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1. Introduction

During more than fifty-five years now, there has been a lot of activity regarding the
fixed point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example,
4, 6, 12, 15, 16, 18, 19, 21, 22, 24, 28, 29, 30, 31, 35, 36, 38, 42, 43, 44, 52, 53] and
the references cited therein. This activity stems from Banach’s classical theorem
[1] concerning the existence of a unique fixed point for a strict contraction. It also
covers the convergence of (inexact) iterates of a nonexpansive mapping to one of
its fixed points. Since that seminal result, many developments have taken place
in this field including, in particular, studies of feasibility and common fixed point
problems, which find important applications in engineering and medical sciences
(5,7, 8,9, 14, 23, 45, 46, 52, 53].

In this paper we consider a complete metric space of cyclical nonexpansive mappings
acting on a union of two sets in a complete hyperbolic space. The study of this class
of mappings is an important topic in the fixed point theory [13, 20, 49, 50, 51].
Using the porosity notion we show that most cyclical nonexpansive mappings are
contractive. In the case when the intersection of the sets is empty we show that
the distance between iterates of a contractive mapping converges to the distance
between these two sets. Namely, our paper has three main results: Theorem 2.4,
Theorem 4.2 and Theorem 5.1.

In Theorem 2.4 we show that most cyclical nonexpansive mappings are contractive
when the intersection of our two sets is not empty. In Theorem 4.2 we demonstrate
that an analogous result is true in the case when the intersection is empty. Our final
main result (Theorem 5.1) shows that for every complete metric space the distance
between iterates of a contractive mappings converges to the distance between these
two sets when the intersection of these two sets is empty.
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Since Theorems 2.4 and 4.2 hold for hyperbolic spaces we we briefly review this
concept.

Let (X, p) be a metric space and let R' denote the real line. We say that a mapping
c: R' — X is a metric embedding of R" into X if p(c(s),c(t)) = |s — t| for all real s
and t. The image of R! under a metric embedding will be called a metric line. The
image of a real interval [a,b] = {t € R' : a <t < b} under such a mapping will be
called a metric segment.

Assume that (X, p) contains a family M of metric lines such that for each pair of
distinct points x and y in X there is a unique metric line in M which passes through
x and y. This metric line determines a unique metric segment joining x and y. We
denote this segment by [z, y]. For each 0 < ¢ <1 there is a unique point z in [z, y]
such that

p(x,z) =tp(z,y) and p(z,y) = (1 —t)p(z,y).

This point will be denoted by (1 — ¢)x @ ty. We will say that X, or more precisely
(X, p, M), is a hyperbolic space if

1 1

1 1 1
P(?U ® 59 5% ® 52) < §P(ya z)

for all =,y and z in X. An equivalent requirement is that

1 1 1 1
p(ix D 5Y, §’LU D _Z> <

) 5 (p(z,w) + p(y,2))

N | =

for all z,y,z and w in X. A set K C X is called p-convex if [z,y] C K for all x and
yin K.

In the sequel we will repeatedly use the following fact (cf. pp. 77 and 104 of [16], and
[37]): If (X, p, M) is a hyperbolic space, then

p(1—txdtz, (1 —t)ydtw) < (1 —t)p(z,y) + tp(z,w) (1.1)

for all ,y,z and win X and 0 <t < 1.

It is clear that all normed linear spaces are hyperbolic. A discussion of more ex-
amples of hyperbolic spaces and in particular of the Hilbert ball can be found, for
example, in [3, 16, 37].

In this paper we use the Baire category approach which we describe now.

Let X be a complete metric space. According to Baire’s theorem, the intersection
of every countable collection of open dense subsets of X is dense in X. This rather
simple, yet powerful result has found many applications. In particular, given a
property which elements of X may have, it is of interest to determine whether
this property is generic, that is, whether the set of elements which do enjoy this
property contains a countable intersection of open dense sets. Such an approach,
when a certain property is investigated for the whole space X and not just for a
single point in X, has already been successfully applied in many areas of Analysis
(see, for example, [2, 10, 11, 17, 25, 26, 27, 32, 33, 43, 47, 48] and the references
mentioned there). According to the generic approach we say that a property holds
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for a generic (typical) element of a complete metric space (or the property holds
generically) if the set of all elements of the metric space possessing this property
contains a (5 everywhere dense subset of the metric space which is a countable
intersection of open everywhere dense sets.

