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1. Introduction

In this paper, we consider a class of periodic fourth-order differential equations
(F) u (z) + wu () + alz)u(z) = f(z,u(z)), Yz € R

where w is a constant, a € C(R,R) and f € C(R? R) are two real functions periodic
in z. Here as usual, we say that a solution u of (F) is homoclinic (to 0) if we have
u € CYR,R), u(x) — 0 as |x|] — oo and u # 0. A ground state homoclinic
solution is an homoclinic solution that minimizes the energy among all homoclinic
solutions or on the Nehari-Pankov manifold.

Many problems arising in science and engineering call for the solution of nonlinear
ordinary differential equations or systems. In particular, the fourth-order differential
equation (F) has been put forward as the mathematical model for the study of
pattern formation in physics and mechanics, see for example [3, 6, 8, 17]. These
equations are difficult to solve and there are very few general techniques that can
be applied to solve them. However, it was noticed that in the two last decades, the
existence and multiplicity of homoclinic orbits for equation (F) have been studied
in many papers via critical point theory and variational methods, see [1, 2, 9-13, 16,
19-21, 25-30]. Many resolvability conditions are given, such as the superquadratic
condition [9, 26, 28, 31|, the subquadratic condition [12, 29], the asymptotically
quadratic condition [13, 21, 30] and the local condition [27]. For the superquadratic
case, most of the results on the existence and multiplicity of homoclinic solutions for
(F) were obtained under the following well-known Ambrosetti-Rabinowitz condition

There exists a constant p > 2 such that
0 < pF(x,u) < flw,u), Y(z,u) € R*\ {0}),

where F(z,u) = [} f(x,v)dv.
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The condition (AR) is very useful in studying the mountain pass geometry and
verifying the Palais-Smale condition for the associated energy functional. Recently,
there are many papers devoted to replacing condition (AR) with weaker ones, see
[11, 25, 26, 28]. In particular, in [25, 26, 28] the author studied equation (F)
replacing the (AR) condition respectively by the following conditions

There exist constants ¢, > 0 and ¢ > 1 such that

(C1) <—|f(|g;’|u)|)a < cF(z,u), Vz € R, V|u| >,

where F(z,u) = sz, w)u — F(z,u).

(©2) There exists a constant o > 1 such that
oF(z,u) > F(z,su), V(s,z,u) € 0,1] x R?.

There exist g € L'(R) and constants by, co > 0 and v €]0, 2 such that
~ g(u), Vo € R, |u| < Ro
F >

(C3) (e, u) 2 { bolul’, Vo €R, |u| > R,

|F(z,u)| < colul*™ F(z,u), Y(z,u) € R* with |u| > Ry.

However, there are many superquadratic functions satisfying none of (AR), (C1),
(C2), (C3) as we will see in the examples below.

In the present paper, motivated by the above papers, we are concerned with the exis-
tence of ground state homoclinic solutions for (F) under some kind of superquadratic
conditions weaker than the above mentioned conditions. To state our main first re-
sult, we still need the following conditions
(A) a € C(R,R) is T-periodic (T > 0),

d* d? . d* d?
X) sup <0(@+wﬁ+a(as))ﬂ] — 00, 0[) <0<inf <0(@ —I—w@+a(3§))ﬂ]0, oo[),
Fy) F(z,u) € CY(R?* R) is T-periodic in z and F(z,u) > 0 for all (z,u) € R?,
Fy) F(2,0) =0 and f(x,u) = o(Ju|) uniformly for z € R,

F;) lim F(x,2u) = 400, a.e. T € R,

(Fy) F(x,u) >0, ¥(z,u) €R2, and there exists g€ C(RY, R ) with lim g(s) = +oo

few o 1 ol F

where 7, is the Sobolev embedding constant given in (2.5).

such that

Theorem 1.1. Assume that (A), (x) and (Fy) — (Fy) are satisfied. Then the fourth-
order differential equation (F) possesses a ground state homoclinic solution, i.e a
homoclinic solution that minimizes the energy among all homoclinic solutions.

Note that the ground state homoclinic solution for (F) in Theorem 1.1 is in fact a
nontrivial homoclinic solution u which satisfies ®(u) = inf s ®, where

M ={v e E\{0}/2'(v) = 0},
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where E = E~@®E™ is the working space on which the energy functional ® associated
with (F) is defined. In 2005, Pankov [18] introduced the following set

N-={ueE\E /?'wu= v, VveE},
which is a subset of the Nehari manifold
N ={ue E\{0}/?'(u)v=0,Yv e E }.

