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1. Introduction
1.1. The general setting

We first give a brief discussion of optimal control problems with semilinear running
costs and state constraints considered in [10, 12]. Let n,m € N be such that m < n.
Let X C R” be a closed m-dimensional polytope. Let T X denote the set of tangent
vectors from points in the relative interior X° of X. If X is m-dimensional, then
TX = R™ more generally, if the affine hull of X is a translation of a subspace
Y C R”, then TX = Y. In what follows, topological statements are made with
respect to the relative topology on X; for example, we will refer to X° as the
interior of X. Likewise, derivatives of functions f: X — R™ will be understood as
maps Df: X — L(TX,R™) from X to linear functions from T'X to R™.

Let TX(z) ={t(ly —z): y € X,t > 0} C TX be the tangent cone of X at x. Here,
T X (z) is the set of feasible controls at state x, though as we note shortly, it will be
enough to restrict attentions to controls in a compact subset of T'X ().
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We assume that the running cost function L: X x TX — [0, +00] takes a semilinear
form. Specifically, we assume furthermore that for a given Lipschitz continuous
function W: X — [0, 00)", we have

U, (x) [+ ifveTX(z),
L(z,v) = Zzl (1)
+00 otherwise.

Here, [v;]+ = max{v;,0} for 1 <4 < n. Thus, the constraint that the state remains
in X is built into the definition of running costs. We also say that L is our given
Lagrangian.

For T > 0, let ®7 be the set of Lipschitz continuous paths ¢: [0,7] — X, and let
® = Jpso Pr- Then the path cost function c: & — R, is defined by

o(9) = / L($(8),6(t)) dt  when ¢ € . 2)

The source problem for a given compact set Xy C X is that of finding the minimal
cost of reaching each state in X from a free initial condition in X,. The value
function for the source problem for Xj is, for x € X,

W (z) =inf {c(¢): ¢ € Py for some T' > 0, p(0) € Xo, ¢(T) = x}. (SP)

Likewise, the target problem for a given compact set Z C X is that of finding the
minimal cost of reaching a free state in Z from initial condition x € X. The value
function for the target problem for 7 is

V(z) =inf {c(¢): ¢ € Or for some T' > 0,¢(0) = z,¢(T) € Z}. (TP)

Remark 1.1. It follows immediately from the semilinearity of the running cost
function (1) that the cost of a path does not depend on the speed at which it is tra-
versed: if ¢ € &1 and é € &4 for some 7, T > 0 differ only by a reparameterization
of time, then ¢(¢) = ¢(¢). Because of this, the solutions to problems (SP) and (TP)
do not change if we restrict the control variable v to a compact convex set whose
conical hull is T'X. Viewed through the prism of feedback controls, semilinearity
implies that we need only determine the optimal directions of motion from each
state; the speed of motion in an optimal direction is irrelevant. Il

We take advantage of this property by introducing a convenient restriction on the
control variable. Let |-| denote the ¢; norm on R"™ so that |u| = """ | |u;|. Forr >0,
let B, = {u € R": |u| < r} be the closed ball of radius r on R". The foregoing
discussion shows that in solving (SP) and (TP), there is no loss in restricting atten-
tion to paths ¢ € ® with ¢(t) € B,, for almost all ¢ > 0 for any fixed 7o > 0. To
take advantage of this, we replace the running cost function (1) with one in which
controls outside of B,, are infeasible:

L(z,v) = i Vi(@) [vi]+ ifveTX(z)NB,,,

+00 otherwise.

(3)
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For v € R", we define the componentwise positive part function [v]; by ([v]+); =
[v;]+, and we define [v]_ analogously. Using this notation, we can write the first case
of (3) concisely as

L(z,v) =V(x) - [v], ifveTX(z)NB,. (4)
Set Y =TX. Let H: X xY — R denote the corresponding Hamiltonian

H.w)= max (u-v-Liv)= mas (wo-¥a)-(l). ()

As usual, H(x,-) is the Legendre transform (convex conjugate) of L(x,-). Let
| V|00 = max,ex |¥(z)| denote the L> norm of W. Thanks to formula (5), H(z,-)
satisfies the following linear lower bound:

H(z,u) 2 fu| — 7o/ ¥]|oc. (6)
This gives us that H is uniformly coercive on X, that is,

lim min H(z,u) = +o0.
|u| =00 zEX

We say that a function V: X — R is maximal with respect to given properties if
for any other function V5: X — R satisfying the properties, we have V5 <V on X.

Here are some of the main results obtained in [12]. Theorems 1.2 and 1.3 characterize
the solutions to the source and target problems in terms of subsolutions in the almost
everywhere sense. These inequalities are only required to hold almost everywhere,
and in particular need not be checked at boundary states 0.X, or at states where
the candidate function is not differentiable.

Theorem 1.2. The solution to the source problem (SP) is the maximal Lipschitz
continuous function W: X — R satisfying

H(z,DW(z)) <0 for almost all v € X°;

(7)
W(z*)=0 for all x* € X,.
Theorem 1.3. The solution to the target problem (TP) is the mazimal Lipschitz
continuous function V: X — R satisfying

H(x,—DV(x)) <0 for almost all x € X°;

(8)
V(y*) =0 for all y* € Z.

