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We consider the gradient elliptic system given by
{ —e2div(a(z)Vu) +u = Qu(u,v) + AK,(u,v) in RN,

—e2div(b(z)Vv) + v = Qu(u,v) + MK, (u,v) in RV,

where the potentials a, b are continuous, the nonlinearity @+ AK is not homogeneous. We study the
subcritical, critical and supercritical cases. For ¢ > 0 small we show existence and concentration
results using the penalization method.
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1. Introduction

In a seminal paper [11], Del Pino and Felmer introduced the penalization method
and showed existence of solution for a nonlinear Schrédinger equation given by

—&2Au+V(x)u = f(u) in RY,
u>0 in RY,

where V' is a continuous potential satisfying:

There exists an open and bounded domain Q@ C RY such that

0 < inf V() < min V().

€N €N

Afterwards, many authors used this method to show results of existence, concen-
tration and multiplicity of solutions in different cases. For example, see [2] and [12]
for the cases with critical polynomial and critical exponential growths, respectively.
For the case with subcritical growth and p-Laplacian operator see [3].
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In 2007, Alves [1], following Del Pino and Felmer’s ideas, introduced a new penal-
ization method for gradients systems-types and shows existence and concentration
of solutions for a system given by

—&2div(Vu) + W(x)u = Qu(u,v) in RY,
—&2div(Vv) + V(z)v = Q,(u,v) in RY,

2N

where @ is a function of class C', homogeneous of degree p with 2 < p < 2* = 5

and N > 3. More precisely, the main hypothesis on the nonlinearity () was
(Qo) There exists 2 < p < 2* := 2N/(N — 2) such that

Q(tu,tv) = t?Q(u,v) for each t >0, (u,v) € R7.

Multiplicity results were obtained in [4] and in [5] for the subcritical and critical
growths cases, respectively. For completeness, we also mention [6], [7] and [8] for
some interesting results for fractional Laplacian systems with subcritical and critical
growth.

The same method introduced by Alves [1] allowed the authors of this article to show
results of existence, concentration and multiplicity of gradient systems of the type

—2div(a(2)Vu) + u = Q,(u,v) in RY,
{ —e?div(b(z)Vv) + v = Qy(u,v) in RY.

The subcritical case was studied in [13] and the critical case was studied in [14].

The main purpose of this article is to show that the penalization method introduced
by Alves [1] is still true when the nonlinearity @ is not homogeneous.

In this paper, we study the existence and concentration of solutions for the following
system

—e2div(a(x)Vu) +u = Qu(u,v) + AK,(u,v) in RY,
—2div(b(2)Vv) + v = Qu(u,v) + AK,(u,v) in RY,
where ¢ > 0, N > 3, A > 0, a,b are continuous potentials, and (), K are functions

with @) having subcritical growth. We consider the subcritical case with A = 0 and
the critical and supercritical cases with A # 0.

The hypotheses on the functions a and b are the following:
(aby) a,be C(RN,R), 0 < a, < a(z) < apr and 0 < by, < b(z) < by, for all zeRY.
(aby) There exists a bounded domain A C R such that

Ay = gchellf;CL(I) < xle%f/\ a(x) and b, = ;Ielg b(z) < xle%fA b(z).

Let us state the hypotheses on the nonlinearity @):

(Qo) @ € C'(R% R) such that Q(s,t) > 0if (s,t) # (0,0), Q(0,0) =0, Qs(s,t) =0
if s <0 and Q(s,t) =0if ¢t <O0.
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(Q1) There exist p1,p2 € (2,2%) and ¢; > 0 such that
|Qs(5, 1) +1Q:(s, )| < er(|s[P~ + [tP>~!) forall (s,t) € R
(Q2) There exists 2 < u < py, po such that
0 < uQ(s,t) < sQq(s,t) +1tQq(s,t) forall (s,t) € R*\ {(0,0)}.

Ts, Tt) +tQ:(Ts, Yt)
T

(Q4) There exists o* > 0 such that Q(s,t) > p%sﬁt” for all s, > 0, B,v > 1,
ps € (2,2%) with 8+ v = ps, for all o > o* and o* to be fixed later.

(@4) There exists o > 0 such that Q(s,t) > I%sﬂt” for all s,t > 0, B,v > 1,
ps € (2,2%) with 8+ v = ps.

(Q3) T — Qs

is an increasing functions with s,¢, T > 0.

We will consider K € C'(R2,R) where R? := [0,00) x [0,00). In addition, the
nonlinearity K satisfies the following properties
(Ko) K is 2*-homogemeous; that is
K(ys,7t) = v* K(s,t), foreach ~>0, (s,t) € R}
(K1) There exists ¢; > 0 such that
|K(s,t)| + |Ku(s, 1) < e (s¥ 1 +¢271), for each (s, t) € R,

K,(0,1) = 0, K,(1,0) = 0.

K,(1,0) = 0, K,(0,1) = 0.

K(s,t) >0 for each s,t > 0.

K(s,t), Ki(s,t) >0 for each (s,t) € R%.

The 1-homogeneous function G : R2 — R given by G(s*',t?") := K (s,t) is
concave.

SESNSE I
~— ~— ~— ~—v ~—

We also introduce the following set:
M :={z c¢R" :a(z) = a,, and b(x)=b,,}.
In the first part of the paper we will study the following problem

—e2div(a(z)Vu) + u = Q,(u,v) in RY,
(S:) —e2div(b(z)Vv) + v = Q,(u,v) in RY,
u,v € HY(RY),u(z),v(z) >0 for each x € RV,

In our first result we obtain, for € > 0 small enough, the existence of a solution of
(Se).

Theorem 1.1. Assume that (aby) — (aby) and (Qo) — (Q3) hold and that M # 0.
There exists g > 0, such that for all e € (0,¢), the system (S.) has a non-negative
weak solution. Moreover, if (ue,v:) is a solution for (S.) and if Il , and Il., are
the mazimum points of u. and v. respectively, then

.., ., € A, lim a(Il.,) = a,, and lim b(Il. ) = by,.
e—0t

e—0t



260 G. M. Figueiredo, S. M. A. Salirrosas / Local Mountain Pass ...

In the second part of the paper we deal with a critical version of (S;) with A\ = 2% ,
namely the problem

—e2div(a(z)Vu) + u = Qu(u,v) + 5= Ky(u,v) in RY,
(C:) —2div(b(z)Vv) + v = Qu(u,v) + 5= K,(u,v) in RY,

u,v € HY(RY), u(z),v(z) >0 for each x € RV,

2N

* .
where 2% := 7.

The critical version of Theorem 1.1 can be stated as follows.

Theorem 1.2. Assume that (aby) — (abs), (Qo) — (Q4) and (Ky) — (Kg) hold and
that M # 0. There exists €9 > 0, such that for all e € (0,g¢), the system (C.) has
a non-negative weak solution. Moreover, if (u.,v.) is a solution for (C.) and if Il ,
and Il., are the mazimum points of u. and v. respectively, then

IL.,, 1., € A, lim a(Il.,) = a,, and lim b(IL. ;) = byy,.

e—0t e—0t

In the last part of the paper, we study a supercritical system (SC: ).
{ —e2div(a(x)Vu) + u = Qu(u,v) + Au|"2u in RV,

SC.
(5Cn) —e2div(b(z)Vv) + v = Qy(u,v) + A[= v in RY,

where q1, gy > 2*.