Our result involves the notion of porosity which we now recall [11, 26, 27, 39, 40,
42, 43].

Let (Y, d) be a complete metric space. We denote by B(y,r) the closed ball of center
y € Y and radius 7 > 0. A subset £ C Y is called porous (with respect to the metric
d) if there exist a € (0,1) and 79 > 0 such that for each r € (0,ry] and each y € Y,
there exists z € Y for which

B(z,ar) C B(y,r)\ E.
A subset of the space Y is called o-porous (with respect to d) if it is a countable

union of porous subsets of Y.

Since porous sets are nowhere dense, all o-porous sets are of the first Baire category.
If Y is a finite-dimensional Euclidean space, then o-porous sets are of Lebesgue
measure 0. In fact, the class of o-porous sets in such a space is much smaller than
the class of sets which have Lebesgue measure 0 and are of the Baire first category.
Also, every Banach space contains a set of the first Baire category which is not
o-porous.

To point out the difference between porous and nowhere dense sets, note that if
E C Y is nowhere dense, y € Y and r > 0, then there is a point z € Y and a
number s > 0 such that B(z,s) C B(y,r) \ E. If, however, E is also porous, then
for small enough r we can choose s = ar, where o € (0,1) is a constant which
depends only on FE.

2. The first main result

Let (X, p, M) be a complete hyperbolic space and A and B are nonempty, bounded
and closed subsets of X such that AN B # 0.

For each z € K and each r > 0 set
B(x,r)={ye X : p(x,y) <r}.
Denote by M the set of all mappings T': AU B — AU B such that

T(A)C B, T(B) C A, (2.1)
p(T(x),T(y)) < p(z,y) for each z € A and each y € B. (2.2)

The following result was obtained in [20].
Theorem 2.1. Assume that T € M, a € (0,1) and that
p(T(x),T(y)) < ap(x,y) for each x € A and each y € B.

Then T has a unique fixed point in AN B.
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For each T7,T5 € M define
(T, Ty) = sup{||T1(z) — Tx(z)|| : x € AU B}.
Clearly, the metric space (M, d) is complete. Set
D = sup{p(z1,22) : 21,220 € AU B}.

In [56] we proved the following result.

Theorem 2.2. Assume that there exists x, € AN B such that for each a € A,
each b € B and each v € (0,1),

v, ® (1 —v)a€ A and vx, d (1 —~)be B.

Then there exists a set Fo C M which is a countable intersection of open everywhere
dense sets in (M, d) such that for each T € Fqy the following assertions hold.

1. There exists a unique point v € AN B such that T(xzr) = xr.

2. For each € > 0 there exist an integer ne > 1 and a neighborhood U of T in (M, d)
such that for each S € U, each x € AU B and each integer n > n.,

p(S™(x), x1) < €.

A mapping T': AUB — AUB is called contractive (in the sense of Rakotch) [34, 43]
if there exists a decreasing function ¢ : [0,00) — [0, 1] such that

o(t) <1, te(0,00)
and for any point a € A and any point b € B, we have

p(T(a), T (b)) < ¢(p(a,b))p(a,b).

The results obtained in [54] imply the following theorem.

Theorem 2.3. Assume that a mapping T : AUB — AU B is contractive. Then
there ezists x. € AN B such that T(x,) = z, and z, is a unique fized point of T
Moreover, for each € > 0 there exists 6 > 0 and a natural number k such that for
every integer n > k and any sequence {x;}'~y C AU B which satisfies

p($i+17T($i>> S 57 L= 07 N 1
the inequality p(x;, x7) < € is valid for all i € {k,...,n}.

Denote by F the set of all contractive mappings T' € M. Now we state our first
main result which is proved in the next section.

Theorem 2.4. Assume that there exists x, € AN B such that for each a € A,
each b € B and each v € (0,1),

(1—=v)a® vz, € A and (1 — )b ® vz, € B.
Then the set M\ F is o-porous in (M,d).

