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We study the existence and local uniqueness of multi-peak solutions to the following Kirchhoff type
equations

—(aJr bA/ |V1M|2)AuA + (A4 V(@)ux = Barid, uy € H(R?), uy >0 in R?,
RS

ui =1,
R3

where a > 0, p € (1,5) are constants, A, by, 8y > 0 are parameters, V(z): R* — R! is a bounded
continuous function. Physicists are very interested in normalized solutions. Compared to finding
multi-pick solutions to the equation without normalized L?-constraint one is facing here some new
difficulties in getting normalized solutions to the equation. We first prove that for the case of
3 < p < b, there exist sequences {by}, and {fx}, such that for any sufficiently large A > 0,
one can construct multi-peak solutions u) of some given form to the above equation by using the
Lyapunov-Schmidt reduction method under some mild assumptions on the function V(z). In the
proof of the above existence result, we consider the three cases of p = 11/3,3 < p < 11/3 and
11/3 < p < 5 separately, which correspond to the cases of mass critical, subcritical and supercritical
in physics respectively. Then, applying the blow-up technique and the local Pohozaev identities
we obtain a uniqueness result of multi-peak solutions for the case of 3 < p < 5. The difficulties
caused by the nonlocal term and normalized L?-constraint are overcome.

with normalized L2-constraint, that is,

Keywords: Kirchhoff type equations, multi-peak normalized solutions, Lyapunov-Schmidt reduc-
tion, local Pohozaev identity, existence and local uniqueness.
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1. Introduction and main results

Let a,b >0 and 1 < p < 5. We consider the following Kirchhoff type equations
—(a + b/ |Vu|2>Au + A+ V(@)u=v’, ue H(R®), u>0 inR?  (1.1)
R3

where A > 0 is a parameter and V(z) : R* — R! is a bounded continuous function.
* Corresponding author.
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For any positive solution u(z) to Eq. (1.1), denoting

( /R 3u2(x)d3:>é

then one can check easily that wu,(x) satisfies the following problem

uy(x) == ,

—(a—l—bA/ |Vu,\|2>Au,\+(/\—|—V(:E))uA = B}, uy€ H'(R?), uy >0 in R?, (1.2)
R3

with normalized L2-constraint

/RS uy =1, (1.3)

where by = b||u||%2(R3)7 By = H“H];(lm)' In this sense, although the case of b = 1 is

more concise, we do not assume that b = 1 for the sake of generality. We mainly
aim to explore under what conditions on p, problem (1.2)—(1.3) admits multi-peak
solutions (), uy) with normalized L?-norm (that is, the L?-norm of u, equals one)
as A — +o0.

Eq. (1.1) is related to the stationary solutions of
0?u P E [* Ou 0?u
b= (Prar [ 1oerdr) S5 =
ot? h 2L ), Ox Ox?
Problem (1.4) was proposed for the first time by G. Kirchhoff [16] for extending the
classical D’Alembert’s wave equations for free vibration of elastic strings. Readers
can refer to Bernstein [6] and Pohozaev [24] for early research results about problem

(1.4). After the pioneering work of Lions [20] much attention was paid to this field.
The stationary analogue of Kirchhoft’s wave equation leads to the Dirichlet problem

— (a + b/ |Vu|2) Au= f(z,u) in€Q,
Q
u=>0 on 0,

0. (1.4)

where ) C R? is a bounded domain, and to equations of type

— <a+ b/ |Vu|2) Au = f(r,u) in R?
R3

respectively, where f always denotes some nonlinear functions. Notice that the
nonlocal term ( [s [Vul?)Au depends not only on the pointwise value of Au, but
also on the integral [, [Vu|?, which produces much more mathematical difficulties.
In recent years, this elliptic type problem has been studied by many researchers in
the literature.

Eq. (1.1) is also closely related to the following singularly perturbed Kirchhoff prob-
lem

- (52a + eb/ |Vu|2) Au+V(z)u=u", u€ HY(R?), u>0 in R?, (1.5)
R3

where a,b > 0, 1 < p < 5 are constants, € > 0 is a parameter and V(x) : R3 — R!
is a positive bounded continuous function.
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In fact, in order to be consistent with the form of Eq. (1.5), we perform a scaling on
Eq. (1.1) as follows:
e:=X"20 as A = +oo and w(x) = 5%u(x).
Then Eq. (1.1) is equivalent to
_4

- (a€2 + be? T g |Vw|2> Aw + (1 + €2V(x)>w = wP, (1.6)

where w € H'(R?), w > 0 in R>.

We first review some known results on Schrodinger equations. Let a = 1, b = 0.
Then Eq. (1.5) reduces to the problem

—?Au+V(z)u =uP, u € H'(R?), u>0 in R?,
which is a special case of the following perturbed Schrodinger equation
—*Au+V(z)u =u?, uwe H'(RY), >0 in RY, (1.7)

where 1 < ¢ is subcritical and N > 1. As we know, the following unperturbed
Schrodinger equation

—Aw+w=wl, we H'RY), w>0 inRY (1.8)

admits a unique positive radial solution (up to translations) which is also non-
degenerate (see e.g. [4, 5, 10, 17]). On the basis of this uniqueness and nondegener-
acy property, Floer and Weinstein [11], Oh [23] and many others proved the existence
of solutions to Eq. (1.7) for £ > 0 sufficiently small. It is worth mentioning that Oh
[23] constructed multi-peak solutions to Eq. (1.7) by using the Lyapunov-Schmidt
reduction method.