In general, M is a very small subset of N~. By definition, we say that u € E '\ {0}
is a ground state homoclinic solution of (F) if it satisfies ®(u) = infy- ¢ and
®’(u) = 0. Based on variational methods and critical point theory, many authors
study the existence of ground state homoclinic solutions of (F) which minimizes
the energy on the Nehari-Pankov manifold A/~ for the Schrodinger equation, see [5,
22-24] and the references therein. However, to the best of our knowledge there is no
similar results on the existence of a ground state homoclinic solution for fourth order
differential equation (F). Note that it is much more difficult to find a solution u of
(F) which satisfies ®(u) = infy— ® than one satisfying ®(u) = infys . Motivated
by the above papers, in the following, we will study the existence of ground state
homoclinic solution for (F) which minimizes the associated energy on the Nehari-
Pankov manifold N'~. More precisely, we obtain the following result

Theorem 1.2. Assume that (A), (x), (F1) — (F3) and the following condition are
satisfied

)
(Fs) 1-0 flz,uw)u —0f(x,u)v+ F(z,0u+v) — F(z,u) >0, V0 >0, u,v € R.

2
Then the fourth-order differential equation (F) possesses a homoclinic solution satis-
fying ®(u) = infp— P.

2. Preliminaries

In the following, we shall use ||.||,. to denote the norm of L*(R) for any s € [2, o0].
Let H?(R) be the Sobolev space with inner product and norm given respectively by

< U U >pr= /R (W (2)0" (z) + /' (2)0'(2) + u(z)v(z)]de, ||u]lg =< u,u >1%{2

for all u,v € H?*(R). In what follows it will always be assumed that a satisfies
conditions (A) and (x). We denote by x the selfadjoint extension of the operator
% +w% + a(x) with the domain D(x) C L*(R). Let {E(\)/ —c0 < A < oo} and
|x| be the spectral family and the absolute value of x, respectively, and |x|? be the
square root of [x|. Set U =id — £(0) — £(07). Then U commutes with x, [x| and
|x|?, and x = U |x| is the polar decomposition of x (see [4]). Let

E=D(x|?), E-=&(07)E, E° = (£(0) — £(07)E, E* = (id— E(0)E. (2.1)
By (), one has E° = {0}. Hence for any u € E, we have u = u~ + u* and
xu~ = —[xlu,xu" = |x|u, Yu e END(x), (2.2)
where u= = E(07)u € E~, ut = (id — £(0))u € E™.



304 M. Timoumi / Ground State Homoclinic Solutions ...
We can define an inner product
< u,v === |X|%u,|x|%v>-,;z, Yu,v € E (2.3)
and the corresponding norm
ul| =< u,u =2, Yu € E. (2.4)

Since £ = H*(R) with equivalent norms under condition (A), F is continuously
embedded in L*(R) for all 2 < s < oo and compactly embedded in L*(R) for all
2 < s < 0o. Hence, for all 2 < s < 0o, there exists a constant 1y > 0 such that

lull . < s llull, Vu € E. (2.5)

In addition, one has the decomposition F = E~ @ E* orthogonal with respect to
both inner product < .,. > and < .,. >2. In view of (2.2) and (2.4), we have for
allu e K

/R[u”(x)z —wi' (z)? + a(z)u(z)}dz = Hu+H2 - Hu‘HQ . (2.6)

Now, in order to prove our main results, the following critical point theorem will be
needed.

Definition 2.1. Let F be a real Hilbert space with £ = E- ® ET and E-LE*™. A
functional ® € C1(E,R) is said to be weakly sequentially lower semi-continuous if
for any u, — win F, one has ®(u) < liminf, . ®(u,), and ¢’ is said to be weakly
sequentially continuous if lim,, ., ®'(u,)v = ®'(u)v for each v € F.

Lemma 2.1. [7,14] Let (E,||.||) be a Hilbert space with E = E-@®E" and E- LE™,
and let ® € CY(E,R) be of the form

o(u) = o ([Ju*[|" = [Ju~[") — g(w), w=u" +u* € B~ & E*,

Assume that the following conditions are satisfied
(1) geC*(E,R) is bounded from below and weakly lower sequentially semi-continuous,
(2) ¢ is weakly sequentially continuous,
(3) there exist > p >0 and e € ET with |le|| =1 such that

a = inf &(S}) > sup ®(IN),
where ST ={u € E"/||ul| = p} and A = {v+se/ve E7,s>0,|v+sel| <r}.
Then there ezist a constant ¢ € [a, sup P(A)] and a sequence (u,) C E satisfying

O(un) — ¢, ¥ (un)[| (1 + [Junl) — 0.

