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For each n > 3 we establish the existence of a nodal solution u to the Yamabe problem on the
round sphere (S™, g) which satisfies

lu|>" dV, < 2m,vol(S™),
S‘IL

where ms =9, my =7, ms =mg =6, and m,, =5if n > 7.
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1. Introduction

We consider the Yamabe problem on the round n-sphere
4(n —1)

p— Aju+n(n—1Lu=n(n—1)u

T2y on S", (1)

where n > 3, g is the standard metric, Aju = —div,V, is the Laplace-Beltrami

operator and 2* := % is the critical Sobolev exponent.

The existence of positive and sign-changing solutions to this problem is well known.
Different types of nodal solutions have been exhibited in [1, 3, 7, 6, 9].

The constant function ug = 1 solves (1) and it is a least energy solution. It is easily
observed that the L? -norm of any nodal solution u of (1) is larger than twice the
L? -norm of uy, i.e.,

2"V, > 2vol(S™), (2)

|u
Sn
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see e.g. [10, Chapter II1.3]. This estimate has been slightly improved in [11], where
it is shown that

inf { lu
Sn

We note that (3) is not a direct consequence of (2), since it is unknown if the infimum
in (3) is attained.

>"dV, : u nodal solution of (1) } > 2vol(S"). (3)

Estimates for the least energy of nodal solutions to problem (1) are of interest, since
they are related to compactness properties of semilinear elliptic boundary value
problems with critically growing nonlinearities via Struwe’s compactness lemma.
See [10, Chapter I11.3] for a discussion of this aspect.

The aim of this note is to give an upper bound for the least energy of a nodal solution
to problem (1). Set

9 ifn=3,
7 ifn=4
my =g (4)
6 ifn=>5,6,
5 ifn>T.

We prove the following result.

Theorem 1.1. The Yamabe equation (1) has a nodal solution u which satisfies

2mi/mn 2mi/mn

u(z1, 29, ) = ule 21, e 29, )

u(Zly 292, l’) = _u(227 21, :L‘)7

for all (21, 29,7) € Cx C x R 3 =R and

lul* dV, < 2m,vol(S™).
N

The solution given by Theorem 1.1 might be the same as the one obtained in [3,
Theorem 1.1] for n > 4 or one of those obtained in [1, Remark 3.3] for the Laplace
operator, but it is different from those obtained by Ding in [7], as shown in Propo-
sition 4.2 below. Estimates for the energy of some of Ding’s solutions are listed in
[9], but no information is given allowing to verify them.

Our approach is as follows. First, we give a condition for the existence of a least
energy solution to the Yamabe problem (1) having certain symmetries (see Theo-
rem 2.2). The symmetries are chosen in such a way that they yield sign-changing
solutions by construction. Then, we estimate the energy of a specific ansatz and
derive an explicit condition on the symmetries which guarantees the validity of the
requirement (10) in Theorem 2.2 (see Proposition 3.1). Finally, we prove that the
condition on the symmetries holds true for the particular example considered in
Theorem 1.1.
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2. Symmetric nodal solutions
The group O(n + 1) of linear isometries of R"™ acts isometrically on S". We fix a
closed subgroup I' of O(n + 1) and, as usual, we denote by

Ip:={yp:veT} and Iy ={yel:yp=p}

the I'-orbit and the I'-isotropy subgroup of a point p in S”. Recall that I'p is I'-
diffeomorphic to the homogeneous space I'/I",. So, they have the same cardinality,
ie., #I'p = |I'/T,|, the index of I, in I'.

Let ¢ : ' = Zy := {1, —1} be a continuous homomorphism of groups. We shall look
for solutions u : S* — R to the Yamabe equation (1) which satisfy

u(yp) = ¢(y)u(p)  Vyel, peS" (5)

A function u with this property will be called ¢-equivariant. It might occur that
the only function wu satisfying (5) is the trivial function. This happens, e.g., if
['=0(n+ 1) and ¢(v) is the determinant of 7. To avoid this behavior, we will
assume, from now on, that

(Ap) TI' does not act transitively on S", and there exists py € S™ such that we have
[y Ckero =:G.