We only state a verification theorem for the target problem; the statement for the
source problem is similar.

Theorem 1.4. Suppose that V: X — R is Lipschitz continuous that satisfies (8),
and V(y*) = 0 for ally* € Z. In addition, suppose that for each v € X \ Z, there is
a timeT > 0 and a path ¢ € O with $(0) = x and ¢(T) € Z such that V() = c(¢).
Then, V' is the solution to (TP).
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Hamilton-Jacobi equations with state-constraint boundary conditions were first stud-
ied in [13]. See also [5, 2]. The cost function (2) here does not have a discount factor,
which results in the fact that (7) and (8) are not monotone in the unknowns. In
general, (7) and (8) have many solutions; for example, 0 is always a solution to both
as H(z,0) = 0 for all # € X. This naturally leads us to consider the notion of
maximal solutions as stated in Theorems 1.2 and 1.3. Since p — H(z,p) is convex
and coercive, it is important emphasizing that, for a Lipschitz continuous function
V', V is an almost everywhere subsolution to (7) if and only if V' is its viscosity
subsolution (see [14, Chapter 2]). We chose to state the subsolutions in Theorems
1.2 and 1.3 in the almost everywhere way to make the statements simpler.

The verification theorem (Theorem 1.4) allows us to make some intelligent guesses
to find explicit solutions and optimal paths for both (SP) and (TP) in some large
deviations in evolutionary game theory problems [12]. See also [1] for some new
applications.

1.2. Large deviations in coordination games and the logit choice protocol

We provide here a brief description of large deviations in coordination games and
the logit choice protocol (see [4, 7, 10, 12] for more details).

Let ey, 6o, ..., ¢e,, the standard basis of R", be n given equilibria. Define

X:{xlel—l—xQeg—i—---—i—xnen:xizOforlgiSn, inzl}.

i=1

Then, Y:TX:Rg‘:{uER”:Zui:O}.
=1

Consider a class of Markov chains {X ,iv o0, parametrized by a population of size
1

N € N and a noise level 7 > 0, which run on discrete grids X" of mesh size ~ in
the simplex X. These Markov chains describe the evolution of aggregate behavior
in the given population of N strategically interacting agents. Each agent adjusts
his/her actions over time by following a noisy best response rule, under which the
probabilities of choosing suboptimal actions vanish at exponential rates in 1/7. Here,
each agent chooses action from the common finite action set A = {1,2,...,n}. The
population’s aggregate behavior is described by a population state z € XV C X,
with © = > | x;e;, where x; represents the fraction of the population playing

strategy .

In the class of games to be discussed, the Markov chains typically approach and
then remain near pure states eq, ..., e, corresponding to strict Nash equilibria, but
the ergodicity of these processes ensure that transitions between such states must
occur. Large deviations results were developed in [10] to describe the waiting times
until likely paths of transitions between those strict Nash equilibria happen. Then,
the analysis in [10, 12] concerns the small noise double limit, meaning that the noise
level 7 is first taken to zero, and then the population size N to infinity. Large
deviation properties of {X ,iv My, are described in terms of solutions to optimal
control problems with semilinear running costs and state constraints, and these are
precisely where Theorems 1.2-1.4 play essential roles.
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Let us be more specific. Consider A € R™ " and we use superscripts to refer to
rows of A, and subscripts to refer to its columns. More precisely, A® is the i-th row
of A, A; is the j-th column of A, and A; is the (7, j)-th entry. Define

AT = A — A = (e, —e;)'A, AT = AL — AL — AT 4 A = (e; — ;) Aler — €).
Agents are matched against all opponents to play a symmetric two-player normal
form game A given here, with Az- is the payoff that an agent playing ¢ obtains when
matched against an agent playing j. During such a matching, the payoff obtained
by the action 7 player is Zj Aéxj = Alx. State z* € X is a Nash equilibrium of A if
all strategies in use at x* are optimal, that is,

A'z* = max Alx* whenever x; > 0.
1<j<n
Nash equilibria can be characterized in terms of best-response regions.
For 1 < i < n, the best-response region for strategy ¢ is defined as

Bi:{xEX:Ai_jx:Aix—ijZO foralllgjgn},

in which action 7 is optimal. The set BY = B* N B’ is the boundary between the
best-response regions for strategies ¢ and j. It is clear that x* is a Nash equilibrium
if 2* € B" whenever z7 > 0. We study the normal form game A, which is always a
coordination game, that is,

Al > A for i # j.
This means that if the opponent plays 4, then it is best playing ¢ as well. In coordi-
nation games, each pure state e; is a Nash equilibrium for 1 <7 < n.