Definition 2.2. Let (u,) be a bounded sequence in a Banach space. We say that
(un) is vanishing if, for each R > 0,

y+R
lim sup/ |tp|? dz = 0

n—ro0 yER y—R
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and (u,) is nonvanishing if there exist ¢ > 0, R > 0 and (y,,) C R such that

lim inf/ up|? da > o.
y

n—>o00
n—R

In the vanishing case, we have the following result, which is a special case of the
Lion’s concentration compactness principle.

Lemma 2.2. [15] Let (uy,) be a bounded sequence, if for any R > 0
y+R
lim sup/ |up|? dzz = 0,

n—o0 y€ER y—R

then u, — 0 in L*(R) for 2 < s < oo.

3. Proof of Theorem 1.1.

Now we are going to establish the corresponding variational framework to obtain
the existence of ground state homoclinic solution of (F). For this end, define the
energy functional ¢ associated to equation (F)

O(u) = 1/}R [u”(az:)2 —wu' (z)? + a(z)u(z)?]dx — / F(z,u(x))dx

R

defined on the Hilbert space E introduced in Section 2. By (2.6), ® can be rewritten as

2w) = o ([~ [l |[*) - /RF(m,u(x))dx

foru =u"+ut € E = E-@®E™". It is well known that ® is continuously differentiable
on E and

' (u)v = /R [u" (z)v" (z) — wi/(2)v'(z) + a(z)u(z)v(z)]ds — [Rf(:v,u(x))v(x)dx
=< u,v > —/Rf(x,u(x))v(x)dx

for all u,v € E. Moreover, the nontrivial critical points of ® on E are homoclinic
solutions of (F). In the following, we will proceed by successive lemmas.

Lemma 3.1. Assume that (A), (x), (F1) and (F3) are satisfied. Then the functional

g(u) = / F(z,u(z))dz, ue FE
R
is nonnegative, weakly sequentially lower semi-continuous and ¢ is weakly sequen-
tially continuous.

Proof. Let u, — v in E. Taking a subsequence if necessary, we have u, — u a.e.
on R.
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By (F3), Fatou’s lemma, we have

liminf g(u,) < g(u),

n——oo

which means that ¢ is weakly sequentially lower semi-continuous. ¢’ is weakly se-
quentially continuous on £ is due to [25]. O

Lemma 3.2. Assume that (A), (x), (F1) and (F») are satisfied. Then there exists
a constant p > 0 such that a = inf (SF) > 0, where

— {ue B/ |ul = p}.
Proof. By (F5), we have
Ve>0, Ir >0/Vz e R, |u| <r, [f(z,u)| < elul,
which by the Mean Value Theorem implies

0 < F(z,u) = /1 f(z, su)uds < % ul?. (3.1)
0

Let w € E be such that [ju[| < .=, then by (2.5), one has [[u[[;~ < r. Hence

M@=;MW—AF@WWWM2;WW—AQWHIM> L1 — eng) Jul.

Take € = % We obtain ®(u) > i |ull® for all |ju| < n—, ue ET.
2
It suffices to take p = T}L and a = pz_ The proof of Lemma 3.2 is complete. [

Lemma 3.3. Assume that (A), (x), (F1) and (Fy) are satisfied. Let e € ET with
lel| = 1. Then there is ro > p such that sup ®(OAN) < 0 for r > ry, where

A:{w+se|w€E‘,sZO,||w+se||gr}_
Proof. We have
ON={w|weE  |w|<r}u{w+se|weE ,s>0,w+se|=r}.

We have ®(w) < 0 for all we E~. We claim that ®(w+se) — —oo as ||w + se|| — oc.
Arguing indirectly, assume that there exists a sequence (w, + s,e) C E~ @ Re with
|wy, + spe|| — oo such that ®(w, + s,e) > —M for all n € N, where M is a

constant. Set ”g”iz”zu = v, +Tpe, then ||y + T,¢e|| = 1. Passing to a subsequence if
n n

necessary, we may assume that 7, — 7, v, = v~ and v, — v~ a.e. on R. Hence

-M < O (wy, + spe) 233—‘“ —|| /an*sn)dx‘ (3.2)

”wn"'Sne” ”wn"'Sne” l|lwn + s 6”
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If 7 =0, then it follows from (3.2) that

