Minimax Theory and its Applications
Volume 6 (2021), No. 2, 365-378

Local Boundedness for Weak Solutions
to some Quasilinear Elliptic Systems

Salvatore Leonardi

Dept. of Mathematics and Informatics, University of Catania, 95125 Catania, Italy
leonardi@dmi.unict.it

Francesco Leonetti, Cristina Pignotti
DISIM, University of L’Aquila, 67100 L’Aquila, Italy
leonetti@Qunivaq.it, pignotti@Qunivaq.it

Eugenio Rocha, Vasile Staicu

CIDMA, Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal
eugenio@ua.pt, vasileQua.pt

Received: May 15, 2019
Accepted: November 18, 2019

We consider quasilinear elliptic systems in divergence form. In general, we cannot expect that weak
solutions are locally bounded because of De Giorgi’s counterexample. Here we assume a condition
on the support of off-diagonal coefficients that “keeps away” the counterexample and allows us to
prove local boundedness of weak solutions.
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1. Introduction
We consider quasilinear elliptic systems in divergence form
—div(a(z,u(z))Du(z)) =0, =z €, (1)

where u: @ € R* = RY and a : @ x RY — RY*"* is matrix valued with components
B . .

a; i (v,y) where i,j € {1,...,n} and o, 8 € {1,..., N}. Note that (1) is a system of

N equations

—ip(z (quu—i—Z *(,u)Dju? + .. +Z quu):
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Let us assume that coefficients agf (z,y) are measurable with respect to z, con-
tinuous with respect to y, bounded and elliptic. When N = 1, we have only one
equation and the celebrated De Giorgi-Nash-Moser theorem forces weak solutions
u € W2(Q) to be locally bounded and even Holder continuous, see section 2.1 in
[17]. The result is no longer true, in general, for systems: De Giorgi’s counterexam-
ple shows that u(x) = x/|x|” is a weak solution to a particular system (2) where Q
is the ball centered at the origin with radius 1 and v > 1 is a suitable exponent; it
turns out that u cannot be bounded inside €2 near the origin; see [3], section 3 in [17]
and the recent paper [18]; see also [21] and [11]. Now the effort is finding additional
restrictions on the coefficients agf that keep away De Giorgi’s counterexample and
allow for local boundedness of weak solutions u. The easiest case happens when
off-diagonal coefficients vanish, that is

azf =0 for f#a. (3)

In such a case, the a row of the system is
- ZD (Z ?Ja(LU(x))DjU“(fC)) =0, (4)
7=1

so, if b; j(z) = a;""(z,u(z)) and v(z) = u*(z), then we are in the linear scalar case

” —ZD <Zbu >_0 (5)

and v turns out to be locally bounded and Hoélder continuous. A further step has
been made in [22]: the system (2) is assumed to be tridiagonal, that is

aff}ﬁ =0 for f>a. (6)

In such a case the system (2) becomes

—ZDi(Zai’jl(a:,u)Djul > =0
i=1 j=1

3o St anpt + Y e D )=o
i=1 j=1 j=1

—iDi(iagj :EuDu—i-Za (z,u)Dju® + .. —i—Za xu)DjuN):O
i=1 j=1

J=1

Then we can apply to the first equation the regularity for scalar case: Hoélder conti-
nuity for u!' and suitable decay on balls for Du'. Now the second row can be written
as follow

— Zn: D; (2”: a;?(z, u)Dﬂﬂ) - Zn: D; <Xn: a}l(z, u)Dju1> ; (8)
i=1 J=1 i=1 j=1

the good behaviour of Du! on the right hand side can be transferred to the left hand
side so that u? inherits Holder continuity and Du? gets a suitable decay on balls.
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The procedure can be iterated until we arrive at v”. Another step has been made in
[16] where the local boundedness is obtained under the following structure assump-
tion: there exist numbers A > 0, L > 0 and two nonnegative functions d(z), g(x),
such that

ST S e n]) = - {cﬂpr%(%y[d<x>|y|2+g<x>1} )

a=1 y=1 i=1 pB=1 j=1

is fulfilled for all § € (0,1) and all (z,y,p), with |y| > L. In the present work we
assume a condition on the support of off-diagonal coefficients: there exists Lg €