This assumption guarantees that the space
H,(S™)? :={u € H,(S") : u is ¢-equivariant}
is infinite dimensional; see [2].

If ¢ =1, then (5) simply says that w is a [-invariant function. On the other hand,
if ¢ is surjective and w is nontrivial, then (5) implies that u is sign-changing and
G-invariant, where G = ker ¢.

Set a, :=n(n —2)/4. We take

3
lu| == </S [|V9u|§ +anu2} dV:q) ;|

as the norms in H}(S") and L2"(S"), respectively.

g 1= (/ an|u|2*dVg) (6)

The ¢-equivariant solutions to the Yamabe equation (1) are the critical points of
the functional .J, : Hj(S")? — R given by

1 1

Talw) = Sl = S-fulf

The nontrivial ones lie on the Nehari manifold

NOS") = fu e HAS™Y w0, ul = fuf}.
Define &= inf J,(u).
ueN¢(Sm)

Assumption (Ag) implies that N*(S") # (). Therefore, ¢? € R.
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If ¢ =1, then up = 1 belongs to N?(S") and minimizes J,, on N'?(S"). Hence,

n—2
4

vol(S") =: ¢, if o = 1. (7)

¢t =
If K is a closed subgroup of I we write ¢| K for the restriction of the homomorphism
¢ to K. Then we have that

c? > cﬁ‘K > cﬁ"{l} = Cp.

The following result gives conditions for the existence of a minimizer.

Theorem 2.1. Assume (Ag) holds true and there exists ¢ € S™ satisfying I'y =T’
(i.e., q is a T'-fized point). If

¢ < min{(#I'p) @™ :pecS" and T, #T}, (8)

then there exists u € N?(S") such that J,(u) = ¢, i.e., the Yamabe problem (1)
has a nontrivial least energy ¢-equivariant solution. This solution changes sign if ¢
1S surjective.

Proof. After a change of coordinates, we may assume that ¢ = (0,...,0,1). Then, T’
acts trivially on the second factor of R® x R = R™"! and the stereographic projection
from the point ¢ induces an orthogonal action of I' on R™. It is well known that
there is a one-to-one correspondence between solutions to the Yamabe problem (1)
on the round sphere and solutions to the problem

22y, v € DY(R™). (9)

—Av = a,|v

This correspondence is given explicitly and one can verify directly that ¢-equivariant
solutions to (1) correspond to ¢-equivariant solutions to (9); see for example [5,
Section 3]. So the statement follows from [3, Theorem 3.3]. O

We denote by 1 the identity in O(n + 1). The symmetries we shall consider in this
paper satisfy the following additional assumptions.

(A;) Foranyp e S", either I'y =T, or I'y = {1}, or ¢ : I'), — Zy is an isomorphism.
(Ag) ¢ : T — Zs is surjective.

Theorem 2.2. Assume (Ag), (A1) and (As). If
& <[P en = "2 T vol(S"), (10)

then the Yamabe problem (1) has a nontrivial least energy ¢-equivariant solution.
This solution changes sign.

Proof. We distinguish two cases.

Case 1. S” has a I'-fixed point.

Then, we may apply Theorem 2.1. Note that, by (Ap) and (As), there exists py € S™
such that I',, C ker¢ # I'. From (A;) we conclude that I';,, = {1}.
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If p € S" and I'), # I' assumption (A;) leaves two possibilities: either I', = {1},
in which case cﬁlr” = cp, or ¢ : I, = Zsy is an isomorphism, in which case every
function in A9I'»(S") changes sign and, from (2), ¢i'® > 2¢,. So (10) implies (8)
and our claim follows from Theorem 2.1.