Our main result is as follows.

Theorem 1.3. Assume that (aby) — (abs), (Qo) — (Q3) and (Q4) hold and that
M # (). Then there exists N\g > 0 with the following property: for any X € (0, \o)
and 6 > 0 given, there exists x5 > 0 such that, for any ¢ € (0,ex5), the system
(SC: ) has a non-negative weak solution. Moreover, if (uc,ve) is a solution for
(SC: ) and if 11 , and 1.} are the mazimum points of u. and v. respectively, then

I ., II., € A, lim a(Il.,) = a,, and lim b(IL. ;) = by,.
e—0t+ e—0t

The present work is strongly influenced by the articles [1], [4], [5], [6], [13] and [14].
Below we list what we believe that are the main contributions of our paper.

(1) We show that the penalization method introduced by Alves [1] is still true when
the nonlinearity () is not homogeneous.

(2) Unlike [1], [4], [5], [6], [13] and [14], we show existence and concentration results
for gradient systems type with nonlinearity ) not homogeneous.

(3) We complement the study that can be found in [1], [4], [5], [6], [13] and [14]
because, in our results, we show existence and concentration solutions for the
subcritical, critical and supercritical cases.

Concerning the class of nonlinearities we are dealing, we have the following examples
that already appeared in [10]:

Q(s,t) = Z a7t 4 Z m;svit,
Bit+vi=p1 vitti=p2

where i € {1,...,k}, Bi, v, vi,1; > 1 and a;,m; € R.
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The following functions and its possible combinations, with appropriated choices of
the coefficients a;, m;, satisfy our hypothesis on Q).

Condition (Kg) restricts the expression of the critical function K. However, it can
have the polynomial form K (s,t) =3, ., _,. ais”t".

This paper is organized as follows. In order to be able to deal variationally, in
section 2 we show the penalization method for nonlinearity not homogeneous. The
subcritical case was studied in section 3. The critical and supercritical cases were
studied in section 4 and section 5, respectively.

2. Variational framework and modified system

In order to overcome the lack compactness originated by the unboundedness of RY
we use a penalization method.

Consider o > 0 and 77 : R — R a non-increasing function of class C? such that
n=1 on (—oo,a],n=0 on [ba,00) and |n'(s)| < % (1)

for each s € R and for some constant c; > 0. Then, using the function 7, we define
Q :R? — R by

Qs, 1) == n(|(s,)NQ(s, 1) + (L= (| (s.£) ) A(s* + ),
where A := max { Q1) (5,t) ER? a < |(s,1)] < 504} :

s2 4+ 2

Notice that, since A > 0 tends to zero as a — 0", we may suppose that A < 1.

Denoting by ya the characteristic function of the set A, we define H : RN x R? — R
by setting

~

H(x,s,t) := xa()Q(s,1) + (1 = xa(2))Q(s,1). (2)

Lemma 2.1. The function H satisfies the following estimates:

(Hy) pH(x,s,t) < sHq(x,s,t) +tH(z,s,t), for each x € A.

(Hy) 2H(x,s,t) < sH(x,s,t) +tHy(z,s,t), for each x € RNV \ A.

(Hs) For o small we have sHg(x, s,t)+tHy(x,s,t) < 3(32+t2) for each x € RV\ A.
(Ha)

H H, 1
For a small we have | S(ﬁs’t”, | t(zs’t)l <7 for each x € RN \ A.

H,

Proof. If z € A we have that H(x,s,t) = Q(s,t). By using (Q2) we get
sHg(z,s,t) +tHy(x,s,t) > pQ(s,t) = pH(z,s,t)

and the proof of (H;) is finished.

From (2), we have that H(z,s,t) = Q(s,t) for all z € RN\ A. Then, from definition

of @, we have

~

Quls:8) = /(5. D255 Qs ) + (15 D) Quls. 1)

1 (1(s, D) S A+ 1) + (L= ([ (s, 8))) 243

(3)
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and Qu(s,1) =1/(|(s, )|)| Q(s,t) +n(|(s, 1)) Qu(s, 1)
1 (165 D o AGS® + ) + (1= (] (5,0)])) 24 )

From (3) and (4) we get
5Qu(5,1) +1Qu(s,t) = 1/ (|(s.)D[Q(s, 1) = A(s* + )]|(s.t)]
+0(|(5, 1)) [5Qs(5,1) + tQu(s, )] + (L — n(|(s, £)]))2A(s" + 7). (5)

Since 7 is non-increasing, we can use definition of A and (Q)2), and obtain
5Qs(5,8) + tQu(s,) = (| (5, ) )Q(s, ) + 2(1 = n(|(s, 1)) A(s* + £2) > 2Q(s, 1),

and the proof of (Hs) is finished.

From (5) we get, using (1) and the definitions of A and (@),

sés(s,t) + t@t(s,t)
52 + 2

< %(m)(%) +dey ((5a)P 72 4 (5a)72%) + 4A.

Then, for « sufficiently small we get the proof of (Hj).
For proving (Hy), we can use (3), (1) and (@) to get
1Q,(s,t)| < %A(SQ)Q + 1 ()~ + (5a)P> ) + EQA(Sa) + 4A(5q).

|H8(m7 87t)‘ S
«

1=

Then, for a sufficiently small we obtain

Using similar arguments, the second inequality is proved. [

3. Subcritical case

Changing variables by x +— ez, we can rewrite system (S;) into the following equiv-
alent form

—div(a(ex)Vu) + u = Qu(u,v) in RY,
(S.) —div(b(c2) Vo) + v = Qu(u,v) in RV,
u,v € HY(RY), u(z),v(z) >0 for each x € RV,
If (u,v) is a solution of system (S.), then (@i(z), 0(z)) == (u(z/c), v(x/e)) is a solution
of system (.S.). Thus, to study system (S.), it suffices to study system (S;).
In view of definition (2), we deal in the sequel with the modified system
—div(a(ex)Vu) + u = H,(ex,u,v) in RV,
(Se.quz) —div(b(ex)Vv) + v = H,(ex,u,v) in RY,
u,v € HY(RY), u(z),v(z) >0 for each x € RV,
and we will look for solutions (u.,v.) verifying
|(ue(ex),ve(ex))| < o, for each o € RV \ A,
where A, ;= {z € RV : ez € A}.
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For each € > 0 we denote by X, the Hilbert space

X = {(u,v) € HYRY) x HY(RY) : /

RN

(a(ex)|Vul® + b(ex)|Vo]?) do < oo}
endowed with the norm

o) 2 o= /RN (a(ex)|Vul + b(ea) Vol + [uf? + o) da.

By using condition (ab;) we can verify that

X, — H'(RY) x HY(RY) — L*(RY) x L*(RY) for all 2 <s< 2%

Conditions (H3) and (Q;) imply that the critical points of the C'—functional I, :
X. — R given by

1
I(u,v) :== 5 /RN (a(ex)|Vul?> + b(ez)|Vo]* + |u? + |v]?) dz — /RN H(ex,u,v)dx

are weak solution of (S: quz)-

We define the Palais-Smale compactness condition. A sequence ((un,v,)) C X: is a
Palais-Smale sequence at level ¢ for the functional I if

I (up,v,) — ¢

and I'(up,v,) =0 in X[
h := inf I (~(t
where c iﬂr%ﬁf}l{] (v(t)) >0
and I':={yeC([0,1],X.) : v(0) = (0,0), I.(y(1)) < 0}.

