brium condition.

Definition 3.3. (see Definiton 2.1 in [7]) A distribution H € Kp is an equilibrium
distribution from the user’s point of view iff

Vw; € W, VR,, R; € R; and P-a.s. there holds (28)
Cy(H(w)) < Cs(H(w)) = Hy(w) = pg(w) or Hy(w) = As(w).

An equilibrium distribution can be characterized by means of a variational inequa-
lity.
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Theorem 3.4. (see Theorem 1 in [11]) H € Kp is an equilibrium flow according to
Definition 3.3 iff it is a solution to the variational inequality:

(C(H), F — HY) /Q (C(HW)), Fw) — Hw))dP, > 0,YF € Kp.  (29)

Let us now introduce the Lagrange functional
L(F,p1,p2,6) :=T(F)+ <p1, »F> + < po, F1> + <0, PF(w)-D(w) >, (30)
where I'(F) =< C(H),F — H>, FeL*QPR™

and H € K, is a solution to variational inequality (29).

The following Theorem guarantees that the random variational inequality (29) may
be expressed in terms of the system of equations (32), (33), (34):

Theorem 3.5. (see Theorem 2.3 in [7]) Let H € K, be a solution to (29). We con-
sider the associated Lagrange functional (30), then there exist p'*, p** € L*(Q, P,R'")
and 6* € L*(Q, P,R) such that (H, p**, p**, %) is a saddle point of (30), namely:

L(H, p1,p2,6) < L(H, p™*, p**,0%) < L(F, p**, p**, ") (31)

VF € L*(Q, P,R™), Vpi, ps € L*(Q, P,RT), V5 € L*(Q, P,R")
and P-a.s.

Cr(H(w)) — pr(w) + p2*( +Z5* Wier =0 Yr=1,...m (32)
P (w) (M (w) — Hr(w)) =0 Vr=1,....m (33)
P (W) () — () =0 Vr=1,m. (34)

It is easily proved also in this case that the Lagrange multipliers p'*, p** are unique.

From formula (32), we derive the meaning of the Lagrange multiplier §7(w). Indeed,
—05(w) represents the generalized equilibrium cost for each O/D pair. If A\ (w) <
H,(w) < pr(w), ®j = 1, then —d7(w) is exactly the equilibrium cost. On the
contrary, the equilibrium cost —d7(w) increases or decreases when H,(w) coincides
with the lower or the upper bound.

Let us stress that inequalities (6), namely, inequalities (31), allow us to solve the
problem we are dealing with, that is transforming variational inequality (29) in the
system of equations (32), (33), (34).

It is not possible to use the classical strong duality theory, since the ordering cone of
L*(Q,P,R™) is C = {F € L*(Q, P,R™) : F > 0 P-a.s.}, that has an empty interior.
On the contrary, Assumption S is verified (see [7]).

Then, the strong duality holds and, in virtue of Theorem 2.3, there exist p'*(w),
p**(w) € L*(Q, P,RT) and 6*(w) € L*(2, P,R) such that (H, p'*, p**, 0*) is a saddle
point of the Lagrange functional, namely:

L(H? plap275) S L(H7 p1*>p2*75*) S L<F7 pl*ap2*75*>
VF € L*(Q, P,R™), Ypy, po € L*(Q, P,R7"), V5§ € L*(Q, P,R)
and KPP AN—H>=0, <p* H—pu>=0. (35)
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From (35) it is easy to derive (33) and (34). Considering the right-hand side of (31),
we may prove (32). Indeed,

L(F, p"*, p**,0%) > L(H, p™*, p**,8") =0, VF € L*(Q, P,R™),
namely, taking into account (35):
<CH),F-H>» - <p* F-H>»+<p*, F—H>+ < oF-D> >0
for all F' € L*(Q, P,R™). Since ®PH(w) = D(w), we can rewrite the term
L O(F —H) >»>=< 075" F — H>
and, hence, we obtain:
<K CH) = p*+p*+ 076" F—H>>0, VFeclL*Q PR™). (36)
From (36), choosing F = H + ¢ Yy € L*(Q, P,R™), we get
< C(H) —p* + p* + 076 o >=0, Vopc L*(Q,P,R™). (37)
Finally, choosing ¢ = C(H) — p** + p** + ®1§*, we obtain the desired equation

C(H(w)) — p*(w) + p*(w) + 76" (w) =0 P-as.

4. Conclusions

In this paper we point out the importance of a new strong duality, which works in
infinite-dimensional settings, where the classical theory cannot be applied. The the-
ory allows to transform a variational inequality on a convex feasible set in terms of a
system of equations. As applications, we present a nonconstant gradient constrained
problem and the random traffic equilibrium problem. In the future we would like
to continue the study of this topic and, in particular, we will study the existence
of Lagrange multipliers for the problem with non-constant gradient constraints as-
sociated with a nonlinear monotone operator. Moreover, we will take into account
uncertainty on the data in other equilibrium problems, which leads to a random
formulation of the model, for example in a cybersecurity investment supply chain
game theory model.
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