*H ,H / (z, Wy + spe )dl' 7'7%_’_ M
R

[|wn, +3ne|| 2 [[wn, +3n€||2

IN

which yields ||v, || — 0 and so 1 = ||v,, + T,¢e|| — 0, a contradiction.
If 7 # 0, then it follows from (3.2), (F3) and Fatou’s lemma

0<11msup[ *H _H —/Rxw"—ksn)dx}

[|wn, +SneH

72 .. F 72
< % - hmmf/ wdw < % /hmmf Md:ﬁ = —00,
R R

[|wn, + 5ne||2 n—o0 |lw, + SneH

a contradiction again. Hence ®(w + se) — —oo as ||w + se|| — oo, and then
there exists 19 > p such that sup ®(0OA) < 0 for r > ry. O

Lemma 3.4. Assume that (A), (x), (F1) and (Fy) are satisfied. Then any sequence
(un) satisfying

D(u,) — ¢ >0, [|D (un)|| (1 + [Junl]) — 0 (3.3)
is bounded in E.

Proof. To prove the boundedness of (u,), arguing by contradiction, suppose that

[un]| — oo Let v, = pzp. Then [jon]| = 1 and ||vall,. < nsllonl| = ns for
2 < s < 00. Observe that
e+ o(1) = ®(uy) — 2 (), = / F(,uy)dz. (3.4)
R
Since limg_, g(s) = +o0, there exists R > 0 such that
g(s) >8(c+1)n2, Vs > R. (3.5)
‘f €z un‘ 1
Let An:{xeR| T gw} and B, = {z € R/|us| > R}. (3.6
n 2

Hence, it follows from (3.6) that

|f (2, un)| |f (2, un)] 1 2 1
/An |n\dx—/Anun||n| o RLUEE S

[l ||

From (F}), (3.4)-(3.6), one has

|f (2, un)| _ |f (2, un)] 2
|vn| dz = |vn|” dz
(R\An)NBn, [[n | (R\An)NBn, ||

< anHim/ @)l g o nio/ Fleu) ;- 38)
(R\An)NBx, [t (R\A,)NB,, 9(lunl)

2 1 o 1
= e ST i, /(R\An)ﬂBn o un)de = gyl et oll) < g +oll)

| =
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and / LGV AR ””"'Lw/ (2, )| da
B\A)NE\B,)  [un] lunll J @\ an)n@\B.)

< IIUnLoo/ |u”|>ﬁ(x,un)dx< o sup <|x||)/ F(z,u,) dx

] 9(Jua] Tl o2 9
(R\An)N(R\Br) (R\An)N(R\Bn)
c = ci(c+o(1
< [ Flau)de = W = o(1). (3.9)
(R\An)N(R\Bn)

Now, combining (3.3) with (3.7)—(3.9) yields

2
unll” — @ (un)u

1+0(1) = — = ! 2/f(x,un)zmalx

= 1
= Tl /f(x,un)vndx < Tl / \f (2, un)| |va| dz

f|$U||n|’Un’dx+/|f|$un|’n’dx+ / |fxu"|]n]d:c

(R\An)NBy (R\An)N (R\Bn)

b o). (3.10)

<

This contradiction implies that (u,) is bounded in E. O

Proof of Theorem 1.1. By Lemmas 2.1 and 3.1-3.3, there exist a onstant ¢ > «
and a sequence (u,) C E satisfying

O (uy,) — ¢ and [|D"(u,)]| (1 + ||un||) — O. (3.11)
In view of Lemma 3.4, (u,,) is bounded. So, there exists a constant R > 0 such that
llun|] < R, Vn € N. (3.12)

By virtue of (F3) and (F), for all € > 0, there exists r. €]0, Rns[ such that

(2, u)] < eful, V(w,u) €R?, |ul <re.
Let C. = max{‘f(w“ /2 eR, ro < |u| < Rm} Then we have

|f(z,u)| < elul+ Cc|ul?, Y(z,u) € R%, |u| < Rn,. (3.13)

Since E is continuously embedded in L*(R) for s = 2,3, there exists a constant
¢y > 0 such that [Ju,||%s 4 |[unl3s < co. If

0 = lim sup sup/ ‘u,ﬂde:O
(¥,2)

n—oo yeR*

where I(y,2) is the interval of R centered at y with radius 2, then by Lemma 2.2,
ut — 0 in L3(R) for 2 < s < co. By (2.5) and (3.12), one has

[tnll o < Moo, ¥ € N. (3.14)
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Combining (3.13), (3.14) and Hoélder’s inequality yields for a positive constant cs
2c+o(1) = 2®(u,) = Hu:{HQ — ||u,:||2 - Q/RF(x,un)dx
< HU:{HQ =& (u,)ul + / [, up)utde
R
< ' (up)uf —|—/ [6 |un| + Ce |un|2} |t | da
R

< @,(un)u: +e€ ||un||L2 HquLz + Ce Hunui?’ HUIHLs <ecz +o(1).