(0, +00) such that V L > Ly, when a # S,

(a5 (x,y) #0and y* > L) =y’ > L,

7

(a>? (z,y) #0 and y* < —L) = y® < —L

[2¥}

(10)

(see Figure 2.1). Under such a restriction we are able to prove local boundedness
of weak solutions. All the necessary assumptions and the result will be listed in
section 2 while proofs will be performed in section 3. Let us mention that off-
diagonal coefficients with a particular support have been successfully used when
proving maximum principles in [12] and when obtaining existence for measure data
problems in [14], [15]. It is worth mentlomng that, when the ratio between the
largest and the smallest eigenvalues of a; J is close to 1, then regularity of u is
studied at page 183 of [7]; see also [20], [10], [9], [13]. Let us also say that proving
boundedness for weak solutions could be an important tool for getting fractional
differentiability, see the estimate after (4.15) in [4]; sometimes, a gain in fractional
differentiability can be iterated as in Theorem 3.III of [1] and in Theorem 3.3 of [5].

2. Assumptions and result

Assume 2 is an open bounded subset of R”, with n > 2. Consider the system of
N > 2 equations

n

n a N .
DAP WAL
i=1 =1 j=1

=1 9=

uﬁ) =0in €, fora=1,...,N. (11)

Ly

2 N). We list our structural

Note that u” is the 8 component of u = (ul,u?, ..., u
conditions.

(A) Foralli,j € {1,..,n} and all o, € {1,..., N}, we require that a; ’ﬂ : QX
RN — R satisfies the following conditions:

(Ag) x> a; ’5(x,y) is measurable and y — agf(:v,y) is continuous;

(A1) (boundedness of all the coefficients) for some positive constant ¢ > 0, we have

jaff (2 y) | < e

for almost all x € Q and for all y € RV ;
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(As) (ellipticity of all the coefficients) for some positive constant v > 0, we have

Z Z (2,9) §€) > v|¢
a,f=11,5=1
for almost all x € Q, for all y € RN and for all £ € RVN*";

(A3) (support of off-diagonal coefficients) there exists Ly € (0,+00) such that for
all L > Lo, when o # 3,
(aioff (r,y) #0 and y* > L) = y* > L, (A3)
(@ (z,y) #0 and y* < —L) = y® < —L. (AY)

1’7J

(see Figure 2.1).

o8
a;j =

Figure 2.1: Assumption (Aj3): off-diagonal entries azf vanish on the white part of

the picture; they might be non zero only on the grey part.

We say that a function u : © — RY is a weak solution of the system (11), if
ue Wh? (Q,RN) and

/ Z Z ))Dju’ (z) D (x)dz = 0, (12)

a,f=11,j=1

for all p € W2 (Q,RY).

Theorem 2.1. Let u € W12 (Q RN) be a weak solution of system (11) under the
set (A) of assumptions. Then u € Lj3, (Q,RY).

3. Proof of the result

The proof of the Theorem 2.1 will be performed in several steps.
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Step 1. Caccioppoli inequality

Theorem 3.1. (Caccioppoli inequality on superlevel sets) Let u € W2 (Q,RN) be
a weak solution of system (11) under the assumptions (Ao), (A1), (Ag), (A}). For
0 < s <t,let B(xo,s) and B(xg,t) be concentric open balls centered at xy with radii
s and t respectively. Assume that B(xg,t) C Q and L > Ly. Then

16c2nA N4 N a_ 1\2
Z / |Duo‘|2dx§6cy—nQZ / <ut—s> dr, (13)

=lruesLINB(zo,s) =Lt as LY NB(2o,t)

where ¢ is the constant involved in assumption (Ay), v is given in (Az) and Ly
appears in (As).

Proof of Theorem 3.1. Let u € W'? (Q,RY) be a weak solution of system (11).
Let n : R — R be the standard cut-off function such that 0 < n < 1, n €
C3 (B(zo,t)), with B(zo,t) C Q and n = 1 in B(x,s). Moreover, |Dn| < 2/(t — s)
in R®. For every level L > L, consider the test function ¢ : R* — RY with
o =(p" . 0"),

where ©*(x) := n*(z) max{0,u*(x) — L}, foralla € {1,..,N}.