An analogous result for noncyclic nonexpansive mappings was obtained in [42].
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3. Proof of Theorem 2.4
Let v € (0,1) and T' € M. For each a € A and each b € B set

T\(a) = (1 =)T(a) &z, € A, To(b) = (1 = 7)T(b) ®yz. € B.  (3.1)
By (2.2) and (3.1), for each a € A and each b € B,

p(T5(a), Ty(0)) = p((1 = 7)T(a) ® y., (1 = 7)T(b) ® y.)

< (1 =7)p(T(a),T(b)) < (1 —7)p(a,b) (3.2)
and
p(Ty(a), T(a)) = p((1 = 7)T(a) ® yzs, T(a)) < vp(T(a), z.) < VD, (3.3)
p(T5(b), T'(b)) = p((1 = 7)T'(0) ® vz, T()) < vp(T'(D), 2,) < ¥D. (3.4)
Fix 0, € A, 0, € B.

For each integer n > 1 denote by F,, the set of all T' € M such that
sup{p(T(a), T(b))p(a,b)"" :
ac A be B and p(a,b) > min{D/n, p(61,60,)}} < 1. (3.5)
Define F =N F. (3.6)

It is not difficult to see that every mapping 1" € F,, is contractive. Indeed, if T € F,
then we put ¢(0) = 1, for every ¢ > 0 define

8(t) = sup{p(T(a), T())p(a,b) " :
a€ A, be B and p(a,b) > min{t, p(61,02)}} <1

in view of (3.5) and now it is not difficult to see that for every a € A and every
b € B, we have

p(T(a), T(b)) < é(p(a,b))p(a,b).

In order to complete the proof it is sufficient to show that for every integer n > 1,
the set M\ F,, is porous in (M, d).

Let n > 1 be an integer. Define
a=16"Y(D+ 1) min{D/n, p(61,6.)}. (3.7)
Let T € M and r € (0,1]. Set
y=4"r(D+1)7! (3.8)
and consider the mapping 7', defined by (3.1). By (3.3), (3.4) and (3.8),
d(T,,T) <~D <r/4. (3.9)

Assume that S € M satisfies
d(s,T,) < ar. (3.10)
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In view of (3.7), (3.9) and (3.10),
d(S,T) <d(S,T,) + d(T,,T) < ar+r/4<r.

(3.11)

It follows from (3.2), (3.7), (3.8) and (3.10) that for each a € A and each b € B

satisfying
p(a, b) > min{D/n: p(91, 02>}

we have

(a), S(0)p(a,b)~"

p(S
<

IN

(p

(2ar + (1 = 7)p(a,b))p(a, )" < 2arp(a,b) ™" + (1 - 1)
(1 —7) +2armin{D/n, p(61,05)} "
1-—

IAIA

Hence S € F,,. Together with (3.11) this implies that

{SeM: dS,T,) <ar}Cc{SeM: dS,T)<r}nNF,.

(5 ( ). T5(a) + p(T,(a), T(b)) + p(T5(b), S(b)))p(a, b)

47D+ D)8 D+ 1)< -8 (D + 1)

Therefore the set M \ F, is porous. This completes the proof of Theorem 2.4.

4. The second main result

Let (X, p, M) be a complete hyperbolic space, A and B be nonempty, bounded and

closed subsets of X such that

ANB=10
and let ra €A g€ B
satisfy p(xa,xg) = p(A, B) ;= inf{p(a,b) : a € A, b € B}.

Assume that for each a € A, each b € B and each v € (0,1),
Yea® (l—7)ac A
vrp ® (1 —~v)b e B.

We continue to consider the space M of all mappings
T:AUB— AUB

such that T(A)c B, T(B)C A

and p(T(x), T(y)) < p(z,y) forall z € Aand all y € B

equipped with the metric

d(Ty,Ty) = sup{p(Ti(z),To(z)) : v € AUB}, T1, T, € M.

Note that (M, d) is a complete metric space and recall that
D = sup{p(a,b) : a,b € AU B}.

In [55] we proved the following result.

(4.10)
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Theorem 4.1. There exists a set F C M which is a countable intersection of open
everywhere dense sets in (M, d) such that the following assertion holds.

For each S € F and each € > 0 there exist a natural number ng and a positive
number 0 such that for each sequence {z;}°, C AU B satisfying for each integer
1> 0,

if x; € A, then ;.1 € B and if x; € B then z;,1 € A

and p(S(xi), wit1) <6
the inequality (X, 1) < p(A, B) + ¢

holds for all integers n > ny.

