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For 1 < p < 2 and ¢ large, we prove the existence of two positive, nonconstant, radial and radially
nondecreasing solutions of the supercritical equation
—Apu + wP7l =27t

under Neumann boundary conditions, in the unit ball of RY. We use a variational approach in an
invariant cone. We distinguish the two solutions upon their energy: one is a ground state inside
a Nehari-type subset of the cone, the other is obtained via a mountain pass argument inside the
Nehari set.

As a byproduct of our proofs, we detect the limit profile of the low energy solution as ¢ — oo
and show that the constant solution 1 is a local minimizer on the Nehari set. This marks a strong
difference with the case p > 2.
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1. Introduction

For 1 < p < 2, we consider the following Neumann problem

—Apu +uPt =yt in B,
u >0 in B, (1)
d,u=0 on 0B,

where B denotes the unit ball of RY (N > 1), v is the outer unit normal of OB
and ¢ > p. In particular, the nonlinearity on the right-hand side is allowed to be
supercritical in the sense of Sobolev embeddings and, for ¢ sufficiently large, we prove
that the problem admits two distinct nonconstant radial, radially nondecreasing
solutions.

Although we address the problem governed by the — possibly singular — p-Laplacian
operator, with p € (1, 2), the interest in this class of problems originally arose for the
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case p = 2, as a stationary version of the Keller-Segel system for chemotaxis. For
the semilinear problem, the existence and non-existence of nonconstant solutions
has been widely studied since the eighties. In [16], in the subcritical regime, Lin, Ni
and Takagi proved that if the radius of the ball is sufficiently small, the semilinear
problem admits only the constant solution, while, if the radius is sufficiently large,
it admits a nonconstant solution. Similar existence and non-existence results have
been proved also in the supercritical regime in [15]. Conversely, the validity of
such results in the critical case depends on the dimension N, cf. [1, 2, 10]. More
recently, for a general nonlinearity f(u) on the right-hand side, it has been proved
in [7] that the semilinear problem admits a radial, radially increasing solution if
f(1) = 1 and the radial Morse index of the constant solution u = 1 is greater
than one. When the nonlinearity is the pure power f(u) = u?"!, the previous
hypothesis on the radial Morse index reads as ¢ > 2 + A2 (R), where \*4(R) is
the first nonzero radial eigenvalue of the Laplacian in the ball B(R), with Neumann
boundary conditions. We stress that the assumption on the high Morse index of
the constant solution is crucial to obtain the existence of a nonconstant one, which
can be found by minimization on an associated Nehari-type set. Moreover, from
the same assumption, it is apparent that the existence of nonconstant solutions
for this kind of problems is related to the radius of the ball or to the exponent
g. Subsequently, for any k € N, under the analogous hypothesis ¢ > 2 + A}, (R),
the existence of k oscillating radial solutions has been proved in [6] via bifurcation
techniques, in [5] via a perturbative approach and variational methods, and in [§]
using the shooting method for ODEs and a phase plane analysis.
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Figure 1.1: In blue, the branch of radially nondecreasing solutions u of (1), plotted
as u(0) as function of ¢. Both the upper and the lower parts of such a branch seem
to persist for all values of g. Moreover, the blue branch do not bifurcate from the one
of constant solutions u = 1. The figure is obtained numerically with the sotfware
AUTO-07p [13], for problem (1) with p = 1.97 in dimension N = 1.

For the quasilinear problem the situation is quite different and strongly depends
on whether p is greater or less than 2. A first non-existence result for the critical
p-Laplacian problem with p > 2, in a small ball, is contained in [2]. Much more
recently, by means of variational techniques, the existence of a nonconstant radial,
nondecreasing solution has been proved in [11] in the case p > 2, for every ¢ > p,
regardless of the radius of the ball. Even more, in [8], it has been proved that, if
q > p > 2, problem (1) admits infinitely many nonconstant radial solutions. In
the same paper, also the case p < 2 has been considered, but the type of result is
quite different: it is shown that for every k£ € N there exists R, > 0 such that if
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the radius is greater than Ry, the problem admits 2k nonconstant radial solutions,
which in couple share the same oscillatory behavior. In particular, for R > R;, the
existence of two increasing solutions is obtained via shooting approach, see also [9]
for solutions with reverse monotonicity properties in the subcritical case. On the
other side, numerical simulations suggest that the existence of such solutions for ¢
large is independent of the radius of the ball. In Figure 1, we represent the branch of
radial, radially increasing solutions of (1) when varying the parameter ¢. From the
picture it is clear that, for a fixed value of ¢ sufficiently large, besides the constant
solution u = 1, there are two more solutions on this branch. We refer to [8, Section
3] for further bifurcation diagrams and comparisons with the cases p > 2 or p = 2.

In the present paper, we obtain the existence of two increasing solutions, u, and
vg, under the assumption that the exponent ¢ is large enough, independently of the
radius of the ball. The variational techniques applied here allow us to detect which
of the two solutions has higher energy, and to identify the limit behavior as ¢ — oo
of the one with lower energy. We further observe that the numerical simulations
suggest that the higher energy solution v, should converge to the constant 1 as
q — 00, which is an interesting open problem.

In order to state rigorously our results, we introduce here some objects that will be
used throughout the paper.

We work in the set

C:={ucWil(B) :u>0,u(r) <u(r) forall 0 <r <ry <1}, (2)
where with abuse of notation we write u(|z|) := u(x). This set is a closed convex

cone in WP(B) and was first introduced in [18] in the context of a similar problem
with p = 2. Working in this cone has the twofold advantage of recovering the
compactness in this supercritical regime, cf. Lemma 2.1, and of knowing a priori
the monotonicity of the solutions that will be found therein. On the other hand,
since this cone has empty interior in the W1?-topology, see [18, Introduction], it is
not possible to apply directly the Mountain Pass Theorem in C: thanks to a priori
estimates in the cone, we apply the truncation method and refine the Deformation
Lemma to find a mountain pass solution of the problem inside the cone.