Then D; ¢ = n*1iyesryDiu® + 20(Din)Liyesry(u® — L) for all i € {1,...,n} and
ae{l,...,N}
Using this test function in the weak formulation (12) of system (11), we obtain

N n
O:/ Z Z qujuﬁngpo‘d:v—/ Z Z BDu n l{ua>L}Du dx
Q.5

B=11,j=1 =14,j=1

/Z Z aﬁD U627] zﬁ)l{ua>L}(ua—L)dl‘,

a,f=11,5=1
Now, assumption (Aj) guarantees that

ag i (,u(@) Liges 1y (2) = a7y (@, u(@) Lyss 1y (2) Loy (2) (14)

when 5 # « and L > Lg. It is worthwhile to note that (14) holds true when a = 3
as well; then

/ S S Ly Dyt ety Dy

a,f=11,j=1

/ Z Z a1 s 1y Diu?2n(Dim) 1o sy (u® — L) da. (15)

a,f=11,5=1

Now we can use the ellipticity assumption (Ay) with £ = 1yyes1)D; u® and we get

v [0 Zl{m}mu Paos [ S S sy Dyt Loy Dy . (16)

a,f=11,5=1
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Moreover
/ Z Za LussyDiu’2n(Dim)1esry(u® — L) da
a,B8=11,5=1
/ Zzl{u5>L}|D U |ZZ27I|D177|1{W>L}(U _L>d
p=1 j=1 a=1 i=1

/Q Z nl{u5>L}|DuB| Z n2n|Dn|1gyesry(u® — L) dx

ps=1 a=1

N 2 2 N 2
n
< /cn26772( E l{ua>L}|Duﬁ|) —|—/ T|Dn|2( 5 1{ua>L}(Ua_L>) dx
Q Q
B=1 a=1

N
2N?
< [ent Ve 3" 1 Dt [ D S by L) dr, (17
Q Q

ps=1 a=1

where we used the inequality 2ab < ea® + b? /e, provided € > 0. Merging (16) and
(17) into (15) we get

N
V/n221{ua>L}|Dua|2d:r:
Q a=1

N
cn?N?
< [enntar Y1 D+ [ T Dy S Loy 4 — e
B=1

a=1

We take € = v/(2cn?N?) and we obtain

2c2n* N4
/ Zl{ua>L}|Du | d$</ |D7’]| Zl{ua>L}(u —L) d
a=1

Using the properties of the cut off function n we get

1 2 4N4 N a_J, 2
Z / \Duayz‘dxg&fy—”ZZ / (“t_8> dr.  (18)

=lruesLINB(zo,s) a=Lleyas LYNB(2o,t)

This ends the proof of Theorem 3.1. 0

The “excess” on superlevel sets

In the previous Caccioppoli inequality the following sum appears on the right hand
side:

N
Z / (u® — L)* du. (19)
Olzl{u"‘>L}ﬁB(aco,t)

Note that the sum (19) is zero if and only if all the superlevel sets have zero measure,
that is [{u! > L} =0, [{u®> > L}| =0, ... , [{u"¥ > L}| = 0, where |A| is the n-
dimensional Lebesgue measure of A C R".
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This happens when L > max{ esssup u!, esssup u?,..., esssup v’V}. On the con-
trary, if L < max{ esssup u!, esssup u?, ..., esssup vV}, then the sum (19) is posi-
tive. Moreover,

L~ Z / (u® — L)? dx decreases. (20)

Oézl{u"‘>L}ﬁB(aco,t)
A sum of the form of (19) measures how much L is far from
max{ esssup u!, esssup u?,..., esssup u'V}.

Let us call (19) the excess of u with respect to the level L, the “excess” for short.
We aim to show that the excess is zero for a suitable level L. We first show that the
excess at level Ly can be estimated by means of a power o of the excess at level Ly,
for a suitable pair of levels Ly, > L;. Then we iterate the procedure.