Case 2. S" does not have a I'-fixed point.

Let pe S". As z-p=ryz-vyp =z -p for every v € Iy, the tangent space T,,(S") to
S™ at p is I'p-invariant. Consider the functional I : H}(S") — R given by

1 1
I(u) := 5 /S" IV gul? dV, — ;/Sn an|u

Claim. Let (ux) be a sequence in H,(S")? such that I(uy) — ¢, I'(ux) — 0 in
(H;(S™)" and ux — 0 weakly but not strongly in Hy(S"). Then there exist p € S"
with #I'p < 00, a subgroup K of I', and a nontrivial solution v to (9) such that v
is (¢| K )-equivariant on T,(S™) = R™ and

2av,.

ez (@)~ [ (90 2 [Pl (11)

To prove this claim we follow the proof of [4, Proposition 4.2], but this time we need
to take extra care in the choice of the concentration points p,. So after choosing
pr € S™ and r, > 0 as in [4, Equation (4.8)], we use [3, Lemma 2.4] to find a subgroup
K of I and points g € S” such that, after passing to a subsequence, g — p and

(a)  the sequence (T,gldg(I’pk, qk)) is bounded, where d, denotes the geodesic dis-
tance on S",

(b) T, =K forall keN,

(¢) if [I/K| < oo, then r; 'd,(agk, Bqr) — oo for any a, 8 € I with a1 ¢ K,
(d) if [I'/K| = oo then there exists a closed subgroup K’ of I" such that K C K’,
IT/K'| = 0o and 7}, 'd,(aqy, Bqy) — oo for any o, B € T with a1 ¢ K'.
Defining vy, as in [4] with py replaced by ¢, we have that vy is (¢|K)-equivariant on
T, (S™) for k sufficiently large and, so, the weak limit v of (vy) is (¢|K)-equivariant
on 7T,(S™). From this point on the proof of the claim proceeds like that of [4,

Proposition 4.2] with the obvious changes.

Let now (uy) be a sequence in N?(S") such that J,(uz) — ¢?. Then uy — u weakly
H ; (S™). If u # 0 a standard argument shows that w is a least energy ¢-equivariant
solution to (1). If u = 0, then ux — 0 weakly but not strongly in Hj(S") and (11)
yields a contradiction. This completes the proof. O

The following statement is an immediate consequence of Theorem 2.2.

Corollary 2.3. Assume (Ay), (A1) and (Az). If || = oo, then the Yamabe problem
(1) has a nontrivial least energy ¢-equivariant solution. This solution changes sign.

Next, we give some examples. We write R"*! = C x C x R"3, and the points in
R as (21, 29, 2) with z; € C and z € R"3.
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Example 2.4. For m € N, let G,, := {*™/™ . j =0,...,m—1}, ', be the group
generated by G,,, U {7}, acting on R"*! as

e%ij/m(zl,zQ,x) = (e%ij/mzl,e%ij/mz%a:), T(21, 20, ) := (29, 21, T),

and ¢y, : I';y — Zy be the homomorphism determined by ¢,,(e*™7/™) := 1 and by
Om(T) == —1. Then, G,, = ker ¢,,, |I';n] = 2m and, for any p = (21, 22, ), the
[',,-orbit of p is
{1} if 21 = 29 :O,
Lop =21 /(Tn)py =< G, if 21 = 25 #0,
Fm if Z1 7é Z9.
So (Ap), (A1) and (As) are satisfied. Note that S™ has I';,-fixed points iff n > 4. [

Example 2.5. Let 'y, be the group generated by {e : 9 € [0,27)} U {7}, acting
on R"*! ag

ew(zlaz%x) = (ewzlyemz%x)v 7—(21,22,1') = (2’2,21,1'),

and let ¢ : I'so — Zso be the homomorphism determinded by ¢u(e!?) := 1 and by
¢oo(T) := —1. Then, the assumptions of Corollary 2.3 are satisfied and the Yamabe
problem (1) has a nontrivial least energy ¢o.-equivariant solution, which changes
sign. [