We introduce a Nehari-type set inside C as follows

Nyi=fueeniors [ Qv+ s = [ pudf

where f, is a suitable truncated nonlinearity, that is Sobolev-subcritical (see Lemma
2.3 below). Letting also Fy(u) := [ f,(s)ds, we shall consider the following modified
energy functional

orim [ (T e
B p p

The first result of the paper is the existence, for ¢ sufficiently large, of a nonconstant

radial solution u,. Contrarily to the case p > 2, when 1 < p < 2, we cannot exclude

a priori that the constant solution is a minimizer of I, on N,. For this reason, to

prove that u, # 1, we have to choose a different approach: we detect the limit profile

of u, as ¢ — oo and show C%"-convergence.
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Theorem 1.1. For q sufficiently large there exists a nonconstant solution u, € C
of (1), which has the following variational characterization

Io(ug) = uienj\ffq Io(u). (3)

Moreover, as ¢ — 00, I,(u,) < I,(1) and
u, — G in WH?(B) N C*(B) (4)

for any v € (0,1), where G is the unique solution of

—-A,G+|GIP2G =0 n B,
{ p | | m (5)

G=1 on 0B.

An immediate consequence of the previous theorem is that, for g large, u, # 1: it is
enough to notice that the limit problem (5) does not admit the constant solution and
conclude using the convergence in (4). The proof technique for detecting the limit
profile is inspired by [14], cf. also [11] for the case p > 2. Moreover, as expressed
by (3), the solution u, is a global minimizer of the modified energy I, restricted to
the Nehari set ;. All the results stated in the previous theorem hold true also for
p > 2, while the next theorem is specific for the case p < 2 and cannot be extended
to p > 2. Indeed, contrarily to what happens for problem (1) in the case p > 2, in
the present case also the constant solution 1 is a minimizer of I, on N, although
not a global one, for large values of ¢q. This is one of the main differences beetween
the two ranges of values for p, and is responsible for substantial differences in the
patterns of radial solutions of the problem in the two cases.

Theorem 1.2. For any q > 2 there exist two constants 6, € (0,1) and M, > 0 such
that for every w € Ny with the property ||w — 1||wiep) < dq, it holds

]q(w> - Iq(l) > Mq“w - 1||€V1,p(3)-

From one side, being u, and 1 both minimizers on the Nehari set, it is more difficult
to distinguish them using a comparison between their energies. We notice in passing
that, with respect to the case p > 2, an additional difficulty arises here due to the
fact that functional I, is not of class C? for p < 2. The key result to prove the
previous theorem is Lemma 5.1, in which we show that a Poincaré-Wirtinger-type
inequality holds in a neighborhood of 1. On the other side, the presence of two
minimizers produces a third solution. Indeed, taking advantage of Theorem 1.2, we
can prove the existence, for ¢ sufficiently large, of another nonconstant solution v,
of (1), corresponding to a mountain pass type solution over Nj.

Theorem 1.3. For q sufficiently large there exists another nonconstant solution
vy € C of (1), distinct from u,.

We observe that, being N, the intersection between the Nehari manifold and the
cone C, it has no more the structure of a manifold. Therefore, also for this second
solution, we cannot apply directly the standard theorems of Critical Point Theory.
In this case, we need to define a candidate critical level in terms of two-dimensional
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paths, cf. definition (41), and then use again the refined version of the Deformation
Lemma inside the cone C. Compared with the shooting method used in [8], one of
the advantages of this approach is that we know, by construction, that v, has higher
energy than u,.

The paper is organized as follows. In Section 2 we establish some a priori bounds for
the solutions of (1) belonging to C; this allows us to define a truncated nonlinearity
that is Sobolev-subcritical. In Section 3 we apply a mountain pass type theorem
inside the cone C, in order to prove the existence of a mountain pass solution of
(1). In order to show that such solution is nonconstant for sufficiently large values
of ¢, we detect its limiting behavior as ¢ — oco: this is done in Section 4, where we
can conclude the proof of Theorem 1.1. We prove Theorem 1.2 in Section 5. The
property stated therein is the main ingredient for the proof of the existence of a
third solution, that is concluded in Section 6.

2. A priori estimates and truncated problem

In this section we establish some a priori estimates for the solutions of (1) belonging
to C, and also for a slightly more general problem. Our aim is to truncate the
nonlinearity u¢~!, in order to replace it with a Sobolev subcritical one, but keeping
the same C-solutions.

Since we are interested in the regime ¢ — oo, in the following we take, for simplicity,
q>2,
in such a way that the nonlinearities involved are of class C! also in the origin.

Let us first recall some known properties of the set C defined in (2), since it will
play a very important role in all the paper. We note that the definition of C is
well-posed because WL ( B)-functions can be taken continuous in (0,1]. Moreover,
by monotonicity, for every u € C, we can set u(0) := lim, ,o+ u(r) and consider
u € C(B). Finally, being nondecreasing, every u € C is differentiable a.e. and
u'(r) > 0 where it is defined. As already mentioned in the Introduction, the set C is
a closed convex cone in W1P(B): for all u, v € C and A > 0 the following properties
hold

(i) Au€C;

(i) u+vecC;

(iii) if also —u € C, then u = 0;

(iv) C is closed for the topology of WP,

Working in the cone C allows us to treat supercritical nonlinearities thanks to the
property stated in the following lemma.

Lemma 2.1. ([11, Lemma 2.2]) For everyt € [1,00) there ezists C(N,t) such that

lull oo By < C(N, t)||ullwre  for allu e C.