Step 2. Decay of the “excess” on superlevel sets

In general, we consider a vector valued function v : Q@ C R* — R, n > 2, with
v=(v',...,oN) and v € W'P(Q;RY), p > 1, where Q is an open set in R". We fix

loc

Br, = B(xo, Ry) € 2, with Ry < 1 small enough so that

|Br,| <1 and Z/ [P dx < 1, (21)

Bg,

where A @ Q means that the closure A is a compact set contained in §2; moreover,
p* =L, if p<n, and p* is any ¢ > p, else. For every R € (0, Ry] we define the
decreasing sequences

R R R 1 _ Pn + Prt1 R 3
X =1y A :
Pri= g T gh 2<+2h)’ pr 2 2 4 2h

Fix a positive constant d > 1 and define the increasing sequence of positive real
numbers

1

Moreover, define the sequence (J),

hi=d [ b d

a=1 A%hvph
where AY = {v* >k} N B, and B, = B(xo, p). The following result holds.
Proposition 3.2. (Decay of the excess from step h to step h+1) Let v & VVlif(Q, RY),
p > 1. Fiz B(xg, Ry) € Q, with Ry < 1 small enough such that (21) holds. If there

exist 0 < v < 1 and cg > 0 such that, for every 0 < s < t < Ry and for every
he{0,1,2,...},

Z/ yDv |de<002{/? ( kh) dm+|A§h’t|ﬁ}, (23)
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then, for every R € (0, Ro] and for every h € {0,1,2,...},

* %k h *

PP

; ) ()7,

with the positive constant ¢(¥, R) independent of h.

Jn+1 < (¥, R) (2

Remark 3.3. We want to stress that the exponent on the right hand side is p*
larger than the exponent p on the left hand side: this situation has been studied in
the scalar case N =1 in [2], [6], [19].

Proof. Notice that (J,,) is a decreasing sequence, since the following chain of
inequalities holds:

N
§ a E «a *
Jh+1 = (?} — kh+1 dl’ < / ( — k‘h_H)p dx
a=1"4%, 1onin Ao
N

Z/ (v — k)" d:E<Z/ (v — kp)? dx = J. (24)

alA

kh+1 Ph EpsPh,

Let us now define a sequence (¢j,) of cut-off functions in C3(B(xg, pr)), such that 0 <
(<1, G=11n B, |DG| < 222 1f we denote (v — kpi1)y = max{v — kpy1,0}

Ph+1
we get
N
Jhy1 = Z (v = kpy1)? Ch dz < Z/ (v = kpy1)? ¢ da
a=1 Agh+1,ph+1 kh+1 Ph

=3 [ (@ = b do (25)

The Sobolev Embedding Theorem and the properties of ¢, yield

p*

/BR(QKUQ — k1)) de < ¢ (/BR |D(Ch (v — kpy1)+) P d:r) ’

1 1yP
<c { (/ | Dv*ClP Livasky o} dx) + (/ |(v = kpa1) - DCIP dx) }
Bpr Bpr

% 2h p % i
<c / |Dv®Pdx | + <—) / (v — kpy1)P dx . (26)
Eh+1-Ph

Kh+15Ph

Note that, when p = n, we used |Bg| <1 (see (21)) in the Sobolev inequality.
Substituting t = p, and s = p,, in (23) we deduce

N
2/1
Z /!Dv Ipdm<cz ( ) /\v — k[ dz AR 0 (27)

kh+1 Ph ’%+1 Ph
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Collecting (25), (26), (27), we obtain

*

N D
Jnp1 S ¢ {Z ( ) / (0" = kng)” da + Z AR ol

a=1 Ehy1:Ph
N 2h p %
+y (E) /A (v — k)P dz p (28)
a=1 kh41:Ph

Since 2P < 2P 4 1 for every z > 0, then

9h\ P oh p*
(E) /a (v* = kpy1)P dx < (§> /a (0% — k)" da + AT,

Kh+1:Ph Eh+1-Ph

and we obtain

N *
2\

Jhi1 < c { Z (E) /<Ua N kh“ “dr+ Z ‘Akhﬂ Ph’ﬁ + Z ‘Ath o } | 29)
a=1 a

= %

kh41,Pn
N N
Since > LAY ey = k) <> / (v — kp)? dx < Jp,
a=1 a=1 Agh+l’ph
Jh 2h+2
then kh+1 Phl — Z |Akh+1 Ph S kfh—+1 — k’h)p* = ( ] Jh.
Taking also into account that (see (24))
N N
Z (v — kpyr )P dx < Z (v™ — kp)? dx < Jp,
a=1 Agh+1,ph a=1 Agh-{»l’ﬂh

inequality (29) gives

*
p_
p

Jhi1 < ¢ { (%)p* Jn + (2;) (Jn)” + (;j)p* Jh} : (30)