In the discrete stochastic model, each time an agent is randomly chosen to receive
the chance to revise his/her actions by applying a noisy best response protocol
o : R"™ — X° with noise level n > 0, a function that maps payoffs vectors in R to
probabilities of choosing each action. For a payoffs vector 7 € R", the probability
of choosing to play action j is given by o7 (m). The logit choice protocol (see [4]) is
given by

en

T —n TkC
D ke €7

The suboptimal actions surely have vanishing probabilities as noise level n — 0,
which are captured by the unlikelihood function T : R™ — [0, 00)" as

o)

T;(m) = —%iir(l)nlog oj(m) = DAX T — 7T,

1
which is piecewise linear. Let
U(zr) = Ax for all x € X.

Then Y;(Az) = max;<;<, Ae — A7z, In particular, for z € B, T;(Az) = 0, and
Y;(Ax) = A"Jx. We choose g = 2. As computed in [10, 12], the Hamiltonian
H : X xY — R has the following formula

H(z,u) = max (u; — Y,;(Az) —u;) V0.
2,J

The value functions are typically piecewise quadratic in the explicitly computable
examples (see [10, 12] and the references therein).
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Another very important direction concerns with the large population double limit,
meaning that the population size N is first taken to infinity, then the noise level 7
is taken to zero. As computed in [11], for each noise level n > 0, as N — oo, the
formula of the corresponding Hamiltonian H"7 : X x Y — R is

Alg

. uj—uy e n
H"(z,u) =nlog g TieT T ————
'7j

D€

We see that H"(x,0) = 0 for all z € X, and u — H"(z,u) is convex. Moreover,
H" — H locally uniformly in X° x Y as n — 0. It is worth noting however that
we do not have that H7 — H locally uniformly on X x Y as n — 0. In fact, as
we will see, H" behaves badly near the boundary of X, and in particular, H" is not
uniformly coercive on X. See Section 3.

Since H" has quite complicated formula and behavior, value functions corresponding
to H" and the optimal paths are typically not tractable when n > 3. Besides, it
was shown in [11] that the Lagrangian L"(x,-), Legendre’s transform of H"(z, ), is
unbounded and is discontinuous in certain directions as x — 0X.

1.3. Some open problems

Let Z = X\B' = B*>U---UB", that is, Z is the closure of X \ B!, be the
target set. We are concerned with the target problem (TP) with this given Z.
A major open question that [10, 11] posed is whether the small noise double limit
(n — 0, N — oo in this order) and the large population double limit (N — co,7 — 0
in this order) give the same result or not. In other words, one is concerned whether
large deviations properties under the two orders of limits are identical or not. See
the discussion with further details in [10, Section 8]. For some earlier works for the
case n = 2, see [3, 8, 9].

In light of Theorems 1.2 and 1.3, we are able to phrase this open question in the
PDE language as follows. For each > 0, let V" be the maximal locally Lipschitz
continuous solution to

H"x,—DV"(z)) <0 for almost all x € X°;

(9)
Vi(z*) =0 for all z* € Z.

As H"(z,0) = 0 for all x € X, we see that V" > 0.

Question 1.5. Let Z = X \ B!. Let V be the solution to (TP). For each n > 0,
let V" be the maximal locally Lipschitz continuous solution to (9). As n — 0, do
we have V" — V uniformly on X7

As noted above, we only have the convergence of H" to H locally uniformly in X°xY’,
but not up to the boundary of X. When n > 3, the situation becomes much more
complicated because of the topology of X. In particular, one can approach 0.X in
various different ways, which make the analysis quite hard and delicate. This leads
us to the idea of restricting the convergence problem to compact subsets of X°.
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For r > 0 sufficiently small, define

yi=(1—(n—1r)e; + Zrej for each 1 <17 < n.
J#

Let X, be the convex hull of {y1,92,...,yn}. We write y; = y;(r) for 1 < i < n if
needed to demonstrate the clear dependence on r. We now restrict our PDEs to X,
instead of X.

€1

n

Y2 Ys
€9 €3

Figure 1.1: The simplexes X and X, in case n =3

Let V, be the maximal Lipschitz continuous solution to

H(z,—DV,.(z)) <0 for almost all z € X; (10)
10
Vi(z*) =0 for all 2* € Z.

For n > 0, let V" be the maximal Lipschitz continuous solution to

H"x,—DV(z)) <0 for almost all x € X}; 1)
11

Vi(xz*) =0 for all z* € Z.

Question 1.6. Let Z = X \ B'. Fix r > 0 sufficiently small. Let V, be the

maximal Lipschitz continuous solution to (10). For each n > 0, let V7 be the

maximal Lipschitz continuous solution to (11). As n — 0, do we have V" — V,

uniformly on X7

As far as the author is aware of, both Questions 1.5 and 1.6 have not been answered
in the literature in general. In the PDE language, Questions 1.5 and 1.6 are of
selection problem types as the limiting equations (8) and (10) have many solutions,
and it is not clear at all if {V"} and {V,7} converge to the corresponding maximal
solutions as n — 0.

1.4. Main results

We first give an affirmative answer to Question 1.5 when n = 2. This was already
done in [8], which uses birth-death chain methods to show that in the two-action
case, large deviations properties under the two orders of limits are identical.
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€1

Figure 1.2: An example of target set Z (gray region) and X,

Theorem 1.7. Let n =2, and Z = X \ B! = B2 Let V be the solution to (TP).
For each n > 0, let V" be the maximal Lipschitz continuous solution to (9). Then,
VT — V' uniformly on X as n — 0.