If every Palais-Smale sequence of I. has a strongly convergent subsequence then one
says that I, satisfies the Palais-Smale condition ((PS) for short).

Lemma 3.1. The functional 1. satisfies the following conditions

(i)  There exist positive numbers p and C such that
I.(u,v) > C >0, if |[(u,v)|:=p.

(ii)  There exists (e1,ez) € X. with I.(e1,e2) < 0 and ||(e1, e2)||e > p-

Proof. From (H;), (H3),(H3) and (Q1) we have

1
o) = o) - / R N CX

v

ol =% [ Qo) +0@uuolde = 5 [ (ul + o)

e R\Ac

201

2c
=22 [ poyde = 22 [ (up o).

Ac

Y%
=
)
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Then, by Sobolev embeddings, there exists c3 > 0 such that

3
Le(u,v) = 2l (u,)lI2 = esll (u, v) 2 = el (u, ) 122

and the proof of item (i) follows by choosing p > 0 small enough.
Let ¢ € C3°(A.). From (Q2) there exist ¢4, ¢5 > 0 such that

Lt0.0) = 3.0l - [ Qo0

2
< G160 [ (o - s

Ac

t2
< 5”((/570)H§—C4t“/ |p|Fdx + cg
Ae

for all £ > 0. The proof of item (ii) follow by considering (e, e5) = t*(¢,0) for some
t* > 0 sufficiently large. O

From Lemma 3.1, I. has the mountain pass geometry. Hence, there exists a Palais-
Smale sequence ((u,,v,)) C X. at level c..

Lemma 3.2. Let ((un,vy)) be a (PS). sequence for I.. Then ((uy,vy,)) is bounded
mn X..

Proof. Since ((un,vy)) is a (PS). sequence for I,
I(uy,v,) = ¢ and I (uy,v,) = 0 as n — oo.

Therefore, by using (H;), (Hs) and (H3), we have

Is(una Un) - %Ié(uny Un)(uny Un)

L1 > (L1 (L1 :
2 (5 ) Mol = (5= 3) [ bt vatifar 2§ (5= 1) o vl
Then

(53 ) It )12 < Tty v0) = 5 1Lty 00) (1, 00) = €+ 0| (i w0

42M ny Ynj)lle = ny Yn ’ugnan ny Yn ny Ynjlle)s
where we conclude that ((u,,v,)) is bounded in X.. O

The proof of the next two results is in the same spirit of [13, Lemma 3.2 and Lemma
3.3]. We omit the details.

Lemma 3.3. Let ((un,v,)) be a (PS). sequence for I.. Then for each & > 0, there
exists R = R(§) such that

lim sup/ (a(ex)|Vun|* 4 b(ez) | Vou|* + |u,|* + [v,|*) do < €.
RN\BR(0)

n—o0

Lemma 3.4. The functional I. satisfies the Palais-Smale condition at any level c.
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Theorem 3.5. Assume that conditions (aby)—(abs) and (Qo)—(Q2) are hold. Then,
for all e > 0, the system (S:quz) has a non-negative weak solution.

Proof. From Lemma 3.1, Lemma 3.4 and Mountain Pass Theorem due Ambrosetti
Rabinowitz [9] it follows that I has a critical point (u,v) € X, with I.(u,v) = ¢. > 0.
Then I’ (u,v)(¢,¢) = 0 for all (¢,9) € X, hence

/ (a(ex)VuVe + b(ex) VoV + ugp + vip) do — / (pH, + Y H,) dx = 0.
RN

RN

Choosing ¢ = u~, 1 = v, where u™, v~ are the non-positive parts of the functions
u and v, respectively, we get

—[[(u™,v7)|]2 — /RN (u™Hy(ex,u,v) + v~ Hy(ex, u,v)) dz = 0.

By using (3) and (4) we have

u™)? v7)?
u” Hy(ex,u,v) + v~ Hy(ex,u,v) = —n'(|(u,v)]|) ( )|(:U() ) ))Q(u, v)

(o) DU 4 02) - (1=l 0))24 (00 + (07)

for all z € RY \ A.. Thus, by using (1) and definition of A, we have
\u™ Hy(ex,u,v)+v Hy(ex,u,v)| < 2% (u™)*+(v7)%) A(5a) + 4A ((u™)*+(v7)?)
for all z € RN \ A.. Then, for o sufficiently small and (Q,), we obtain
(e, v7)[le = 0.
Therefore u > 0 and v > 0 in RV. O

In order to study the concentration of solutions, we now consider the autonomous

system
—apAu+u = Qu(u,v) in RY,

(SO) _bmAU +v= Qv(u7 U) in RN>
u,v € HY(RY), u(z),v(z) >0 for each x € RV,

The corresponding functional is

2
for (u,v) € X := HY(RY) x HY(RY). We denote the norm in X by

1
In(u,v) = = /N (am|Vul? 4 by Vo|* + [ul® + [v]*) do — /N Q(u,v)dz
R R

(o) = / (am|Vul? 4 b V0l 4 [uf? + 0]?) do.
RN
Arguing as in Lemma 3.1, we can show that /; has the mountain pass geometry and
therefore we can set the minimax level ¢y in the following way

= inf I t
co:= inf max o(7(1)),

where Ty := {7y € C([0,1], X) : v(0) = (0,0), Iy(v(1)) < 0}.
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On the other hand, by using (Q3) we can argue as in [16] for to get

0<c0= 0Bl oo e oltu, o) = inf | To(u, v) :=mo, )

where M := {(u,v) € X \ {(0,0)} : I}(u,v)(u,v) = 0}.

Proposition 3.6. Let ((un,v,)) C M be such that Iy(uy,,v,) — mg. Then there
exists a sequence () C RY such that, up to a subsequence, (w,(x),z,(x)) =
(Un (T 4+ Un), vn(T + Un)) = (w, 2) € M with Iy(w, z) = my.

Proof. Arguing as in Lemma 3.2 ((u,,v,)) is bounded in X. Then, up to a subse-
quence, we may suppose that (u,,v,) = (u,v) weakly in X. Using the Ekeland’s
Variational Principle [16, Theorem 8.5], we can assume that ((u,,v,)) verifies the
following limits

Io(tup,v,) = mo and  Ij(u,,v,) — 0.

By using a density argument, we can conclude that (u,v) is a critical point of I,.
Now, we will divide our study in two cases.

Case 1. (u,v) # (0,0).

In this case I)(u,v)(u,v) = 0 and therefore (u,v) € M. Then, by using (Q2) and
Fatou’s lemma we get

mo < Ip(u,v) — %]6(% v)(u,v)
= (52 ) ol [ 200+ 0Qutu ) - Qu)]| ds

1 1
< liminf (- . —) s ) 2
2 p

n—oo

+ lim 1nf/ |:l (unQu(um Un) + UnQv(una Un)) - Q(um Un):| dx
RN

n—o0 [j,

n—oo

1
< liminf (Io(un,vn) — —I(’)(u,vn)(un,vn)> = my
1

and thus — lim [|(t,, v,)||* = ||(u, v)]|]?.
n—oo

Hence, (un,v,) — (u,v) in HY(RY) x HY(RY). Consequently Iy(u,v) = mg. and
Yy, = 0 for all n € N.

