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We study the existence of multiple weak solutions for the biharmonic Kirchhoff-type elliptic prob-
lem 

M

(∫
Ω

(|∆u|p + |∇u|p)dx
)(

∆2
pu−∆pu

)
=

k∑
i=1

αi(x)fi(u) + γ(x) in Ω,

u = ∆u = 0 on ∂Ω,

∫
Ω

(|∆u|p + |∇u|p) dx < ρ.

We establish necessary and sufficient conditions on fi, i = 1, . . . , k, under which there exists
functions αi, γ ∈ C(Ω), i = 1, . . . , k, such that the above problem has at least two weak solutions.
Our proof uses the variational approaches and relies on an existence result for crical points of
functionals in Banach spaces recently obtained by Ricceri.

Keywords: Kirchhoff-type problems, p-Laplacian operator, p-biharmonic operator, weak solutions,
critical points, contraction mapping theorem.
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1. Introduction

In this paper, we are concerned with the biharmonic Kirchhoff-type elliptic problem{
M
(∫

Ω
(|∆u|p + |∇u|p)dx

) (
∆2

pu−∆pu
)
=
∑k

i=1 αi(x)fi(u) + γ(x) in Ω,

u = ∆u = 0 on ∂Ω,
∫
Ω
(|∆u|p + |∇u|p) dx < ρ,

(1)

where Ω is a bounded domain in RN with a smooth boundary ∂Ω, p > N ≥ 1, k ≥ 1,
ρ > 0, ∆pu = div(|∇u|p−2∇u) is the p-Laplacian operator, ∆2

pu = ∆(|∆|p−2∆u) is
the p-biharmonic operator, and M : [0, ρ) → [0,∞), αi, γ : Ω → R, fi : R → R,
i = 1, . . . , k, are continuous functions.
As is well known, fourth order differential equations have numerous applications in
physics and engineering. For instance, they arise in the study of traveling waves in
suspension bridges [4, 13]. In recent years, the existence of solutions of various fourth
order biharmonic problems have been studied by many authors. See, for example,
[3, 7, 8, 10, 11, 12, 14] and the references therein. Problem (1) is a nonlocal problem
because of the presence of M in the equation. Nonlocal problems model many
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physical and biological phenomena. Such problems are often referred as Kirchhoff-
type problems in the literature as, in 1883, Kirchhoff [9] proposed a second order
nonlocal equation as an extension of the classical D’Alembert’s wave equation for
free vibrations of elastic strings. Below we briefly recall some early work on fourth
order nonlocal problems. In 1950, Woinowsky-Krieger [22] studied the following
equation when the space is one dimensional

∂2u

∂t2
+
EI

ρ

∂4u

∂x4
−

(
H

ρ
+
EA

2ρL

∫ L

0

∣∣∣∣∂u∂x
∣∣∣∣2 ds

)
∂2u

∂x2
= 0, (2)

where L is the length of the string, A is the cross-sectional area, E is the Young
modulus of the material, ρ is the mass density, I is the cross-sectional moment of
inertia, and H is the tension in the rest position. In 1955, Berger [2] introduced the
following model when the space is two dimensional

∂2u

∂t2
+∆2u+

(
Q+

∫
Ω

|∇u|2ds
)
∆u = f(u, ut, x) (3)

to describes large deflection of a plate, where Q describes in-plane forces applied
to the plate and f denotes transverse loads, which may depend on the displace-
ment u and the velocity ut. We comment that problem (1) can be regarded as a
generalization of the stationary problems associated with equations (2) and (3).
Recently, many authors have investigated the existence of weak solutions for various
biharmonic Kirchhoff-type problems. We refer the reader to [1, 5, 6, 19, 20] and the
references therein for a small sample of recent work on on the subject. For instance,
using variational methods, paper [20] studied the existence of a unique weak solution
of the problem{

∆2
pu− (a

∫
Ω
|∇u|2dx+ b)∆u+ cu = α(x)|u|−γ − λ|u|p−2u in Ω,

u = ∆u = 0 on ∂Ω,

where 0 < γ < 1, λ > 0, and α belongs to a given Lebesgue space. Paper [6] applied
the mountain pass theorem and the concentration compactness principle to derive
conditions for the existence of at least one weak solution to the problem{