In particular, by applying Lemma 2.1 with ¢ = p, we obtain that
C C L™(B). (6)



190 F. Colasuonno, B. Noris, G. Verzini / Multiplicity of Solutions ...

Another consequence of Lemma 2.1 is that the cone C endowed with the W1P-norm
is compactly embedded in L*(B) for all ¢ € [1,00), see [11, Lemma 2.3] for details.
Let p* be the critical exponent for the Sobolev embedding W'?(B) — L!(B), namely
N .
p* " N__P;) if N > D,
+00 otherwise.

Fix ¢ € (p,p*). We now consider a class of modified problems

—Apu+uPt=p(u)  in B,
u>0 in B, (7)
o,u=0 on 0B,

where ¢ can be any function of the form

g1t if s €0, 5],

P(5) = Pa,s0(5) = { 1

SISl (g Y i s e (s, 00),

(8)

with sy € (2,00). Notice that the functions ¢ are of class C', nonnegative and
increasing. In the next lemma we prove that the solutions of (7) belonging to C are
bounded in the C'-norm, independently of ¢ and sq.

Lemma 2.2. Every solution u € C of (7), for every ¢ of the form (8), satisfies
lull sy < 1+ (@)Y7 and || ~m) < ()7

Proof. Let ¢ = ¢, 4, be any function of the form (8) and let v € C be any solution
of (7). We first show that
u(0) < 1. (9)

To this aim, suppose by contradiction that «(0) > 1. By using equation (8) and the
fact that u is nondecreasing, we obtain

/ (uP~t — p(u)) de = —/ (uP~t — i dz > 0.
{u>s0} {u<so}

This contradicts the fact that, for u > sg,

q—1 g4 oy, q— 4
R

-1 q—»>0
< Pl q gL -1 4 47 % -1
SU Ty v T ’

where we used that ¢ is nonnegative and, in the last line, we applied relation (62)
in [11], with M = 2. Hence (9) is established.

Proceeding similarly to [8, Lemma 2.2], we let, for any u > 0, ®(u) = flu o(s)ds
and, for any r € [0, 1],
' (r)P : /
H(r) = ——=+®(u(r)) with 1/p"'=1-1/p.
p
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By making use of the equation satisfied by u in radial form, we conclude that

N -1
H'(r)=— u'(r)? <0 for every r € (0,1].
r
Being ® > 0 and «'(0) = 0, this implies
u'(r)? g1
p’ < H(r) < H(0) = ®(u(0)) =u(0)" <1 for every r € [0,1],

where in the last step we used (9). Consequently,
u(r) = u(0) +/ u'(s)ds <1+ (p)VP
0
for every r € [0, 1]. O

In the light of Lemma 2.2, we now choose a specific function ¢ of the form (8) in
such a way that every solution of (7) with this specific ¢, belonging to C, solves also
the original problem (1). To this aim, we choose sy greater both than the L bound
and than another constant that will be needed later; from now on we let

50 := max{?—i—(p')l/p,C'(N,p)(l—i-|B|1/p)}, (10)
C(N,p) being the constant that appears in Lemma 2.1.
Lemma 2.3. Define f,(s) := @45,(5). If u € C solves
—Apu+uPt = f,(u) in B,
u>0 in B, (11)
du=0 on 0B,
then u solves (1).

Proof. Let u € C be a solution of (11). As a consequence of Lemma 2.2 we have
|ullzoe(m) < 1+ (p')/P < sp, so that

fo(u(z)) = u(z)”"  for every z € B.

Hence u solves (1). O

Remark 2.4. By direct calculations one can check that f, is of class C'', nonnega-
tive, increasing and satisfies the following properties for every q > ¢:

t

fixed any s > 0, the map ¢ € (0,00) — % is increasing, (12)
o Sa(s) _a=T g

and Sll)rgo 36_1 = ESO . (13)

These two properties will play a role in the subsequent sections.

Remark 2.5. We notice that for every u € C satisfying ||u — 1||y1.r(5) < 1 we have
fy(u) = w1, Indeed, using Lemma 2.1, the triangular inequality and relation (10),
we obtain

lull 25y < CN, p)llullwrns) < C(N,p)(A + |B]'?) < so.
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3. Existence of a mountain pass radial solution

The aim of this section is to prove the existence of a mountain pass type solution
of (1). In view of Lemma 2.3, problems (1) and (11) have the same solutions in C;
the advantage of dealing with (11) is that this problem is subcritical and it can be
treated with variational methods. Nonetheless, being forced to work in the cone C,
we cannot apply directly standard techniques, because C has empty interior in the
WtP_topology.

From now on in the paper, f, is the function introduced in Lemma 2.3, extended
to zero in (—o00,0). As already mentioned in the Introduction, denoting Fj(u) :=
Jo fq(s)ds, the energy functional associated to problem (11) is I, : W'P(B) — R

defined as I - .
(1) .—/B< , +7— q(u)) dx. (14)

Being ¢ < p* and thanks to the Sobolev embedding, the functional I, is well defined
and of class C'. We can also associate to (11) the Nehari-type set

N, = {uEC\{O} :/B(|vu|p+ |u|”)dx:/qu(u)udx}. (15)

As problems (1) and (11) need not be equivalent outside C, we define N, as the
intersection of the cone C with the standard Nehari manifold of (11); this destroys
the structure of manifold for Aj,. On the other hand, being N, a subset of C, it is
embedded in L>(B), cf. (6). It is a standard property that Nehari sets are bounded
away from the origin; in this setting, an additional feature is that such a bound is
independent of q.

Lemma 3.1. ([11, Lemma 5.2]) There ezists 0 > 0 such that

f inf s (B) > O.
At Jnf Moo 2 o

The functional I, satisfies the mountain pass geometry and the Palais-Smale condi-
tion:

Lemma 3.2. Let 7 € (0,min{o, 1}), with o given in Lemma 3.1,
(i)  there exists ag > 0 such that I,(u) > aq for every v € C with ||ul|p~y = T;
(ii)  there exists k > T such that I,(k-1) < 0.