Case 2. (u,v) = (0,0).

In this case, there exists R,n > 0 and (7,,) C RY such that

liminf/ (Jun)® + |vn]?) dz > 1.
Br(yn)

n—o0

Because if this claim does not hold, we have by [15, Lemma I.1] that

lim |up|de =0 and lim |vp|*dx =0

for all s € (2,2%).
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Thus, from (Q1), we obtain

/ (unQu(una Un) + vnQv(un, 'Un)) dr —0 as n — oo.
RN

Since I (tn, vy) (tun,v,) = 0, we can use the above limit for to get

| (tp,v)|I> =0 as n— oo.

Consequently Io(u,,v,) — 0, which contradicts (6).
Now, we define u,(z) := u,(z + ¥n) and 0,(z) := vu(z + Yn)-
Then, we can verify that

Io(tp, vy) = mo  and  Ij(T,,v,) — 0.

It is clear that ((un,,)) is bounded in H*(RY) x H'(RY) and there exists (u,?) €
HY(RY) x HY(RY) with (w,?) # (0,0) such that

(Un, Uy) — (u, ).
Repeating the same arguments used in Case 1, it follows that (u,,v,) — (u,?) in
HY(RN) x HY(RYN), N
In similar way as in (6), we can show that

<e= (u,v)e)lflslf{(0,0)} I?Za()x Ig(t’LL, tU) - (u,i}l)léf/\/g IE(U: U) = M, (7)

where N := {(u,v) € X.\ {(0,0)} : I’(u,v)(u,v) = 0}.

Proposition 3.7. Let (¢,) C R be such that €, — 0% and (u,, v,) be a solution of
(S, .auz) satisfying I, (wn,v,) — mo. Then there exists a sequence (3,) C RN such
that the sequence (wp, zn) = (Un(- + Un), Un(- + Un)) has a convergent subsequence
in HY(RYN) x HY(RYN). Moreover, up to a subsequence, (y,) := (nyn) is such that
Yn — Yy € M.

Proof. We star by proving that there exists a sequence (7,) C RY and constants
R,n > 0 such that

n—o0

liminf/ (Junl® + [vn]?) dz > 7. (8)
Br(yn)

Indeed, suppose that (8) is not satisfied. Since ((uy,,v,)) is bounded in H'(RY) x
HY(RY), then, from [15, Lemma 1.1], we get

lim/ |u,|°de =0 and / |vp|*dz =0
n—oo RN RN

for all s € (2,2*). This and (Q;) implies that

n—oo

lim / (UnQu(tn, vy) + V,Qy (U, vy)) dx = 0.
Ae



268 G. M. Figueiredo, S. M. A. Salirrosas / Local Mountain Pass ...
Since 1. (tn,Vn)(Un,vs) = 0, we can use (Hs) for to get
| (tn,vn)|le, = 0 as n — oo.

Then, by using (H;), (Hs), (H3) and the above limit, we get

lim H(enx, Uy, vy)dz = 0.

n—oo RN
Hence, I.,(un,v,) — 0, contradicting mo > 0. Thus, (8) holds and, along a subse-
quence

(wn7 Zn) = (un( + gn); vn(' + gn)) - (w7 Z) 7£ (Oa O) Weakly in HI(RN) XHI(RN>'
Let t, > 0 be such that (w,,z,) = t,(wy,, z,) € M.

Defining y,, := €,¥n, using again the fact that I, (un,v,)(un,v,) = 0, the change of
variables z +— = + y,, and (ab;) we get

mo < Io(Wn, %)
t2

<
2 RN

(alen + yn) | Vwn|* 4+ b(en® + yn)|Vza|* + |wa|® + |2,/ da

— H(epx + yp, thwy, tyz,)dx
RN
t2
= E" (a(en)|Vun|? 4 b(e,2) [ Vva|* 4 [un]® + |vn|?) dz
RN

— H(epz, tyuy, tyv,)de
]RN

= I, (thtun, tyu,) < I, (U, vy).

Hence lim Iy(wy, Z,) = my, from which it follows that (w,, z,) # (0,0) in the space
n—o0

HLYRN) x HY(R).
Since ((wWy, 2z,)) and ((wy, 2,)) are bounded in H*(RY) x H'(RY), the sequence (t,)
is bounded. Thus, up to a subsequence, t,, — to > 0. If tg = 0 then ||(w,, z,)|| = 0,

which does not make sense. Hence, t; > 0, and therefore the sequence ((wn, z,))
satisfies

(W, Zn) — (W,2) := (tow, tz) # (0,0) weakly in H*(RY) x H*(R™).

From Proposition 3.6, we conclude that (w,, z,) — (@, 2) in H*(RY) x H'(RY) and,
as a consequence, (wy, z,) — (w, z) in HY(RY) x HY(RY). This proves the first part
of the proposition.

To conclude the proof of the proposition, we show that (y,) has a subsequence, still
denoted by (y,), satisfying y, — y for y € M. First of all, we claim that (y,) is
bounded. Indeed, if this is not the case, there exists a subsequence, still denoted
by (yn), verifying |y,| — oco. Consider r > 0 such that A C B,.(0). Since we may
suppose that |y,| > 2r, for any € B, ., (0) we have

len + Yn| > |yn| — lenz| > 7
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Since I (un,vn)(Un,v,) = 0, we can use (aby), the change of variables z — x + ¥,
and (H3) to obtain

/ (| Vel + bl Va4 [wa]? + [20]?) d

RN

< / (a(en) |Vt ? + b(En) [V on]? + [tn? + [0 ]?) da
RN

= / (UnHu(€nfL‘, Up, Un) + UnHv(gnxa Up, Un)) dx
RN

= / (wnHw(gnx + Yn, Wn, Zn) + ZnHz(gnm + Yn, Wn, Zn)) dz
RN

1
< —/ (|wnl® + |20]?) dz + 0,(1).
4 Br/sn(o)

It follows that (wy,z,) — (0,0) in HY(RY) x H*(RY), which is a contradiction
because mg > 0. Thus, up to a subsequence, v, — y € RV,

It remains to check that y € M. It is sufficient to show that a(y) = a,, and b(y) = byy,.
Arguing by contradiction again, we suppose that a(y) > a,, or b(y) > b,,. Then,
recalling (wy, z,) — (w, ), we can use Fatou’s lemma to obtain

mog = [0(7:[}/, E/)
1

< 3 | @IVTE + o)V + @ + 5 do - [ Q@ e

IN

1 _ - ~ -
lim inf = / (a(enz + yn)|VWa)* + b(enx + 43)|VZa|* + |0n]* + |Z0]°) d2
RN

n—o0

— lim Q (W, 2, )dx
n—oQ RN

IN

t2
lim inf [E” / (a(snx + ) [Vwn |? + b(enz + yn)|Van > + |w,|? + |zn|2) dx
]RN

n—oo
— H(en + Yn, tpwp, thzy)dx
RN

= liminf I, (t,un,, tyv,) < liminf I, (u,,v,) = mg
n—00 n—o0

which does not make sense. The proof is finished. O

From Proposition 3.6, there exists (wq,ws) € X solution of the system (Sy). For
any y € M, we define the function ¥, ., € X, by setting

Biayla) = vleryu (T2) i1

€

where 1) is a smoth function with compact support and with ¢» = 1 in a neighborhood
of y. We denote by t. > 0 the unique positive number verifying

Is(ts(qjl,e,ya qu,z—:,y)) = max [e(t(qjl,s,ya ‘112,6,3/))-

t>0
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In view of the above remarks the function ®, : M — N. given by

(I)e<y> = ts(kpl,s,ya \1’2,6,11)

is well defined. By direct calculations and the change of variables z = (ex —y) /¢, it
easy to check that

[E(\Ijl,a,ya \IJZ,E,y) = [O(wla w2) + 08(1)'
Thus, max I(t(Uy ey, Uory)) = mo + 0-(1), which implies that

lim I.(®.(y)) = mo, uniformly for y e M. (9)

e—0t+

Now, we take the function h : [0, 00) — [0, 00) sucth that h(c) — 0 as e — 01 and
set

Yo = {(u,v) € N.: I.(u,v) < mg+ h(e)}.

