
Minimax Theory and its Applications
Volume 8 (2023), No. 2, 301–318

Ground State Homoclinic Solutions for
Fourth Order Differential Equations

Mohsen Timoumi
Dept. of Mathematics, Faculty of Sciences, Monastir, Tunisia

m_timoumi@yahoo.com

Received: August 21, 2022
Accepted: December 13, 2022

We are interested in the existence of ground state homoclinic orbits for a class of periodic fourth-
order differential equations under superquadratic conditions weaker than the ones known in the
literature. To the best of our knowledge, there has been no work focussed in this case.

Keywords: Fourth-order differential equations, ground state homoclinic solutions, critical points,
superquadratic growth, concentration compactness principle.

2010 Mathematics Subject Classification: 34C37, 58E05, 70H05.

1. Introduction

In this paper, we consider a class of periodic fourth-order differential equations
(F) u(4)(x) + ωu′′(x) + a(x)u(x) = f(x, u(x)), ∀x ∈ R
where ω is a constant, a ∈ C(R,R) and f ∈ C(R2,R) are two real functions periodic
in x. Here as usual, we say that a solution u of (F) is homoclinic (to 0) if we have
u ∈ C4(R,R), u(x) −→ 0 as |x| −→ ∞ and u 6= 0. A ground state homoclinic
solution is an homoclinic solution that minimizes the energy among all homoclinic
solutions or on the Nehari-Pankov manifold.
Many problems arising in science and engineering call for the solution of nonlinear
ordinary differential equations or systems. In particular, the fourth-order differential
equation (F) has been put forward as the mathematical model for the study of
pattern formation in physics and mechanics, see for example [3, 6, 8, 17]. These
equations are difficult to solve and there are very few general techniques that can
be applied to solve them. However, it was noticed that in the two last decades, the
existence and multiplicity of homoclinic orbits for equation (F) have been studied
in many papers via critical point theory and variational methods, see [1, 2, 9–13, 16,
19–21, 25–30]. Many resolvability conditions are given, such as the superquadratic
condition [9, 26, 28, 31], the subquadratic condition [12, 29], the asymptotically
quadratic condition [13, 21, 30] and the local condition [27]. For the superquadratic
case, most of the results on the existence and multiplicity of homoclinic solutions for
(F) were obtained under the following well-known Ambrosetti-Rabinowitz condition

(AR)
There exists a constant µ > 2 such that
0 < µF (x, u) ≤ f(x, u), ∀(x, u) ∈ R2 \ {0}),

where F (x, u) =
∫ u

0
f(x, v)dv.
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The condition (AR) is very useful in studying the mountain pass geometry and
verifying the Palais-Smale condition for the associated energy functional. Recently,
there are many papers devoted to replacing condition (AR) with weaker ones, see
[11, 25, 26, 28]. In particular, in [25, 26, 28] the author studied equation (F)
replacing the (AR) condition respectively by the following conditions

(C1)


There exist constants c, r > 0 and σ > 1 such that( |f(x, u)|

|u|

)σ

≤ cF̃ (x, u), ∀x ∈ R, ∀ |u| ≥ r,

where F̃ (x, u) = 1
2
f(x, u)u− F (x, u).

(C2)
{

There exists a constant σ ≥ 1 such that
σF̃ (x, u) ≥ F̃ (x, su), ∀(s, x, u) ∈ [0, 1]× R2.

(C3)


There exist g ∈ L1(R) and constants b0, c0 > 0 and ν ∈]0, 2[ such that

F̃ (x, u) ≥
{

g(u), ∀x ∈ R, |u| ≤ R0

b0 |u|ν , ∀x ∈ R, |u| ≥ R0,

|F (x, u)| ≤ c0 |u|2−ν F̃ (x, u), ∀(x, u) ∈ R2 with |u| ≥ R0.

However, there are many superquadratic functions satisfying none of (AR), (C1),
(C2), (C3) as we will see in the examples below.
In the present paper, motivated by the above papers, we are concerned with the exis-
tence of ground state homoclinic solutions for (F) under some kind of superquadratic
conditions weaker than the above mentioned conditions. To state our main first re-
sult, we still need the following conditions
(A) a ∈ C(R,R) is T -periodic (T > 0),

(χ) sup
(
σ
( d4

dx4
+ω

d2

dx2
+a(x)

)
∩]−∞, 0[

)
<0< inf

(
σ
( d4

dx4
+ω

d2

dx2
+a(x)

)
∩]0,∞[

)
,

(F1) F (x, u) ∈ C1(R2,R) is T -periodic in x and F (x, u) ≥ 0 for all (x, u) ∈ R2,
(F2) F (x, 0) = 0 and f(x, u) = o(|u|) uniformly for x ∈ R,

(F3) lim
|u|→∞

F (x, u)

|u|2
= +∞, a.e. x ∈ R,

(F4) F̃ (x, u) ≥ 0, ∀(x, u)∈R2, and there exists g∈C(R∗
+,R∗

+) with lim
s→∞

g(s) = +∞

such that |f(x, u)|
|u|

≥ 1

4η22
=⇒ |f(x, u)| ≤ |u|

g(|u|)
F̃ (x, u),

where η2 is the Sobolev embedding constant given in (2.5).

Theorem 1.1. Assume that (A), (χ) and (F1)− (F4) are satisfied. Then the fourth-
order differential equation (F) possesses a ground state homoclinic solution, i.e a
homoclinic solution that minimizes the energy among all homoclinic solutions.
Note that the ground state homoclinic solution for (F) in Theorem 1.1 is in fact a
nontrivial homoclinic solution u which satisfies Φ(u) = infM Φ, where

M = {v ∈ E \ {0} /Φ′(v) = 0} ,
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where E = E−⊕E+ is the working space on which the energy functional Φ associated
with (F) is defined. In 2005, Pankov [18] introduced the following set

N− =
{
u ∈ E \ E−/Φ′(u)u = Φ′(u)v, ∀v ∈ E−} ,

which is a subset of the Nehari manifold

N =
{
u ∈ E \ {0} /Φ′(u)v = 0,∀v ∈ E−} .