Then we turn to some results on singularly perturbed Kirchhoff equations. It seems
that the paper [12] by He and Zou was the first to study singularly perturbed
Kirchhoff problems. In [12], He and Zou considered the problem

- <52a + €b/ |Vu|2) Au+V(z)u = f(u), v € HY(R?), u>0 inR®  (1.9)
R3

where f : Rl — R! is a nonlinear C! function with subcritical growth of type u4
for some 3 < g < 5. The potential function V' (z) is assumed to satisfy the global
condition of Rabinowitz [25]

(Vgr) liminf V(z) > inf V(x) > 0.

|z|—+o0 z€R3

He and Zou [12] proved the existence of multiple positive solutions to Eq. (1.9) which
concentrate at the minimum points of V(z) for ¢ > 0 sufficiently small.

He, Li and Peng [14] established some existence results of positive solutions for the
following Kirchhoff equations with critical growth

- <€2a+5b |Vu|2) Au+V(x)u= f(u) +u°, ue HY(R?), u >0 in R* (1.10)
R3

where a,b > 0 are constants, f : R! — R! is a nonlinear C'* function satisfying some
similar conditions given in [12].
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At the same time, V(x) only satisfies some local conditions:

(V) there exists a bounded open set Q C R?, such that insf2 V(z) < i%fg V(z),
Te TE
(Vo) V(z) € C(R?, RY), inﬂ{3 V(z)=a>0.
Te

He, Li and Peng [14] proved that there exists a positive solution u. € H'(R?) to the
above problem for e > 0 sufficiently small. Later, He and Li [13] proved the existence
of positive solutions to Eq. (1.10) for € > 0 sufficiently small with f(u) = w9, where
1 < g < 3 and V (z) satisfies the local conditions (Vo) and (V).

Recently, Li et al. [18] established the uniqueness and nondegeneracy of positive
energy solutions to the Kirchhoff equation

— (a—i—b/ |Vu|2> Autu=uP ue H' (R, u>0 in R? (1.11)
R3

where a,b > 0,1 < p < 5 are constants. Then as an application, by applying the
Lyapunov-Schmidt reduction method, they obtained the existence of single peak
solutions (k = 1) to Eq. (1.5) for € > 0 sufficiently small with V' (z) satisfying the
assumptions (V)—(V3) as follows:
(V1) V(x) € C(R? R') is a bounded continuous function with inf,egs V() > 0.
(V2) There exist k distinct points {ai, as,- -+ ,ax} € R? such that for every i with
1<i<k, V(z) € C’(Bg,(a;)) for some § € (0,1), and
V(a;)) < V(z) for 0<|z—a; <r
holds for some 0 < r < Ry = fmin{|a; — a;| : 1 <1i,5 < k,i # j}.
(V3) There exist m > 1,7 > 0, ¢;; € R! with ¢;; # 0 for each i = 1,2,--- , k and
j =1,2,3 such that V(z) € C*(B,(a;)) and

3
V(z)=V(a)+ Y eijley —ay|™ + Oz — a;|™),  x € By(ay),
j=1

v — me;jley — aig|™ (x5 — aig) + Oz — a|™), z € By(a;),

Ox
where @ = (11, 29, 23) € R?, a; = (ai1,a:2,0;3).

In [18], Li et al. also established the uniqueness of single peak solutions to Eq. (1.5)
by using a type of local Pohozaev identities. Furthermore, Luo et al. [21] and Li, Niu
and Xiang [19] established the existence and local uniqueness results of multi-peak
solutions to Eq.(1.5) under the assumptions (V;)—(V3) on V(x), respectively. In [15],
Hu and Shuai studied the problem with more general nonlinearity as follows:

— (52a - ab/ |Vu]2) Au+V(z)u= f(u), u€ H(R?), u >0 in R®. (1.12)
R3

Here the nonlinearity f(¢f) : R — R is assumed to be continuous and satisfy the
following Berestycki-Lions condition

(f1) f(t) =0 for t < 0 and lim; o+ f(t)/t = 0;
(f2) there exists some p € (2,6) such that lim; ., f(t)/tP~1 = 0;
(3) there exists 7> 0 such that 1aT? < F(T), where F(t) = [; f(s)ds.
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Under the above conditions on f and suitable assumptions on V' (z), Hu and Shuai
[15] constructed the multi-peak solutions of Eq. (1.12).

The building block of the single peak solutions obtained by Li et al. in [18] is the
unique positive radial solution of Eq. (1.11). However, to construct multi-peak so-
lutions to Eq. (1.5), it was proved by Luo et al. in [21] that the limiting equation of
Eq. (1.5) is a system of PDEs rather than a single equation. Thus, results of limiting
system and existence of multi-peak solutions derived in [21] partially motivated us
to consider the existence of multi-peak solutions to problem (1.6) which is equivalent
to Eq. (1.1) under the assumptions (V;)—(V%).