Given y € M, we can use (9) to conclude that h(e) = |I.(P.(y)) — mg| is such that
h(e) — 0 as ¢ = 0. Thus, ®.(y) € X. and we have that X. # ) for any ¢ > 0.

Lemma 3.8. Let (g,) be a sequence such that €, — 07 and for each n € N,
let (un,vn) € X, be a solution of system (Se, auz). Then I, (u,,v,) — mo and
(tn,vp) € L®(RYN) x L®(RYN). Moreover, given ¢ > 0, there exist R > 0 and ng € N
such that

|| (wn; Zn) ||L°°(RN\BR(0))XLOO(RN\BR(O)) <€,

where W () = U (T + Yn), 20(x) = vu(x +Ypn) and (yy,) is the sequence of Proposi-
tion 3.7.

Proof. The proof is similar to that presented in [13, Lemma 5.1]. O
We are now ready to present the proof of our existence and concentration theorem.

Proof of Theorem 1.1. From Theorem 3.5, for all € > 0, there exists (u., v.) € X,
non-negative weak solution of the system (S; 4u). We first claim is that there exists
€9 > 0 such that, for any 0 < € < &g, there holds

|(ue(ex),ve(e7))| < a for each x € RV \ A..

In order to prove the claim, we argue by contradiction. Suppose that for some se-
quence &, — 0 we can obtain (uy, v,) solution of (S, 4u.) such that I, (u,,v,) — mg
and

| (W Vn) || oo (®M\AL, ) x Loo (RN AL, ) > € (10)
Then, we can use Proposition 3.7 to obtain a sequence (7,,) C RY such that we have
Engn — Yo € M.
If we take r > 0 such that B,(yo) C Ba2-(yo) C A we have that
1
Br/an(y0/5n> - e_Br(yO) C A€~

n
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Moreover, for any z € B, /.(y,), we have

2r
< -
En

_ %
En

E
for n large. For these values of n we have that B, ., (y,) C A.,. Thus, by applying
Lemma 3.8 with € = « that, for any n > ng such that /e, > R, we have

[ty )| oo @\ x 2o @A) S (| (Uns 0n) || Lo @3\ B G)) < Lo @Y\ B (@) < @
which contradicts (10). Thus, for € € (0,&¢), H(-, ue, ve) = Q(ue, ve). Hence, (ue,v.)

~

is also a solution of system (S.). An easy calculation shows that (u.(-/¢),v.(-/¢)) is
a solution of the original system (.S).

To finish the proof, we consider ¢, — 07 and we take (u,,v,) € X., be a non-

~

negative solution of (S;,) as above. By applying Lemma 3.8 we obtain R > 0 and
(7n) € RY such that

[[(tn 0n)| Loo @3\ B (Gn)) % L BN\ Br(Ga)) < €-
Then, up to a subsequence, we can also assume that
[[(tns vn) | Lo (B (@) L (Br @) > € (11)

In the contrary case we have ||(tn, Un)||poo@V)x 1o (mN) < €.

~

Then, since (uy,,v,) of solution of (S., ) we can use (();) to obtain
[ P 1) do < o),
Br(in)

- / (unQu<una Un) + U"Q”(u”’ ’Un))d$
RN

IN

201/ (|un|p1+|vn|p1)dx+201/ (un]? + [0,]7) da
RN RN

IN

21| (ttn, o) g;fRN)XLm(RN)/ (Jtn]? + [0a?) dez
RN

-2
+2¢1|(un, v0)| iio(m)xmm)/ (Junl? + [va]?) da
RN

which is a contradiction because of (8), for n > ng. Thus, (11) holds.

From (11) we conclude that the maximum point m,, € R" of u, and the maximum
point 7, € RY of v, belong to Br(7,). Hence 7, 4 = Un+Gn.a, for some q,, . € Br(0)
and T, = Yn + qnp, for some ¢, € Br(0). Recalling that the associated solution
of (S, ) is of the form (u,(z),v,(z)) = (un(z/cn), vn(x/ey)), we conclude that the
maximun point II. , of @, and the maximum point Il ; of v, are

Hen,a = 5n§n + €nln,a and Hen,b = 5ngn + Endn,b-
Since (¢n.a), (qnp) C Br(0) are bounded and &,y, — yo € M, we obtain

n—oo

lim a(Il, ) = a(yo) = ap, and lim b(IL., ;) = b(yo) = bin.
n—oo

The last limits imply that the maximum points of u,, and v,, are concentrated around
the set M. [
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4. Critical case

In this section we present the proof of Theorem 1.2. Since many calculations are
adaptions to that present in the two early sections, we will emphasis only the dif-
ferences between the subcritical and critical case.

Since we are interested in non-negative solutions we extend the function K to the
whole R? by setting K (u,v) =0 if u <0 or v < 0.

Hereafter, we will work with the following system equivalent to (C;).

—div(a(ex)Vu) + u = Q,(u,v) + 2%Ku(u, v) in RY,
() —div(b(ex) Vo) + 0 = Qu(u,v) + K, (u,v) in RY,
u,v € HYRN), u(z),v(x) >0 for each x € RV,

From (K,) we have that the function K verifies the following identity
2*K (s,t) = sK,(s,t) + tKy(s,t). (12)

By using the function 7 given in (1), we define K:R? >R by

o~ ~

Rs.t) = n(l(s, DD (QUs. 1) + 5K (5.0)) + (1= n(l(s, DDA + ),

where

~ {Q(s,t) + 5 K(s,1)

A := max oL 2 (s,t) € R?, a§|(s,t)|§5a}.

We define H : RN x R? — R by setting

H(z,5,) = xa(2) (Q(s,t) + 2i (u,v)) (1= yal2) K (s,1). (13)

Using (Q1), (Q2), (K1) and (12) we can argue as the proof of Lemma 2.1 to get

Lemma 4.1. The function H satisfies the following estimates:

(Hy) pH(z,s,t) < sHy(z,s,t)+ tHy(z,s,t), for each z € A.

(Hy) 2H(z,s,t) < sHy(z,s,t) + tHy(z,s,t), for each z € RV \ A.

(Hs) Fora small we have sHy(z, s, t)+tH,(z, s,t) < 3(82—1—152) for each x € RN\ A.

(Hy) For o small we have ‘HS(QZS’t)l, |Ht(328’t)| < i for each x € RN \ A.