Proof. The proof of part (i) is contained in [11, Lemma 3. 9] We prove now part

(ii). By (13), there exists § > so such that fy(s) > 3/~ 1)50 51 for every s > 3.

Hence, for every k > s, we get

=181 (2 - [ g [ ias)
k k' ds*
S'B‘(g—Sﬁ%};fq—m 26)

So, being ¢ > p, limy_, I,(k - 1) = —o0, which concludes the proof. H
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Lemma 3.3. ([11, Lemma A.4]) 1, satisfies the Palais-Smale condition, i.e. every
sequence (u,) C W'P(B) such that (Io(uy)) is bounded and I (u,) — 0 in (W'P(B))
admits a convergent subsequence.

We are now ready to introduce the mountain pass level

¢ = inf nax 1,(v(2)), (16)

where I, ={ye€C(0,1;C) : v(0) € Uy—, ¥(1) € Uy +}, (17)
and Uy— = {u €C: I(u) < %, lul| Lo (B) < 7'}, (18)
Ups ={ueC: I(u) <0, ||ul zom > T}, (19)

with 7, and ¢, as in Lemma 3.2.

Theorem 3.4. The value ¢, defined in (16) is finite and there exists a critical point
ug € C of I, with I,(u,) = c,.
The proof of this theorem requires several tools, which we introduce in the following.

Given the operator T': (W'P(B))" — W'P(B) such that T'(w) = v, where v is the

unique solution to
A+ ]P0 = w in B,
{ P g (20)

dv=0 on 0B,
we introduce T : W'"?(B) — W?(B) defined by

T(u) = T(fy(w))- (21)
Since ¢ < p*, u € WY (B) implies u € LY(B). Hence, by (8), we obtain that

f,(w) € LY(B) c (W'P(B)) and T is well defined; moreover, T preserves the cone
C, that is a crucial property for our technique.

Lemma 3.5. ([11, Lemma 3.4]) The operator T defined in (21) satisfies T(C) C C.

Proposition 3.6. ([11, Proposition A.3]) The operator T is compact. Furthermore,
there exist two positive constants a, b such that for all u € WYP(B) the following
properties hold

Ly()[u = T(u)] > aluw = T()[fy0 ) (lul + 1T (@) lwia)?
(22)

12wl < Bllw — T (@) [y ),

where || - ||. denotes the norm in the dual space (W'?(B))'.

We note that (22) implies that the set {u : T(u) = u} coincides with the set of
critical points of I,.

Lemma 3.7. ([3, Lemma 5.2]) For every ¢ € R there exists k. > 0 such that
[ullwrrs) + ||T(U)||W1»p(3) < k(L4 [Ju - T(U)HWLP(B))
for every u € WHP(B) with I,(u) < c.
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As the operator u — T(u) is not Lipschitz, it can not be used as a generalized
pseudogradient vector field for I/ (u). To overcome this obstacle, we rely on the
results proved in [3, 4] that are reformulated in our framework in [11].

Lemma 3.8. ([11, Lemma A.5]) Let W := W'(B)\{u : T(u) = u}. There exists
a locally Lipschitz continuous operator K : W — WYP(B) satisfying the following
properties:

i) K({nW)cCc;
(i) $llu— KW)l|lwiwm < |lu-— T(u)|lwiem) < 2llu— K (u)|lwism) for allu € W;
(iii) let a > 0 be the constant given in Proposition 3.6, then, for allu € W,

a - ~ _
L()u = K(w)] 2 5l = T(w) [y (lllwio) + 1T @) [wie)P

Lemma 3.9. ([11, Lemma A.6]) Let c € R be such that I} (u) # 0 for allu € C with
I,(u) = c. Then there ezist two positive constants € and § such that the following
inequalities hold

(i) 1w« =6 for all u € C with |I,(u) — ¢| < 2¢;
(i) |lu— K(u)|lwres) =6 for all u € C with |1,(u) — c| < 2&.

Lemma 3.10. Let c € R be such that I} (u) # 0 for all u € C with I,(u) = c and let
€ be as in Lemma 3.9. For every € < € there exists a function n: C — C satisfying
the following properties:

(i)  n is continuous with respect to the topology of W#(B);
(i) I,(n(u)) < I, (u) for allueC;

(ili) I,(n(u)) < c—¢ for allu € C such that |1 (u) —c| < €;
(iv) n(uw) =wu for allu € C such that |1,(u) — c| > 2e.

Proof. Let ¢ <&. Let x : R — [0, 1] be a smooth cut-off function such that

1 if |t —c| <e,
x(t) =

0 if |t —c| > 2e.

Recalling the definition of K in Lemma 3.8, let ® : W'?(B) — W'?(B) be the map
defined by

”erP(B)

B(u) = {x(%(@)# if 1,(u) — ¢ < 2

0 otherwise.

Note that the definition of ® is well posed by Lemma 3.9. For all u € C, we consider
the Cauchy problem

{%mt,u(x)) = —®(n(t,u(z)))  (t,z) € (0,00) x B,

n(0,u(x)) = u(z) r € B. 23

Being K locally Lipschitz continuous by Lemma 3.8, for all u € C there exists a
unique solution n(-,u) € C*([0, 00); WHP(B)).
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For u € C, we shall define n(u) := n(t,u) for a suitable ¢ to be specified later. Since
for every t, n(t,-) preserves the cone and satisfies properties (i) and (iv), the same
holds true also for n. In particular, the preservation of the cone can be proved as in
[11, Lemma 3.8], using the property that T(C) C C, cf. Lemma 3.5.