Another motivation of this work comes from the work [22] of Luo et al., in which
they studied the existence of solutions (u, u) € R x HY(RY) of the following Gross-
Pitaevskii (GP) equation (in 2 or 3 dimensions):

—Au+V(z)u = av® + pu, u>0 in RV, (1.13)

with the normalized L?-constraint / u? =1, (1.14)
RN

where @ > 0 is a constant, g < 0 is a parameter, and V(x) is assumed to have
non-degenerate critical points. In [22], Luo et al. first proved that if u, is a solution
to problem (1.13)—(1.14) concentrated at some points as a — ag, then it holds that

ap > 0 and p, — —00, as a — ag.

Moreover, if N = 2, then ay = ka, > 0 for some integer k£ > 0, where a* = fRN Q?

and @ is the unique positive solution of —Au +u = u?, v € H'(RY). This result
greatly stimulates our putting forward reasonable conjecture: there holds by —
b., By — B+« as A — +oo for some constants b,, 5, when constructing multi-peak
solutions to problem (1.2)-(1.3).

Then, to study the existence and uniqueness of multi-peak solutions to problem
(1.13)—(1.14), some additional conditions (non-degenerate critical points) were taken
into consideration. Here, we will not repeat more details about that, since these
results have little to do with the present paper. Interested readers can refer to
Theorem 1.3 in [22] for more results.

Motivated by [21]-[22], we intend to investigate the existence and uniqueness of
multi-peak solutions to problem (1.2) with normalized L?-constraint (1.3).

Now let us maintain our focus on the problem (1.6). Notice that, if 1 < p < 3, then
2 — zﬁ <0and 271 - +o00 as € — 0. The variational functional corresponding
to (1.6) is given in the form below:

1 b rT 2
IL(w) = 5/}1@3 (ag®|Vw|* + w?) + 1 (/R3 |Vw]2)

e? 1
— [ V- —— [ wi™ 1.15
3 Ja by =T . (1.15)

for w € H'(R?), where w, = max(w,0).
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Obviously, I. is not well-defined in H'(R?), since

2
a4
2 (/ |Vw|2> — 400, ase — 0,
]RS

for any fixed nonnegative w € H'(R?®),w # 0. Hence, we cannot even construct
multi-peak solutions to problem (1.6) by using Lyapunov-Schmidt reduction method.
Therefore, to construct multi-peak solutions to problem (1.6), we always consider
the case of 3 < p < 5 in this paper. (As the paper unfolds, we will exclude the case
of p=3.)

For the case of 3 < p < 5, the limiting equation of Eq. (1.6) must be of the form
—b/ IVu|?Av+v =", v € H'(R?), v >0 in R’
R3

When constructing multi-peak solutions to Eq. (1.6), the limiting equation is a sys-
tem of PDEs as below:

- (as22q +b> / |VU’|2> Av' + (1 +&*V(a;))v" = (v')?  in R3,
i=1J R3
vi(x) € HY(R?), vi(x) > 0 in R3,

(1.16)

for some ¢ € (0, 1), where g depends only on p.

Next, we give the definition of multi-peak solutions to Eq. (1.6).

Definition 1.1. Let k € N, b; e R® (i = 1,...,k). We say that w. € H'(R3) is a
k-peak solution of Eq. (1.6) concentrated at {by,bs, - , by}, if w. satisfies

(i) w: has k local maximum points y: € R? (i = 1,...,k), satisfying y. — b; as
e — 0 for each i;

(ii) For any given 7 > 0, there exists R > 1, such that
|w.(z)| < 7 for all x € R3\ UY_, Br.a(yl);

(iii) There exists C' > 0 such that / (ac®|Vw.|* + w?) < Ce™.

R3

To state our main results we introduce some notations that will be used throughout
this paper. For any € > 0 and y € R3, denote

Veg(z) = v((w —y)/e?), R

for v(z) € H'(R?). We assume throughout the paper that V(z) satisfies the as-
sumptions (V7)—(V3).

The assumption (V7) allows us to introduce the inner products
(w,v)e == / (ac®'Vw - Vv 4 wo)
R3
for any w,v € H'(R3). We also write

1

H.:={we H' (R : |w|. = (w,w)2 < +oo}.
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The energy functional I, : H. — R! corresponding to Eq. (1.6) is given by (1.15). It
is standard to verify that I, € C?(H.,).

Suppose that (v%,v2 .- v¥) is the unique positive radial solution to the system
(1.16). We construct a k-peak solution to Eq. (1.6) of the form

w,(z) = ivi (%) + ., (1.17)

i=1

where ¢ € (0,1), the local maximum points y! — b; for some distinct b; € R3,
p. € H'(R?) satisfying
lpclle = o(e>#). (1.18)
We intend to verify b; = a; for each i € {1,2,--- | k}. In particular, ¢ depends only
on p. We identify the following result
4
g=2-——
p—1

until in Lemma 3.2. After that, we will always assume that 3 < p < 5 since ¢ > 0.

Now we state our main results. First, we have an existence result for multi-peak
solutions of Eq. (1.6) as follows.