In view of definition (13), we deal in the sequel with the modified system

—div(a(ex)Vu) +u = Hy(ex,u,v) in RV,

(Ce auz) —div(b(ex)Vv) + v = H,(ex,u,v) in RY,
u,v € HY(RY), u(z),v(z) >0 for each x € RV,
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and we will look for solutions (u.,v.) verifying

|(ue(ex),ve(ex))| < o, for each x € RV \ A..

The conditions (H3), (Q1) and (K1) imply that the critical points of the C'-functional
L:X. >R given by

- 1 -
I.(u,v) := 5 /]RN (a(ex)|Vul? + b(ez)|Vo* + |u? + |v]?) dz — /]RN H(ex,u,v)dx

are weak solution of (C: 4uz)-

As in Lemma 3.1, the functional I. satisfies the mountain Pass Geometry. Hence
there exists a Palais-Smale sequence ((uy,v,)) C X. at level ¢.. The minimax level
¢ is given by B
¢. := inf max I.(n(t)),
inf masc 7. (01)
where T := {5 € C(]0,1], X.) : (0) = (0,0), I.(n(1)) < 0}.
Also, using (Q3) we can show that

0<c.= inf Ltuto) = inf L(uwv) =, y
7 eitlooy B ) =l ek = ()

where M. := {(u,v) € X. \ {(0,0)} : I’ (u,v)(u,v) = 0}.

As usual, we denote by S the best constant of the embedding DV?(RY) < L* (RY).
Now we consider

/ (|Vul® + |Vv|?)dz
SK = inf RY

u,w€DHZ(RN) 2/2r "
u,v#£0 ( K(u, U)d:t)
RN

Lemma 4.2. Any sequence ((un,v,)) C X. such that

B 1 ‘ _ \N/2 -
I (up,v,) — € < N (mln{am, bm}SK) and I (up,v,) — 0
possesses a convergent subsequence.

Proof. Standart calculations show that ((u,,v,)) is bounded in X.. Then, up to a
subsequence, we may suppose that

(Un, V) — (u,v) weakly in X,
Up — u, v, — v strongly in L (RY), 2 <s < 2%, (15)
Un (1) — u(x), vo(z) = v(z) forae. z€RY.

Now, using density argument, we can show that (u,v) is a critical point of I.. Hence

| (u,0)|? = /RN (uﬁu(gx, u,v) + vH,(ex, u, v)) dx. (16)
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Since I.(uy,v,) — 0, we have

| (e, v0)||2 = / (unﬁu(sm, Up, V) + vnﬁv(ex,un,vn)) dz + o0,(1). (17)
RN
Claim 1. lim K(up,vp)de = | K(u,v)dz.
n—00 Jn_ A,

Since ((un,v,)) is bounded, we may suppose that
Vun|* =71, |Vou|* =7 and K(u,,v,) =7 (weak*-sense of measures).

In the same way as in [10, Lemma 6], we obtain an at most countable index set T,

sequences (r;) € RN, (1), (7;), (7;) C (0,00) such that

i |Vul +> b, &> |VoP+ ) Gids,

ier i€l
~ ~ S ~2/2% _ ~ o~ (18)
V= K(u, U) + Z V0, and SKVZ- < Wi+ 05

iel

for all « € I', where ¢,, is the Dirac mass at the point z; € RY.

Suppose that {x;};er N A. # 0, then exists 2; € A, for some ¢ € T'. Define, for o > 0,
the function ,(z) := ¥((x — z;)/0) where ¢ € C°(RY[0,1]) is such that ¢ = 1
on Bi(0), ¥ = 0 on RY \ By(0) and |Vt|, < 2. We suppose that g is chosen in
such way that the support of 9, is contained in A.. Since ((¢,un, ¥,vy,)) is bounded,

fé(un,vn)(iﬁgun,wgvn) = 0,(1). Then
/ (a(ex),|Vun|* + b(ex)h,|Vu,|?) dx
]RN
+/ (a(ex)u, Vu, Vb, + b(ex)v, Vv, Vb,) dx + / (wg]un]2 + w9|vn|2) dx
RN RN

= / (unHu(ex,un,vn) + v, Hy(ex, up, vn)> Yodr + 0,(1).
RN
Since supp(1,) C A., we can use definition of H, (12) and (aby) to get

min{a,,, bm}/ (Vo V| + 1|V, [?) da
RN
< —/ (a(ex)u, Vu, Vb, + b(ex)v, Vv, Vb,) dx
RN

+ / (unQu(un7 Un) + vnQv(una Un)) @Z)le‘ + K(U’n’ Un)qu)gdx + On(l)
RN

RN

By using (@) and since 1, has compact support, we can let n — oo, o — 0 and
use (18) to conclude that

min{ a,, by, (@ + ;) < ;.



G. M. Figueiredo, S. M. A. Salirrosas / Local Mountain Pass ... 275
As §K’Jf/2* < fi; + 0;, we get

N/2 _
S V;.

<min{am, bm}§K>
On the other hand, by using Hs, (Q2) and (12) we get
~ 1~
Ce = ]a(una Un) - ilg(una Un)(una Un) + On(]-)

1 N . ~
= / (— (UnHu<€.’L'7un7vn) +UnHv(€x7unvvn)> o H(am,un,vn)) dx
R\A. \2

i / 8 (1 (tnQu(tn, 0a) + 0 Qo (tn, 0a)) — Quin, M) i

2
1 1
—|—§ (5 (U Ky (U, V) + 0 Ky (U, 0)) — K (U, vn)) dx + 0,(1)
Ae

> 2 K(uy, v)da+ on(1)
- N AE un7vn xr On

1
> — K (tp, vp)pdx + 0,(1).

N AL

Thus, by taking the limit as n — oo and using (18) we get

~ /
exv Y wh=y Y %z (minfanbn)8K)

{ielz; €A} {iela; €A}

which does not make sense. Therefore {z;};cr N A: = 0, concluding the proof of the
claim.

Claim 2. The following limit holds as n — oo:
/ [t Ho (62, U, Un) + Un Hy (2, U, 0n)]dz — [uH,(ex,u,v) + vH,(cx,u, v)]d.
RN RN

Arguing as in Lemma 3.3, for any £ > 0 given, there exists R > 0 such that
A: C Bg(0) and

n—0o0

lim sup/ (a(ex)|Vu, > + b(ez) Vo[ + |un [ + |va]?) do < €.
RN\BR(0)

This inequality and (ﬁg) imply that, for n large enough, we get
~ ~ 1
/ (unHu(sx, Up,y V) + vnHv(am,un,vn)> dr < =€. (19)
EN\Bp(0) 4

On the other hand, taking R large enough, we can suppose that

/ <uf[u(5:r,u, v) + vH,(ex, u, v)) dx| <. (20)
RN\BRr(0)
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Then, by (19) and (20), we obtain

/ (unﬁu(sx, Up, Up) + vnflv(ex, Up, vn)> dx
RN\Bg(0)

= / (uf]v(sx, u,v) + vH,(ex, u, v)) dz + 0,(1). (21)
RN\BR(0)

Since the set Br(0) N (RY \ A.) is bounded, we can use (Hs), (15) and Lebesgue’s
theorem to conclude that

lim / (unﬁu(ex, Un, Up) + vnﬁ[v(sx, Up, vn)> dx
Br(0O)NRN\A.)