We keep in mind that J, is decreasing and ko = d/2 > 0, so

Iy < Jy= Z/ v—k‘opda:<2/ d:v<2/ \va\p*dasgl,

kosro k0sP0

where we used (21). Since J, < 1 for every h and recalling that d > 1 > Ry > R,

we get . . .
2h p 2h 9p 9 2h p
(5) we(5) o+ (%) o
ghp*  ohip* ) 2 1N e s

By (30) it follows

2 1 " 2 P\ p*
Jh—i—l S C{(W —+ W) th (Jh>79} S 6(19, R) <2 P ) (Jh)ﬁ L ]
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Step 3. Iteration

We need the following classical result, see e.g. [8].

Lemma 3.4. Let v > 0 and let J,, € [0,400) be such that
Jnr < AN VR e NU {0}, (31)

with A >0 and A > 1. If Jy < AN 57 , then limy,_,oo Jj, = 0.

Step 4. Conclusion

We have got all we need to give the proof of Theorem 2.1. Fix Br, = B(z, Ry) € €2,
with Ry < 1 small enough such that |Bg,| < 1 and fBR |ulP” (13) we
0

have that, for every 0 < s <t < Ry and every h, u satisfies

2/ ]Dua|2dx<c02{/at< kh)Q*dx—i-‘Az‘hA}, (32)

where ¢y > 0 is independent of s, ¢, h, provided Lo < d/2. Therefore u satisfies (23)
of Proposition 3.2 with p = 2 and ¥ = 1. Then Proposition 3.2, applied to u, gives

2% 2%

T < e(B) (2F) ()%, (33)

with the positive constant ¢(R) independent of h. Let us note that

N 2
- a|2*
Jo.—Z/Aa (u® — ko) dw-Z/ (u —§> dm<Z/ |u|* dx,
a=1 kq,po
and so Jo— 0 whend— +o00.

Therefore, we can choose d > 0 large enough such that
1 ok \ —
Jo < o(R) % (2*) F-07

Thus, by Lemma 3.4 we deduce that limh_mo Jr = 0; since

Jh_Z/ u—kthx>Z / (u® — kp)? da

khoPh {u“>kzh}ﬂBR/2
N

> / (u® — ky)* dx > Z / (u® — d)* du,
azl{ua>d}mBR/2 azl{ua>d}mBR/2

we deduce that [{u® > d} N Bgj| = 0, namely u* < d a.e. in Br. We have so

proved that u® is locally bounded from above.

Now, let & = —u. Then @ € W12(Q; RY) and, since u satifies (12), @ satisfies

0= [ 30 @ o)) D a) Dig ) (34)

a,f=11,j7=1
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for every p € VVOI’2 (Q, RN), where

i (z,y) = a (z,—y). (35)

We observe that the new coefficients, defined by (35), readily satisfy conditions (Ay),
(A1), (Az). Moreover, if o # ( the coefficients dzf (z,y) satisfy (Aj}) provided the
aioff (x,y) satisty (A%). Therefore, we can argue as above on 4 obtaining the estimate

from below for u®. This ends the proof of Theorem 2.1. ]

4. An example

Let us take N = 2 and n = 3; we define the matrices a®* = a®?(y) (o, 8 € {1,2}
and y = (y',¢?)) as

2 0 0 b(y) 0 0
at:=102 0|, at? = 0 00 |,

001 0 00

0 w(y) O 27 0 0
dlt=(0 0 0], a?=1 0 10|,

0 0 0 0 0 1

where b : R? — R is a continuous function such that 0 < b(y!,y?) < 2, b(k, k+1) = 2
for every integer k > 2, b(0,0) = 2 and the support of b is contained in the grey
part of Figure 2.1 with a = 1 and 3 = 2; moreover, w : R?> — R is a continuous
function such that —10 < w(y',y?) <0, w(k + 1,k) = —10 for every integer k > 2,
w(0,0) = —10 and the support of w is contained in the grey part of Figure 2.1 with
a =2 and § = 1. It easy to check that assumptions (Ag)—(As3) are satisfied with
¢ =27 and v = 1. For the convenience of the reader, let us do the calculations for
the ellipticity (As).