This is a contradiction since € > 0 is arbitrary. Thus § > 0. Going to a subsequence
if necessary, we can assume the existence of (k,) C Z such that

/ |u7ﬂ2dng, Vn € N.
I(kn,2)

Let us define w,(z) = u,(z + k,T) so that

/ ‘wHdeZ é, Vn € N. (3.15)
102) 2
Since F'(x,u) is T-periodic in z, we have ||w,| = ||u,|| and

O(w,) — ¢ € [a,sup®(A)] and ||D'(w,)| (1 + |[w,]]) — 0. (3.16)

Passing to a subsequence, we get w, — wg in £, w,, — w in L (R) for 2 < s < 0o
and w,, — wy a.e. on R. Since ®’ is weakly sequentially continuous, one has

O (w,)v — D' (wp)v, Vv € F,

and by (3.16), ®'(w,) — 0 in E’. Then we have ®'(wy) = 0. By (3.15) and the
fact w,, — wp in Lj (R), we have

loc

/ !warfdazz lim / |wﬂ2d:c2 9
1(0,2) =% J1(0,2) 2

Hence wg # 0 and wy € M. Therefore M is not empty. Now, let ¢ = in/{“/t O (u).
ue

For any critical point u € M \ {0}, assumption (F}) implies

d(u) = ®(u) — %q)/(u)u = / (%f(x, wu — F(z,u))dz > 0.

R
Therefore ¢ > 0. We shall prove that ¢ > 0 and there is uyp € M \ {0} such that
®(ug) = c¢. Let (u,) € M\ {0} be such that ®(u,) — ¢. Then the proof of
Lemma 3.4 shows that (u,) is bounded. So, there exists a constant Ry, > 0 such
that ||u,|| < Ry for all n € N. By (2.5), we get

|lunll; o < NwRo =R, Vn € N. (3.17)
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As in (3.13), for any € > 0 there exists C. > 0 such that
[f(,u)] < ela] +Cclz*, Vo €R, |u| <R.
So Hu,ﬂ|2 < / [, up)utde < / [e|un| +C. |un\2} || da (3.18)
R R
2 2 2
< e llunll e [|ur]] o+ Cellunllgs [ || s < €ni llenll™+Cen unl* 1wl s

Similarly, we have ||u;||2 < en? unll” + Cen? |Jun ) |tnl| 15 - (3.19)
From (3.18) and (3.19), we get

lunl* < 2615 [[unll® + 2075 |un* [l 5
which implies |unll;s > d, Yn e N (3.20)

for a positive constant d. If

0 = lim sup sup / \un|2 dx = 0,
I(y,2)

n—o0 yeR*

then, by Lemma 2.2, u,, — 0 in L*(R) for 2 < s < oo. This is a contradiction with
(3.20). Thus § > 0. Taking a subsequence if necessary, we can assume as above the
existence of (k,) C Z such that

/ |up|? da > é, Vn € N.
I(kn.2) 2

Let us define w,(x) = u,(z + k,T) so that

/ wnPdz > ¥neN. (3.21)
100,2) 2
Since F(x,u) is T-periodic in x, we have ||w,|| = ||u,|| and

O(w,) — ¢ and |9’ (w,)]|| (1 + ||w,]]) — 0. (3.22)

Passing to a subsequence, we get w,, — wp in E, w,, — wp in Lj (R) for 2 < s < 0o
and w, — wy a.e. on R. Since ®’ is weakly sequentially continuous, then we have
®'(wp) = 0. Since w,, — wy in L _(R), then (3.21) implies

loc

/ lwo|® dz = lim wp|? dz > )
1(0,2) T J1(0,2) 2
Hence wy # 0 and ¢ = ®(wp) > 0. The proof of Theorem 1.1 is complete. O]

4. Proof of Theorem 1.2

To prove Theorem 1.2, we need the following several lemmas:

Lemma 4.1. Assume that (A), (x), (F1) and (Fs) are satisfied. Then for all 6 > 0,
ueFl andw e E~

D) > D(0u+ w) + & fwl* + L () — 02 (u) (4.1)
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Proof. By (W;), we have for > 0, u € F and w € E~
O(u) — P(Qu+ w)