n—oo

= / <uﬁv(sx, u,v) +vH,(ex, u, v)) dx. (22)
Br(0)N(RN\A)
By using Claim 1, (@Q1), (K1), (15) and Lebesgue’s theorem again, we obtain

lim <unﬁu(5x, Up, Up) + vnﬁv(ex, Up, vn)> dx

n—o0 A
€

- /A (u]:lv(»sx, u,v) + UI:‘V]U(EZL‘, u,v)) dz. (23)

From (21), (22) and (23) Claim 2 is proved.
By using (16), Claim 2 and (17), we get ||(un, v,)||? = ||(u,v)]|?>. In conequence
(U, ) = (u,v) in X,. O
In order to study the concentration of solutions, we first consider the critical version
of the problem (Sy), namely

—anAu+u = Qu(u,v) + % K,(u,v) in RY,
(CSO) _bmAU +v= Qv(u7 U) + QL*K’U(U7 U) in RNa

u,v € HY(RY), u(z),v(z) >0 for each x € RV,

whose solutions are related with the critical points of 70 : X — R definided as
(uv)::—||uv||2 / qudx—— K(u,v)dz.
RN
As in the subcritical case, we can show that Io has the Mountain Pass geometry and

therefore we can set the minimax level ¢, in the following way

Co = lrl~f max 70(77(75))7
nel t€[0,1]

where Ty := {n € C([0, 1], X) : (0) = (0,0), Io(n(1)) < 0}.
Using ((Q)3) we can also verify that

o= ooy Ty Toltu, ¢ inf T (u, v) = g, 24
“- (uv>e§?\{(00)}»]%0X O(u v)= (u,f)leﬂ o(u, v) = Mo (24)

where M := {(u,v) € X\ {(0,0)} : I} (u,v)(u,v) = 0}
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Proposition 4.3. There exists 0* > 0 such that for all o > o*
_ 1 ~ \N/2
co < N (min{am,bm}SK> )

Proof. From (24) it sufficies to obtain (u,v) € X \ {(0,0)} such that

- 1 _ \NJ2
sup Ip(tu, tv) < N (min{am, bm}SK> .

>0
We first recall that, for any ¢ > 0 the function
ws(r) == [IN(N — 2)](1\/—2)/4(5 + |x|2)(2—N)/2

satisfies / |Vws|*dx :/ lws|* dx = SN2
RN RN

Using (K;) and by [10, Lemma 3], there exist A, B € R such that Sk is attained by

g _ Jex (V(Aws)P + [V(Bws)[") dz_ SN/2(A2 4 B?)
K = * - ¥
(Jour K (Aws, Bwg)dz)*? (Joun K (Aws, Bwg)dz)*?

Let n € C°(RY, [0, 1]) be such that n = 1 on B;(0) and n = 0 on R\ By(0). Consider

n(a)ws(e)

Vs(z) = |

Then, by using ((Q)4) we get
Io(tAvps., tBibs)

2*
lH(tAw(;,th(;)W— / Q(tAw(;,th(;)d:c—z;—* / K (Avps, Bs)da
RN RN

2
—(A2 + B*)Ds — itpsAﬁB”/ |vs|Peda,
2 Ps RN

where ps € (2,2*) is given by condition (Q4) and

Ds = / (max{am, bm } Vb + [s|°) dz
RN

Thus Io(tAws, tBis) < m>ag<{ (A2 + B2)Ds — L 575 AP BY ||y |7 Tos () }
§2 Ds
Straightforward calculations show that

1 1 1

- (D5(A2 + BZ>>p5/(P5*2)
IO(tA¢6;tB¢6) < m (5 - —)

2/(p5—2)
(ABBVHw&HLps RN )

Sy,

0'2/(175*2)
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~ 1 _ \NJ2
Thus, max Iy(tAvs, tBis) < N <min{am, bm}SK> , for all o > o* where

p5—2

. Cs i
o= 1 . — 7
¥ (mm{am,bm}SK)
The proof is complete. [

The proof of the next result is in the same spirit of Proposition 3.6, but in this case,
we need of the estimate given by Proposition 4.3.

Proposition 4.4. Let ((un,v,)) C M be such that Io(un,v,) — fig. Then there
exists a sequence () C RY such that, up to a subsequence, (w,(x),z,(7)) =

(Un (T + Yn), U@+ Tn)) = (W, 2) € M with To(w,z) = 0.

From Proposition 4.4, there exists (wy,ws) solution of the system (CSp). For any
y € M, we define the functions

ute) = wteohun () and (o) = plenyu ().

9 €

where 1) is a smooth function with compact support and with ¢» = 1 in a neighbor-
hood of y. By direct calculations and the change of variables z = (ex — y) /¢, it easy
to check that

I (u,v) = Io(wi, ws) + 0.(1) = & + 0(1).

Thus, we can verify that

. < sup I(tu, tv) < & + o.(1). (25)

>0

We also have the following technical result. The proof is similar to that presented
in Proposition 3.7 and it will be omitted.

Proposition 4.5. Let (g,) C R" be such that e, — 0% and (u,,v,) be a solution of
(Cw,yaua) satisfying 1., (tn,vn) — mo. Then there exists a sequence (,) C RN such
that the sequence (wy, zn) = (Un(- + Un), Un(- + Un)) has a convergent subsequence
in HY(RN) x HY(RY). Moreover, up to a subsequence, (y,) = (€,Un) is such that
Yn — Yy € M.

As in the subcritical case, we can use Proposition 4.4 for to show that the set
S = {(u,v) € V. : I(u,v) < g + h(e)}
is not empty.

We are now ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. From (25) we obtain €; > 0 such that ¢. < ¢, for any

e € (0,e1). For these values of ¢, since Ta has the mountain pass geometry, we can
take a sequence ((un,v,)) C X. such that

I.(up,v,) — ¢ and li(un,vn) — 0.
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By using Proposition 4.3, we garantee that

B 1 ‘  \N/2
Ce < N <mm{am,bm}SK> )

Thus, from Lemma 4.2 we get that, along a subsequence (u,,v,) — (u.,v.) with

(ue, ve) being critical point of I and fg(ug, ve) = .. The same calculations performed
in Theorem 3.5 show that u. > 0 and v. > 0 in RY. Therefore (u.,v.) € X, is a
non-negative weak solution of (C. gz ).

Now, by using Lemma 3.8 for the system (C. ;) and following the same lines as
in the proof of Theorem 1.1 we show that there exists €5 > 0 such that, for any
0 < € < €9, there holds

|(uc(ex),v.(ex))| <« for each 2z € RV \ A..

Hence, f[(-,ua,va) = Q(ue,v:) + 3 K (ue, v:) for any e € (0, min{ey,e2}), and there-

fore (ue,v.) is also a non-negative weak solution of the system (C.). An easy calcu-
lation shows that (u.(-/€),v-(-/€)) is a solution of the original system (C;).

The concentration follows along the same lines as in the proof of Theorem 1.1. [

5. Supercritical case

To solve the system

_ —div(a(ez)Vu) + u = Qu(u,v) + Mu|"2u in RY,
(SC:.n) {

—div(b(ex)Vv) + v = Qy(u,v) + Mv|27%v in RY.
We first consider a truncated problem which involves only a subcritical growth. We

show that any non-negative weak solution of truncated problem is a non-negative
weak solution of (SC. ).