A mapping T': AUB — AUB is called contractive (in the sense of Rakotch) [34, 43]
if there exists a decreasing function ¢ : [0,00) — [0, 1] such that

o(t) <1, t e (0,00) (4.11)
and for any point a € A and any point b € B, we have

p(T'(a), T (b)) — p(A, B) < ¢(p(a,b) — p(A, B))(p(a,b) — p(A, B)). (4.12)

Here we use the notion of a contraction which differs from the contraction notion in
Section 2 because in this section the intersection of the sets A and B is empty while
in Section 2 it is nonempty (see Theorems 2.2-2.4).

Denote by F the set of all contractive mappings T € M. Now we prove our second
main result.

Theorem 4.2. The set M\ F is o-porous in (M, d).

Proof. We may assume without loss of generality that

D :=sup{p(a,b): a€ A, be B} — p(A,B) > 0.

Let T'€ M and 7 € (0,1). Define

T,(a)=(1—=7)T(a) ®yzp, a €A, (4.13)
T,(b) = (1 —~)T(b) & ~vyza, b€ B. (4.14)

By (4.4), (4.5), (4.7), (4.13) and (4.14),
T.,(A) c B, T,(B) C A. (4.15)
It follows from (4.10), (4.13) and (4.14) that each a € A and each b € B,
p(Ty(a), T(a)) = p((1 =7)T(a) ® vz, T(a)) < yp(rp, T(a)) <vD,  (4.16)

p(T,(0), T(0)) = p((1 = 7)T(b) @ yxa, T(b)) < yp(xa, T(b)) < 7D. (4.17)
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In view of (4.8), (4.13) and (4.14), for each a € A and each b € B,

p((L=y)T(a) ®vyzp, (1 —7)T(b) D ya)
(1 =9)p(T(a), T()) +vp(ra,7p5)
(1 —=7)pla,b) +vp(za,B)

p(T(a), T5(b))

IN

IN

and pla,b) = p(T5(a), T, (b)) = 7(p(a, b) = p(a, 5)). (4.18)

Let n > 2 be an integer. Define

0, = {(a,b) € Ax B: p(a,b) — p(xa,z5) > D/n}. (4.19)
Clearly, Q, #0.

It follows from (4.18) and (4.19) that for each (a,b) € Q,,
p(a,b) — p(Ty(a), Ty(5)) > 2(p(a,b) — p(za,z5)) > vD/n.  (420)
Denote by M,, the set of all S € M such that
inf{p(a,b) — p(S(a), S(b))(pla,b) — p(A, B))™" : (a,b) € A} > 0. (4.21)
We show that the set M \ M,, is porous in (M, d). Set
a=8YD+1)"'D/n. (4.22)
Let T € M and r € (0,1]. Set
y=2"r(D+1)"" (4.23)

and consider the mapping 7', defined by (4.13) and (4.14). By (4.16), (4.17) and
(4.23),

d(T,,T) <~yD <27 'r. (4.24)
It follows from (4.18) and (4.23) that for each (a,b) € Q,,

(p(a, ) = p(T5(a), T;(b))) = ~(p(a,b) — p(A, B))

=2"4(D 4+ 1) (p(a,b) — p(A, B)). (4.25)

Assume that S € M satisfies
d(s,T,) < ar. (4.26)

In view of (4.22), (4.24) and (4.26),
d(S,T) < ar+r/2 < 3r/4. (4.27)
Let (a,b) € . (4.28)
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It follows from (4.19), (4.22), (4.25), (4.26) and (4.28)
pla,b) — p(S(a), S(b))

> pla,b) — p(T3(a), T,(b)) — p(T3(a), S(a)) — p(T,(b), S(b))

>27'(D + 1) p(a,b) — p(A, B)) — 2ar

>27'r(D+ 1) (p(a,b) — p(A, B) — 4(D + 1)a)

> 274 (D 4 1) Yp(a,b) — p(A, B) — 271 D/n)

>4 (D 4+ 1) p(a,b) — p(A, B)). (4.29)
In view of (4.29), S eM,.