Let us now prove (ii). Also in this case, it holds for all ¢. Indeed, for every u € C
and t > 0, we can write

1t 0) = 1) = [ 1yt )

[ s w) e N (o) Bl o e

- /0 ||77(37U) _K<n(87u>)||wl’p(B)]q(77( ) ))[77( ) ) K(ﬁ( ) ))]d

_a / (s, ) = T(n(s, ) . X Laln(s, ) N
— 2Jo ln(s,u)=K(n(s, w)llwom (In(s, w)llwe s + 1T (00(s, w) lwrr )7
<0 (24)

where we have used the inequality in Lemma 3.8(iii).

It remains to choose ¢ in such a way that (iii) holds. Let u € C be such that
|I,(u) — ¢| < € and let ¢t be sufficiently large. Then, two cases arise: either there
exists s € [0,¢] for which I,(n(s,u)) < ¢ — ¢ and so, by the previous calculation we
get immediately that I,(n(t,u)) < c—¢, or for all s € [0,¢], I,(n(s,u)) >c—ec. In
this second case,
c—e <I,(n(s,u)) <I(u) <c+e.
In particular, being ¢ < &, Lemma 3.9(i) applies, providing
n(s,u) € W= WH(B)\ {u : T(u) =u}.
By the definition of x and Lemma 3.9(ii), it results that for all s € [0, ¢]

XUg(n(s,w) =1, [In(s,u) = K(n(s,w))|wis) > 0.
Hence, by (24), Lemma 3.7, Lemma 3.8(ii), (iii), and Lemma 3.9, we obtain for ¢ > 0

1,(n(t,w) < I,(w)
. / (s, u) = T(n(s,0) 1210 N
2622 o [In(s.w) — K (s, ) w1+ (s, 0) — T(n(s,0)) s>

< Iy(u) — o /t In(s,u) — K(n(s, u))[lwrrs)
8kpie Jo (1 + %Hn(s,u) - K<77(57U))||W1,p(3)) P
<cde— a_5 1+ § p_2t
8k Y 2 ’

where we have used that the function f(x) = 2%(1 + x)?~2 is increasing in R*.
Therefore, I,(n(t,u)) < ¢ — ¢ for every
16¢ S\, _
t>— (14 = P=t
~ ad ( + 2> frote ’
and the proof is complete. ]
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Proof of Theorem 3.4. By Lemma 3.2, a; < ¢, < oo. Indeed, for k large enough,
the curve v(t) = kt, t € [0, 1] belongs to I'. Hence, I' # () and so ¢, < co. On the
other side, for every v € I, maxjo 1) I4(7) > a4, and so also ¢, > ay.

Now, suppose by contradiction that there are no critical points u € C of I, at level
cq- By Lemma 3.9(i), [|}(u)||« > 0 for every u € C such that |I,(u) — ¢,| < 2¢. Fix

c «Q
6<min{5——q——q}.
"2 4

Let v € I' be any curve such that max,cio1) 14(7(t)) < ¢q + €, and define ¥(t) :=
n(y(t)) for ¢t € [0, 1], with n as in Lemma 3.10. Being ¢, — 2¢ > «,/2, neither v(0)
nor (1) belong to the strip {u : |[,(u) — ¢,| < 2¢} and consequently, by Lemma
3.10(iv), 4 € I'. Hence, by Lemma 3.10(iii), max,c(o,1) 14(7(t)) < ¢4, contradicting
the definition of ¢, as infimum. O

4. The mountain pass solution is non-constant for ¢ large

In this section we will find the limit profile, as ¢ — 0o, of the mountain pass solution
u, whose existence has been proved in Theorem 3.4 for every ¢ > 2. As a byproduct
of this result, we immediately have that u, is non-constant for ¢ large.

To this aim, we first state some lemmas whose proofs can be found in [11, Section
5] for the case p > 2, but they continue to hold also in this setting with 1 < p < 2.

The next lemma ensures that the Nehari-type set N, defined in (15) is homeomorfic
to a sphere; its proof uses property (12) of f,.

Lemma 4.1. (cf. [11, Lemma 5.3]) For every u € C \ {0} there exists a unique
hq(u) > 0 such that hy(u)u € N,. We have

I,(tu) >0 for allt € (0, hy(u)]; (25)

I (tu)[u] > 0 if and only if t € (0, hy(u)).

Furthermore, if (u,) C C\ {0} is such that u,, — u € C\ {0} with respect to the
WhP-norm, then hy(u,) — hy(u). Finally, the map

H:uelCnS8" — hy(uwueN,, whereS" :={ueW"(B) : |ullwirpm =1}
is a homeomorphism.

The following lemma guarantees that the mountain pass level in the cone coincides
with the infimum on the Nehari-type set in the cone.

Lemma 4.2. (cf. [11, Lemma 5.4]) The following equalities hold

¢, = inf supl,(tu) = inf I,(u). (26)

ueC\{0} >0 uENy

In the next lemma, we refine for u, the C*-a priori bound previously obtained in

Lemma 2.2, using that f,(ug) = ud™".
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Lemma 4.3. For all g > 2,

1 1
g\ , g—p \?
Ug |l Lo (B) < (—) and U || LeoB) < < ) .

In particular, limsup, . |l =) < 1 and limsup, . [0l ) < (0 — 1)

Proof. If u, = 1 the thesis is immediately verified with C' = 1, otherwise the thesis
can be proved following the argument in [11, Lemma 5.5]. O

In view of the previous lemma, the existence of a limit profile follows.

Lemma 4.4. (cf. [11, Lemma 5.6]) There exists a function u. € C for which up
to a subsequence

Uy — Uy 0 WH(B), g — use in C¥(B) as ¢ — oo, (27)
for any v € (0,1). Furthermore, u(1) = 1.