In general, M is a very small subset of N−. By definition, we say that u ∈ E \ {0}
is a ground state homoclinic solution of (F) if it satisfies Φ(u) = infN− Φ and
Φ′(u) = 0. Based on variational methods and critical point theory, many authors
study the existence of ground state homoclinic solutions of (F) which minimizes
the energy on the Nehari-Pankov manifold N− for the Schrödinger equation, see [5,
22–24] and the references therein. However, to the best of our knowledge there is no
similar results on the existence of a ground state homoclinic solution for fourth order
differential equation (F). Note that it is much more difficult to find a solution u of
(F) which satisfies Φ(u) = infN− Φ than one satisfying Φ(u) = infM Φ. Motivated
by the above papers, in the following, we will study the existence of ground state
homoclinic solution for (F) which minimizes the associated energy on the Nehari-
Pankov manifold N−. More precisely, we obtain the following result

Theorem 1.2. Assume that (A), (χ), (F1) − (F3) and the following condition are
satisfied

(F5)
1− θ2

2
f(x, u)u− θf(x, u)v + F (x, θu+ v)− F (x, u) ≥ 0, ∀θ ≥ 0, u, v ∈ R.

Then the fourth-order differential equation (F) possesses a homoclinic solution satis-
fying Φ(u) = infN− Φ.

2. Preliminaries

In the following, we shall use ‖.‖Ls to denote the norm of Ls(R) for any s ∈ [2,∞].
Let H2(R) be the Sobolev space with inner product and norm given respectively by

< u, v >H2=

∫
R

[
u′′(x)v′′(x) + u′(x)v′(x) + u(x)v(x)

]
dx, ‖u‖H2 =< u, u >

1
2

H2

for all u, v ∈ H2(R). In what follows it will always be assumed that a satisfies
conditions (A) and (χ). We denote by χ the selfadjoint extension of the operator
d4

dx4 + ω d2

dx2 + a(x) with the domain D(χ) ⊂ L2(R). Let {E(λ)/−∞ < λ < ∞} and
|χ| be the spectral family and the absolute value of χ, respectively, and |χ|

1
2 be the

square root of |χ|. Set U = id − E(0) − E(0−). Then U commutes with χ, |χ| and
|χ|

1
2 , and χ = U |χ| is the polar decomposition of χ (see [4]). Let

E = D(|χ|
1
2 ), E− = E(0−)E, E0 = (E(0)− E(0−))E, E+ = (id− E(0))E. (2.1)

By (χ), one has E0 = {0}. Hence for any u ∈ E, we have u = u− + u+ and

χu− = − |χ|u, χu+ = |χ|u, ∀u ∈ E ∩ D(χ), (2.2)

where u− = E(0−)u ∈ E−, u+ = (id− E(0))u ∈ E+.
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We can define an inner product

≺ u, v �=≺ |χ|
1
2 u, |χ|

1
2 v �L2 , ∀u, v ∈ E (2.3)

and the corresponding norm

‖u‖ =≺ u, u �
1
2 , ∀u ∈ E. (2.4)

Since E = H2(R) with equivalent norms under condition (A), E is continuously
embedded in Ls(R) for all 2 ≤ s ≤ ∞ and compactly embedded in Ls(R) for all
2 ≤ s < ∞. Hence, for all 2 ≤ s ≤ ∞, there exists a constant ηs > 0 such that

‖u‖Ls ≤ ηs ‖u‖ , ∀u ∈ E. (2.5)

In addition, one has the decomposition E = E− ⊕ E+ orthogonal with respect to
both inner product ≺ ., . � and ≺ ., . �L2 . In view of (2.2) and (2.4), we have for
all u ∈ E ∫

R
[u

′′
(x)2 − ωu

′
(x)2 + a(x)u(x)2]dx =

∥∥u+
∥∥2 −

∥∥u−∥∥2
. (2.6)

Now, in order to prove our main results, the following critical point theorem will be
needed.

Definition 2.1. Let E be a real Hilbert space with E = E− ⊕E+ and E−⊥E+. A
functional Φ ∈ C1(E,R) is said to be weakly sequentially lower semi-continuous if
for any un ⇀ u in E, one has Φ(u) ≤ lim infn−→∞ Φ(un), and Φ′ is said to be weakly
sequentially continuous if limn−→∞ Φ′(un)v = Φ′(u)v for each v ∈ E.

Lemma 2.1. [7, 14] Let (E, ‖.‖) be a Hilbert space with E = E−⊕E+ and E−⊥E+,
and let Φ ∈ C1(E,R) be of the form

Φ(u) =
1

2

( ∥∥u+
∥∥2 −

∥∥u−∥∥2 )− g(u), u = u− + u+ ∈ E− ⊕ E+.

Assume that the following conditions are satisfied
(1) g∈C1(E,R) is bounded from below and weakly lower sequentially semi-continuous,
(2) g′ is weakly sequentially continuous,
(3) there exist r > ρ > 0 and e ∈ E+ with ‖e‖ = 1 such that

α = inf Φ(S+
ρ ) > supΦ(∂Λ),

where S+
ρ = {u ∈ E+/ ‖u‖ = ρ} and Λ = {v + se/v ∈ E−, s ≥ 0, ‖v + se‖ ≤ r}.

Then there exist a constant c ∈ [α, supΦ(Λ)] and a sequence (un) ⊂ E satisfying

Φ(un) −→ c, ‖Φ′(un)‖ (1 + ‖un‖) −→ 0.

Definition 2.2. Let (un) be a bounded sequence in a Banach space. We say that
(un) is vanishing if, for each R > 0,

lim
n−→∞

sup
y∈R

∫ y+R

y−R

|un|2 dx = 0
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and (un) is nonvanishing if there exist σ > 0, R > 0 and (yn) ⊂ R such that

lim inf
n−→∞

∫ yn+R

yn−R

|un|2 dx ≥ σ.