Together with (4.27) this implies that
{SeM: d(S,T,) <artCc{SeM: dST)<r}nNM,.
Therefore the set M \ M,, is porous. Set
F =N oM, (4.30)
Clearly, M \ F is o-porous in (M,d). Assume that
SeF. (4.31)

Equations (4.21), (4.30) and (4.31) imply that for every integer n > 2, S € M,, and
there exists v, € (0,1) such that

(p(0,5) — p(S(@), SEN)(p(a,8) — p(A, BY) ™ > o, (a,8) € D (432)
In view of (4.32), for every integer n > 2 and every (a,b) € 2, we have
p(S(a), S(b)) < pla,b) = m(p(a;b) — p(A, B)),
p(S(a), S(b)) - p(A, B) < /0<a7 b) - p(A, B) - f)/n(p<a7 b) - IO(A7 B))
< (I =m)(p(a;b) — p(A, B))
and
Sup{(p(S(CL), S(b)) - p(A, B))(p(a, b) - p(A, B))_l : (a’7 b) < Qn} <L (433)

Since n is an arbitrary integer satisfying n > 2 it follows from (4.19) and (4.33) that
for every € > 0 we have

() := sup{(p(S(a), S(b)) — p(A, B))(p(a,b) — p(A, B)) ™
(a,b) € Ax B, p(a,b) — p(A,B) > ¢} < 1.

(Here the supremum over an empty set is zero.) Set ¢(0) = 1. It is easy to see that
the function ¢ : [0,00) — [0, 1] is decreasing and that for each (a,b) € A x B we
have,

p(S(a), S()) — p(A, B) < dlp(a,b) — p(A, B))(pla,b) — p(A, B)).
Thus the mapping S is contractive. Theorem 4.2 is proved. [
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5. The third main result

Let (X, p) be a complete metric space, A and B be nonempty and closed subsets of
X such that
ANB =10, (5.1)

p(A, B) :=inf{p(a,b) : a € A, b€ B} (5.2)
and let a mapping T : AU B — A U B satisfies

T(A) C B, T(B) C A. (5.3)
Assume that there exists a decreasing function ¢ : [0,00) — [0, 1] such that
o(t) <1, t e (0,00)
and that for any point @ € A and any point b € B, we have
p(T(a), T(b)) = p(A, B) < ¢(p(a, b) — p(A, B))(p(a,b) — p(A, B)). (5.4)

In other words, the mapping 7" is contractive (in the sense of Rakotch) [34, 43]. Here
we use the same notion of a contraction as in Section 4.

Fix 6 € AU B. We prove the following theorem which is our final main result.

Theorem 5.1. Let M > 0 and € € (0,1). Then there exist a natural number ng
and 6 > 0 such that for each sequence {x;}2, which satisfies

p(xo, 0) < M
and for each integer v > 0,
ifx; € A, then x;y1 € B and if x; € B, then x;,1 € A
and p(xiy1, T(x;)) <0

the inequality p(z;, x;11) < p(A, B) + € holds for all integers n > ny.

Proof. Fix rxa €A xp€B (5.5)
satisfying plxa,xzp) < p(A,B) + 1. (5.6)
Choose §€ (0,871 — p(e/2))e). (5.7)

Assume that
20 € AUB, p(20,0) < M, z € X, p(z1,T(20)) < 1. (5.8)
In view of (5.8),

o0 24) < p(z0.0) + p(0,22) < M+ p(62.4) (59)
and p(z0,xB) < p(20,0) + p(0,25) < M + p(0,z5). (5.10)
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If zp € A, then by (5.4), (5.8) and (5.10),

p(20, T (20)) < p(20,28) + p(xp, T(2p)) + p(T(x5), T (20))
< 2p(20,28) + p(zp, T(xB))
< 2M +2p(0,25) + p(zg, T(xp))

and p(z0,21) < 142M +2p(0,x5) + p(zp, T(zp)).
If zyp € B, then by (5.4), (5.8) and (5.9),
(20, T(20)) < p20,w4) + p(x4, T(24)) + p(T(24), T(20))

< 2M +2p(0, x4) + p(za, T(24))
and p(z0,21) < 14+2M +2p(0,x4) + p(xa, T(x4)).
Thus (see (5.11)) in both cases

p(207 Zl) <= 1+2M+2p(97x14)+2p(‘9axB)+p(xA7T(xA))+p(IBuT<xB))

Hence we showed that the following property holds:
(i) equations (5.8) imply (5.12).