N n

> D> ()€

a,f=11,7=1

=Y ai) (@) &g+ all (@) EE+ )l (@) €6+ ) alt (z,y) €¢
i,j=1 i,j=1 i,j=1 i,j=1

= apy (2,y) §1€] + ag)y (7,9) £ + agy (2,9) & + ari (z,y) €16
+aty (2,y) 6 + ail (2,9) 66 + a35 (v,9) 56 + a3 (x,y) &6
= 2616 + 26,6 + 166 + b (y) &€ +w (y) & + 27667 + 1665 + 16563
> 2616] + 26,6, + 16585 — 2|61 |€7] — 1067165 + 27€7€T + 16565 + 16363
> 216} + 26,6 + 166 — 616 — 66 — %5?6? — Beby6y + 276167 + 16565 + 16363
= 16161 4 26,8, + 16585 — E167 — 256767 — 16,6, + 276767 + 16565 + 16365
= 1616 + 166 + 1686 + 16767 + 16365 + 16365 = |€, (36)

where we used the inequality 2AB < A? + B? and 2AB < A; + eB? with € = 1.
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On the other hand, this example satisfies neither assumption (3) nor assumption (6)
since the two matrices a'? and a*! are not zero. Moreover, (9) does not hold true.
Indeed, for every integer k > 2, let us take

y'=k+1, y'=k p=p=t>0 pi=0=7p5 (37)
and let us compute the left hand side of (9); we have

=Yy zpzzzazﬂx,wpf)

2
[yl =1 p=1j=1

_Zzy“?ﬂ ;plz< )pl +a12(y)p2>>

I
M i
| Fgw

y? 1
sz z 1 pl + a'L ,2 (y)pQ)

(p] (a1 (W)p1 + afa (¥)p3) + p3 (a5 (¥)pt + a5z (v)p3))

- Z (p1 (a7 1 (y)pi + af 2 (?J)pz) + 1y (a3 1 (y)pi + a3 2 (y)pQ))

+ (p1 (al ()1 + a3 2(y)p2) +py (a2 1()p1 + a3 Q(y)pé))

= ((a1(y) + ars(®)) + (a31(y) + ax3(v)))

vyt

ly[?
(1) (B4 1)t k(k+1)[t]? (~10)
(k)24 2 (k +1)% + k2
(k) (EF D (—6k — 2k 4 4)[t]?
(B2 K2 22421

+ ((ati(y) +als(y)) +

—

az1(y) + az3(y)))

Now we compute the right hand side of (9); we have

Q=- {5\19!2 +(5) bk g(a:)]}

. {52|1t|2 + (%) [d(2)[(k +1)* + &) + 9(1‘)]}

= 62|t {1 + 2|t‘zﬁ[d(x)[(k +1)% 4+ k) + g(x)]} :
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) .
Let us take |[t]* = W[(d(m) + D)[(k +1)* + k?] + g(x)] so that, since 6 € (0, 1),
S22 41+ 1 [d(2)[(k+ 1)+ K]+ g(x)] p <20t* 1+ L Blt\Q
2]¢[251+A = 5) "5

—12 2 1 2 | 12 _
and T!t\ < —02|t| {1 + W[d(x)[(k + 1)+ k] +g(x)] p = Q.
For every L > 0, we take k so large that |y|* = (k+ 1)* + k? > L? and

—6k%> — 2k + 4 _ —12
2k2 + 2k +1 5

(—6k* — 2k + 4)|t)*  -12, ,
Th I = t° <
o Wkl - 5 =@
and this shows that the example does not satisfy (9). O
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