For ¢, : I, = Zs as in Example 2.4, Theorem 2.1 yields a sign-changing solution
to (1) whose energy is c?m, if the inequality

&m < 2me, (12)

is satisfied. As I',, is a subgroup of I'y,, we have that ¢ < ¢~ for all m € N. So
(12) holds true for sufficiently large m. On the other hand, as shown in [11], the
least energy of a sign-changing solution to (1) is strictly larger than 2¢,, so (12) is
not satisfied for m = 1.

In the next section we give a condition for (12) to hold true.

3. Estimates for the energy of nodal solutions
Let I' be a finite subgroup of O(n+1) and ¢ : I' — Zs be a homomorphism satisfying
(Ap), (A1) and (Ay). Fix 4 € I" with ¢(%) = —1 and write
F=A{a, -, 9m, 791, -, Ygm} withgi =1, ¢(g;)) =1fori=1,...,m.
The T'-orbit of p € S™ is

I'p=Api, - sPm Qs Um} with p;:=g¢;p and ¢; :=4p;.
We set

Up = Z (1_COSdg(piapj)>%n7 fip = Z (1_COSdg(pi’Qj))%n’

1<i#j<k 1<i,j<k

where dy(p, p’) = arccos(p, ') is the geodesic distance from p to p’ on S™.
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Proposition 3.1. If p, — i, > 0 for some p € S", then ¢ < 2mc,.

To prove this proposition, we fix p € S™ and, for each 7 > 1, we define

ug(q) == (B = 1)"T (B — cosdy(p,q)) "7, gqeS™

The function ug is a positive least energy solution of the Yamabe equation (1); see
for example [8, Equation (8.2)]. Hence,

n—2

vol(S™).

:Cn:

1 1
Tnluus) = = usl* =

We denote by Bs(p) the geodesic ball of radius § centered at p in S™, and set
wyp, := vol(S").

Lemma 3.2. For any f € C°(S™) and § € (0,7), we have

3n+2
[ pia,-
B;s(p)
n+2

2 4 Wp—1
/ fuﬂ*_ldvg =0 <(5 - 1)7) for B close to 1.
S~ Bs(p)

FOE-DF +0((B-1F) asB-1,

Proof. Let 0 : S™ \ {p} — R" be the stereographic projection. Then,

2 -1
|z|2 + 1

|z| = COtg and 7 = arccos ( ) . ifz=0(q), r:=d4(p,q).

The pullback of the round metric in the local coordinates o= : R* — S" \ {p}
is (c71)*g = mg, where g is the Euclidean metric. Writing x = %é with
£ € S"1, we obtain
* * 2”
PV, = [ (o @) e
/B(S(P) R ) (1 + Jf?)"

aps flo~!(2)
— (52— 1
(8 —1)+ /{x|>cotg} (B—1)|z)2+ 8+ 1)i(1 + |22

Mtanf ( -
NG ) s, .
(54'1) sn-1 (P2 +1)" ( p+1)72p o

n+2

where g,1 is the round metric on S" 1. Asn [[° p"H(1+p?) "2

1 miz  f(p)
.

dp = 1, we deduce

lim —— 214y, = 2
G0 o -

This is the first statement. The second one can be obtained easily, since

n

]- n+2 142
lim—n/ fudtdV, =27 f(1 —cosr)” + dV,.
=1 (B — 1) Jsnns(r) G S"~B;(p) ’

This completes the proof. ]
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Proof of Proposition 3.1. We fix p € S* with I', = {1}. For each § > 1 we set

—1 S .
Uip=us0 gy, Umigpi=ugo(Bg)T  j=1.,m,
m
and we define ws = Z(um — Upijg)-
=1

Since (Ap), (A1) and (Ay) hold true and I', = {1}, we have that wz # 0. Hence,
there exists tg € (0,00) such that tgws € N°(S"), and