- %( HquH2 — ||u’||2) - /RF(:C,U(:U))da:

— 5 (llou P = o +wlf) + [ Pa,bu+w)ds
o180 e 2 9 e e (R
—0<u,w> ) +/R [F(z,0u+w) — F(z,u)]dx

=l S5 (o = o = [ o upude)

—«9[<u,w> —/Rf(x,u)wdx]

+/R [%ezf(x,u)u —0f(z,u)w + F(x,0u+ w) — F(x,u)]dx

2
= 2wl + 550 (w)u — 09 (upw

+/R [I_wa(x,u)u —0f(z,u)w + F(x,0u+ w) — F(x,u)]dx

2
> 2wl + 1550 (w)u — 09 (wyw,
which completes the proof of Lemma 4.1. O

Corollary 4.2. Assume that (A), (x), (F1) and (F5) are satisfied. Then for any
u € N, one has
O(u) > ¢(0u+w), V>0, we E. (4.2)

Proof. This is evident since u € N~ implies &' (u)u = ®'(u)w = 0. O

Corollary 4.3. Assume that (A), (x), (F1), (F2) and (Fs) are satisfied. Then, for
allue E and 8 >0

) > &l + L () + 0P () / Flz,0uM)de.  (4.3)
R

Proof. Take w = —fu~ in Lemma 4.1, one has

1—6?
2

) = o(0u) + 2 [|u | + 5L wpu + 0 (wyu

B 9272 HuJFHQ - / F(z,0u®)dr + g Hu_HQ + 1_2792@(“)“ + 020 (u)u~
R

62 2 1-6%_, 2%/ - +
=5 llu||” + T(D (Wu+ 09" (w)u™ — | F(z,0u")dx,
R

which ends the proof of Corollary 4.3. O
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Lemma 4.4. Assume that (A), (x), (F1), (Fs) and (F5) are satisfied. Then
(i) there exists p > 0 such that

:}\Iflfq) > a=inf {®(u)/uc ET, ||[u]|=p} >0,

(ii) [|ut]] zmaX{Hu*H,\/%}, for all we N~.

Proof. (i) Take w = —fu~ in Corollary 4.3, one has
O(u) > ®(Out), V>0, ue N
Let p be defined in Lemma 3.2, we have
a=inf {®(u)/u € E*, |lu]| =p} > 0.

Then, we have for all u € N~ (take 6 = m)

ut

®(u) > 2(p Tl

) > a=inf {®(v) |veE", |v]=p}.

(i) For u € N~ we have

m < 31t P = ) = [ PGt < S| - ),

which implies 2m + |Ju~||* < [|u*||* and hence |[u*|| > max {v/2m, [u~]|}.
The proof of Lemma 4.4 is complete. O

Lemma 4.5. Assume that (A), (x), (F1) — (Fs) and (F5) are satisfied. Then any
sequence (u,) C E satisfying

_ O(uy) — ¢ >0, &' (u,)uf — 0 (4.4)
1s bounded.

Proof. To prove the boundedness of (uy), arguing by contradiction, suppose that
||| — o0. Let v, = H it then ||v,|| = 1. By (2.5), ||vn||2 <. If

s+T 9
5:1imsupsup/ ‘v,ﬂ dr =0,
s=T

n—oo0 SER

then by Lemma 2.2 [15], v7 — 0 in L*(R) for s €]2,00]. Fix R > [2(1 + ¢)]2. By

virtue of (F}) and (F3), for € = m, there exists  €]0, Rno| such that
Fla,u) < m ul?, V(z,u) € R?, Ju| <7 (4.5)
F(x, u)
Let f = max P Jr e R r <|u| < Rnw ¢ - (4.6)
u

Then 0 < 8 < co. Hence, it follows from (4.5) and (4.6) that

F(z,u) < ]u\ + B ul*, Y(z,u) € R%, |u| < Riw. (4.7)

4(
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Combining (4.7) with the fact ||v;7]| ;0 < 7)oo, One has

n—oo 2 n—oo

limsup/F(m,Rv:{)da: < 12limsup/‘U7T|2dx+R3ﬁlimsup/‘U:lrl?’dx < L (4.8)
R 41 R n—oo JR 4

Set 0,, = =1 R” Hence, by virtue of (4.3), (4.4) and (4.8), one has

c+o(l) = D(uy,)
62

%l = [ Pt
R

2 2
ER_/F@l%nW% (1= 25 un+ L0 ()
2 R [[un] [ [[wn|

>

/(Un>un + eiq),(un)u;

l[unll ™

zf—éF@}%)m+d)