It is worth noting that when n = 2, we are in the one dimensional setting, in which
we have explicit formulas for V7 and V. We can then utilize these formulas to
obtain the convergence result rather straightforwardly. This is surely not the case
for n > 3.

Next, we consider the general case. Firstly, we show that (10) is a good approxima-
tion of the target problem (TP).

Theorem 1.8. Let Z = X \ B, and V' be the solution to (TP). For each r > 0
sufficiently small, let V,. be the mazximal Lipschitz continuous solution to (10). As
r— 0, V. = V locally uniformly in X°.

This shows that theoretically and also practically, it makes sense to consider the
problems in a restricted simplex X, and pass to the limit if necessary. It is worth
noting that (TP) keeps all of its characteristics and properties in X,. For state-
constraint Hamilton-Jacobi equations in nested domains, see [5, 2, 6, 15].

We now give an affirmative answer to Question 1.6 for all n > 2.

Theorem 1.9. Assume n > 2, and Z = X \ B'. Fiz r > 0 sufficiently small. Let
V. be the maximal Lipschitz continuous solution to (10). For each n > 0, let V" be
the mazimal Lipschitz continuous solution to (11). Then V" — V.. uniformly on X,
asn — 0.

1.5. Organization of the paper

The paper is organized as follows. In Section 2, we give a proof of Theorem 1.7. We
study properties of H"”, L" and H and give some preparation results for the general
case in Section 3. The proof of Theorem 1.9 is given in Section 4. Some conclusions
are discussed in Section 5.
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2. The case of two equilibria

We recall the setting here for clarity. Let e, e; be the standard basis of R2. Then,
X ={xie1 + xoey: 11,29 >0, 1 + 29 = 1}.

For z,y € X, we write x < y if 1 < y;. Of course, X is 1-dimensional, and we
interpret that

Y=TX=Rj={uecR* u +up=0}.
We write A7 = (o, —p)

for some a, 5 > 0. Then

Blz{xeX:A12x20}:{x€X:x12 b }
o+
B

)

=

and Bzz{xeX:AQ_leO}:{xEX:mS

Q

The Hamiltonian H : X x Y — R has the following formula
H(z,u) = max (u; — T;(Az) —u;) V0.
i,j
For nn > 0, the formula of H" is

Al

uji—u; e m

H"(z,u) =nlog ine T ———
i Yope

Proof of Theorem 1.7. We need to understand about the zero level set of H and
zero sublevel set of H", which give us formulas for V' and V".
Let p = u; — uy. For x € B!,

H(z, —u) = max{0, uy — uy,u; — uy — A 722}

= max{0, —p,p — A' 72z},

which gives us the explicit form of zero set

N(z) ={p € R: H(z,—u) =0} = [0, A" *z] . (12)
By using this and the maximality of V', we get that V(z) = 0 for x € Z, and, for

x € B,

V(z) = b A2 (seq + (1 — s)eq) ds. (13)

B
a+p
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Next, for n > 0 and = € B', denote by N(z) = {p € R: H"(z, —u) < 0}. It is clear
that H"(x, —u) < 0 if and only if

Uj—Uj

Alx Ak g
E e noen gg e n
i’j

1e D 2y A%y —-p Alg Alg LQZ
<~ rT1|len +enen +xolen +enen <en 4+en

p Als = Lo Als A%y
< x1€me 1 + x9e

One point to notice is that the product of two terms on left hand side is equal to that
of two terms on the right hand side. It is clear that the above inequality becomes
equality if p = 0. The other case that equality happens is when

P A2z Alz

Tiene n = Iq9e "

< p= A"+ n(logwy —log ).
For each 1 > 0 small, there exists §,, € (0, 1) such that

A (8,61 + (1= 6,)ea) + n(log(l — 6,) — logd,) =0

1—94
= (a—irﬁ)én—l—nlog( 5 ”>: :
n

and lim,_,y 0, = 1. Therefore, for x € B! with z; < O,
N'(z) = [0, A"z + n(logz, — logz)] .
And, for z € B' with ; > §,,
0e N'(z) C (—o0,0].

Based on these, we have the following explicit formula for V7. Surely, V" =0 on Z.
For z € B! such that o%ﬁ < <4y,

Vi(x) = /Zl (A2 (ser + (1 — s)ea) + n(log(l — s) —log s)) ds.

a+f3

And, V'(z) = V" (0,e1 + (1 — 9,)eq)) for 6, < x; < 1.
Thus, V7=V =0 on Z. For € B! such that a%, <z <4y,

V() = V()| =

/ n(log(1 — s) — log s) ds
8

a+pB

1

:n’(—slogs— (1—s)log(l—1s)) <Cn.

S=atp



H. V. Tran / Selection Problems in Large Deviations ... 245

V(e1)

1 Vn(el)

€9 €1

Figure 2.1: Graph of V" (dashed curve) and V' (solid curve)

For z € B! such that 4, < x; <1,
V(z) — V()]
= ‘Vn(énel + (1= 6y)ez)) = V(dper + (1 = dy)e2))

+ V(d,e1 + (1 —9y)es)) — V(JJ)|
< Cn+C(1—dy).