Theorem 1.2. Assume that a,b > 0 are given constants, V(x) satisfies (V1)—(Va)
and 3 < p < 5. Then for e > 0 sufficiently small, Eq.(1.6) admits k-peak solutions
w. concentrating at {a; }1<i<k defined as in Definition 1.1 of the form (1.17)—(1.18).
More precisely, w. can be explicitly expressed by

k i
i(* Y
ue) = 3ot (F5E) + o

=1

where ¢ = 2 — p%l, the local mazimum points yt — a;, p. € HY(R3) satisfying

3
el = o(* 7).

Next we give the uniqueness result corresponding to Theorem 1.2 as below.

Theorem 1.3. Assume that a,b > 0 are given constants, V(z) satisfies (V1), (Va)

and(Vg,),3<p<5andq:2—p%1.

Eq.(1.6) of the form (1.17)—(1.18), then w = w®  holds for e > 0 sufficiently

If w (i = 1,2) are two solutions to

k

small. Moreover, let w.(x) = > vi yi T Pe be the unique solution, then there holds
i=1 7

1yt — a;| = o(e?) for i=1,2,---,k, and ¢l =O (62+37q+qm>.

By Theorem 1.2, we suppose that Eq. (1.6) admits a k-peak solution w, of the form
(1.17)—(1.18). Let u(x) > 0 be defined as

u(z) = )\Tllws(:c) where )\ :=e %

Then u(x) satisfies Eq. (1.1).
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Define up(x) == u(z) w.(x)

(/Rsvf(a:)dx); B </ng§(x)dx);

then uy(x) satisfies (1.2)—(1.3), where by = bHuH%Q(R?,), B = Hu\|’£§(lR3). Therefore,

we can easily deduce the following conclusion which has been stated in the abstract.

9

Theorem 1.4. Suppose that a,b > 0 are given constants, V (z) is assumed to satisfy

(V1), (Vo) and (V3), 3<p <5 andqg=2— p%l. Then there exist sequences {by}a

and {B\}x such that for any sufficiently large X > 0, problem (1.2)—(1.3) admits
multi-peak solutions uy of some form. In particular,

(1) if3 < p <L then by = ON"2) = 400, and By = O(A'2") = +oo as
A — +00;

(2) if LL < p <5, then by = O(N'729) — 0, and By = O(\

(3) ifp= %1, then by — by, By = Bs as X — +oo for some constants b, > 0, B, > 0,

where
4 ) 16
oo () oot ()
R3 R3

Additionally, uy can be explicitly expressed by

11-3p
2

) — 0 as A = +00;

where a, = [o,(U)* > 0, (U, U?,--- ,U*) and Q(x) are the unique positive
radial solutions of the system (2.4) and Eq. (2.1), respectively, the local mazimum
points yk — a; as X — +oo with |y —a;| = o(A"%), and p(x) € HY(R?) with

1 (9439 4 o,
/R3 [Elvwlhﬂpi] =y e,

Finally, we give the uniqueness result corresponding to Theorem 1.4.

Theorem 1.5. Suppose that a,b > 0 are given constants, 3 < p < b5, and V (z) is
assumed to satisfy (V1), (Vo) and (V3). If u(;) (1 =1,2) are two solutions to problem

1.2)—(1.3) derived as in Theorem 1.4, then ul? = u®  holds for A > 0 sufficiently
A A
large.

Remark 1.6. (Remark to Theorem 1.5) Suppose that (/\,u()f),bg\i), /(\Z)) (i =1,2)
are two solutions to problem (1.2)—(1.3) derived as in Theorem 1.4. Then by the

construction of uf\i), there exist w!’) (¢ = 1,2) such that
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‘ (4)
) = —=

and w!” (1 = 1,2) satisfy Eq. (1.6), that is,

_4

- <a52 + 552,,1/ |Vw§i)|2>Aw§i) + (1 + €2V(x)>w§i) = (wP)? in R3,
R3

where A = e72. By the uniqueness result derived as in Theorem 1.3,
w(z) = w?(z) in R? for € > 0 sufficiently small.

Hence vl (z) = u{?(z) in R3 for A > 0 sufficiently large. O
Remark 1.7. Here we compare our results with some previous works (for example,
those appeared in [15, 18, 19, 21]). [15] just considered the existence of multi-peak
solutions of Eq.(1.12) for general nonlinearity without L? constraint; [18, 19, 21]
proved the existence and local uniqueness of single peak and multi-peak solutions
of Eq. (1.5) without L? constraint whereas we consider the multi-peak solutions of
Eq. (1.1) with L? constraint and to consider L? constraint, we change our problem
into Eq. (1.6) and then consider the concentration of solutions to Eq. (1.6). Besides,
the limiting equation of (1.6) will be

—b( |Vv|2)Av+v:vp, ve H' (R, v>0 inR?
R3

which is quite different from the previous works in [18, 19, 21]. O

At the end of this section, we give the main ideas. Firstly, we prove Theorem 1.2
by using Lyapunov-Schmidt reduction method. More precisely, first, it is easy to
see that every solution to Eq.(1.6) is a critical point of the energy functional I,
defined as in (1.15). So we are left to finding a critical point of I.. Then, we will
follow the scheme of Cao and Peng [9], reducing the problem to finding a critical
point of a finite dimensional function J. (Y, ¢) with respect to Y € R* (see more
details in Section 3 and Section 4). However, due to the presence of the nonlocal
term o, |[Vw|*Aw, it requires more careful estimates on the orders of . Next, to
prove Theorem 1.3, we will follow the idea of Li et al. [18] and Li, Niu and Xiang
[19] to set