1 2
CZ < Jo(tpwg) = —[Yn(wﬁ)]”ﬂ, where Y, (u) := M
n

9« are the norms defined in (6).

and ||u|| and |u

Since u; g solves (1), using Lemma 3.2 we estimate

[wg|* = an Z/ Ui gUS 5 Ui, BUT o g — Wi U5 o g — Wigm gt 5 AV
4,j=1

= ay, Z / Ui g © g + Uitm,p © Hgj — Ui g © 7G5 — Uipm, © gj iy AV
2,7=1

2"l w, . n_2
= 2mayw, + " (y — ) (8 1)°T 05— 1)"7

We choose § > 0 such that Bs(q) N Bs(q") = 0 for all points ¢,¢" € I'p with ¢ # ¢'.
Then we obtain

/ |wg|* AV, >Z/ |UJB+Z“1,8_

i#j

+2/ |uj+m5+zu2+m5_zuz,ﬂ| dv

Bs(a;) i#j

9

> 2m ug dVy + 2* /

Bs(p)

( > uigogi+ tipms 0 g

Bs(p) 1<i#j<m
Z Ui+k,B © G; + U; 3 © :)/g]) U?;_ld‘/g
1<i,j<m
2n+2 ~ n—2
> 2mun, + w1ty = ) (8= )T +0 (8- 1)'F).

where we used the inequality |a + b[P > a? + pa?~'b for a > 0, b € R and p > 1, and
Lemma 3.2. Thus,

_ 2-n 2”+2Gn%nwn4 2-2n n—2
wsly? < (magen) & == (@mun) 5 (=i, (8-1) 7 +o ((8-1)"F ).
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We conclude that

Yws) < (2mags,)¥ — Coplity — )8~ 1'% +0 (8- 1))

2—n

2n+l
2magwy) .

anwn—l(
n

where C), 1 =

2
n

If 1, — i, > 0, then Y, (wg) < (2manw,)s = (2mne, )= for f > 1 sufficiently close

to 1. Therefore,
1
c? < Ju(tgws) = E[Yn(vvuﬁ)]”/2 < 2mey, for 8 sufficiently close to 1.
This completes the proof. ]

4. The proof of the main result
Next, we compute the sign of p, — fi,, for ¢, : I';, = Zy as in Example 2.4.
Lemma 4.1. Let ¢, : I'y, = Zso be as in Example 2.4 and let
p=(1,0,0) € C x C x R"3 =R
Then, 1, — i, > 0 if and only if m > m,,, with m,, as in (4).
Proof. T'p = {p1,...,Pm:q1, - -, G} With p; := (e2™/™ 0,0) and ¢; := 7p;. Note

that ¢; is orthogonal to p; for all 4,7 = 1,...,m — 1. So the quantities defined at
the beginning of Section 3 are

2—n

m— 9 = R
Z (1 — cos ﬂ) and 1, = m>.

As 1 —cos 2L = 2sin’*(ZL), we get that
_ n—2
L) X 1( 1 )
—(pp = Hp) = NI =M = A
m = \/ﬁsmaj

Next, for each n > 3, we describe the set A,,,, := {m € N : a,,,, > 0}.
If 2 <m <4, then ﬂsin% > ﬂsin% = 1. Hence,

-1
an,m<m——m§—1 Vn > 3.

~ (v/2sin Tyn=2

If m > 5, then ﬁsin% < \/§Sin§ < 1. Hence,

2 2
Uy > ——————— M > ——————m ifn>ny+2.
' (\/ﬁsin %)"—2 (\/ﬁsin %)"0 0
2
We have that —— —m >0

(v/2sin I )no
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if, either ng = 5 and m > 5, or ng = 4 and m > 6, or ng = 3 and m > 7. Indeed,

setting x := % and f,,(2) := (2z)"/" — \/2sin(nz), looking at the graph of f,, (see

Figure 4.1) and computing its value at %, i % respectively, we get that

ifn0:5and0§x§%,
(2x)l/no_\/§sin(ﬁx) >0 ifn0:4and0§x§%7
ifn0=3and0§x§%.

