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We study the existence of multiple weak solutions for the biharmonic Kirchhoff-type elliptic prob-
lem

k
M (/Q(|Au|P + Vzﬂ’)dm) (Afu— Apu) = ;ai(x)fi(u) + () in Q,

u=Au=0 ondQ, / (|Aul? + |Vul?) dz < p.
Q

We establish necessary and sufficient conditions on f;, ¢ = 1,...,k, under which there exists
functions a;,y € C(Q), i = 1,..., k, such that the above problem has at least two weak solutions.
Our proof uses the variational approaches and relies on an existence result for crical points of
functionals in Banach spaces recently obtained by Ricceri.
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1. Introduction

In this paper, we are concerned with the biharmonic Kirchhoff-type elliptic problem
M (fo(|AulP + |VulP)dz) (A2 — Ayu) = Zle a;(z) fi(u) + y(z) in £, 1)
u=Au=0 ond, [,(AulP+|Vul?)dz < p,

where €2 is a bounded domain in RY with a smooth boundary 9Q, p > N > 1, k > 1,
p >0, Apu = div(|Vu[P~>Vu) is the p-Laplacian operator, A2u = A(JA[P7*Au) is
the p-biharmonic operator, and M : [0,p) — [0,00), a;,v : @ = R, f; : R = R,
i =1,...,k, are continuous functions.

As is well known, fourth order differential equations have numerous applications in
physics and engineering. For instance, they arise in the study of traveling waves in
suspension bridges [4, 13]. In recent years, the existence of solutions of various fourth
order biharmonic problems have been studied by many authors. See, for example,
3,7, 8,10, 11, 12, 14] and the references therein. Problem (1) is a nonlocal problem
because of the presence of M in the equation. Nonlocal problems model many
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physical and biological phenomena. Such problems are often referred as Kirchhoftf-
type problems in the literature as, in 1883, Kirchhoff [9] proposed a second order
nonlocal equation as an extension of the classical D’Alembert’s wave equation for
free vibrations of elastic strings. Below we briefly recall some early work on fourth
order nonlocal problems. In 1950, Woinowsky-Krieger [22] studied the following
equation when the space is one dimensional
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where L is the length of the string, A is the cross-sectional area, E is the Young
modulus of the material, p is the mass density, [ is the cross-sectional moment of
inertia, and H is the tension in the rest position. In 1955, Berger [2] introduced the
following model when the space is two dimensional

0?u ) )

W—FA u—i—(Q—i—/ﬂ|Vu| ds) Au = f(u,u,x) (3)
to describes large deflection of a plate, where () describes in-plane forces applied
to the plate and f denotes transverse loads, which may depend on the displace-
ment u and the velocity u;. We comment that problem (1) can be regarded as a
generalization of the stationary problems associated with equations (2) and (3).

Recently, many authors have investigated the existence of weak solutions for various
biharmonic Kirchhoff-type problems. We refer the reader to [1, 5, 6, 19, 20] and the
references therein for a small sample of recent work on on the subject. For instance,
using variational methods, paper [20] studied the existence of a unique weak solution
of the problem

Avu — (a [, [Vulde 4 b)Au + cu = a(x)|u| ™" = Mu[P">u in Q,
u=Au=0 on 0,

where 0 < v < 1, A > 0, and « belongs to a given Lebesgue space. Paper [6] applied
the mountain pass theorem and the concentration compactness principle to derive
conditions for the existence of at least one weak solution to the problem

M ([, |Aufrda) A2u = Mf(z,u) + [u[r” "?u in Q,
u = g—;f =0 on 09,

where g—:j is the outer normal derivative, A > 0, f :  x R — R is a Carathéodory

function, p** is the critical exponent (see [6, equation (1.2)] for the definition).

In this paper, we study existence of at least two weak solutions of problem (1). This
work is inspired by a recent paper of Ricceri [18], where the author first proved a
general existence theorem in a reflexive real Banach space (see Lemma 2.5 below),
and then presented its applications to some second order Kirchhoff-type problem
on R. Here, we explore further applications of Ricceri’s theorem to establish new
existence theorem for problem (1). In particular, with the help of Ricceri’s theorem,
we are able to derive a necessary and sufficient condition on f;, i = 1,..., k, under
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which there exists «;, v € C(2), ¢ = 1,...,k, such that problem (1) has at least
two weak solutions. The condition imposed on f;, ¢ = 1,...,k, is simple and easy
to verify in applications. See Theorem 2.2 in Section 2 for details. Moreover, as a
consequence of our Theorem 2.2, we also study the problem