In the vanishing case, we have the following result, which is a special case of the
Lion’s concentration compactness principle.

Lemma 2.2. [15] Let (un) be a bounded sequence, if for any R > 0

lim
n−→∞

sup
y∈R

∫ y+R

y−R

|un|2 dx = 0,

then un −→ 0 in Ls(R) for 2 < s < ∞.

3. Proof of Theorem 1.1.

Now we are going to establish the corresponding variational framework to obtain
the existence of ground state homoclinic solution of (F). For this end, define the
energy functional Φ associated to equation (F)

Φ(u) =
1

2

∫
R

[
u

′′
(x)2 − ωu

′
(x)2 + a(x)u(x)2

]
dx−

∫
R
F (x, u(x))dx

defined on the Hilbert space E introduced in Section 2. By (2.6), Φ can be rewritten as

Φ(u) =
1

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2
)
−
∫
R
F (x, u(x))dx

for u = u−+u+ ∈ E = E−⊕E+. It is well known that Φ is continuously differentiable
on E and

Φ′(u)v =

∫
R

[
u′′(x)v′′(x)− ωu′(x)v′(x) + a(x)u(x)v(x)

]
dx−

∫
R
f(x, u(x))v(x)dx

=< u, v > −
∫
R
f(x, u(x))v(x)dx

for all u, v ∈ E. Moreover, the nontrivial critical points of Φ on E are homoclinic
solutions of (F). In the following, we will proceed by successive lemmas.

Lemma 3.1. Assume that (A), (χ), (F1) and (F2) are satisfied. Then the functional

g(u) =

∫
R
F (x, u(x))dx, u ∈ E

is nonnegative, weakly sequentially lower semi-continuous and g′ is weakly sequen-
tially continuous.

Proof. Let un ⇀ u in E. Taking a subsequence if necessary, we have un −→ u a.e.
on R.
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By (F2), Fatou’s lemma, we have

lim inf
n−→∞

g(un) ≤ g(u),

which means that g is weakly sequentially lower semi-continuous. g′ is weakly se-
quentially continuous on E is due to [25].

Lemma 3.2. Assume that (A), (χ), (F1) and (F2) are satisfied. Then there exists
a constant ρ > 0 such that α = inf Φ(S+

ρ ) > 0, where

S+
ρ =

{
u ∈ E+/ ‖u‖ = ρ

}
.

Proof. By (F2), we have

∀ϵ > 0, ∃r > 0/∀x ∈ R, |u| ≤ r, |f(x, u)| ≤ ϵ |u| ,

which by the Mean Value Theorem implies

0 ≤ F (x, u) =

∫ 1

0

f(x, su)uds ≤ ϵ

2
|u|2 . (3.1)

Let u ∈ E+ be such that ‖u‖ ≤ r
η∞

, then by (2.5), one has ‖u‖L∞ ≤ r. Hence

Φ(u) =
1

2
‖u‖2 −

∫
R
F (x, u(x))dx ≥ 1

2
‖u‖2 −

∫
R

ϵ

2
|u(x)|2 dx ≥ 1

2
(1− ϵη2) ‖u‖2 .

Take ϵ =
η2
2

. We obtain Φ(u) ≥ 1

4
‖u‖2 for all ‖u‖ ≤ r

η∞
, u ∈ E+.

It suffices to take ρ =
r

η∞
and α =

ρ2

4
. The proof of Lemma 3.2 is complete.

Lemma 3.3. Assume that (A), (χ), (F1) and (F2) are satisfied. Let e ∈ E+ with
‖e‖ = 1. Then there is r0 > ρ such that supΦ(∂Λ) ≤ 0 for r ≥ r0, where

Λ =
{
w + se | w ∈ E−, s ≥ 0, ‖w + se‖ ≤ r

}
.

Proof. We have

∂Λ =
{
w | w ∈ E−, ‖w‖ ≤ r

}
∪
{
w + se | w ∈ E−, s ≥ 0, ‖w + se‖ = r

}
.

We have Φ(w) ≤ 0 for all w∈E−. We claim that Φ(w+se) → −∞ as ‖w + se‖ → ∞.
Arguing indirectly, assume that there exists a sequence (wn + sne) ⊂ E− ⊕Re with
‖wn + sne‖ −→ ∞ such that Φ(wn + sne) ≥ −M for all n ∈ N, where M is a
constant. Set wn+sne

∥wn+sne∥ = v−n +τne, then ‖v−n + τne‖ = 1. Passing to a subsequence if
necessary, we may assume that τn −→ τ̄ , v−n ⇀ v− and v−n −→ v− a.e. on R. Hence

−M

‖wn + sne‖2
≤ Φ(wn + sne)

‖wn + sne‖2
=

τ2n
2
− 1

2

∥∥v−n ∥∥2 −
∫
R

F (x,wn + sne)

‖wn + sne‖2
dx. (3.2)
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If τ̄ = 0, then it follows from (3.2) that

0 ≤ 1

2

∥∥v−n ∥∥2
+

∫
R

F (x,wn + sne)

‖wn + sne‖2
dx ≤ τ2n

2
+

M

‖wn + sne‖2

which yields ‖v−n ‖ −→ 0 and so 1 = ‖v−n + τne‖ −→ 0, a contradiction.
If τ̄ 6= 0, then it follows from (3.2), (F3) and Fatou’s lemma

0 ≤ lim sup
n−→∞

[
τ2n
2
− 1

2

∥∥v−n ∥∥2 −
∫
R

F (x,wn + sne)

‖wn + sne‖2
dx

]
≤ τ̄2

2
− lim inf

n−→∞

∫
R

F (x,wn + sne)

‖wn + sne‖2
dx ≤ τ̄2

2
−

∫
R
lim inf
n−→∞

F (x,wn + sne)

‖wn + sne‖2
dx = −∞,

a contradiction again. Hence Φ(w + se) −→ −∞ as ‖w + se‖ −→ ∞, and then
there exists r0 > ρ such that supΦ(∂Λ) ≤ 0 for r ≥ r0.