M
(∫

Ω
|∆u|pdx

)
∆2

pu = λf(x, u) + |u|p∗∗−2u in Ω,

u = ∂u
∂ν

= 0 on ∂Ω,

where ∂u
∂ν

is the outer normal derivative, λ > 0, f : Ω × R → R is a Carathéodory
function, p∗∗ is the critical exponent (see [6, equation (1.2)] for the definition).
In this paper, we study existence of at least two weak solutions of problem (1). This
work is inspired by a recent paper of Ricceri [18], where the author first proved a
general existence theorem in a reflexive real Banach space (see Lemma 2.5 below),
and then presented its applications to some second order Kirchhoff-type problem
on R. Here, we explore further applications of Ricceri’s theorem to establish new
existence theorem for problem (1). In particular, with the help of Ricceri’s theorem,
we are able to derive a necessary and sufficient condition on fi, i = 1, . . . , k, under
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which there exists αi, γ ∈ C(Ω), i = 1, . . . , k, such that problem (1) has at least
two weak solutions. The condition imposed on fi, i = 1, . . . , k, is simple and easy
to verify in applications. See Theorem 2.2 in Section 2 for details. Moreover, as a
consequence of our Theorem 2.2, we also study the problemM

(∫
Ω
(|∆u|p + |∇u|p)dx

) (
∆2

pu−∆pu
)
= α(x)f(u) + γ(x) in Ω,

u = ∆u = 0 on ∂Ω,
∫
Ω
(|∆u|p + |∇u|p) dx < ρ,

(4)

and find a necessary and sufficient condition on f under which there exists some
(α, γ) ∈ C(Ω) × C(Ω) such that the problem has at least two weak solutions. See
Corollary 2.3 below. To the best of our knowledge, no result of the same kind has
been established in the literature for biharmonic Kirchhoff-type problems. Finally,
we point out that Lemma 2.1 below is an application of a minimax theorem given
in [16, Theorem 1.1], and thus Theorem 2.1 itself can be regarded as a significant
application of that minimax theorem.
In the next section, we present our theorem and its proof.

2. Main results

Let X = W 1,p
0 (Ω) ∩W 2,p(Ω). Then, equipped with the norm

∥u∥ =

(∫
Ω

(|∆u|p + |∇u|p) dx
)1/p

,

X is a reflexive and separable Banach space.

Definition 2.1. By a weak solution of problem (1), we mean a function u ∈ X such
that

∫
Ω
(|∆u|p + |∇u|p) dx < ρ and

M

(∫
Ω

(|∆u|p + |∇u|p)dx
)∫

Ω

(
|∆u|p−2∆u∆v + |∇u|p−2∇u∇v

)
dx

=

∫
Ω

(
k∑

i=1

αi(x)fi(u) + γ(x)

)
vdx in Ω for all v ∈ X.

We introduce a constant c as follows: c := sup
u∈X\{0}

supx∈Ω |u(x)|
∥u∥

.

Since p > N , W 1,p
0 (Ω) is compactly embedded in C0(Ω). Then, we have c <∞ and

sup
x∈Ω

|u(x)| ≤ c∥u∥ for all u ∈ X, (5)

Moreover, in view of [21, Theorem 2.E.], it is easy to see that

c ≤ N−1/pω
−1/N
N

(
p− 1

p−N

)(p−1)/p

|Ω|1/N−1/p,

where ωN = πN/2

Γ(N/2+1)
is the volume of the unit ball in RN and |Ω| is the volume of Ω.

We now state the main theorem of the paper.
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Theorem 2.2. Assume that M is increasing on [0, ρ) and

lim
t→ρ−

∫ t

0

M(s)ds = ∞. (6)

Let E = C(Ω)× . . .× C(Ω)︸ ︷︷ ︸
k+1 times

(7)

be endowed with the norm ∥(w1, . . . , wk+1)∥E =

∫
Ω

k+1∑
i=1

|wi(x)| dx.

Then, the following assertions are equivalent:
(a) At least one of the restrictions of f1, . . . , fk to

(
−cρ1/p, cρ1/p

)
is not constant.

(b) For every convex set S ⊂ E dense in E, there exists (α1, . . . αk, γ) ∈ S such
that problem (1) has at least two weak solutions.