R? 1 1 3

>0 2 _ = —ct
=5 4+0(1)>c+1 44—0(1) c+4+0(1).
This contradiction shows that 6 > 0. We may assume that there exists (k,) C Z
such that

(kn+2)T 9 5

/ vt dx>§,VnEN.
(

kp—2)T

Let wy,(x) = v,(z + k,T'). Then

2T 9 )
/ jw|” de > 2 Vn € N. (4.9)
—oT

Now, we define u,(x) = u,(z + k,7). Then ﬁ = w, and ||w,|| = 1. Up to a
subsequence if necessary, we can assume w, — w in E, w, — w in L? (R) and
w, — w a.e. on R. Obviously, (4.9) implies that w 7é 0. Hence, it follows from
(4.4), (F3) and Fatou’s lemma that

0= lim C+o(1) _ D (uy,)
. _ F(z,un
= i[5 = s ) - [ Eetedae
) 1 _ F(z,u,
= Jim (5 I  os |) = f )

1 .. F
§—11m1nf/ (&, un) |wp|? dz = —o0,
2 R |

n—s00 Un|

which is a contradiction. Thus (u,) is bounded and the proof of Lemma 4.5 is
complete. O

Lemma 4.6. Assume that (A), (x), (F1) — (Fs) and (F5) are satisfied. Then there
exist a constant ¢ € [, sup ®(A)] and a sequence (u,) C E satisfying

O(u,) — ¢ and || P (un)|| (1 + ||un|]) — 0. (4.10)
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Proof. By Lemmas 3.1, 4.4(i), the functional ® satisfies all the conditions of Lemma
2.1. Hence, by Lemma 2.1, there exist a constant ¢ € [a, sup ®(A)] and a sequence
(un) C E satisfying (4.10). O

Lemma 4.7. Assume that (A), (x), (F1) — (F3) and (Fs) are satisfied. Then there
exist a constant ¢ € [o,m| and a sequence (u,) C E satisfying

O(u,) — ¢ and ||®'(u,)|| (1 + ||un|]) — 0. (4.11)
Proof. Choose (v,) C N~ such that

m < ®(v,) <m+ -, VneN. (4.12)

By Lemma 4.4, ||[v;}|| > v2m. Set e, = ﬁ Then e, € ET and ||e,|| = 1. In view
of Lemma 3.3, there exists r, > max {p, ||v,||} such that sup ®(JA,,) < 0, where
Ap={w+se,/we E", s>0, [[w+se,| <r,}, neN. (4.13)

Hence, applying Lemma 4.5 to the above set A,,, there exist a constant ¢, €
[, sup @(A,,)] and a sequence (u, ;) C E satisfying

O (up ) — ¢ and | D' (un )|l (1 + ||unkl]) — 0, ¥Yn € N, (4.14)
By virtue of Corollary 4.3, we can get
O (vy,) > O(sv, +w), Vs >0, we E™. (4.15)

Since v, € A, it follows from (4.13) and (4.15) that ®(v,) = sup ®(A,,). Hence, by
(4.12) and (4.14), one has

D(Up ) —> ¢ <m+ % and ||®(un )|l (1 + [Junkl) — 0, Vn € N. (4.16)
Now, we can choose a sequence (k,,) C N such that

Dug,) <m+ - and O ()| 1+ [ung,]) < -, ¥n € N. (4.17)

S|

Let u,, = u,, for n € N, then going to a subsequence if necessary, we obtain
O(u,) — ¢ € [a,m] and ||D'(u,)|| (1 + ||un]]) — 0.

The proof of Lemma 4.7 is completed. [

Proof of Theorem 1.2. In view of Lemma 4.7, there exist a constant ¢ € [a, m]
and a sequence (u,) C F satisfying

O(u,) — ¢ and [|@(u,)|| (1 + [Jun])) — 0. (4.18)

By Lemma 4.5, (u,,) is bounded. Proceeding as in the proof of Theorem 1.1, there
exist a constant 6 > 0 and a sequence (w,) C F satisfying

/ ‘wjfdxz é, Vn e N (4.19)
100,2) 2

and O(w,) — ¢ and |9 (w,)|| (1 + ||wa]]) — 0. (4.20)
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By Lemma 4.5, (w,) is bounded. Hence, passing to a subsequence, we may assume
that w, — wq in E, w, — wp in L} (R) and w, — wp a.e. on R. As in the proof
of Theorem 1.1, we get ®'(wg) = 0 and

[ uiPae=3,
1(0,2) 2

which implies that wy # 0 and wy € N~. Hence ®(wy) > m. On the other hand,
by using (4.20), (F5) and Fatou’s lemma, we have

m >c= lim [@(wn) — %@’(wn)wn] = lim [%f(:r,wn)wn - F(x,wn)] dx

n—-ao0 n—aoo R

> /Rnli_r{loo [%f(a:, wy)w, — F(z, wn)] dx > /R [%f(x, wo)we — F(x, wo)] dx
= ®(wo) — 5@ (wo)wy = B(u).