Lemma 3.4. Assume that (A), (χ), (F1) and (F4) are satisfied. Then any sequence
(un) satisfying

Φ(un) −→ c > 0, ‖Φ′(un)‖ (1 + ‖un‖) −→ 0 (3.3)
is bounded in E.

Proof. To prove the boundedness of (un), arguing by contradiction, suppose that
‖un‖ −→ ∞. Let vn = un

∥un∥ . Then ‖vn‖ = 1 and ‖vn‖Ls ≤ ηs ‖vn‖ = ηs for
2 ≤ s ≤ ∞. Observe that

c+ o(1) = Φ(un)−
1

2
Φ′(un)un =

∫
R
F̃ (x, un)dx. (3.4)

Since lims−→∞ g(s) = +∞, there exists R > 0 such that

g(s) ≥ 8(c+ 1)η2∞, ∀s ≥ R. (3.5)

Let An =
{
x ∈ R | |f(x, un|

|un|
≤ 1

4η22

}
and Bn = {x ∈ R/ |un| ≥ R} . (3.6)

Hence, it follows from (3.6) that∫
An

|f(x, un)|
‖un‖

|vn| dx =

∫
An

|f(x, un)|
|un|

|vn|2 dx ≤ 1

4η22

∫
An

|vn|2 ≤
1

4
. (3.7)

From (F4), (3.4)–(3.6), one has∫
(R\An)∩Bn

|f(x, un)|
‖un‖

|vn| dx =

∫
(R\An)∩Bn

|f(x, un)|
|un|

|vn|2 dx

≤ ‖vn‖2L∞

∫
(R\An)∩Bn

|f(x, un)|
|un|

dx ≤ η2∞

∫
(R\An)∩Bn

F̃ (x, un)

g(|un|)
dx (3.8)

≤ η2∞
1

8(c+ 1)η2∞

∫
(R\An)∩Bn

F̃ (x, un)dx =
1

8(c+ 1)
)(c+ o(1)) ≤ 1

8
+ o(1)
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and
∫
(R\An)∩(R\Bn)

|f(x, un)|
‖un‖

|vn| dx ≤ ‖vn‖L∞

‖un‖

∫
(R\An)∩(R\Bn)

|f(x, un)| dx

≤ ‖vn‖L∞

‖un‖

∫
(R\An)∩(R\Bn)

|un|
g(|un|)

F̃ (x, un) dx ≤ η∞
‖un‖

sup
|x|≤R

|x|
g(|x|)

∫
(R\An)∩(R\Bn)

F̃ (x, un) dx

≤ c1
‖un‖

∫
(R\An)∩(R\Bn)

F̃ (x, un) dx =
c1(c+ o(1))

‖un‖
= o(1). (3.9)

Now, combining (3.3) with (3.7)–(3.9) yields

1 + o(1) =
‖un‖2 − Φ′(un)un

‖un‖2
=

1

‖un‖2

∫
R
f(x, un)undx

=
1

‖un‖

∫
R
f(x, un)vndx ≤ 1

‖un‖

∫
R
|f(x, un)| |vn| dx

=

∫
An

|f(x, un)|
‖un‖

|vn| dx+

∫
(R\An)∩Bn

|f(x, un)|
‖un‖

|vn| dx+

∫
(R\An)∩(R\Bn)

|f(x, un)|
‖un‖

|vn| dx

≤ 3

8
+ o(1). (3.10)

This contradiction implies that (un) is bounded in E.

Proof of Theorem 1.1. By Lemmas 2.1 and 3.1–3.3, there exist a onstant c ≥ α
and a sequence (un) ⊂ E satisfying

Φ(un) −→ c and ‖Φ′(un)‖ (1 + ‖un‖) −→ 0. (3.11)

In view of Lemma 3.4, (un) is bounded. So, there exists a constant R > 0 such that

‖un‖ ≤ R, ∀n ∈ N. (3.12)

By virtue of (F1) and (F2), for all ϵ > 0, there exists rϵ ∈]0, Rη2[ such that

|f(x, u)| ≤ ϵ |u| , ∀(x, u) ∈ R2, |u| ≤ rϵ.

Let Cϵ = max
{

|f(x,u)|
|u|2 /x ∈ R, rϵ ≤ |u| ≤ Rη2

}
. Then we have

|f(x, u)| ≤ ϵ |u|+ Cϵ |u|2 , ∀(x, u) ∈ R2, |u| ≤ Rη2. (3.13)

Since E is continuously embedded in Ls(R) for s = 2, 3, there exists a constant
c2 > 0 such that ‖un‖2L2 + ‖un‖3L3 ≤ c2. If

δ = lim sup
n−→∞

sup
y∈R∗

∫
I(y,2)

∣∣u+
n

∣∣2 dx = 0

where I(y, 2) is the interval of R centered at y with radius 2, then by Lemma 2.2,
u+
n −→ 0 in Ls(R) for 2 < s < ∞. By (2.5) and (3.12), one has

‖un‖L∞ ≤ η∞R, ∀n ∈ N. (3.14)
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Combining (3.13), (3.14) and Hölder’s inequality yields for a positive constant c3

2c+ o(1) = 2Φ(un) =
∥∥u+

n

∥∥2 −
∥∥u−

n

∥∥2 − 2

∫
R
F (x, un)dx

≤
∥∥u+

n

∥∥2
= Φ′(un)u

+
n +

∫
R
f(x, un)u

+
n dx

≤ Φ′(un)u
+
n +

∫
R

[
ϵ |un|+ Cϵ |un|2

] ∣∣u+
n

∣∣ dx
≤ Φ′(un)u

+
n + ϵ ‖un‖L2

∥∥u+
n

∥∥
L2 + Cϵ ‖un‖2L3

∥∥u+
n

∥∥
L3 ≤ ϵc3 + o(1).