The following result is a direct consequence of Theorem 2.2 by setting k = 1, α1 = α,
and f1 = f in (1).

Corollary 2.3. Assume that M is increasing on [0, ρ) and (6) holds. Consider the
space E1 = C(Ω)×C(Ω) endowed with the norm ∥(α, γ)∥E =

∫
Ω
(|α(x)|+ |γ(x)|) dx.

Then, the following assertions are equivalent:
(a) The restriction of f to

(
−cρ1/p, cρ1/p

)
is not constant.

(b) For every convex set S1 ⊂ E1 dense in E1, there exists (α, γ) ∈ S1 such that
problem (4) has at least two weak solutions.

Remark 2.4. There are many increasing functions M satisfying (6). For instance,
here are two examples of such functions:

M(t) =
1

(ρ− t)µ
with µ > 1, and M(t) = e1/(ρ−t).

Next, we prove Theorem 2.2. Lemma 2.5 below plays a key role in the proof and
is taken from [18, Theorem 2.7]. For some other related results, see [15, 16, 17] the
references therein.

Lemma 2.5. Let V be a reflexive real Banach space with the norm ∥ · ∥, let E be a
real normed space with topological dual E∗, let u0 ∈ V and r > 0, let Br be the open
ball in V of radius r, centered at u0, let χ : [0, r) → R be such that limt→r− χ(t) = ∞,
let I : Br → R and ψ : Br → E be two Gâteaux differentiable functions. Moreover,
assume that I is sequentially weakly lower semicontinuous, that ψ is sequentially
weakly continuous, that ψ(Br) is bounded and non-convex, and that

χ(∥u− u0∥) ≤ I(u) for all u ∈ Br. (8)

Then, for every convex set S ⊆ E∗ weakly-star dense in E∗, there exists η ∈ S such
that the equation

I ′(u) + (η ◦ ψ)′(u) = 0

has at least two solutions in Br.
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Proof of Theorem 2.2. Let the functionals I, Jα1,...,αk,γ : X → R be defined by

I(u) =
1

p
M̃

(∫
Ω

(|∆u|p + |∇u|p) dx
)
, (9)

Jα1,...,αk,γ(u) =

∫
Ω

(
k∑

i=1

αi(x)Fi(u(x)) + γ(x)u(x)

)
dx, (10)

where M̃(t) =

∫ t

0

M(s)ds and Fi(t) =

∫ t

0

fi(s)ds, i = 1, . . . , k. (11)

Then, we have I, Jα1,...,αk,γ ∈ C1(X,R) and their Gâteaux derivatives I ′, J ′
α1,...,αk,γ

:
X → X∗ are given by

⟨I ′(u), v⟩ =M

(∫
Ω

(|∆u|p + |∇u|p)dx
)∫

Ω

(
|∆u|p−2∆u∆v + |∇u|p−2∇u∇v

)
dx

and ⟨J ′
α1,...,αk,γ

(u), v⟩ =
∫
Ω

(
k∑

i=1

αi(x)fi(u) + γ(x)

)
vdx

for all (u, v) ∈ X, where ⟨·, ·⟩ denotes the duality pairing between X and its dual
space X∗. Let Bρ1/p be the open ball in X centered at 0 with radius ρ1/p. Then, it
is obvious that u ∈ X is a weak solution of problem (1) if and only if u is critical
point in Bρ1/p of the functional I − Jα1,...,αk,γ.
We first prove that (a) ⇒ (b). To this end, we will apply Lemma 2.5 where V = X,
u0 = 0, r = ρ1/p, I is defined by (9), χ(t) = 1

p
M̃(tp), E is given by (7), and

ψ : Bρ1/p → E is defined by

ψ(u)(·) = (F1(u(·)), . . . , Fk(u(·)), u(·)) for all u ∈ Bρ1/p .

It is easy to check that I is sequentially weakly lower semicontinuous and ψ is
sequentially weakly continuous. In view of (5), we have ψ(Bρ1/p) is bounded, and
from (6) and the definition of M̃ in (11), we see that limt→r− χ(t) = ∞. Below, we
show that ψ(Bρ1/p) is non-convex. Assume, to the contrary, that ψ(Bρ1/p) is convex.
For any u1, u2 ∈ Bρ1/p , there exist w1, w2 ∈ ψ(Bρ1/p) such that

w1 = (F1(u1(·)), . . . , Fk(u1(·)), u1(·)) and w2 = (F1(u2(·)), . . . , Fk(u2(·)), u2(·)).