Hence, we conclude that

VT V]| <Cn+C(1—-9,) =0 as 7 — 0. O

Remark 2.1. In the above proof, we see that, for ¢, < z; <1,
N(z) = [A'2x + n(log w9 — log z1),0],
lim,, ,1- (A'?z + n(logzy — logxy)) = —oc.

This shows that H" behaves in a quite singular way as x1 — 17. In particular, when
r1 = 1, that is, x = e;, we have

Alel P A261
e n +ene n
n — n —
H (617 _u) =H (61,]9) - 7710?; Ale, AZe;

e n +en
It is clear that H"(eq,p) > 0 for p > 0, H"(e1,0) = 0, and H"(e1,p) < 0 for p < 0.
Moreover,
Alel

_ e 1
lim H"(e1,p) = nlog e | = 1log (5) = —nlog 2.

p—>—00
en —+en

Thus, H" is not coercive on X. A careful computation gives us that

lim H"(ey, —u) = lin% H"(ey,p) = max{0,p — A ?e;} # H(e1,p).
n—

n—0

We only have that, for each compact subset X; of X°, H" is uniformly coercive on
X1, that is,

lim inf min H"(x,p) = +oo;
|p|—o00 n€(0,1) z€X1

and H" — H uniformly on X; x Bg as 1 — 0 for each given R > 0. ]
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Remark 2.2. It is clear from the above proof that it also gives a proof to Theorem
1.9 in case n = 2. [

3. The general case — preparation steps

In this section, assumptions of Theorems 1.8 and 1.9 are always in charge.

3.1. Some analysis on properties of H", L7, and H

It is clear that in order to answer Questions 1.5 and 1.6, we need to have a deeper
understanding of H", L" and H in this logit choice protocol.

Recall that X is the convex hull of {ej, e,,...,e,}, the standard basis of R". For
each r > 0 sufficiently small, X, is the convex hull of {y1,¥a,...,y,}. Besides,

Y:{uGR” Zuz—(]} pG]R”lp—(u2—u1,...,un—u1)}.

Although it is not standard, we write p = (p2, ..., p,) to make things consistent in
terms of notions, that is, p; = u; — uy for 2 < i < n. By abuse of notions, we write

H"(z,u) = H"(z,p), H(z,u) = H(x,p).

Lemma 3.1. For each r > 0 sufficiently small, H" is uniformly coercive on X,,

that s,
lim inf min H"(x,p) = +oc. (14)
|p|—o0 n€e(0,1) z€X

Proof. Recall that

uj—ui e n

H"(x,u) = H"(x,p) = nlog ine T
i I ER

We only need to consider the case where x € B' N X, as other cases can be done
analogously. For each 2 < j < n, it is clear that

Alg
uj—ulp e n
H"(z,p) > nlog | z1e” 7 —ais

ne n

— A%z + n(logz; — logn);

Alg
and H"(z,p) > nlog | z e L :lz = —p; + n(logz; —logn).
ne n.

Therefore, we arrive at

H"(x,p) > max {p] A%z + n(logr — logn), —p; + n(logr —log n)}
2<j<n

1
— ] | — Joax Az + n(logr — logn),

>

which gives (14). O
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In the above proof, for € B' N X,., we really need to use the property that z; > r
to have that log z; > logr, which is important in our uniform coercivity claim. For
Hamilton-Jacobi equations, uniform coercivity yields Lipschitz estimates, which are
essential in our analysis.

As x — e, we have that ; — 0 for 2 < j < n, and logxz; — —o00. As a result, we
lose uniform coercivity of H" in X° as follows.

Lemma 3.2. H" is not coercive at x = ey, and is not uniformly coercive in X°.

Proof. We first show that H" is not coercive at x+ = e;. Fix © = e, and u =
(0,—1,—1,...,—1), which means that p = (-1, —1,...,—1). For s > 0, we see that

H"(ey, su) = H"(eq, sp) = nlog e <nlogl =0,
o€ 7
and
Alel Ajel —s Alel
e n 4+ . e n en
Hn(eh 817/) = 7710g Z]>A1ke1 > T]lOg . nAke > N IOgTL

Zke K Zke K

Thus, for s > 0, —nlogn < H"(ey,sp) < 0,
Alel
e n
and lim H"(ey, sp) = nlog € (—nlogn,0).

Akel

S5—00 Zk e 7

Let us show that H" is not uniformly coercive as + — 0X, which means that the
maximal solution V7 has complicated behavior near the boundary. In a similar
fashion, for x € X, we can estimate that

H"(x,sp) < nlog <x1 + ijefz>

j>1

=nlog(1+ (1 —z1)(en —1)) < (1 —z1)n(en —1).

We use the fact that log(1+47) < r for » > 0 in the last inequality above. So, clearly,
as r — ey, we have 1 — x; — 0, and thus,

limsup H"(z, sp) < 0. O

Tr—eq

Proposition 3.3. For each r > 0 sufficiently small, H" — H uniformly on X, XY
as 1 — 0. However, H" does not converge to H locally uniformly on X XY as
n— 0.