This is a contradiction since ϵ > 0 is arbitrary. Thus δ > 0. Going to a subsequence
if necessary, we can assume the existence of (kn) ⊂ Z such that∫

I(kn,2)

∣∣u+
n

∣∣2 dx ≥ δ

2
, ∀n ∈ N.

Let us define wn(x) = un(x+ knT ) so that∫
I(0,2)

∣∣w+
n

∣∣2 dx ≥ δ

2
, ∀n ∈ N. (3.15)

Since F (x, u) is T -periodic in x, we have ‖wn‖ = ‖un‖ and

Φ(wn) −→ c ∈ [α, supΦ(Λ)] and ‖Φ′(wn)‖ (1 + ‖wn‖) −→ 0. (3.16)

Passing to a subsequence, we get wn ⇀ w0 in E, wn −→ w0 in Ls
loc(R) for 2 ≤ s < ∞

and wn −→ w0 a.e. on R. Since Φ′ is weakly sequentially continuous, one has

Φ′(wn)v −→ Φ′(w0)v, ∀v ∈ E,

and by (3.16), Φ′(wn) −→ 0 in E ′. Then we have Φ′(w0) = 0. By (3.15) and the
fact wn −→ w0 in Ls

loc(R), we have∫
I(0,2)

∣∣w+
0

∣∣2 dx ≥ lim
n−→∞

∫
I(0,2)

∣∣w+
n

∣∣2 dx ≥ δ

2
.

Hence w+
0 6= 0 and w0 ∈ M. Therefore M is not empty. Now, let c = inf

u∈M
Φ(u).

For any critical point u ∈ M \ {0}, assumption (F4) implies

Φ(u) = Φ(u)− 1

2
Φ′(u)u =

∫
R

(1
2
f(x, u)u− F (x, u)

)
dx ≥ 0.

Therefore c ≥ 0. We shall prove that c > 0 and there is u0 ∈ M \ {0} such that
Φ(u0) = c. Let (un) ⊂ M \ {0} be such that Φ(un) −→ c. Then the proof of
Lemma 3.4 shows that (un) is bounded. So, there exists a constant R0 > 0 such
that ‖un‖ ≤ R0 for all n ∈ N. By (2.5), we get

‖un‖L∞ ≤ η∞R0 = R, ∀n ∈ N. (3.17)
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As in (3.13), for any ϵ > 0 there exists Cϵ > 0 such that

|f(x, u)| ≤ ϵ |x|+ Cϵ |x|2 , ∀x ∈ R, |u| ≤ R.

So
∥∥u+

n

∥∥2 ≤
∫
R
f(x, un)u

+
n dx ≤

∫
R

[
ϵ |un|+ Cϵ |un|2

] ∣∣u+
n

∣∣ dx (3.18)

≤ ϵ ‖un‖L2

∥∥u+
n

∥∥
L2+Cϵ ‖un‖2L3

∥∥u+
n

∥∥
L3 ≤ ϵη22 ‖un‖2+Cϵη

2
3 ‖un‖2 ‖un‖L3 .

Similarly, we have
∥∥u−

n

∥∥2 ≤ ϵη22 ‖un‖2 + Cϵη
2
3 ‖un‖2 ‖un‖L3 . (3.19)

From (3.18) and (3.19), we get

‖un‖2 ≤ 2ϵη22 ‖un‖2 + 2Cϵη
2
3 ‖un‖2 ‖un‖L3 ,

which implies ‖un‖L3 ≥ d, ∀n ∈ N (3.20)

for a positive constant d. If

δ = lim sup
n−→∞

sup
y∈R∗

∫
I(y,2)

|un|2 dx = 0,

then, by Lemma 2.2, un −→ 0 in Ls(R) for 2 < s < ∞. This is a contradiction with
(3.20). Thus δ > 0. Taking a subsequence if necessary, we can assume as above the
existence of (kn) ⊂ Z such that∫

I(kn,2)

|un|2 dx ≥ δ

2
, ∀n ∈ N.

Let us define wn(x) = un(x+ knT ) so that∫
I(0,2)

|wn|2 dx ≥ δ

2
, ∀n ∈ N. (3.21)

Since F (x, u) is T -periodic in x, we have ‖wn‖ = ‖un‖ and

Φ(wn) −→ c and ‖Φ′(wn)‖ (1 + ‖wn‖) −→ 0. (3.22)

Passing to a subsequence, we get wn ⇀ w0 in E, wn −→ w0 in Ls
loc(R) for 2 ≤ s < ∞

and wn −→ w0 a.e. on R. Since Φ′ is weakly sequentially continuous, then we have
Φ′(w0) = 0. Since wn −→ w0 in L2

loc(R), then (3.21) implies∫
I(0,2)

|w0|2 dx = lim
n−→∞

∫
I(0,2)

|wn|2 dx ≥ δ

2
.

Hence w0 6= 0 and c = Φ(w0) > 0. The proof of Theorem 1.1 is complete.

4. Proof of Theorem 1.2

To prove Theorem 1.2, we need the following several lemmas:

Lemma 4.1. Assume that (A), (χ), (F1) and (F5) are satisfied. Then for all θ ≥ 0,
u ∈ E and w ∈ E−

Φ(u) ≥ Φ(θu+ w) +
1

2
‖w‖2 + 1− θ2

2
Φ′(u)u− θΦ′(u)w. (4.1)
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Proof. By (W5), we have for θ ≥ 0, u ∈ E and w ∈ E−

Φ(u)− Φ(θu+ w)

=
1

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2
)
−

∫
R
F (x, u(x))dx

− 1

2

(∥∥θu+
∥∥2 −

∥∥θu− + w
∥∥2

)
+

∫
R
F (x, θu+ w)dx

=
1

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2
)
− 1

2

(
θ2

∥∥u+
∥∥2 − θ2

∥∥u−∥∥2 − ‖w‖2

− θ ≺ u−, w �
)
+

∫
R

[
F (x, θu+ w)− F (x, u)

]
dx

=
1

2
‖w‖2 + 1− θ2

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2 −
∫
R
f(x, u)udx

)
− θ

[
≺ u,w � −

∫
R
f(x, u)wdx

]
+

∫
R

[
1− θ2

2
f(x, u)u− θf(x, u)w + F (x, θu+ w)− F (x, u)

]
dx

=
1

2
‖w‖2 + 1− θ2

2
Φ′(u)u− θΦ′(u)w

+

∫
R

[
1− θ2

2
f(x, u)u− θf(x, u)w + F (x, θu+ w)− F (x, u)

]
dx

≥ 1

2
‖w‖2 + 1− θ2

2
Φ′(u)u− θΦ′(u)w,

which completes the proof of Lemma 4.1.