Proof. By Lemma 4.3, and using the compactness of the embedding C! — C%*,
(27) immediately follows. Furthermore, since u, — us pointwise, us € C. As for
the last part of the statement, we observe that, if u, = 1 for every ¢, then obviously
Us = 1. Otherwise, if u, # 1, integrating the equation satisfied by u,, we get

-1 _
/ ub— (1 —ul™?)dx = 0.
B
Since u, is positive and nondecreasing, we deduce that
ug(0) <1, wy(l)>1 forall¢g>2>np. (28)
Hence, ||ug| re(B) = uq(1) > 1. Consequently, together with Lemma 4.3, we get
1< llmlnfuq( ) = liminf ||ug| oo (p) < limsup ||ug|| 5y < 1,
q—00 q—00 g—00

and 0 e (1) = limg_,o0 |[tg LBy = 1. -

We can give a variational characterization of the solution of (5) and a relation with
the mountain pass level c,.

Lemma 4.5. (cf. [11, Lemmas 5.7 and 5.8]) The quantity

ol o
cm::inf{HHW—B) : vGC,vzlonaB}
p

is uniquely achieved by the radial function G satisfying (5). Furthermore, the fol-
lowing chain of inequalities holds

G U ||} uglly
1Clrey _,  Msllirney g Malvse e )
p P q—ro0 p q—0
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let u, be the mountain pass solution found in Theorem
3.4 for every ¢ > 2. We recall that u, can also be characterized by the equation
I(ug) = infyen;, I4(u), cf. Lemma 4.2. Once we prove the asymptotic behavior
(4) of ug,, being the convergence C% and recalling that G is nonconstant, we can
immediately conclude that v, is nonconstant for ¢ large enough.

The proof of (4) follows the lines of [11, Theorem 1.3]; we report it here to highlight
the role of the previous lemmas. Let G be the unique solution of (5). Since we have
G € C\ {0}, by Lemma 4.1 there exists a unique h,(G) > 0 such that h,(G)G € N.

We claim that, for ¢ large, h,(G) < so. Indeed, let ¢ = ¢, be the unique solution of

1 _
IGyaney — s / (tG) Gz = 0,

1
1 t_ ” HWI P (B) a-r th
namely q= m s en

_ 1
ty(G) > ———=1 asq— oo. (30)
|G|z

Since sg > 2, there exists g large, such that ¢, < so for ¢ > ¢. Now, fix ¢ > ¢. Since
by definition ¢ = hy(G) is the unique solution of

1
IGllysoisy = 55 | SltG)Giz =0

and f,(s) = st as s < sg, hy(G) = t, by uniqueness, and the claim is proved.

This implies that f,(h,(G)G) = (he(G)G)?™ !, and by (30) we get

Gl ho( GGy q
Coo = N T S, ([q(hq(G)G)+—hq(G> /qux>.
B

p q—00 p q—00 q

Using that h,(G)G € N, we can rewrite the last term in the limit as follows

1o (GG
q

= lim I,(h,(G)G).

q—o0

Coo = lim (]q(hq(G)G) +

q—o0

On the other hand, by Lemma 4.2 we obtain

The previous two equations provide ¢, > limsup,_,, ¢,, which, together with
Lemma 4.5, imply
Coo = lim ¢ (31)

q—o0



F. Colasuonno, B. Noris, G. Verzini / Multiplicity of Solutions ... 199

As a consequence, the inequalities in (29) are indeed equalities, so that

I [[ugllwres) = 1Gllwiem)  and s lwres) = 1Gllwss)-

Hence, o, achieves ¢ and, by Lemma 4.5, us, = G. Together with the W1P-weak
convergence and the uniform convexity of W1?(B), this implies that u, — G in
Wh?(B). By Lemma 4.4 the convergence is also C%(B) for any v € (0,1).

Finally, let us prove that the following inequality holds
I,(uq) < I,(1) for ¢ sufficiently large. (32)

Indeed, suppose by contradiction that there exists a sequence g, — oo such that
I,.(1) = ¢, for every n. As a consequence of (31), we can pass to the limit in the
previous equality and obtain |11, (3)/P = Coo, thus contradicting the fact that co
is uniquely achieved by G # 1, c¢f. Lemma 4.5. O

5. The constant solution is a local minimizer on ./\fq

In this section we prove that the constant solution 1 is a local minimizer on the
Nehari-type set NV, for every ¢ > 2. To this aim, we shall need a Poincaré-Wirtinger-
type inequality.

Lemma 5.1. Fiz ¢ > 2. There exist 6, € (0,1) and a constant Cpyw > 0 such that
for every w € Ny with the property |[w — 1||lwirgy < 0q, it holds

lw — 1|17, (B) = CPWHVU}HZP(B)

Proof. Suppose by contradiction that for every n € N, there exists w,, € N, such
that

1
||wn — 1||W1,p(B) S E and ||’LUn — 1||Lp(B) Z n||an||Lp(B). (33)

n — 1
Letting €n = ||lwnp = 1|zpgy and v, := v —

we have that [|v,||re(5) = 1 for every n and that, by (33), |[Vu,|rs) < £ — 0 as
n — oo. Hence, there exist a subsequence (ny) and v € W'?(B) such that

Un

— o weakly in W'?(B) and w,, — v in L’(B)

k

as k — co. Moreover,

_ L 1
||U||€V17p( B) < h;glnf anklep < hgglor.}f <||vnk|| o) T k>

= 19Zo5) < 101105y,

providing that the convergence v,, — v in W?(B) is actually strong and that o is
a non-trivial constant function, more precisely v = +|B|~/7.
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We shall now exhibit a contradiction by exploiting the fact that w, € N for every
n. Noticing that f,(w,) = wi™! for every n (see Remark 2.5), the Nehari condition

for w,, writes
/(|an|p + wh)dx = / wl dx.
B B

We rewrite the last equality in terms of v,, and we divide it by €, to obtain

1 “p
6ﬁ1/ |an|pdx:/wﬁ< + Envn) dx, (34)
B B

€n

that readily leads to the contradiction 0 = (¢ — p) | 5 Udz by passing to the limit
along the subsequence n; as k — oo. We remark that the converge of the right-hand
side in (34) is justified by the Lebesgue dominated convergence theorem as