Proof. Fix r > 0 sufficiently small. We only need to consider the case where
x € BN X, as other cases can be done analogously.
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For each i,j € {1,2,...,n}, it is clear that

() o e

>nlog | x;e” =u; —u; — A" 72 + n(log z; — logn)

ne n

> u; —u; — A" x + n(logr — logn).

In particular, for i = j = 1, we see that H"(z,u) > n(logr — logn). Thus, take

maximum over i, j € {1,2,...,n} in the above inequalities to deduce that
H"(z,u) > H(xz,u) + n(logr —logn). (15)
To get the other bound, we assume that H(z,u) = ux — u; — A%z for some

k,l € {1,2,...,n}. This means that, for all 7,5 € {1,2,...,n},
up —u, + Arx > U, —u; + Alx.
Therefore,

Alx

uj—uj e n
H"(x,u) = nlog E TieT T
x
i D€

Akg
<nlog [ Y ze™ 7 S | =up—w — A" e 4 ylogn
i\ en
= H(z,u)+ nlogn.
Combine this with (15), we arrive at
[H" — Hl|L=(x,xv) < n(|logr| +logn) = n(logn — logr). (16)

Therefore, H" — H uniformly on X, xY as n — 0. However, H" does not converge
to H locally uniformly on X x Y as n — 0 thanks to Lemma 3.2. 0

Thanks to (16), we have immediately the following corollary.

Corollary 3.4. For each r > 0 sufficiently small,
IL" = L| oo (x, x(vniBy)) < n(logn —logr); (17)
and L"(x,v) = L(z,v) = +00 forallz € X, |v| > 2.

In particular, L" — L uniformly on X, x (Y N By) as n — 0.

We also include here a different proof showing that L"(z,-) blows up as x — 90X in
certain directions (see inequality (31) in [11]).
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Lemma 3.5. Forz € X° and i # j,
L'z, e; —e;) > —nlogx; —nlog2.
In particular, L"(z,e; — e;) — +00 as x; — 0.
Proof. Without loss of generality, we consider ¢ = 2,57 = 1. By the Legendre

transform,

LMz, e; —ey) =sup((eg —e2) - u— H"(x,u))
ueY

> sup ((Ul — up) —nlog <§ e )) :
uey -
17]

Pick uy = k, ug = —k, and u; = 0 for j > 2. For k > 0 sufficiently large depending
on x, it is clear that

uj 2k E 2k k 2k
E e 1 < zoen + E T,en = Toen +nen < 2T9en .
i,j i,J

Thus, for k£ > 0 sufficiently large,

L"(x,e; —eg) > 2k —nlog (21‘26%) = —nlog(2zy) = —nlogzy — nlog2. O

Denote by ¢’(x,y) the minimum cost of traveling from z to y using the Lagrangian
L7, that is,

(z,y) = inf {/0 Ln(¢<3)»¢5(s>> ds z(;qzxfo;(s;)niz - 07}

Lemma 3.6. For0 <n <1land0 <r < m sufficiently small, there exists a

constant C' > 0 depending only on n and A such that

A(er,y1) = (e, y1(r)) < Cr.

Proof. For each x € B! and 2 < j < n, by the Legendre transform,
L'(x,e; —e;) =sup((ej —e1) -u— H"(z,u))
ueY
Alg

uj—u; e m
<sup | (u; —uy) —nlog | x1e” 7

ueY neA:,z
= A"z + n(logn — log x1).
Let v =(es+---+e,)/(n—1) —e;. By convexity of L"(z, ),
L (z,0) < Ly L(z,e; —ep) < ;iflljx + n(logn — log x1)
’ -l T -l

< A'z 4+ n(logn — log 7).
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Define 7y(s) = e;+sv for s € [0,(n—1)r]. Then, v(0) = ey, y((n—1)r) = y1 = y1(r),
and

(n—=1)r
er, () < / L7(+(s),4(s)) ds

<(n—1r (maxAlx) +nr(n—1) (logn —log(1 — (n — 1)r))

xeBl

<C(A+n)r<Cr. O

Thus, ¢"(e1,y1(r)) < Cr, which means that the cost of transitioning from e; to y(r)
is small enough of order O(r), and is vanishing as r — 0. This gives another evident
that it makes sense to consider the problem in the restricted simplex X, in place of
X.

We now study the zero level set of H, which is essential in our analysis later.
Lemma 3.7. Fiz x € B, and denote by
Nz)={uecY: H(z,u) =0} ={pcR"": H(z,p) =0}
Then, N(x)=[0,A'2x] x --- x [0, A'™"x].
Proof. For x € B' N X,, we have

27‘7 /L?]

For i =1 and j > 1, we see that w; — A"z —uy =p; — A"z,
For j =1and i > 1, we have u; — A'7le —u; = —p;.