Corollary 4.2. Assume that (A), (χ), (F1) and (F5) are satisfied. Then for any
u ∈ N−, one has

Φ(u) ≥ Φ(θu+ w), ∀θ ≥ 0, w ∈ E−. (4.2)

Proof. This is evident since u ∈ N− implies Φ′(u)u = Φ′(u)w = 0.

Corollary 4.3. Assume that (A), (χ), (F1), (F2) and (F5) are satisfied. Then, for
all u ∈ E and θ ≥ 0

Φ(u) ≥ θ2

2
‖u‖2 + 1− θ2

2
Φ′(u)u+ θ2Φ′(u)u− −

∫
R
F (x, θu+)dx. (4.3)

Proof. Take w = −θu− in Lemma 4.1, one has

Φ(u) ≥ Φ(θu+) +
θ2

2

∥∥u−∥∥2
+

1− θ2

2
Φ′(u)u+ θ2Φ′(u)u−

=
θ2

2

∥∥u+
∥∥2 −

∫
R
F (x, θu+)dx+

θ2

2

∥∥u−∥∥2
+

1− θ2

2
Φ′(u)u+ θ2Φ′(u)u−

=
θ2

2
‖u‖2 + 1− θ2

2
Φ′(u)u+ θ2Φ′(u)u− −

∫
R
F (x, θu+)dx,

which ends the proof of Corollary 4.3.
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Lemma 4.4. Assume that (A), (χ), (F1), (F2) and (F5) are satisfied. Then
(i) there exists ρ > 0 such that

m = inf
N−

Φ ≥ α = inf
{
Φ(u)/u ∈ E+, ‖u‖ = ρ

}
> 0,

(ii)
∥∥u+

∥∥ ≥ max
{∥∥u−∥∥ ,√2m

}
, for all u ∈ N−.

Proof. (i) Take w = −θu− in Corollary 4.3, one has

Φ(u) ≥ Φ(θu+), ∀θ ≥ 0, u ∈ N−.

Let ρ be defined in Lemma 3.2, we have

α = inf
{
Φ(u)/u ∈ E+, ‖u‖ = ρ

}
> 0.

Then, we have for all u ∈ N− (take θ =
ρ

‖u+‖
)

Φ(u) ≥ Φ(ρ
u+

‖u+‖
) ≥ α = inf

{
Φ(v) | v ∈ E+, ‖v‖ = ρ

}
.

(ii) For u ∈ N−, we have

m ≤ 1

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2
)
−
∫
R
F (x, u(x))dx ≤ 1

2

(∥∥u+
∥∥2 −

∥∥u−∥∥2
)
,

which implies 2m+ ‖u−‖2 ≤ ‖u+‖2 and hence ‖u+‖ ≥ max
{√

2m, ‖u−‖
}

.
The proof of Lemma 4.4 is complete.

Lemma 4.5. Assume that (A), (χ), (F1) − (F3) and (F5) are satisfied. Then any
sequence (un) ⊂ E satisfying

Φ(un) −→ c > 0, Φ′(un)u
±
n −→ 0 (4.4)

is bounded.

Proof. To prove the boundedness of (un), arguing by contradiction, suppose that
‖un‖ −→ ∞. Let vn = un

∥un∥ , then ‖vn‖ = 1. By (2.5), ‖vn‖L2 ≤ η2. If

δ = lim sup
n−→∞

sup
s∈R

∫ s+T

s−T

∣∣v+n ∣∣2 dx = 0,

then by Lemma 2.2 [15], v+n −→ 0 in Ls(R) for s ∈]2,∞[. Fix R > [2(1 + c)]
1
2 . By

virtue of (F1) and (F2), for ϵ = 1
4(Rη2)2

, there exists r ∈]0, Rη∞[ such that

F (x, u) ≤ 1

4(Rη2)2
|u|2 , ∀(x, u) ∈ R2, |u| ≤ r. (4.5)

Let β = max

{
F (x, u)

|u|3
/x ∈ R, r ≤ |u| ≤ Rη∞

}
. (4.6)

Then 0 ≤ β < ∞. Hence, it follows from (4.5) and (4.6) that

F (x, u) ≤ 1

4(Rη2)2
|u|2 + β |u|3 , ∀(x, u) ∈ R2, |u| ≤ Rη∞. (4.7)
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Combining (4.7) with the fact ‖v+n ‖L∞ ≤ η∞, one has

lim sup
n−→∞

∫
R
F (x,Rv+n )dx ≤ 1

4η22
lim sup
n−→∞

∫
R

∣∣v+n ∣∣2 dx+R3β lim sup
n−→∞

∫
R

∣∣v+n ∣∣3 dx ≤ 1

4
. (4.8)

Set θn =
R

‖un‖
. Hence, by virtue of (4.3), (4.4) and (4.8), one has

c+ o(1) = Φ(un)

≥ θ2n
2
‖un‖2 −

∫
R
F (x, θnu

+
n )dx+

1− θ2n
2

Φ′(un)un + θ2nΦ
′(un)u

−
n

≥ R2

2
−

∫
R
F (x,

R

‖un‖
u+
n )dx+

1

2

(
1− R2

‖un‖2
)
Φ′(un)un +

R2

‖un‖2
Φ′(un)u

−
n

≥ R2

2
−

∫
R
F (x,

R

‖un‖
u+
n )dx+ o(1)

≥ R2

2
− 1

4
+ o(1) > c+ 1− 1

4
+ o(1) = c+

3

4
+ o(1).