Since ψ(Bρ1/p) is convex, we have τw1+(1−τ)w2 ∈ ψ(Bρ1/p) for all τ ∈ [0, 1]. Then,
there exists u3 ∈ Bρ1/p such that

τw1 + (1− τ)w2 = (F1(u3(·)), . . . , Fk(u3(·)), u3(·)).

Thus, Fi(u3(·)) = τFi(u1(·)) + (1− τ)Fi(u2(·)), i = 1, . . . , k,

and u3(·) = τu1(·) + (1− τ)u2(·).

Then, from the definitions of Fi in (11), it follows that for all x ∈ Ω

∫ τu1(x)+(1−τ)u2(x)

0

fi(s)ds = τ

∫ u1(x)

0

fi(s)ds+ (1− τ)

∫ u2(x)

0

fi(s)ds, i = 1, . . . , k. (12)
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Differentiating both side of (12) with respect to τ yields that

fi(τu1(x) + (1− τ)u2(x))(u1(x)− u2(x)) =

∫ u1(x)

0

fi(s)ds−
∫ u2(x)

0

fi(s)ds, (13)

for i = 1, . . . , k. In assertion (a), we first assume that the restriction of f1 to(
−cρ1/p, cρ1/p

)
is not constant. Now, let t1, t2 ∈

(
−cρ1/p, cρ1/p

)
be such that t1 < t2

and f1(t1) ̸= f1(t2). Then, fix ϵ > 0 so that −cρ1/p + ϵ < t1 < t2 < cρ1/p − ϵ.

Choose v ∈ X \ {0} so that supx∈Ω |v(x)|
∥v∥

> c− ϵ

ρ1/p
.

Finally, fix x0 ∈ Ω and λ > 0 such that cρ1/p − ϵ

|v(x0)|
< λ <

ρ1/p

∥v∥
.

Consequently, if we choose u = λv, we have ∥u∥ < ρ1/p and |u(x0)| > cρ1/p−ϵ. Then,
choosing u1(x) = u(x) and u2(x) = −u(x), we have either u2(x0) < t1 < t2 < u1(x0)
or u1(x0) < t1 < t2 < u2(x0). Hence, from (13) with i = 1 and x = x0, it follows
that

2u(x0)f1 (2τu(x0)− u(x0)) =

∫ u(x0)

−u(x0)

f1(s)ds = 2u(x0)f1(θ) ,

where θ is a suitable point of the open interval whose extremes are u1(x0) and
u2(x0). Thus, we have f1 (2τu(x0)− u(x0)) = f1(θ). Since τ ∈ [0, 1] is arbitrary, f is
constant on the interval whose extremes are u1(x0) and u2(x0). Thus, f1(t1) = f1(t2),
contradicting to the assumption that f1(t1) ̸= f1(t2). When the restriction of other
fi to

(
−cρ1/p, cρ1/p

)
is not constant, a similar contradiction can be derived by using

(13). Therefore, ψ(Bρ1/p) is non-convex. We have shown that all the assumptions
of Lemma 2.5 are satisfied. Now, define the operator T : E → E∗ by

T (v1, . . . , vk+1)(w1, . . . , wk+1) =

∫
Ω

k+1∑
i=1

vi(x)wi(x) dx (14)

for all (v1, . . . , vk+1), (w1, . . . , wk+1) ∈ E. Clearly, T is linear and the linear subspace
T (E) is total over E. Then, T (E) is weakly-star dense in E∗. We claim that
T is continuous with respect to the weak-star topology of E∗. To see this, let
{(v1n, . . . , v(k+1)n)} be a sequence in E converging to some (v̄1, . . . , v̄k+1)) ∈ E.
Then, we have

lim
n→∞

∫
Ω

k+1∑
i=1

|vin(x)− v̄i(x)| dx = 0. (15)

For any (w1, . . . , wk+1) ∈ E, (14) and (15) imply that

|T (v1n, . . . , v(k+1)n)(w1, . . . , wk+1)− T (v̄1, . . . , v̄k+1))(w1, . . . , wk+1)|