M ([(|1AufP + [VulP)da) (A2u — Apu) = a(z) f(u) +(z) in Q,

(4)
u=Au=0 ondQ, [,(Aul’+|VulP)ds<p,

and find a necessary and sufficient condition on f under which there exists some

(a,7y) € C(2) x C(£2) such that the problem has at least two weak solutions. See
Corollary 2.3 below. To the best of our knowledge, no result of the same kind has
been established in the literature for biharmonic Kirchhoff-type problems. Finally,
we point out that Lemma 2.1 below is an application of a minimax theorem given
in [16, Theorem 1.1], and thus Theorem 2.1 itself can be regarded as a significant
application of that minimax theorem.

In the next section, we present our theorem and its proof.

2. Main results

Let X = W,P(Q) N W?2P(Q). Then, equipped with the norm

1/p
full = ( [ Qe+ 9up) da:) |
Q

X is a reflexive and separable Banach space.

Definition 2.1. By a weak solution of problem (1), we mean a function u € X such
that [, (|Aul? + [VulP) dz < p and

M (/(!Au]p + ]Vu]p)da:> / (JAuP?Aulv + [VulP*VuVv) do
Q Q

k

- /Q (Z a;(x) fi(u) + 7(:16)) vdr in Q for all v € X.

i=1
We introduce a constant c as follows: c¢:= sup SuPse [u(@)]

u€X\{0} [l
Since p > N, Wy(Q) is compactly embedded in C°(€). Then, we have ¢ < oo and

sup |u(z)| < ¢||lul]| for all u € X, (5)
e

Moreover, in view of [21, Theorem 2.E.], it is easy to see that

e () s

where wy = % is the volume of the unit ball in RY and || is the volume of €.

We now state the main theorem of the paper.
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Theorem 2.2. Assume that M is increasing on [0, p) and

t

lim [ M(s)ds = oo. (6)
t—p— 0
Let E=C@) x...xC[) (7)
k+1\;imes
k+1

be endowed with the norm |[(wy, ..., wk1)||g = / Z |w;(x)] dz.
€ =1

Then, the following assertions are equivalent:
a east one of the restrictions of fi,..., fr to (—cp/?,c is not constant.
At least f the restricti f f fu t ol/P_cp'/P) is not tant

(b)  For every convezr set S C E dense in E, there exists (aq,...ag,7y) € S such
that problem (1) has at least two weak solutions.

The following result is a direct consequence of Theorem 2.2 by setting k = 1, oy = «,
and f; = fin (1).

Corollary 2.3. Assume that M is increasing on [0, p) and (6) holds. Consider the
space Ey = C(Q) x C(Q) endowed with the norm ||(a,v)||e = [, (|a(x)] + |v(x)]) d.

Then, the following assertions are equivalent:
a)  The restriction of f to (—cp'/?, cp'/P) is not constant.
P!/, cp

(b)  For every convex set S; C Ey dense in E, there exists (a,7y) € Sy such that
problem (4) has at least two weak solutions.

Remark 2.4. There are many increasing functions M satisfying (6). For instance,
here are two examples of such functions:

M(t) = with g > 1, and M(t) = e¥/(P71,

_
(p—t)"
Next, we prove Theorem 2.2. Lemma 2.5 below plays a key role in the proof and
is taken from [18, Theorem 2.7]. For some other related results, see [15, 16, 17] the
references therein.

Lemma 2.5. Let V' be a reflexive real Banach space with the norm || - ||, let E be a
real normed space with topological dual E*, let ug € V and r > 0, let B, be the open
ball in' V' of radius r, centered at ug, let x : [0,7) — R be such that lim,_,,— x(t) = oo,
let I: B, - R and ¢ : B, — E be two Gateaux differentiable functions. Moreover,
assume that I is sequentially weakly lower semicontinuous, that 1 is sequentially
weakly continuous, that 1 (B,) is bounded and non-convez, and that

X(Ju = uol|) < I(u) for all u € B,. (8)

Then, for every conver set S C E* weakly-star dense in E*, there exists n € S such
that the equation

I'(u) + (n o) (u) =0

has at least two solutions in B,.
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Proof of Theorem 2.2. Let the functionals I, J,, . a,~: X — R be defined by