Choose an integer
ng > dere (1 — ¢(e/2)) 1 + 4.

Assume that {z;}5°, C AU B satisfies for each integer ¢ > 0,

if r; € A, then 2;,, € B and if z; € B, then x;,; € A,

p(x(J? 9) <M
and for each integer ¢ > 0,
p(@ir1, T(xi)) < 0.
We show that there exists an integer j € [0, ng| such that
P(xﬁ xj+1) < p(A7 B) + 6/2
Assume the contrary. Then
p(xivxi+1) > p(A7 B) + 6/27 L= Oa R
By (5.4), (5.14) and (5.17) and monotonicity of ¢,
p(T(@:), T(wie1)) — p(A, B)
< (p(zi; 1) — p(A, B))d(p(i, zit1) — p(A, B))
< ¢(e/2)(p(zi, xiv1) — p(A, B)),

p(@i, wig1) — p(T (i), T (i41))
p(@i, xir1) — p(A, B) = (p(T'(2;), T(wi41)) — p(A, B))
= (L= o(e/2))(p(wi; miv1) — p(A, B)) = (1 — d(€/2))e/2

A

295

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



296 A. J. Zaslavski / Cyclical Contractive Mappings ...
and together with (5.7) and (5.16) this implies that
P(Ti Tig1) — p(Tiv1, Tiya)

> p(wi, viv1) — p(T(@:), T(@is1)) — p(T(@i), wir1) — p(T(@i41), Tiv2)
> (1= ¢(e/2))e/2 — 25 > (1 — ple/2))e/4. (5.18)

Property (i) and equations (5.15), (5.16) and (5.18) imply that

C1 Z p(anxl) Z p(mOaxl) - p(xngvxno+1)
0—1
(P(xi, $i+1) — p(Tit1, $z‘+2)) > 4_1(1 - ¢(€/2))6”0

S

and ng < 4dei(1— ¢(e/2)) el

This contradicts (5.13). The contradiction we have reached proves that there exists
an integer

j € [0, ng] (5.19)
such that plxj,zi1) < p(A, B) +€/2. (5.20)

In order to complete the proof of the theorem it is sufficient to show that
p(zi, 1) < p(A, B) + €

for all integers ¢ > j.

Assume the contrary. Then there is an integer k£ > j such that
p(xy, xpi1) > p(A, B) + €. (5.21)
We may assume without loss of generality that for all integers i € {j,...k — 1},
p(xi, wip1) < p(A,B) + ¢

and in particular

p(xp_1,x) < p(A, B) +e. (5.22)

There are two cases:
p('l'k*la xk) < p(A7 B) + 6/2; (523)
p(zr_1, 1) > p(A, B) +€/2. (5.24)

Assume that (5.23) holds. Then by (5.4), (5.7), (5.16) and (5.23),

p(@k, Tpr1) < plak, T(xn-1)) + p(T(2p-1), T(2k)) + p(T'(2k), Tht1)
<26+ p(T(z-1), T(wx)) < 26 + p(@p—1, 1)
<p(A,B)+¢€/2+25 < p(A,B)+e.

This contradicts (5.21). The contradiction we have reached proves that (5.23) holds.
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(5.4), (5.24) and the monotonicity of ¢ we obtain

p(T(x-1), T(zx)) — p(A, B)
< (p(zr-1,2K) — p(A, B))d(p(z-1, zk) — p(A, B)),
p(@k, vp—1) — p(T(2-1), T (2k))
= p(xr-1,2x) — p(A, B) = (p(T(21-1), T(2x)) — p(A, B))
> (p(zr-1, k) — p(A, B))(1 — ¢(p(zk-1,21) — p(A, B)))
(p(z—1,21) — p(A, B))(1 — ¢(€/2))
> (1= p(e/2))e/2. (5.25)

vV

It follows from (5.7), (5.16) and (5.25) that

p(Tk, Tryr) < p(an), T(wx-1)) + p(T(21-1), T(21)) + p(T(78), Thy1)
<25+ (1— 6(c/2))e/2 + p(A, B) < p(A, B) +c.

This contradicts (5.21). The contradiction we have reached completes the proof of

Theorem 5.1. [
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