≤
∫
Ω

k+1∑
i=1

|vin(x)− v̄(x)| |wi(x)| dx

≤ max
{
max
x∈Ω

|wi(x)|, i = 1, . . . , k + 1
}

lim
n→∞

∫
Ω

k+1∑
i=1

|vin(x)− v̄i(x)| dx→ 0

as n→ ∞. Thus, the claim is true.
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Finally, for every convex set S ⊂ E dense in E, as above, we can show that T (−S)
is weakly-star dense in E∗. Note from (10) and (14) that Jα1,...,αk,γ = η ◦ ψ for any
η ∈ T (S). Then, by Lemma (2.5), we see that there exists (α̂1, . . . , α̂k, γ̂) ∈ −S such
that if we set

α = −α̂1, . . . , αk = −α̂k, and γ = −γ̂,

the functional I −Jα1,...,αk,γ has at least two critical points which are weak solutions
of problem (1). This proves assertion (b).
Next, we prove that (b) ⇒ (a). Assume that the restrictions of all the functions fi,
i = 1, . . . , k, to

(
−cρ1/p, cρ1/p

)
are constant. Let di, i = 1, . . . , k, be the values of f

and g, respectively, on
[
−cρ1/p, cρ1/p

]
. Then, the weak solutions of the problemM

(∫
Ω
(|∆u|p + |∇u|p)dx

) (
∆2

pu−∆pu
)
=
∑k

i=1 diαi(x) + γ(x) in Ω,

u = ∆u = 0 on ∂Ω,
∫
Ω
(|∆u|p + |∇u|p) dx < ρ,

are the critical points in Bρ1/p of the functional Φ : X → R defined by

Φ(u) =
1

p
M̃

(∫
Ω

(|∆u|p + |∇u|p) dx
)
−
∫
Ω

(
k∑

i=1

diαi(x) + γ(x)

)
u(x)dx.

It can be easily verified that Φ′ : X → X∗ is strictly monotone. Hence, Φ has a
unique critical point (see, for example, [23, Theorem 26.A (c)]). Thus, (b) ⇒ (a).
This completes the proof of the theorem.

We end this paper with the following proposition and remark to show that the
density requirement of S in E in assertion (b) of Theorem 2.2 (respectively, S1 in
E1 in Corollary 2.3) is necessary for the conclusion to be true.

Proposition 2.6. Let ρ > 1. Consider the problem
(
ρ−

∫ 1

0
(|u′′|2 + |u′|2)dx

)−2 (
u(4) − u′′

)
= α(x)u+ γ(x) in (0, 1),

u(0) = u(1) = 0, u′′(0) = u′′(1) = 0,
∫ 1

0
(|u′′|2 + |u′|2) dx < ρ.

(16)

Then, for any (α, γ) ∈ E1 = C(Ω)× C(Ω) satisfying
(
ρ5/2

∫ 1

0
s(1− s)|α(s)|ds+ ρ2

∫ 1

0
s(1− s)|γ(s)|ds+ 1√

30
ρ1/2

)2
< 4

13
ρ,

κ =
∫ 1

0
s(1− s)

(
9ρ2|α(s)|+ 8ρ3/2|γ(s)|+ 1

)
ds < 1,

(17)

the problem (16) has a unique solution.

Remark 2.7. It is trivial to see that problem (16) is a special case of of problem
(4) with p = 2, N = 1, Ω = (0, 1), M(t) = (ρ− t)−2, and f(t) = t. Obviously, M is
increasing on [0, ρ) and satisfies condition (6). Moreover, assertion (a) of Corollary
2.3 holds. Thus, Proposition 2.6 implies that, assertion (b) of Corollary 2.3 is no
longer true without the density requirement of S1 in E1.
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Proof of Proposition 2.6. We first notice that a weak solution of problem (16)
coincides with a classical solution of the problem and such a solution can be sought
in the Banach space

Y =

{
u ∈ C2[0, 1]

∣∣∣∣ u(0) = u(1) = 0, u′′(0) = u′′(1) = 0

and
∫ 1

0
(|u′′|2 + |u′|2) dx < ρ

}

equipped with the norm ∥u∥Y = maxx∈[0,1] |u′′(x)|.