Since the growth of nonlinearity is supercritical, we can not use directly variational
techniques because the functional correspondind to (SC. ,) may not be well defined
in X.. So to overcome this difficulty we construct a suitable truncation

—div(a(ez)Vu) + u = K,(u,v) in RV,
(Tt ) —div(b(ex)Vv) +v = Ko(u,v) in RY,
u,v € HY(RY), u(z),v(z) >0 for each x € RV,
where K(s,t) = Q(s,t) + AFy(s) + AFy(t) with
t 0 if t <0,
)= [ fds, =4 e to<esc i-L2,
0 C%_pitpi_l if t > ¢,

and the constant ( will be determined later.
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qi —Di
Note that F;(t) < Ci_tpi. By using (Q1), we can verify that

Di
|Ko(s,8)] + [Ki(s,8)] < (e1 + ACE) (s + [, (K1)
where C¢ = max{(? 71, (2772},
Since pu < p1,p2 < 2* < q1, q2, we can use (Q2) for to get
SKo(s,1) + tKi(5,1) > pQ(s,1) + Ap1Fi(s) + ApaFa(t) > pK (s, 1), (K)

Hence, K is a nonlinearity with subcritical growth and K verifies the conditions
(Qo) — (Q3). By directly applying Theorem 1.1 we obtain the following existence
result for a truncated system (77 )

Proposition 5.1. Let A > 0 be fized. Then, for any 6 > 0 given, there exists
exs > 0 such that, for any ¢ € (0,ex4), the truncated system (1.,) has a non-
negative weak solution.

Note that the solutions of (7% ) are critical points of the functional I. , : X — R
given by

1 -
I \(u,v) = 5/ (aex)|Vul® + b(ez)|Vo? + |ul® + [v]?) dz — / K(u,v)dx.
RN RN

Now, let (ue y,vex) be a solution of (7% ) given by Proposition 5.1. Thus, by using
(K>) we have

1
Cex = [E,A(us,)\a Us,/\) - ;[;,\(us,)\a va,A)(“s,)\a US,/\)

1 1
> (5 ) M, vl (26)

Since I, has the mountain pass geometry, given (u,v) € X, \ {(0,0)} there exists
to > 0 such that I ,(tou,tov) < 0. Define a path v : [0,1] — tto(u,v). Clearly
veTl ={neC(0,1],X.) : n(0) = (0,0), I.A(n(1)) < 0} and as consequence of
(Q3) we have

Cer = inf max . »(tu, tv).
(U,U)EXS\{(QO)} t>0

Let ¢ € C°(RY) with ¢ > 0. Thus, by using (Q4) we have

cex < maxox(tp, tp)

t2
< x| [ eIV + b ToP +20e) do— [ Qetprtolds]
2 RN RN

t>0

2 2 i
< I]EZaOX {t max{ay, by, 1}HSO||H1(RN) - p_5tp5H90||lzi’5(RN)}

>p1/(p52)
=:D.

92/(p5—2) (p5 - 2) <max{“vaM’ LHlel % gy
Ps ollll s @
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E,)\’ 5,)\ e — 2 . .

We are now ready to present the proof of Theorem 1.3.

Proof Theorem 1.3. For any A\ > 0 and 6 > 0 we can apply Proposition 5.1 to
obtain, for any € € (0,¢,5) fixed, (uc,v-\) non-negative solution of (7; ). To save
notation, we will denote (u, v) := (uc ., ve).

For each L > 0, we define

wn(a) = u(z) if u(x) <L,
- L if u(z) > L,

and
v(z) ifv(x) <L,
vi(x) = .
L if v(xz) > L.
Consider w := uuiﬁfl) and z = vviﬁfl), where 7 > 1 is a constant to be determined

later. Taking (w,0) as a test function in (7)) we obtain
/ <a(€x)ui(7_1)|Vu\2 +2(1 — 1)a(5m)uui(7_1)_1vuvuL 4 u2ui(7—1)) .
RN
RN
Since

/ a(gx)uui(T_l)_1VuVude = / a(ex)u® Y| Vul?dz > 0
RN {u<L}

and a(z) > a,, for all z € RY we have
am/ ui(T_l)|Vu|2dx < / uui(T_l)[N(u(u,v)dx.
RN RN

From (K;) we have

K
lim o(5,1) <

s—00 Spl_l -

c1+AC; and lim K,(s,t) = 0.
s—0
Thus, there exists C7 > 0 such that

am/ W\ Vulde < Ci(ey —1—/\04)/ uPrul Vg,
RN R

N
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Now, we consider @ := uu} '. By using Sobolev embedding we get

|81 @, < O / VaPde =Gy [ V(s

< 20, </ O\ ulde + (7 — 1)2/ uzui(72)|VuL\2dx)
RN RN
= 20, (/ ui(T_l)|Vu|2dm + (17— 1)2/ ui(T_1)|Vu|2dx>
RN {u<L}
< 20272/ uzL(T_l)|Vu|2dx
RN
< 204a,'Cy(cy + NCe)T? /N uplui(T_l)dx
R
= 03(01 -+ )\04)7'2/ upliQ‘@‘zdl’.
RN
. .. . . . 2* 2* _ 0
Applying now Holder inequality with exponents P and (i) T 3 We have

o~ -2 ~
1813 @y < Caler + ACT 2520 18] e,

Since uy, < u, we can use (27) for to get

. o1 2/2" 2/6
< / W )d:z:) < Cyler +ACO 2,0, ( / wdx)
RN RN

< Culer + AC)T?[|ul| Fro -
By Fatou’s lemma in the variable L, we get
HUHLT?*(RN) < Ci/QT(Cl + )\Cc)l/QTTl/T”UHLT@(RN) (28)

whenever u™ € L'(RV).

We now set 7 := % > 1 and note that, since u € L* (RY), the above inequality
holds for this choice of 7. Thus, since 726 = 72*, it follows that (28) also holds with
7 replaced by 72. Hence,

1 1
lull 2o gy < [Caler + ACOIE (72) 7 ||ull pr2o e

(ST

(522) 2252 || o gy

< [Cular + AC)]
By iterating this process and using that 76 = 2*, we obtain

—1

T

it
it
3"

2
|ul| prmer mry < [Caler + ACE)] [Jw]] 2+ (mavy.-

Taking the limit as m — oo and using (27) again, we get

[|u]] Lo iy < [Cs(er + ACE)]™ 772,
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o0

1 oo
where o1 = 3 g 77" and o9 = E T
i=1

=1

We want to check that, for a suitable value of ¢ and A small enough, we have
[05(01 + )\Cc)]al 772 S C

or equivalently ¢+ AC; < Cytrmo2/ogl/on — gt/

So, we choose ¢ > 0 such that Cg¢Y/7t = 2¢4 and take A > 0 such that A < )\ := g—lc

Thus, [l oo vy < €.
Repeating the same reasoning with the test function (0, z), we have
]| Lo vy < €.

Then, in view of the definition of K, we have that IN((u, v) = Q(u,v) + qiluql + q%v‘h

and therefore (u. \,v: ) is also a solution of the system (5/@5,/\)-

As a consequence of Theorem 1.1 we get that (u.,v.) = (uca(-/€),ven(-/€)) is a
solution of the original system (SC; ) and the maximum points of %, and v, are
concentrated around the set M. [
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