This contradiction shows that δ > 0. We may assume that there exists (kn) ⊂ Z
such that ∫ (kn+2)T

(kn−2)T

∣∣v+n ∣∣2 dx >
δ

2
, ∀n ∈ N.

Let wn(x) = vn(x+ knT ). Then∫ 2T

−2T

∣∣w+
n

∣∣2 dx >
δ

2
, ∀n ∈ N. (4.9)

Now, we define ũn(x) = un(x + knT ). Then ũn

∥un∥ = wn and ‖wn‖ = 1. Up to a
subsequence if necessary, we can assume wn ⇀ w in E, wn −→ w in L2

loc(R) and
wn −→ w a.e. on R. Obviously, (4.9) implies that w 6= 0. Hence, it follows from
(4.4), (F3) and Fatou’s lemma that

0 = lim
n−→∞

c+ o(1)

‖un‖2
= lim

n−→∞

Φ(un)

‖un‖2

= lim
n−→∞

[
1

2

( ∥∥w+
n

∥∥2 −
∥∥w−

n

∥∥2 )− ∫
R

F (x, un)

‖un‖2
dx

= lim
n−→∞

[
1

2

( ∥∥w+
n

∥∥2 −
∥∥w−

n

∥∥2 )− ∫
R

F (x, un)

|ũn|2
|wn|2 dx

≤ 1

2
− lim inf

n−→∞

∫
R

F (x, un)

|ũn|2
|wn|2 dx = −∞,

which is a contradiction. Thus (un) is bounded and the proof of Lemma 4.5 is
complete.

Lemma 4.6. Assume that (A), (χ), (F1)− (F3) and (F5) are satisfied. Then there
exist a constant c ∈ [α, supΦ(Λ)] and a sequence (un) ⊂ E satisfying

Φ(un) −→ c and ‖Φ′(un)‖ (1 + ‖un‖) −→ 0. (4.10)
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Proof. By Lemmas 3.1, 4.4(i), the functional Φ satisfies all the conditions of Lemma
2.1. Hence, by Lemma 2.1, there exist a constant c ∈ [α, supΦ(Λ)] and a sequence
(un) ⊂ E satisfying (4.10).

Lemma 4.7. Assume that (A), (χ), (F1)− (F3) and (F5) are satisfied. Then there
exist a constant c ∈ [α,m] and a sequence (un) ⊂ E satisfying

Φ(un) −→ c and ‖Φ′(un)‖ (1 + ‖un‖) −→ 0. (4.11)

Proof. Choose (vn) ⊂ N− such that

m ≤ Φ(vn) < m+
1

n
, ∀n ∈ N. (4.12)

By Lemma 4.4, ‖v+n ‖ ≥
√
2m. Set en = v+n

‖v+n‖ . Then en ∈ E+ and ‖en‖ = 1. In view

of Lemma 3.3, there exists rn > max {ρ, ‖vn‖} such that supΦ(∂Λn) ≤ 0, where

Λn =
{
w + sen/w ∈ E−, s ≥ 0, ‖w + sen‖ ≤ rn

}
, n ∈ N. (4.13)

Hence, applying Lemma 4.5 to the above set Λn, there exist a constant cn ∈
[α, supΦ(Λn)] and a sequence (un,k) ⊂ E satisfying

Φ(un,k) −→ cn and ‖Φ′(un,k)‖ (1 + ‖un,k‖) −→ 0, ∀n ∈ N. (4.14)

By virtue of Corollary 4.3, we can get

Φ(vn) ≥ Φ(svn + w), ∀s ≥ 0, w ∈ E−. (4.15)

Since vn ∈ Λn, it follows from (4.13) and (4.15) that Φ(vn) = supΦ(Λn). Hence, by
(4.12) and (4.14), one has

Φ(un,k) −→ cn < m+
1

n
and ‖Φ′(un,k)‖ (1 + ‖un,k‖) −→ 0, ∀n ∈ N. (4.16)

Now, we can choose a sequence (kn) ⊂ N such that

Φ(un,kn) < m+
1

n
and ‖Φ′(un,kn)‖ (1 + ‖un,kn‖) <

1

n
, ∀n ∈ N. (4.17)

Let un = un,kn for n ∈ N, then going to a subsequence if necessary, we obtain

Φ(un) −→ c ∈ [α,m] and ‖Φ′(un)‖ (1 + ‖un‖) −→ 0.

The proof of Lemma 4.7 is completed.

Proof of Theorem 1.2. In view of Lemma 4.7, there exist a constant c ∈ [α,m]
and a sequence (un) ⊂ E satisfying

Φ(un) −→ c and ‖Φ′(un)‖ (1 + ‖un‖) −→ 0. (4.18)

By Lemma 4.5, (un) is bounded. Proceeding as in the proof of Theorem 1.1, there
exist a constant δ > 0 and a sequence (wn) ⊂ E satisfying∫

I(0,2)

∣∣w+
n

∣∣2 dx ≥ δ

2
, ∀n ∈ N (4.19)

and Φ(wn) −→ c and ‖Φ′(wn)‖ (1 + ‖wn‖) −→ 0. (4.20)
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By Lemma 4.5, (wn) is bounded. Hence, passing to a subsequence, we may assume
that wn ⇀ w0 in E, wn −→ w0 in L2

loc(R) and wn −→ w0 a.e. on R. As in the proof
of Theorem 1.1, we get Φ′(w0) = 0 and∫

I(0,2)

∣∣w+
0

∣∣2 dx ≥ δ

2
,

which implies that w+
0 6= 0 and w0 ∈ N−. Hence Φ(w0) ≥ m. On the other hand,

by using (4.20), (F5) and Fatou’s lemma, we have

m ≥ c = lim
n−→∞

[
Φ(wn)−

1

2
Φ′(wn)wn

]
= lim

n−→∞

∫
R

[
1

2
f(x,wn)wn − F (x,wn)

]
dx

≥
∫
R

lim
n−→∞

[
1

2
f(x,wn)wn − F (x,wn)

]
dx ≥

∫
R

[
1

2
f(x,w0)w0 − F (x,w0)

]
dx

= Φ(w0)−
1

2
Φ′(w0)w0 = Φ(w0).