(1+epvn(x)??—1

w? (x
()

\ (@ - ) [ (@) (1 + & ()un(@) " 0 )]
< (g = Pwall 2 lon(@)] < (g — D)5 (@),

with v, € L'(B) and &,(z) € (0,¢,) given by the Lagrange theorem. O

Remark 5.2. Given ¢, as in Lemma 5.1, for every w € N, with the property that
lw = 1|lw1.rpy < dq it holds

IVwllZomy < 1w =11mm < (Cew + DI Vwll7 g
Proof of Theorem 1.2. Let w be as in the hypotheses and

ails) = 1/3(1 +s(w — 1))de,

t

for t > 1 and s € [0, 1]. Since by Remark 2.5, f,(w) = w?!, we can write

I(w) — 1,(1) = %/B [Vw|Pdz + (gp(1) — g,(0)) = (g4(1) — g4(0)). (35)

Now, being p > 1, the function |z[? is convex, and the inequality (14 z)? > 1+ pz
holds for every x > —1. Thus, applying this inequality to w — 1, we get
1+ (w—=1))" 2 1+p(w—1),
which, integrated over B, becomes
9p(1) = g»(0) = g,(0).

On the other hand, since ¢ > 2, the function g, is of class C?, and so we can write
the following Taylor expansion

gq(1) — g4(0) = g;(O) + Q /B(l +&(w —1))7*(w —1)%dx for some & € (0,1).
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We further observe that g,(0) = g;(0). Therefore, combining together the previous
consideration, we can estimate (35) as follows:

() = 1,0 = > [ [Vupde =12 [ (14 g - D) - 1P

1 -1
> -/ Vulrds - quaX{l,||wHLoo(B)}q_2/(w—1)2dx (36)
B

/ YV

We distinguish now two cases, depending on whether the critical Sobolev exponent
p* is greater or less than 2.

llw = 1Zem)

>2N

Case 1: p > In this case, p* > 2. Hence, taking o, smaller if necessary and

Nt2
using Remark 5.2, we obtain by (36)

() = 1,(1) 2 Cllw = 1y — Cllw — g (37)
where C = m >0, ¢ = (1;—153_205, and Cg arises from the Sobolev in-

equality for the embedding W'?(B) < L?*(B). Recalling that p < 2 and that
lw — 1||w1.rpy < dg, this estimate provides

C
I,(w) —1,(1) > §||w 1HW1,, (B) for 6, < 1.

Case 2: p < + . In this case, p* < 2. By the inequality of Remark 2.5 and the
triangle inequality, ||w — 1||1=(p) < so + 1. Therefore, we have

[ w=1pds < o v 027 [ -y,

and arguing as in the previous case, we get

I(w) = Iy(1) = Cllw = Ui g) = C"llw = i),

2
LP"(B). Again, for ¢, < 1, this allows to conclude, being p* > p.

where C" := 12547250+ 1)> 7" C%. Now C% arises from the embedding W'?(B) <

]
Remark 5.3. Theorem 1.2 actually implies that the constant solution 1 is a strict
local minimizer for I, on N,. Indeed, given ¢, as in Theorem 1.2, if w € N, is such
that HU) — 1HW1,p(B) = 5q, then

Iy(w) > I,(1) + M,6". (38)

Remark 5.4. Another consequence of Theorem 1.2 is that u, cannot be too close
to 1 for ¢ sufficiently large. More precisely, |[ug — 1{|w1rz) > 04 Indeed, suppose
by contradiction that [lu, — 1{|wiss) < &, Since, by Theorem 1.1, u, # 1 for ¢
sufficiently large, Theorem 1.2 would provide I,(u,) > I,(1), which contradicts (32).
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6. Existence of a higher energy nonconstant solution

In order to prove the existence, for ¢ sufficiently large, of the second solution v,
we shall apply a variational method over the Nehari set NV,. A mountain pass type
theorem over N, applies due to the fact that, as shown in the previous section, both
the nonconstant solution u, and the constant solution 1 are local minimizers of the
energy I, over N,. The main difficulty in what follows is that the Nehari set is not
a manifold, which prevents us from directly applying the mountain pass theorem
over manifolds. We shall instead construct a candidate critical level by means of
two-dimensional paths and show that it is indeed critical using the deformation
previously introduced (see Lemma 3.10). As the deformation takes place inside the
cone C, we need to define a variational structure inside C itself; this is done keeping
in mind the structure of the Nehari set in C, see Lemma 4.1. Let us start with some
preliminary estimates.

Lemma 6.1. Let vy(t,s) := t(su,+1—s). There exists ¢ > 2, such that, for every
q > q, there exist 0 < Ry < 1, Ry > 1 such that

(i)  0<Iy(w(Ri,s) <3

(ii)  15(v0(Ru, ))[%(Rl,S)] > 0;

(i) I4(v0(R2,s)) <

(iv)  Ig(vo(R2, s) [%(Rm s)] <0

for every s € [0, 1].