W) @

ge = Hwgl)

_ w£2) ||L°°(R3) )

and then obtain a contradiction by showing [|&||fe®s) = 0:(1). To deduce a con-
tradiction, we will need delicate estimates on the asymptotic behaviors of solutions
and the concentrating points 3’ (see Proposition 5.1). A main tool is a local Po-
hozaev type identity (see Proposition 2.4). Due to the presence of the nonlocal
term fR3 |Vw|2 Aw, the local Pohozaev type identity is more complicated than the
case of the Schodinger equation (1.7).
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The paper is organized as follows. In Section 2, we explore the form of multi-peak
solutions of Eq. (1.6) and locate the concentrating points. In section 3, we prepare
some preliminaries for the proof of Theorem 1.2, and in Section 4 we prove Theorem
1.2. In Section 5, we further explore some properties of the solutions derived as
in Theorem 1.2, and then prove Theorem 1.3. In Section 6, we prove Theorem 1.4
and so establish the existence result of normalized multi-peak solutions to problem
(1.2)—(1.3). For brevity, some elementary but long calculations and analysis results
are left for Appendix A and B.

Our notations are standard. Denote u; = max(u,0) for v € H'(R3). We use
Br(z)(Bgr(x)) to denote the open (closed) ball in R?® centered at z with radius
R. For any 1 < p < oo, LP(R3) is the space of real-valued Lebesgue measurable
functions with finite L” norms. H'(R?) is the standard Sobolev space, and H~*(R?)
is the dual space of H'(R?). By the usual abuse of notations, we write u(x) = u(r)
with 7 = |x| whenever u is a radial function in R®. We will use C' and C;(j € N)
to denote various positive constants, and O(t), o(t), o;(1) to mean |O(t)] < CJt|,
o(t)/t — 0 and 0;(1) — 0 as t — 0, respectively.

2. The form and locations of multi-peak solutions

In this section, we give some priori estimates and locate the concentrating points of

multi-peak solutions to Eq. (1.6) in the case of 3 < p < 5. In this case, %1 € (1,2],
p

24 el0,1)and 2~ A5 +q € g, g+ 1) € (0,2).

Throughout this section, we denote by Q(z) € H'(R?) the unique positive radial
solution to the problem

“AQ+Q=Q",  Qz)>0 iR,

2.1
Q) = maxQe), Q) € H'(RY). .
We refer to e.g. Berestycki and Lions [4] and Kwong [17] for the existence and
uniqueness of Q(x), respectively. It is well known that Q(x) satisfies the following
properties

Q(z) = Q(z]), Qz) >0, x € R
lim |z|elQ(z) = C, h_}m Q) _ _q,

|z|—o00 Q(r)

(2.2)

where C' > 0 is a constant. Moreover, ()(x) is non-degenerate, that is, the kernel
of the operator —Aw + w — pQP~'w in H'(R?) is spanned by {9,,Q : j = 1,2, 3}.
Additionally, Q(x) satisfies the following Pohozaev identity.

Lemma 2.1. Let Q(x) be the unique positive radial function that satisfies (2.1).
Then it holds

6= [ IVQF=(@r-3) [ @ (2.

Proof. Invoking by the Pohozaev identity of elliptic equations, there holds

/RS !VQ!2+/Rg QQZ/R3 Q""" and (p+1) R3\VQ\2+3(p+1)/R3 Q2:6/Rs Q.
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The above system gives (2.3). The proof of Lemma 2.1 is complete. [

Next we give some properties including nondegeneracy and priori estimates of some
form of multi-peak solutions as follows.

Proposition 2.2. (1) Foranya,b > 0, there exists a unique positive radial solution

(vh, 0%, ... vF) to the limiting system (1.16) up to translations; In particular, suppose

that w.(x) is a k-peak solution to problem (1.6) of the form (1.17)—~(1.18), then

k
Ce ::Z |Vv'|? — c,
i=1 /R

as € — 0, for some c, > 0, where

(3 —-3)\? 2\
= (3) (L)

(2) There exists a unique positive radial solution (UY,U? --- U*) satisfying
k
—b> | |[VU'PAU +U' = (U'Y, U' € H'(R?), U' >0 in R, (2.4)
=1 /R

Moreover, U'(z) is non-degenerate in H*(R®) in the sense that
Ker£® = span {E?IlUi, 02, U", &UgUi} ,

where L' : HY(R3) — HY(R?) is defined as

k
Ll = —bz /R VU PAp — 2b (/R vU'. w) AU+ ¢ —p(UY o (2.5)
=1

for all p € HY(R?);

(3) For eachie {1,2,--- ,k} we have
v'(z) = Ul(z) in L™(R3),2<m <6, ase — 0, and
Vo'(z) — VU (x) in L*(R3) as ¢ — 0. In particular,
vi(x) — Ul(x) in H'(R3) as e — 0.

Proof. (1) Suppose that (v,v? -+ v¥) is a solution to the system (1.16). Define

k
c. = Z |Vvi|2,
i=1 JR?