Let G(x, s) =

{
x(s− 1), 0 ≤ x ≤ s ≤ 1,

s(x− 1), 0 ≤ s ≤ x ≤ 1,

and H(x, s) =

∫ 1

0

G(x, τ)G(τ, s)dτ.

Then, H(x, s) is the Green’s function for the problem{
u(4) = 0 in (0, 1),

u(0) = u(1) = 0, u′′(0) = u′′(1) = 0.

Rewrite the equation in (16) as

u(4) =
(
α(x)u+ γ(x)

)(
ρ−

∫ 1

0

(|u′′|2 + |u′|2)dx
)2

+ u′′

=
(
α(x)u+ γ(x)

)
K(u) + u′′ in (0, 1),

where K(u) =

(
ρ−

∫ 1

0

(|u′′|2 + |u′|2)dx
)2

.

Define an operator S : Y → C2[0, 1] by

Su(x) =

∫ 1

0

H(x, s)
((
α(s)u(s) + γ(s)

)
K(u) + u′′(s)

)
ds.

Then, u ∈ Y is a solution of problem (17) if and only if u is a fixed point of S in Y .
Now, we show that S : Y → Y . For any u ∈ Y and x ∈ [0, 1], we have

(Su(x))′ =

∫ 1

0

τ

∫ 1

0

G(τ, s)
((
α(s)u(s) + γ(s)

)
K(u) + u′′(s)

)
dsdτ

−
∫ 1

x

∫ 1

0

G(τ, s)
((
α(s)u(s) + γ(s)

)
K(u) + u′′(s)

)
dsdτ

and

(Su(x))′′ =

∫ 1

0

G(x, s)
((
α(s)u(s) + γ(s)

)
K(u) + u′′(s)

)
ds.
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Then, since |G(t, s)| ≤ s(1− s) on [0, 1]× [0, 1], we obtain that

|(Su(x))′| ≤
∫ 1

0

τ

∫ 1

0

s(1− s)
((
|α(s)| |u(s)|+ |γ(s)|

)
K(u) + |u′′(s)|

)
dsdτ

+

∫ 1

x

∫ 1

0

s(1− s)
((
|α(s)| |u(s)|+ |γ(s)|

)
K(u) + |u′′(s)|

)
dsdτ

and

|(Su(x))′′| =
∫ 1

0

s(1− s)
((
|α(s)| |u(s)|+ |γ(s)|

)
K(u) + |u′′(s)|

)
ds.

By Hölder’s inequality, we see that

|u(s)| =
∣∣∣∣∫ s

0

u′(s)ds

∣∣∣∣ ≤ ∫ 1

0

|u′(s)|ds ≤
(∫ 1

0

|u′(s)|2ds
)1/2

≤ ρ1/2. (18)

Then, from the fact that K(u) ≤ ρ2 and Hölder’s inequality, it follows that

|(Su(x))′| ≤
(
3

2
− x

)
ρ5/2

∫ 1

0

s(1− s)|α(s)|ds+
(
3

2
− x

)
ρ2
∫ 1

0

s(1− s)|γ(s)|ds

+

(
3

2
− x

)∫ 1

0

s(1− s)|u′′(s)|ds

≤ 3

2
ρ5/2

∫ 1

0

s(1− s)|α(s)|ds+ 3

2
ρ2
∫ 1

0

s(1− s)|γ(s)|ds

+
3

2

(∫ 1

0

s2(1− s)2ds

)1/2(∫ 1

0

|u′′(s)|2ds
)1/2

≤ 3

2
ρ5/2

∫ 1

0

s(1− s)|α(s)|ds+ 3

2
ρ2
∫ 1

0

s(1− s)|γ(s)|ds+ 3

2
√
30
ρ1/2

and

|(Su(x))′′| ≤ ρ5/2
∫ 1

0

s(1− s)|α(s)|ds+ ρ2
∫ 1

0

s(1− s)|γ(s)|ds

+

∫ 1

0

s(1− s)|u′′(s)|ds

≤ ρ5/2
∫ 1

0

s(1− s)|α(s)|ds+ ρ2
∫ 1

0

s(1− s)|γ(s)|ds

+

(∫ 1

0

s2(1− s)2ds

)1/2(∫ 1

0

|u′′(s)|2ds
)1/2

≤ ρ5/2
∫ 1

0

s(1− s)|α(s)|ds+ ρ2
∫ 1

0

s(1− s)|γ(s)|ds+ 1√
30
ρ1/2.
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Thus, by the first inequality in (17), we have∫ 1

0

(
|(Su(x))′|2 + |(Su(x))′′|2

)
dx

≤ 13

4

(
ρ5/2

∫ 1

0

s(1− s)|α(s)|ds+ ρ2
∫ 1

0

s(1− s)|γ(s)|ds+ 1√
30
ρ1/2

)2

≤ ρ.