-----

I(u) = %M (/Q (|Aul? + |VulP) dx) : (9)

o) = | (Z ai(x) Fi(u(z)) + 7(?6)%96)) da. (10)

where M(t) = [ M(s)ds and Fi(t)= /t fi(s)ds, i=1,... k. (11)
0 0

Then, we have I, J,, .
X — X* are given by

ory € CHX,R) and their Gateaux derivatives I’, J/

'y Yar,..., ak,'y:
(I'(u),v) = M (/(|Au|p - |Vu|p)da:> / (JAuf?Aulv + |VulP2VuVv) do
0 0

and (o oy (10),0) = / (Z i) fi(u) +v(w)> vda

i=1

for all (u,v) € X, where (-,-) denotes the duality pairing between X and its dual
space X*. Let B/, be the open ball in X' centered at 0 with radius p'/?. Then, it
is obvious that u € X is a weak solution of problem (1) if and only if u is critical
point in B/ of the functional I — Jyu, o, ~-

We first prove that (a) = (b). To this end, we will apply Lemma 2.5 where V = X
uy = 0, 1 = p'/?, I is defined by (9), x(t) = %M(tp), E is given by (7), and
Y : B,y — E is defined by

Y(u)(-) = (Fi(u(:)), ..., Fe(u(-),u(-)) forallu e B,,.

It is easy to check that I is sequentially weakly lower semicontinuous and v is
sequentially weakly continuous. In view of (5), we have ¢(B,») is bounded, and
from (6) and the definition of M in (11), we see that lim, - x(t) = co. Below, we
show that ¢(B,1/») is non-convex. Assume, to the contrary, that ) (B,/») is convex.
For any uy,us € Bu/», there exist wy, wy € (B,1/») such that

wy = (Fr(ur()), - Fe(ui(+)),ua(r)) and  wa = (Fi(ua(:)), ..., Fi(ua()), ua(-)).

Since ¥(B,1/») is convex, we have 7wy + (1 —T)wy € (B,/») for all 7 € [0, 1]. Then,
there exists uz € Bpl/p such that

Twy + (1= 1wy = (Fi(us(:)), - - -, Fi(us()), us()).
Thus, Fi(us(+)) = 7F(w(-)) + (1 — 1) Fi(ua(+)), i=1,...,k,
and ug(r) = Tur () + (1 — 7)ua().
Then, from the definitions of F; in (11), it follows that for all z € Q

Tur(x)+(1—7)uz(xz)  wi(x) u2 ()

fi(s)ds = 7'/ fi(s)ds + (1 — T)/ fi(s)ds, i=1,... k. (12)
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Differentiating both side of (12) with respect to 7 yields that

w1 (z) u2(x)
filrur(z) + (1 — Tug(2)) (ug(z) — ug(x)) = /0 fi(s)ds — /0 fi(s)ds, (13)

for ¢ = 1,...,k. In assertion (a), we first assume that the restriction of f; to
(—cp'/?,cp'/?) is not constant. Now, let ¢y, ¢ € (—cp'/?, cp*/?) be such that t1 <t

and fi(t1) # fi(ty). Then, fix € > 0 so that —cp/P + e <t <ty < cp'/P —e.

Choose v € X \ {0} so that S“Pace”szh’(m>c_ple/p'

Cpl/p — € pl/p

<AL 77—
|v(zo)| [[]
Consequently, if we choose u = Av, we have ||u|| < p*/? and |u(zg)| > cp'/P—e. Then,
choosing u () = u(x) and us(z) = —u(z), we have either us(zg) < t; < to < uy(zo)
or uy(zg) < t; <ty < us(xy). Hence, from (13) with ¢ = 1 and = = xg, it follows
that w(zo)
2u(a) i (2ru(eo) — u(a) = [ fi(s)ds = 2u(a0) u(6).

—u(zo)

Finally, fix ¢ € (2 and A > 0 such that

where 0 is a suitable point of the open interval whose extremes are u;(zg) and
us (o). Thus, we have fi (27u(xo) — u(xo)) = f1(#). Since 7 € [0, 1] is arbitrary, f is
constant on the interval whose extremes are u; () and uy(zg). Thus, fi(t1) = fi(ta),
contradicting to the assumption that fi(¢;) # fi(t2). When the restriction of other
fi to (—cpl/ P cpl/ p) is not constant, a similar contradiction can be derived by using
(13). Therefore, ¥)(B,1/») is non-convex. We have shown that all the assumptions
of Lemma 2.5 are satisfied. Now, define the operator T": £ — E* by

k+1

T(vr, ... vps) Wy, ... Wyp1) = /QZvi(x)wi(x) dzx (14)