Then ' satisfies the following equation:

— (ag®? 4+ be.) Av' + (14 *V(a;))v' = (v')?  in R’
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By a scaling argument and the uniqueness result of positive solutions to Eq. (2.1),

o o0 = () e (Vo el
T 2V (a) N

for some z; € R3 (i = 1,2,--- , k), and

k k __2
: 1 r=1 \/ag?=24 + be
_ 1|12 __ €
cs—Ejngw—Ej( ) v &

- 2
1+ 2V (a;) T+ 22V (ay) Jes VQI~. (2.6)

i=1 i=1

Meanwhile, we conclude that the set

@ = (1) o (Y
v'(z) = —— :
N = (Ula U2a T 7Uk) : 1"‘52‘/((11‘) as?=24 + bce

z, e R 1<i<k,
consists of all solutions to the system (1.16).

Suppose that w.(x) is a k-peak solution to problem (1.6) of the form (1.17)—(1.18).
Then by the Definition 1.1 (iii), it yields

k __2 3

1 =1 (qe?72 4 pe, \ 2
3qy 2 _ 3¢ € 2d 3q
O(c*) /ngg - Z(—ngv(ai)) <—1+52V(ai)> [ @ar o)

=1

from which we assume that ¢. — ¢, for some ¢, > 0 as ¢ — 0. Sending ¢ — 0, we

conclude from (2.6) that
3p—3 ?
Cy = bk2 ( P / QQ) .
5— D Jgrs

Here we have used Eq. (2.3).

(2) Suppose that (U, U?,--- ,U*) is a solution to the system (2.4). Denote
k
= VU2
Then U’ satisfies —bc*AU'+ U’ = (U')?  in R3.
By a scaling argument and the uniqueness result of positive solutions to Eq. (2.1),

we have
i - T =Y
U(x)—Q(\/%)

for some y; € R3 (i = 1,2,--- , k). Simultaneously, it also yields that the set

M=3(ULU2, ... U*: Ui(z) = (x_yi):ieR3,1<'<k}
{< )0 =@ (T2 ) <i<

consists of all positive solutions of system (2.4). Notice that

k
=Y [ VU= k\/bc*/ IVQ%.
i=1 /R R?
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Combining the above equation and Eq. (2.3) yields

3p—3 2
* — pk2 2) —¢,.
‘ (5—19/1@3@) ‘

The nondegeneracy of U? can be proved by the same argument as that of Li et al.
in [18].

(3) Since Q(z) € H'(R?), the Sobolev embedding H'(R?) — L™(R3) (2 < m < 6)
implies that Q(z) € L™(R?). Then, it follows from Lemma B.1 that

vi(z) = Ul(z) in L™(R?), m € [2,6].
We also have VQ € L?*(R?), then there holds by Lemma B.1 again
Vo'(z) — VU (z) in L*(R?).
Therefore, v'(z) — U'(z) in H'(R®) as ¢ — 0. The proof of Proposition 2.2 is
complete. n

Noting that since Q(x) decays exponentially at infinity (see (2.2)), we infer that for
e > 0 sufficiently small,

max (v*(z) + |[Vo'(z)]) = O (|:p|_be_"‘$|) (2.7)

z€R3
holds for some constants ¢, > 0 independent of e.

We will repeatedly use the following type of Sobolev inequality.

Lemma 2.3. For any 2 < m < 6, there exists a constant C > 0 depending only on
a and m, but independent of €, such that

Jullimes) < C=20n9) ul. (2:8)
holds for all u € H.. Specially, for the case of m = 2, ||ul|p2ms) < Cllulf..
Proof. The proof of Lemma 2.3 follows directly from a scaling argument and the

Sobolev embedding theorems. We omit the details. O

Next we derive a local Pohozaev type identity (2.9) for solutions of Eq. (1.6).

Proposition 2.4. Let w be a positive solution of Eq.(1.6). Let Q be a bounded
smooth domain in R3. Then we have

ov 4 2 ow Jw
2 2 _ 2 2-4; 2 9P
€ /aniw (a5 + be /R3 |Vw| )/m (\Vw[ v; 5 8:51-)

2
+/ 1+ &2V (x)) vy — —— wP Ty,
o0 ( ) p+1Jaa

(2.9)

for each i =1,2,3, where v = (v1,15,13) is the unit outward normal of OSY.

Proof. The proof is obtained by multiplying both sides of (1.6) by d,,w for each
1 < < 3 and then integrating by parts. Interested readers can refer to Cao, Li and
Luo [7] Proposition 2.3 for a similar proof. O
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Now we locate the concentrating points of multi-peak solutions of the form (1.17)—

(1.18).

Lemma 2.5. Suppose V(x) satisfies (V1) and V(x) € CY(R3). Let w. be a k-peak
solution defined as in Definition 1.1 to Fq.(1.6) of the form (1.17)—(1.18), i.e.,

k i
i(* Y
wg(x): E v ( = 8) + e,

=1

where y. are local mazimum points, yz — b; ase — 0 for some distinct points b; € R3,
with . € HY(R?) satisfying
3q
l[pelle = o(e*2).
Then VV (y) — 0 as e — 0, and hence VV (b;) = 0. As a consequence, if Eq.(1.6)

has a k-peak solution, then V (x) must have at least one critical point.