This shows that m > ®(wy) and so ®(wy) = m = infy~ f. The proof of Theorem
1.2 is complete. [
5. Examples

In this Section, we give some examples for our results.

Example 5.1. Let F(z,u) = cos? z [u|* In(1 + |u]), V(z,u) € R2.

It is easy to check assumptions (F}) — (F3). It remains to prove (Fj). We have

m @l < lim [21n(1—|—|u|) Wl 1 _ g
ul—0  Jul T jul—s0 1+ |ul
So, there exists a positive constant ry such that
lu| <ry = @l %, Ve e R
|ul 4na
By contraposition, we get for all x € R
F@E0l S L s,
|u 4n;
= 1o uf
On the other hand, we have F(z,u) = - cos”z and then

2 1+ |ul

[f(zu)l o 20+ [ul)in(l + |u]) + |ul
. :

F(x,u) [ul Jul
: t2
Setting go(t) = m, t > ro,
we get M@ wl go(|z|) =

2| —00 F(w,u) Il"l

1f(,u)]

hence (z,u) — Fom)

Foau 90 o(|u]) is bounded on R x (R\] — 7o, 7[) and achieves its

maximum.
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e R |u|go(IU\) and g(s) = S
Then, we have |f(z,u)| < [ul M Pz, w).

9(|ul)
Therefore F(x,u) satisfies the condition (Fy). However, F' does not satisfy any of
the conditions (C1)-(C3). In fact, we have
(a) For any pu > 2

f(z,w)u — pF(z,u) = u® cos®(x )[(2 p) In(14|ul)+ ] — —o0 as |u| — oo,

for almost every = € R, which means that F' does not satisfy the condition (C1).

(b) Assume that there exists a constant ¢ > 1 such that

oF(z,u) > F(x,su), V(s,z,u) € [0,1] x R?,

3 83U3

u
1+ Jul = 14 slul

then we obtain o for all (s,z,u) € [0,1] x R?.

Taking u = —1 and s = 0, we get ¢ < 0, witch is a contradiction. Hence, F' does
not satisfy the condition (C2).

(¢) Since F(z,u) = ; cos” o | | and x — cos® x cannot be lower bounded by a

positive constant, then F' does not satisfy the condition (C3).

Example 5.2. Let F(z,u) = 9(3:)[|u|% - \u|171 + ]u\g} where 0 € C(R,R") is
periodic. It is easy to see that W satisfies (F}) — (F3). Let us prove condition (F}).

We have f(a:,u):@[13]u|—11|u]%+1]u
and Fa,u) = "5 ul = 3Jul? +1] Jult
“ Sl _ 13\u|—11\u|2+1‘ =
F(z,u) 5ul —3ul? +1
Set My = 25@1@3 %, then we get E((Z’,Z)) < g<||1fu|), where g(t)zj\t/jo, teR™.
Therefore |f(z,u)] < géﬁh)ﬁ(x,u) Vu#0

with g € C(R%,R*). Therefore W satisfies (Fy).

Example 5.3. Let F(x,u) = a(:v)[|u|p + (p — 2) |ulP~sin? ('“‘ )], where p > 2,
a € C(R,R%) is periodic and 0 < ¢ < p — 2. It is easy to check that F' satisfies
(F1) — (F3) and (F3). However, let u,, = [e(nm + %’T)]%.
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Then for any n > 2, one has
f(l‘, un)un - nF(ZL‘, un)

= a(a) [(r=) funl "+ (=2 (=0 =€) a5 (1225) (7 —2) | sim (2122

_ CL(CL’) |un|’Y [7_ n+ (v=2)(v=n—¢) sin? (@) + (’Y _ 2) SZ”(Q@)}

‘unp

(7—2)“(2';77—6)(\?)2} — —00 as n — 00.

= af@) Jun" [2 = +

That is the condition (C1) can not be satisfied for any n > 2. Similarly, we prove
that F' does not satisfy any of the conditions (C2) and (C3).
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