for all (vy,...,v641), (w1,...,wrs1) € E. Clearly, T is linear and the linear subspace
T(E) is total over E. Then, T(E) is weakly-star dense in E*. We claim that
T is continuous with respect to the weak-star topology of E*. To see this, let
{(V1ns -, v@41)n)} be a sequence in E converging to some (v1,...,0k41)) € E.
Then, we have

k+1
lim / > |vin(x) — vi(x)| dz = 0. (15)
n—o0 Q =1

For any (wy,...,wk41) € E, (14) and (15) imply that

T (V1ns - -5 Vgt ryn) (W1 - ooy Wigr) — T(01, ooy Oppn)) (W1 - ooy W)
k+1

< / S lvin(a) — @) uws(a) da

gmax{ma}\wi(:c)], i= 1,...,k+1} lim /Z]Um(x) — vi(x)|dz — 0
Q=1

z€Q n—»00

as n — o0o. Thus, the claim is true.
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Finally, for every convex set S C E dense in E, as above, we can show that T'(—5)
is weakly-star dense in E*. Note from (10) and (14) that J,, . .~ = 1ot for any
n € T(S). Then, by Lemma (2.5), we see that there exists (a4, ..., ax,7) € —S such
that if we set

a=—ay,...,0p = —Q, and v = —7%,

the functional I — J,, . .~ has at least two critical points which are weak solutions
of problem (1). This proves assertion (b).

Next, we prove that (b) = (a). Assume that the restrictions of all the functions f;,
i=1,...,k, to (—cpl/p,cpl/p) are constant. Let d;, i = 1,... k, be the values of f

and g, respectively, on [—cpl/ P cpl/p]. Then, the weak solutions of the problem
M ([(|1AufP + |VulP)dz) (A2u — Ayu) = Zle d;;(z) + v(x) in Q,
u=Au=00n09Q, [,(AuP+|VulP)ds <p,

are the critical points in B oL/p of the functional ® : X — R defined by

@@p:?ﬁ(/mmw+wmpm)—/<§)un ))M@m.

It can be easily verified that ® : X — X* is strictly monotone. Hence, ® has a
unique critical point (see, for example, [23, Theorem 26.A (c)]). Thus, (b) = (a).
This completes the proof of the theorem. [

We end this paper with the following proposition and remark to show that the
density requirement of S in E in assertion (b) of Theorem 2.2 (respectively, S in
E; in Corollary 2.3) is necessary for the conclusion to be true.

Proposition 2.6. Let p > 1. Consider the problem

(o= i P+ e Pyde) (=) = afaut (@) in (0,1)

(16)
w(0) =u(1) =0, w"(0)=u"(1)=0, [ (u"+[*)dz < p.
Then, for any (o, v) € By = C(Q) x C(Q) satisfying
5/2 1 1/2 2 4
(772 g 51 = Sla(s)lds + 2 [ (1 = ) (s)lds + o) < o

/i—fo (1 — ) (9p%ex(s)| + 8p**|y(s)| + 1)ds < 1,

the problem (16) has a unique solution.

Remark 2.7. It is trivial to see that problem (16) is a special case of of problem
(4) withp=2, N=1,Q=(0,1), M(t) = (p —t)"%, and f(t) =t. Obviously, M is
increasing on [0, p) and satisfies condition (6). Moreover, assertion (a) of Corollary
2.3 holds. Thus, Proposition 2.6 implies that, assertion (b) of Corollary 2.3 is no
longer true without the density requirement of Sy in Ej.
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Proof of Proposition 2.6. We first notice that a weak solution of problem (16)
coincides with a classical solution of the problem and such a solution can be sought
in the Banach space

Y = {u c 02[07 1] ’ U(O) = U(l) = ()7 UH(O) — U//(l) —0 }

and [} (|u"2 + [u'[?) dz < p

equipped with the norm |jully = max,cjo 1 [u”(z)].

z(s—1), 0<z<s<1,
Let =
e G(z,s) { sw—1), 0<s<z<l,
and H(z,s) /G.TT (1, s)dr.

Then, H(x,s) is the Green’s function for the problem

{ =0 in (0,1)
u(0) = u(l) =0, u”(0) =u"(1) = 0.

Rewrite the equation in (16) as

2

u® = (alz)u+(z)) (p— /01(|u"|2 + |u’|2)d$) + "

= (a(x)u + y(x))K(u) +u” in (O; 1)7

where K(u) = (p—/o (Ju"]* + |u’\2)dx> :
Define an operator S : Y — C?[0,1] by
= /0 H(z,s) ((a(s)u(s) +(s)) K (u) +u”"(s)) ds.