Proof. We only prove the result for ¢ = 1. We use a contradiction argument.
Assume, without loss of generality, that there exists a constant Cjy > 0 such that
Ve (42)] > Co > 0 (2.10)

holds for any sufficiently small € > 0. We will use the Pohozaev identity (2.9) to w.
with Q = B,(y!) to deduce the contradiction. We choose the radius r as follows.

Notice that {b;} are distinct points, let r1 = min;£;{1,|b; — b;|/4} and ro, = r1/4.
For € > 0 sufficiently small, |y. — b;| < 79, i.e., By, (y.) C B, (b;) and |yt —yl| > 2r;.
Here, we also point out that r5 can be chosen as small as we wish. By (2.8) and the

assumption [ e = o(e** ), we have
el < O Dllgl. =o (454) .

Set f = (e|V.|? + |p:|> + |¢-|PT). Using the formula of polar coordinates, we get

T2
/ / f= /.
0 9Br(yl) Bry (yd)

so we can choose r € (0,77) such that
[ (U0 4 o 4 o) = ofct),
aBT(yl)

since p + 1 > 2. It is obvious that r can be chosen as small as we wish, and
|yt —yl| > 2r for i # j.

Next we apply the local Pohozaev identity (2.9) to w. with Q = B,(y!) with r being
chosen in the above. We obtain

oV ow, 0
52/ —w? = ei/ (|Vw5]21/1 B wg)
Br(yd) O, 9B (yd) v Or,

2
+ / (1+eV(2)) wiy — — wP My,
8B, (y1) p+1 Jop. )

(2.11)

o__4 o__4 .
where e; =¢c%a+¢&” »1b IVw.|> = O(e*"#179), since 2 — ﬁ +q<2.
R3
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We estimate (2.11) term by term. To estimate fB ) g—;/lw?, we spilt it into

ov
[t [ @ v et v [ et e
B Br(yl)

(L) O Br(yd)

By continuity, we have

[ V@) = V) u?
Br(yd)

By Proposition 2.2 (3) and (2.7), we deduce

2
Che%1 < / w? = / (vi,yl> + 0(°739) < Coe™,
By (y}) By (y}) :

for ¢ > 0 sufficiently small, where C', Cy > 0 are constants independent of €. Hence,
for e > 0 sufficiently small, there holds

< max |Vi(z) = Vi, ()] wy.
IeBr(yg) BT(y;)

/ (Vi (@) = Ver 1)) w2| < Gy max Vi (2) = Vi, GAIEY,  (2.13)

Br(yd) z€B,(y})

and Ve (92)] / w? > CoCre™. (2.14)
Br(yl)

Combining the above two estimates (2.13)—(2.14) and choosing r sufficiently small,

we obtain
e / W 2
B (y) 971

On the other hand, by (A.6) we have

2 awe 87,05 4 k ;
i / (’V“’E‘ " axl) < Ot / (erg,ygurv%\?)
=1

> (0001 ¢y max [V (o) —v;l<y;>\)

x€Br(yd)

> 00201 2430 (2.15)

0Br(y?) OB, (y})
< 0" + o(e'T?) = o(e*139), (2.16)
for sufficiently large v > 0, and
2
1+ 2V) wiy, — —— wPT
/amyg) ( Ju: p+1Jopwy ©
k . 2 9 k . p+1 1
<o [ () el (1) el
0Br(yd) \ =1 i=1
< O(E7) + o(e*131) = o(e*139), (2.17)

Finally, combining (2.12) and (2.15)—(2.17), we obtain

CoCh
———e?3 <o) ase — 0,

contradicting (2.10). Hence VV(y!) — 0 as ¢ — 0, and then VV(b;) = 0 since
V(z) € C' and y! — b;. The proof of Lemma 2.5 is complete. O
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3. Some preliminaries

To obtain multi-peak solutions to Eq.(1.6) of the form (1.17)—(1.18), we first de-

duce some necessary estimates for the finite-dimensional reduction. To this end, let

(v', 02, -+ v¥) be the unique positive radial solution to the system (1.16) and let

k
Y = (y17y27' .- 7yk) S D§ = §5(a1) X E5(a2) Xoere X §5<ak)’ ngY = Zvévyi’
=1

where 0 < ¢ < min{|a; — a;|/4 : i # j}. Here we need to recall that we assume
a; # a; for i # j in this paper.
Now if V' = (y',4%, -+ ,y*) € D§, then |y* —y’| > |a; —a;|/2 > 26 with i # j, which
implies by (2.7) that
i i i s i t _J0 . . .
g Vo i VUL i+ (vsjyi) <viyyj> = O(e =) with i # j (3.1)

for some constant vy > 0 and for any given s,¢ > 0. Readers can refer to Lemma

A.1 and Lemma A.2 for more estimates of v’ i

To construct k-peak solutions to Eq. (1.6) of the form (1.17)—(1.18), we will follow the
scheme of Cao and Peng [9], combining reduction method and variational method.