Hence, S(Y ) ⊂ Y .
Next, we prove that S is a contraction mapping. For any u1, u2 ∈ Y and x ∈ [0, 1],
we have

|(Su1(x)− Su2(x))
′′| ≤

∫ 1

0

|G(x, s)|
(
|α(s)| |u1(s)K(u1)− u2(s)K(u2)|

+|γ(s)| |K(u1)−K(u2)|+ |u′′1(s)− u′′2(s)|
)
ds.

Since |G(t, s)| ≤ s(1− s) on [0, 1]× [0, 1] and

|u1(s)K(u1)− u2(s)K(u2)| ≤ K(u1)|u1(s)− u2(s)|+ |u2(s)| |K(u2)−K(u1)|

≤ ρ2|u1(s)− u2(s)|+ |u2(s)| |K(u2)−K(u1)|,

then from (18) with u = u2, we reach that

|(Su1(x)− Su2(x))
′′|

≤
∫ 1

0

s(1− s)
[
|α(s)|

(
ρ2|u1(s)− u2(s)|+ |u2(s)| |K(u2)−K(u1)|

)
+ |γ(s)| |K(u1)−K(u2)|+ |u′′1(s)− u′′2(s)|

]
ds

≤
∫ 1

0

s(1− s)
[
|α(s)|

(
ρ2|u1(s)− u2(s)|+ ρ1/2|K(u2)−K(u1)|

)
+ |γ(s)| |K(u1)−K(u2)|+ |u′′1(s)− u′′2(s)|

]
ds. (19)

Note that

|K(u2)−K(u1)|

=

∣∣∣∣∣
(
ρ−

∫ 1

0

(|u′′2|2 + |u′2|2)dx
)2

−
(
ρ−

∫ 1

0

(|u′′1|2 + |u′1|2)dx
)2
∣∣∣∣∣

=

∣∣∣∣2ρ− ∫ 1

0

(|u′′2|2 + |u′2|2)dx−
∫ 1

0

(|u′′1|2 + |u′1|2)dx
∣∣∣∣

×
∣∣∣∣∫ 1

0

(|u′′2|2 + |u′2|2)dx−
∫ 1

0

(|u′′1|2 + |u′1|)dx
∣∣∣∣

≤ 2ρ

∫ 1

0

((|u′′2|+ |u′′1|)|u′′2 − u′′1|+ (|u′2|+ |u′1|)|u′2 − u′1|) dx.
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Then, in view of |u′2(x)− u′1(x)| ≤ ∥u2 − u1∥Y and from Hölder’s inequality,

|K(u2)−K(u1)|

≤ 2ρ∥u2 − u1∥Y
∫ 1

0

(|u′′2(s)|+ |u′2(s)|+ |u′′1(s)|+ |u′1(s)|) dx

≤ 2ρ∥u2 − u1∥Y
((∫ 1

0

|u′′2(s)|2ds
)1/2

+

(∫ 1

0

|u′2(s)|2ds
)1/2

+

(∫ 1

0

|u′′1(s)|2ds
)1/2

+

(∫ 1

0

|u′1(s)|2ds
)1/2)

≤ 8ρ3/2∥u2 − u1∥Y . (20)

It is easy to check that |u1(s) − u2(s)| ≤ ∥u1 − u2∥Y . Then, from (19) and (20), it
follows that

|(Su1(x)− Su2(x))
′′| ≤ ∥u2 − u1∥Y

∫ 1

0

s(1− s)
(
9ρ2|α(s)|+ 8ρ3/2|γ(s)|+ 1

)
ds

= κ∥u2 − u1∥Y ,

where κ < 1 is given by the second equation on (17). In conseqence we obtain
∥Su1 − Su2∥Y ≤ κ∥u2 − u1∥Y . Thus, S is a contraction mapping. Hence, by the
contraction mapping theorem, S has a unique fixed point in Y . This show that if
(α, γ) ∈ E1 satisfies (17), problem (16) has a unique solution. This completes the
proof of the proposition.
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References
[1] J. H. Bae, J. M. Kim, J. Lee, K. Park: Existence of nontrivial weak solutions for p-

biharmonic Kirchhoff-type equations, Boundary Value Problems (2019), art. no. 125,
17 pp.