Then, u € Y is a solution of problem (17) if and only if u is a fixed point of S in Y.
Now, we show that S:Y — Y. For any u € Y and z € [0, 1], we have

/ / (7, 5) ((a(s)uls) +7(s)) K (u) + u"(s)) dsdr
L//‘7“ Suls) + () K (w) + ' (s)) dsdr

and

— /0 Gz, s) ((als)u(s) +(s)) K (u) +u"(s)) ds.
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Then, since |G(t,s)| < s(1 — s) on [0,1] x [0, 1], we obtain that
Su) < [ 7 [ 509 (a6 )]+ R + ) dsdr
w09 (a1 + DK@+ a(5)) dsdr
and
(Su@) = [ 501 9) (@ (o) + RN K + 1)) ds.

By Holder’s inequality, we see that

[ sias] < [ < ([ ) P ay

Then, from the fact that K(u) < p? and Hélder’s inequality, it follows that

suyi< (5-2) 5 [ (1= s)la(s)lds + (5-2)7 (1= ) y(s)ds

+(3-0) [ s
3 5

ju(s)| =

and
[(Su(x))"| < PS/Q/O s(1 = s)a(s)|ds + p2/0 s(1 = s)|y(s)lds
—|—/0 s(1—s)|u"(s)|ds

1

sff’/?/o S(1— 8)[a(s >rds+p/ S(1— )7 (s)|ds

(o) ([rwore)”

< / S(1— )[a(s)|ds + 7 / S(1— 8)|(s >rds+¢%pl/2.
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Thus, by the first inequality in (17), we have

/o (I(Su@)F +|(Su(@)'F) da

13 ! ! 1 ’
< — 5/2/51—3 a(s)|ds + 2/51—5 sds—l——l/z)
<2 (02 [ st=slalds 7 [ -9l + s
<p.

Hence, S(Y) C Y.

Next, we prove that S is a contraction mapping. For any uj,us € Y and z € [0, 1],
we have

|(Sur(z) = Sup(x))"| < /0 (G, $)[(l(s)] |1 () (ur) — uz(s) K (u2)]
()] [ (ur) — K (u2)| + [uf(s) — us(s)])ds.
Since |G(t,s)| < s(1 —s) on [0,1] x [0, 1] and

[ur () K (ur) = ua(8) K (us)| < K (un)|un(s) — ua(s)| + [ua(s)| [ K (uz) = K(w)]
< PPlui(s) — ua(s)| + Jua(s)| | K (u2) — K (1),
then from (18) with u = us, we reach that

(S () — Sua(x))”|

< /0 s(L—s)[la(s)] (p*lur(s) — ua(s)] + [uz(s)| [ K (uz) — K (us)])

+ ()] [K () — K (ug)| + [ (s) — u5(s)[]ds. (19)
Note that

| K (ug) — K (ua)|

1 2 1 2
(p— / <|ug2+|u;|2>dx) —(p— / <|ua'2+|ua|2>dx)

1 1
_ \2p— [+ e = [+ e
0 0

X

1 1
/0 (WP + iy ) — / (WP + i)

1
< 2/)/0 ((Juz| + [ Dlug — | + (Ju| + [ui ]us — i) da.
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Then, in view of |u)(x) — u}(x)| < [Jug — u1|ly and from Holder’s inequality,

[ K (uz) = K (ua)|

1
< 2pllus — wily / (es(s)] + To(s)] + [ (3)] + oty (3)]) e

<ol —wl ([ 1ttrras) o+ ([ asgoras)
av 1 (s s ) ", (/ 1 i (s) s ) 1/2)

< 89 [luz — wiy. (20)

1/2 1/2

It is easy to check that |uj(s) — ua(s)| < ||ug — uzlly. Then, from (19) and (20), it
follows that

1
(Sur(2) = Suz(@))’] < luz =y / s(1 = 5)(9%]a(s)]| + 8% |(5)| + 1) ds
0
= #lug —ully,

where k < 1 is given by the second equation on (17). In conseqence we obtain
|Sur — Sus|ly < K|lug — uy|ly. Thus, S is a contraction mapping. Hence, by the
contraction mapping theorem, S has a unique fixed point in Y. This show that if
(a,7y) € Ej satisfies (17), problem (16) has a unique solution. This completes the
proof of the proposition. [

Acknowledgements. The author thanks the editor Dr. B. Ricceri and the referee
very much for their useful suggestions which corrected an error in the original proof
of the theorem and significantly improved the presentation of the paper.
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