On the other hand, we have that

1 2 2
— 1] —6=1.09907
5,6 23/2 ((sin z)3 + (sin §)3 + ) ’

1 2 2
= — 5~ —0.69601
55 = i ((Sm e %)3) |

1 2 n 2 5 1
a - - — = ——.
%57 4 \ (sin )4 (sin 204 5

Hence, A, ;= {m € N:m > 6} ifn =56 and A,,, == {m € N :m > 5} if
n > 7. This completes the proof for n > 5.

ﬁ S

J

A
[T

Nl N o

Figure 4.1: The graph of f,, for ng = 3,4, 5.

If n =4, then aq,, = %(m2 — 1) —m. Hence, a4, > 0 if and only if m > 7.
If n = 3, direct calculations show that as,, < 0if m =5,6,7,8.

Note that ¢ ~— sint is increasing if ¢ € [0, 7].
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So, for m even we have that

m/2 9 m/2 9 9
asm —1> —_m—-1+ ——
St Z\/§sm Z\/§sm \/§smm—+1
m_
ZZ 2 n 2 m 2 2
p— _— —_— m —_— —
o ﬂsinfﬂ—] V2 ﬁsm% ﬂsin%
2 (1 V2 1 1
et s\ T2 TSz )
V2 sin 5 sin
A similar computation shows that, also for m odd,
2 (1 V2 1 1
m > m =\l 5 45 - .
a3m+1 = a3, +\/§<2 5 +smﬁ Sm%)
We claim that
1 1 2—1
- > V2 Vm > 9. (13)
sin ﬁ sin - 2

If this is true, then as,, > 0 for all m > 9, and the proof of the lemma is complete.

To prove (13) note that, since t(6gt2) =t— % <sint <'t,

1 1 >m+1 6

sin "= sin> T 7 (6 — ()2

()2 () v

A direct calculation gives

~ 0.059383 < 0.111203 ~ 1 \/52_ 1,

— e

6— ()

which yields (13). O

3

Proof of Theorem 1.1. This result follows from Lemma 4.1, Proposition 3.1 and
Corollary 2.2. ]

To conclude, we show that our solutions are different from those of Ding [7]. We
write R""! = CxRF2x CxR™ 2 with k,m > 2 and k+m = n+1 and, accordingly,
we write the points in R" ™ as (21, 71, 20, 2).

Proposition 4.2. Letn > 3. Ifu:S" — R is [O(k) x O(m)]-invariant and
U(Zl, X1, 22, x2) == —U(ZQ, X1, 21, x2> v(’zb Z1, 22, 'TZ) € Rn+17

then uw = 0.
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Proof. Without loss of generality, we may assume that £ < m. Since the mapping
u is [O(k) x O(m)]-invariant it can be written as

U(Zl,l'l, 22,332) = w(’(zhxl)‘? |(22,.I'2)D.

Then, for every (z1, 21, 29, x2) € S, we have that

w(|(z1,21)], [(z2, 22)]) = —w([(z2, 21)], [(21, 22)])
and, taking z; = 2o = 0, we get that
w(|z], |ze]) = —w(|x1|, |22]) V(zy,z5) € RF 2 x R™72,
If £ > 2, this implies that w = 0.

On the other hand, if & = 2 then m > 2 and, taking z; = 2z, = 0, we get that
w(0,1) = —w(0,1) = 0. Setting z; = 0 we conclude that

0=w(0,1) = —w(|2e], |z2|) V(2g,19) € C x R™2,
Hence, w = 0. [

Remark 4.3. The same argument shows that the solutions given by [3, Theorem
1.1] are different from those of Ding [7].
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