Proof. Notice first that, thanks to Lemma 4.4, for every s € [0,1] and ¢ > 0 it

holds
170 (t, 8)|| o8y < tllugllLesy = tug(l) =t as ¢ — oo. (39)

Hence it is possible to choose Ry so small that ||vo(Ri, 5)||res) < T < 5o, where 7
is given in Lemma 3.2. This implies both I,(vo(R1,s)) > 0 and

fo(ro(R1,8)) = 70(Ra, 8)7" (40)

for every s € [0,1] and for every sufficiently large ¢q. With similar estimates we
obtain, for every ¢t > 0 and s € [0, 1],

170 (2, 5)”%/14'(3)

I,(0(t5)) < = (IVGI) +181) a5 a— o,

where we used the convergence proved in Theorem 1.1. As lim, o ¢, = ¢5 > 0 (see
(31)), it is possible to choose ¢ = Ry so small that (i) holds for every sufficiently
large ¢. To prove (ii) we make use of (40):

Iy(vo( R, 8))[0(Ba, 8)] = 170(Ra, 8) [fyin sy — 10(Bas ) 170
= ”70(R1> S)HiP(B) - ’B|”70(R17 S)HqOO(B)
> |B| (Ruy(0)? — Riu,(1)?) — |B|RYG(0)?  as ¢ — oo,

for every s € [0, 1], where we used again Theorem 1.1. Therefore, taking R; smaller,
if necessary, also (ii) holds for every sufficiently large gq.
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Let us now consider Ry > 1. For every s € [0,1] and ¢t > 0 we have

i%f Yo(t,s) > tu,(0) = tG(0) as g — oo.

Hence, being G(0) > 0 by Weak and Strong Maximum Principles [12, Theorem 1.1]
and [19, Theorem 5], it is possible to choose Ry large enough that infg v ( Rz, s) > so
for every s € [0,1] and ¢ > 0, implying

—0 . -1 _
Fa0(Bay 5)) = =58+ T8t (ol(Bay 5)!

for every s € [0,1] and sufficiently large ¢. This allows to prove that, for every
s € [0,1],
[q(’YO(RQ, 8)) S —C1Rg + ClRIQ) + CgRQ + 04,

for some constants C; > 0 and Cy, C3, Cy € R independent of Ry. As ¢ > p, (iii)

holds for sufficiently large Rs, independent of gq. The proof of (iv) is very similar to
that of (iii). O

In what follows, we fix ¢ > @, with ¢ given in Lemma 6.1. Let R;, Ry as in Lemma

6.1, we define Q := [Ry, Ry x [0,1] C R?
Y :Q —C, Yo(t,s) :==t(su,+ 1 —s).

Notice that vo(t,s) € C for every (t,s) € @ thanks to the convexity of C. In
particular, vy belongs to the set

T, ={7y€C(Q;C) : v=rp ondQ}.
We define our candidate critical level as

d, = 7len£ ({E)ae}é? I,(y(t,9)). (41)

Remark 6.2. The estimates proved in Lemma 6.1 imply that, for every v € T,

L(y(t,s) = I,(1).
(max Lo(y(t5)) = I4(1)

Indeed, notice first that, being v = 7o on 9Q), it is sufficient to estimate I,(7o(%,s)),
(t,s) € Q. Lemma 6.1 provides

Iy (v0(R2,8)) <0< Iy(v(Ry,s)) < % = Iy(u,) < [q;D-

Concerning the remaining part of 9(Q), we have for every ¢ > 0
I,(0(t,0)) = 1,(t) < I(1) and  I(v0(t, 1)) = Ly(tug) < Iy(1)

by the fact that 1,u, € N, and by Lemma 4.1.
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Lemma 6.3. Given M, and é, as in Theorem 1.2, we have
dg > 1,(1) + M,6! .
Proof. Given vy € T, we claim that there exists (¢,5) € (Ry, R2) x (0, 1) such that
V(t,5) € Ny and  [|v(E,5) — Llwism) = (42)
with d, as in Theorem 1.2. Once the claim is proved, Remark 5.3 implies

max 1,(1(t,5)) = 1,0(7.5)) = 1,(1) + M,

for every v € T, and hence the statement.

In order to prove (42), let F,G :— R be defined as
F(t,s) = hg(v(t, 8))v(t,s) — Ulwres) — by,
with h, as in Lemma 4.1, and
G(t, s) = I,(v(t, 8)) (L, 5)].
Notice that F,G are continuous in (). Moreover, by Lemma 6.1,
G(R2,s5) <0< G(Ry,s)
for every s € [0,1]. By Lemma 4.1 and the fact that 1 € N, it holds
F(t,0) = ||hg(t)t = U|wrrp) — 0g = =04 < 0
for every t € [Ry, Rs|, whereas, by Remark 5.4,
F(t,1) = |lhg(tug)tug — Ulwrrs) — g = llug — Ulwrrm) — 04 >0

for every t € [Ry, Rs]. We conclude from Miranda’s Theorem [17] that there exists
(t,3) € (Ry, Ry) x (0,1) such that

thus implying (42). O

Proof of Theorem 1.3. By Lemma 6.3 and the fact that T, is not empty, for
q > q we have that d, € (I,(1),00). We need to show that, for sufficiently large ¢, d,
is a critical level for I, in C. To this aim we proceed by contradiction, thus assuming
that there are no critical points u € C of I, at level d,. Given € as in Lemma 3.9, let

M, o7
3 Y

€ < min {5,

with My, d, as in Theorem 1.2. By Lemma 3.10 there exists n : C — C such that
I,(n(u)) < d, — ¢ for all u € C such that |I,(u) —d,| < ¢ and n(u) = u for all u € C
such that |I,(u) — d,| > 2e.
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Let v € T, be any path such that

max I,

[fnax J(Y(t,s)) <dy+e.

Notice that, by Remark 6.2, Lemma 6.3 and the choice of ¢, we have

max LG(ts) = max L(o(t.s)) = 1,(1) < dy = M5 < dy — 3=

Therefore, defining ¥(¢,s) := n(v(t,s)) for (t,s) € @, we have that ¥ = v on 0Q
and thus 4 € T,. Hence, by Lemma 3.10(iii),

L(3(t.s)) < d, —
max ((t,8) <dg—¢

thus contradicting the definition of d,. This proves the existence of a critical point
vy € C at level d,. Since I,(v,) > I,(1) > I,(u,), the functions v,, 1, u, are three
distinct radially nondecreasing solutions of (1). O
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