For 7,5 > 1, we have
uj — A — = (uj —uy — A7) — (uy —wy) = pj — A — py.
We use the three identities above to deduce that

N(z)={peR"':pye0,A?z],... ,p, €[0,A 2]} . 0

3.2. Preparation results

Proposition 3.8. Fiz r > 0 sufficiently small. There exists a sequence {m.} =0
such that V™ — V uniformly on X,, where V' solves (10).

Proof. Thanks to (14), H" is uniformly coercive on X,., that is,

lim inf min H"(z,p) = +oo;
|p| =00 ne(0,1) zEXr

and H" — H uniformly on X, x Br as n — 0 for each given R > 0. Therefore,
there exists C' = C(r) > 0 such that

1DV 2o (x,) < C(r)- (18)
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Since V7 = 0 on Z and X, is compact, we deduce that there exists a constant
C' = C(r) > 0 independent of 7 such that

IV oo (x,) + [[1DV| oo (x,) < C(r). (19)

Thanks to (19), we use the Arzela-Ascoli theorem to find a sequence {7} — 0 such
that V™ — V uniformly on X,. It is clear that V satisfies the bound (19) as well.

We now need to show that V is a solution to (10). Surely V = 0 on Z. The
subsolution test follows the classical argument on stability of viscosity subsolutions.
Let us present it here anyway for the sake of completeness.

Take a smooth test function ¢ such that V — ¢ has a strict maximum at y € X°\ Z.
Take s > 0 such that Bs(y) C X2\ Z. As V" — V uniformly on X,, for k sufficiently
large, we have that V™ — ¢ has a local maximum at y; € Bs(y), and limy_ yx = .
Since V™ — ¢ has a local maximum at y; € Bs(y), by the definition of viscosity
subsolutions to (9),

H"™ (y,, —Dp(yx)) < 0.

As ¢ is smooth and H™ — H locally uniformly on X, x Y, we let £k — oo in the
above to get

H(y, =Dp(y)) = lim H™ (yg, —Dip(yy)) < 0. O

Proposition 3.8 is an important step towards answering a main question in our paper,
Question 1.6. Nevertheless, it is not enough to conclude here as we do not know
yet whether V is the maximal solution to (10) or not. As it was shown in [12], (10)
has infinitely many solutions, and any convex combination of two solutions is again
a solution, which means that we need deeper understanding of the situations to get
the maximality. In the next section, we need to do a delicate and deeper analysis
to yield the maximality property.

We next show that V,. to V locally uniformly in X° as r — 0.

Proof of Theorem 1.8. By repeating the same proof to that of Proposition 3.8,
there exists a subsequence {r} — 0 such that V,, — V locally uniformly in X°, V'
solves (8) and

V<V (20)

We just need to obtain the reverse inequality. This is, in fact, not so hard to see.
For each k € N, V is a solution to (10) with r = 7. Hence,

V<V, on X,,.
Let £ — oo in the above to imply that, for each r > 0,
V<V on X,. (21)
Combine (20) and (21) to conclude. O

In fact, in the above proof, we have shown that V., — V locally uniformly in X° in
a decreasing way.
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4. Proof of Theorem 1.9
4.1. The case of three equilibria

We choose to do the case n = 3 first to show our ideas clearly. The situation in
this case is quite complicated because of the two dimensional topology of X. The
general case is done in a similar manner afterwards.

Proof of Theorem 1.9 in case n = 3. Again, we need to investigate the zero level
set of H and zero sublevel set of H" first. By Lemma 3.7, for € B, we have that

N(x) ={p € R*: H(z,p) =0} = [0, A" 2x] x [0, A' 3]
First, fix 6 > 0 small enough and 6 € (1/2,1) such that € is close to 1. Denote by
D={zeB'nX,: V(x)<d}.
For x € (B' N X,)\ D, we see that there exists 6 > 0 such that
min{A' %z, A2} > 6.

Let N"(z) = {p € R?: H"(x,p) < 0}. We compute that H"(z,p) < 0 if and only if

uj—ui Ay Ak
E rie n oen < e n
L,J k

ug—u;  A%s uj—ug  Alg ug—uy A3z ui—ug Alz
< rie n e n +xg9e n e n +|x1e n en +x3e n en
uz—ug A3m ug—ug LZJC
+lax90e 7 en +x3€6 7 e
Alg A2z A3z Alg L% A2y
< |x9e " +x1€ 7 + | zen +x3€ 7 + | z9e 7 + 23 7 .

It is useful to compare each pair in brackets on the left hand side with its corre-
sponding pair on the right hand side. We find particular points that are in N"(z).
First, 0 € N"(x). Second, p € N"(x) where

P2 =uy —uy = A2z + n(log zy — log 1),

p3 = uz —uy = A173x + n(logxs — log ).

Third, for ¢ € R? with ¢o = us —u; = 0, ¢35 = u3 — u; = A 73z, we see that the
first brackets on both sides are the same, and

ug—uj A3y uj—uz Alg ug—ug A3z ug—ug A2z
rie n en 4+xze nmoen +|lx0e 7 en +x36 7 e

A3z40417 3, A3z40417 3, Alg

< (x1 4 29 + 2x3)€ n < 2e n < g€ 7

Adz Alz Adz A%y
< |zien +x3€ 7 + |22 7 + a3 7 ],
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provided that n(log2 — logzs) < (1 — )4, which is used in the last inequality of
line 2 in the computation right above. So ¢ € N"(z) for n > 0 sufficiently small
such that n(log2 —logr) < (1 — #)6. Similarly, for w € R? with ws = ug — u; = 0,
wy = ug — uy = A2z, we have w € N"(x).