This shows that m ≥ Φ(w0) and so Φ(w0) = m = infN− f . The proof of Theorem
1.2 is complete.

5. Examples

In this Section, we give some examples for our results.

Example 5.1. Let F (x, u) = cos2 x |u|2 ln(1 + |u|),∀(x, u) ∈ R2.
It is easy to check assumptions (F1)− (F3). It remains to prove (F4). We have

lim
|u|−→0

|f(x, u)|
|u|

≤ lim
|u|−→0

[
2 ln(1 + |u|) + |u|

1 + |u|

]
= 0.

So, there exists a positive constant r0 such that

|u| ≤ r0 =⇒ |f(x, u)|
|u|

<
1

4η22
, ∀x ∈ R.

By contraposition, we get for all x ∈ R

|f(x, u)|
|u|

≥ 1

4η22
=⇒ |u| ≥ r0.

On the other hand, we have F̃ (x, u) =
1

2
cos2 x

|u|3

1 + |u|
and then

|f(x, u)|
F̃ (x, u) |u|

= 2
2(1 + |u|)ln(1 + |u|) + |u|

|u|3
.

Setting g0(t) =
t2

4ln(1 + t)
, t ≥ r0,

we get lim
|x|−→∞

|f(x, u)|
F̃ (x, u) |x|

g0(|x|) = 1

hence (x, u) 7−→ |f(x,u)|
F̃ (x,u)|u|

g0(|u|) is bounded on R ×
(
R\] − r0, r0[

)
and achieves its

maximum.
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Let M0 = max
x∈R,|u|≥r0

|f(x, u)|
F̃ (x, u) |u|

g0(|u|) and g(s) =
g0(s)

M0
.

Then, we have |f(x, u)| ≤ |u|
g(|u|)

F̃ (x, u).

Therefore F (x, u) satisfies the condition (F4). However, F does not satisfy any of
the conditions (C1)-(C3). In fact, we have
(a) For any µ > 2

f(x, u)u− µF (x, u) = u2 cos2(x)
[
(2−µ) ln(1+|u|)+ u

1+|u|

]
→ −∞ as |u| → ∞,

for almost every x ∈ R, which means that F does not satisfy the condition (C1).
(b) Assume that there exists a constant σ ≥ 1 such that

σF̃ (x, u) ≥ F̃ (x, su), ∀(s, x, u) ∈ [0, 1]× R2,

then we obtain σ
u3

1 + |u|
≥ s3u3

1 + s |u|
for all (s, x, u) ∈ [0, 1]× R2.

Taking u = −1 and s = 0, we get σ ≤ 0, witch is a contradiction. Hence, F does
not satisfy the condition (C2).

(c) Since F̃ (x, u) =
1

2
cos2 x

u3

1 + |u|
and x 7−→ cos2 x cannot be lower bounded by a

positive constant, then F does not satisfy the condition (C3).

Example 5.2. Let F (x, u) = θ(x)
[
|u|

13
4 − |u|

11
4 + |u|

9
4

]
where θ ∈ C(R,R+) is

periodic. It is easy to see that W satisfies (F1)− (F3). Let us prove condition (F4).

We have f(x, u) =
θ(x)

4

[
13 |u| − 11 |u|

1
2 + 1

]
u

and F̃ (x, u) =
θ(x)

8

[
5 |u| − 3 |u|

1
2 + 1

]
|u|

9
4

so |f(x, u)|
F̃ (x, u)

= 2
13 |u| − 11 |u|

1
2 + 1

5 |u| − 3 |u|
1
2 + 1

|u|−1 .

Set M0 = 2 sup
t∈R+

13t2 − 11t+ 1

5t2 − 3t+ 1
, then we get |f(x, u)|

F̃ (x, u)
≤ |u|

g(|u|)
, where g(t)=

t2

M0
, t∈R+.

Therefore |f(x, u)| ≤ |u|
g(|u|)

F̃ (x, u) ∀ u 6= 0

with g ∈ C(R∗
+,R∗

+). Therefore W satisfies (F4).

Example 5.3. Let F (x, u) = a(x)
[
|u|p + (p − 2) |u|p−ϵ sin2

( |u|ϵ
ϵ

)]
, where p > 2,

a ∈ C(R,R∗
+) is periodic and 0 < ϵ < p − 2. It is easy to check that F satisfies

(F1)− (F3) and (F5). However, let un = [ϵ(nπ + 3π
4
)]

1
ϵ .
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Then for any η > 2, one has

f(x, un)un − ηF (x, un)

= a(x)
[
(γ−η) |un|γ+(γ−2)(γ−η−ϵ) |un|γ−ϵ sin2

( |un|ϵ

ϵ

)
+(γ−2) |un|γ sin

(
2
|un|ϵ

ϵ

)]
= a(x) |un|γ

[
γ − η +

(γ − 2)(γ − η − ϵ)

|un|γ
sin2

( |un|ϵ

ϵ

)
+ (γ − 2) sin

(
2
|un|ϵ

ϵ

)]
= a(x) |un|γ

[
2− η +

(γ − 2)(γ − η − ϵ)

|un|γ
(√

2

2

)2]
−→ −∞ as n −→ ∞.

That is the condition (C1) can not be satisfied for any η > 2. Similarly, we prove
that F does not satisfy any of the conditions (C2) and (C3).
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