[2] H. M. Berger: A new approach to the large deflection of plate, J. Appl. Mech. 22
(1955) 465–472.

[3] F. Cammaroto, L. Vilasi: Sequences of weak solutions for a Navier problem driven
by the p(x-biharmonic operator, Minimax Theory Appl. 4 (2019) 71–85.

[4] Y. Chen, P. J. McKenna: Traveling waves in a nonlinearly suspended beam: theoret-
ical results and numerical observations, J. Diff. Equations 136 (1997) 325–355.

[5] N. T. Chung, K. Ho: On a p(·)-biharmonic problem of Kirchhoff type involving critical
growth, Appl. Analysis 101 (2022) 5700–5726.

[6] N. T. Chung, P. H. Minh: Kirchhoff type problems involving p-biharmonic operators
and critical exponents, J. Appl. Anal. Comput. 7 (2017) 659–669.

[7] B. Ge, Q. Zhou, Y. Wu: Eigenvalues of the p(x)-biharmonic operator with indefinite
weight, Z. Angew. Math. Phys. 66 (2015) 1007–1021.



392 L. Kong / Multiplicity Theorems ...

[8] M. Ghergu: A biharmonic equation with singular nonlinearity, Proc. Edinburgh
Math. Soc. 55 (2012) 155–166.

[9] G. Kirchhoff: Vorlesungen über mathematische Physik: Mechanik, Teubner, Leipzig
(1883).

[10] L. Kong: Eigenvalues for a fourth order elliptic problem, Proc. Amer. Math. Soc.
143 (2015) 249–258.

[11] L. Kong, R. Nichols: Multiple weak solutions of biharmonic systems, Minimax Theory
Appl. 7 (2022) 109–118.

[12] L. Kong, Y. Sang: Uniqueness of weak solutions for a biharmonic problem, Appl.
Math. Letters 120 (2021), art. no. 107245, 8 pp.

[13] A. C. Lazer, P. J. McKenna: Large-amplitude periodic oscillations in suspension
bridges: some new connection with nonlinear analysis, SIAM Review 32 (1990)
537–578.

[14] Y. Lu, Y. Fu: Multiplicity results for solutions of p-biharmonic problem, Nonlinear
Analysis 190 (2020), art. no. 111596.

[15] B. Ricceri: A strict minimax inequality criterion and some of its consequences, Pos-
itivity 16 (2012) 455–470.

[16] B. Ricceri: On a minimax theorem: an improvement, a new proof and an overview
of its applications, Minimax Theory Appl. 2 (2017) 99–152.

[17] B. Ricceri, A class of functionals possessing multiple global minima, Stud. Univ.
Babeş-Bolyai Math. 66 (2021) 75–84.

[18] B. Ricceri: Multiplicity theorems involving functions with non-convex range, Stud.
Univ. Babeş-Bolyai Math. 68 (2023) 125–137

[19] H. Song, C. Chen: Infinitely many solutions for Schrödinger-Kirchhoff-type fourth-
order elliptic equations, Proc. Edinb. Math. Soc. (2) 60 (2017) 1003–1020.

[20] K. Tahri, F. Yazid: Biharmonic-Kirchhoff type equation involving critical soblev ex-
ponent with singular term, Comm. Korean Math. Soc. 36 (2021) 247–256.

[21] G. Talenti: Inequalities in rearrangement invariant function spaces, in: Nonlin-
ear Analysis, Function Spaces and Applications, Vol. 5, M. Krbec et al. (eds.),
Prometheus Publishing, Prague (1994) 23–28.

[22] S. Woinowsky-Krieger: The effect of axial force on the vibration of hinged bars, J.
Appl. Mech. 17 (1950) 35–36.

[23] E. Zeidler: Nonlinear Functional Analysis and its Applications, Vol. II/B, Springer,
New York (1985).