Therefore, for n > 0 such that n(log2 — logr) < (1 — 6)d, we get that the convex
hull of {0, p, ¢, w} is a subset of N"(x). Thus, for n small enough,

ON(x) C N"(z). (22)
Define
N [ forx e ZU D,
¥ (x)_{ga/r(x)_(;) foer(BlﬂXr)\D‘

Then D¢?(z) = 0 for x € (Z U D)°, and if V, is differentiable at z € (B' N X,) \ D
then
Dy’ (x) = 0DV, () € ON () C N(x).

Thus, for n > 0 small enough, ¢’ is a solution to (11). We yield V7 > . Combine
this with Proposition 3.8 to imply, for any sequence {n;} — 0 such that V* — V
uniformly on X,

1% > 309.
We get the desired result by letting 8 — 1 and § — 0 in this order. [

4.2. The general case

Proof of Theorem 1.9 in case n > 3.
By Lemma 3.7, for z € B!, we have that
N(z) ={peR"*: H(z,p) =0} = [0, A" 2] x [0, A7 2] x --- x [0, A’ "z].
First, fix § > 0 small enough and 6 € (1/2,1) such that 6 is close to 1. Denote by
D={zeB'NX,: V(x)<6}.
For x € (B' N X,)\ D, we see that there exists 6 > 0 such that
min{ A%z, APz, ... AT} >0,

Let N"(z) = {p € R"': H"(z,p) < 0}. By repeating the same analysis as in the

above proof in a careful manner, for n > 0 such that n(log2 —logr) < (1 — 6)4,
ON(z) C N"(z).
Define

o’ (x) =

0 forz e ZU D,
O(V.(z) —0) for v € (B'N X,)\ D.

Then D¢?(x) = 0 for z € (Z U D)°, and if V, is differentiable at x € (B' N X,)\ D
then
Dy’ (x) = DV, (z) € ON(z) C N(x).
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Thus, for n > 0 small enough, ¢’ is a solution to (11). We yield V7 > ¢?. Combine
this with Proposition 3.8 to imply, for any sequence {n;} — 0 such that V* — V
uniformly on X, _ 0
V>

We get the desired result by letting & — 1 and 6 — 0 in this order. 0

We immediately get the following corollary.

Corollary 4.1. Assume n > 2, and Z = X \ B'. For each n > 0 sufficiently
small, pick r, > 0 so that lim, o7, = lim, ,onlogr, = 0. Let V' be the maximal
Lipschitz continuous solution to (8). For eachn > 0, let V" be the mazimal Lipschitz
continuous solution to (11) with r = r,. Then V" — V locally uniformly on X° as
n — 0.

The proof of Corollary 4.1 follows exactly the same lines as that of Theorem 1.9 and
hence is omitted. A key point that we need here is

}IILI(I) n(log2 —logr,) =0,

and therefore, for each # € (1/2,1) and § > 0, there exists 1y > 0 such that

n(log2 —logr,) < (1 —0)) for all n € (0,79).

5. Conclusions

In this paper, we have analyzed properties of the Hamiltonians and Lagrangians
in the logit choice protocol. We obtained estimates (16)—(17), which yield that
H" — H, L" — L uniformly on X, x Y, X, x (Y N By) respectively, as n — 0. Note
however that H"” and L" behave in singular ways near the boundary of X (Lemmas
3.2 and 3.5). More precisely, H" is not coercive at e; and {H"} does not converge
uniformly to H as n — 0; and L"(x,-) blows up in certain directions as z — 0X.

We have completely answered Question 1.6 by Theorem 1.9. Besides, Theorem 1.8
gives us that V,, — V locally uniformly in X°, which shows that it is quite reasonable
to consider the problems in a restricted simplex X, for r > 0 sufficiently small and
pass to the limit if necessary. This is also of practical use. Along this direction, we
believe that it is important to study the rate of convergence of V, to V' in compact
subsets of X°.

For Question 1.5, we have only the affirmative answer when n = 2, and this was
proved earlier in [8]. The question is still open when n > 3. As H" and L" have
quite singular behavior near 90X for each n > 0, it seems that one needs to study
finer properties of H" L" in order to proceed further. For example, it is not clear
at all if V" the maximal solution to (9), is globally Lipschitz on X or not.

Here, we have addressed Questions 1.5-1.6 concerning the target problem with a
fixed target Z = X \ B!. Other selection problems with different targets should be
considered and analyzed. Besides, selection problems for the source problem should
also be studied in the near future. Our main goal is to bring forward the important
connections between the double limit problems in large deviation in games and
selection problems in Hamilton-Jacobi equations. We believe that there are many
more important questions to be understood in these connections.
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