First, define J-(Y,p) =1 (Wey + ),
for (Y, ) € R3* x H_, where I, is defined as in (1.15). Then we can expand J.(Y, ¢)

with respect to ¢ near ¢ = 0 for each fixed Y as follows

J(Y,9) = T (V,0) + ey (9) + 5{Zp, 0) + Ry (4) 32

where J. (Y,0) = I. (W.y) and the operators .y, Z. and R,y are given as follows:

ley (gp):/ (a&QVW57Y'VQ0+W57ng)+€2/ V(.%)WE,YQO—/ Wlye
R3 R3 R3
(3.3)
+be¥ 1 / IVW.y|? / VW.y -V,
R3 R3
and (T, ) = (L" (Wey) [] ) = / (a2 - Vo + o))
R3

+ 82/ V(@Wﬁ + 2b52_pi1/ VWE,Y : VSO/ VWE,Y : V¢
R3 R3 R3

+ bg2p41/ |VW57Y|2/ VSD . V,ll) _ p/ Wg}_/1§0'§/}7 (34)
R3 R -
and
be2 7T ) 2 - 2
Re,y (90) = 4 / |V90| + b5 p—1 VW{—;,Y X VQO |V(p| (35)
R3 - g
1 ) )
— m R3 ((WE,Y + 90>;3_+1 _ Wsp;r/l — (p + 1)W§ng — 5p(p + 1)W§Y1902) ’

for ¢, € H.. Note that each term in (3.2) belongs to C?(H.). Following the scheme
of Cao and Peng in [9], we divide the proof of Theorem 1.2 into two steps:
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Step 1. For every £, > 0 sufficiently small and for any fixed Y € DE, we will
prove that J.(Y,-) : E¥,, — EF, has a unique critical point ¢,y € EFy, where

Efy =N B =0l {p e He <¢,ay;~_u;yi>€ =0, j =123}

Step 2. Then, for each €, > 0 sufficiently small, we will find a critical point Y
for the function j. : D¥ — R! induced by

Y i oY) = L (Y, 9y ). (3.6)
This gives a solution w. = Wy, + ¢y, to Eq. (1.6) in virtue of the following lemma.
Lemma 3.1. There exist eg > 0,00 > 0 such that for any e € (0,g¢) and § € (0, ),
Y. € D is a critical point of the function j.(Y) = J.(Y, p.y) if and only if

w: = Wey. + ¢ey.
is a critical point of I..

Proof. This lemma can be proved in a standard way, see e.g. Cao and Peng [9],
Cao, Noussair and Yan [8] and Bartsch and Peng [3]. O

In the lemma below, we deduce some necessary estimates for later use. First, we
give estimates for I,y (defined as in (3.3)).

Lemma 3.2. Assume that V(x) satisfies (V1)—(Va2). Then there ezists a constant
C > 0, independent of ,8, such that for any Y € D¥ and ¢ € H. we have

ley(9)| < O <€q9 +> (V(y) - V(%))) Il (3.7)

=1

_ 4 :
Furthermore, we conclude that ¢ = 2 — o1 and then p # 3 since q > 0.
Remark. After the proof of Lemma 3.2, we keep in mind that ¢ = 2 — p% and

1
3 <p<b.

Proof. Since (v, v? .-+ v*) is the unique positive radial solution to the system
(1.16), v? ; satisfies

— (ag® + be.e™) Avi,yi (14 &*V(a;))v! Vg i = = (v ) in R

e’y

Multiplying by ¢ € H. on both sides of the above equation and integrating by parts,
we obtain

(ag? + be.e™) / Vol Vo+ (1+eV(a)) / VLo = / (02 yi)p v.  (3.8)
R3 ’ R3 R3 ’
Summing the above equation over 7, we deduce

/ (ac®VWey - Vo + Weyp) + 82/ V()Weye (3.9)
R3

R3

= —be.e¥ / VIW.y - Vi + &2 Z/ Vi(a,) WwZ/ Vo) P
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Then substituting (3.9) into (3.3), we obtain

la,Y (90) = (b52p41/RS |VI/V5,Y|2 - b0552q> /RS VW&,Y : VQO

+ &2 i /R:S(V(iv) — V(a;))vl i — /R3 <Wsp,y - i (Ui,yi)p> 4

== l1 +l2 —lg.

In our estimates particularly the estimate of [y plays a leading role in the finite-
dimensional reduction method. To estimate Iy just consider for eachi € {1,2,--- , k},

/Rg(\/(x) — V(ai))v;yigp = /Rg(V(x) — V(yi))v;yigo + V(") = V(a)) /112{3 viyyigo
= l21 + l22.

To estimate [y, we spilt l5; into two parts:

Iy = / (V(z) - V(yi))vi,yiﬁp - / (V(x) - V(yi»vé,yi@ = bt + b
Bry(y") B, ")
Combining the assumption (V3), the exponential decay of v* at infinity and (2.8),
we easily derive by Holder’s inequality that

3q

|lon| < Ce2+|g..
By using the assumption (V4), (2.7), applying Holder’s inequality and (2.8), it yields

3q

[laiz] < Ce=7 gl

3q

Therefore, |ly1| < [lon1| + |la12] < Ce2 9.

To estimate ly9, we use a scaling argument and (2.8) to get

llas] < C(V(y') = V(ai)e? || el
\ k
Hence l,| < Ce*3 (5‘16 + Z(V(yz) — V(ai))) o]l
i=1

To estimate [y, at least we need |l;] = O(]lz]). We obtain by Hélder’s inequality and
Lemma 2.3 that

‘/ﬂ@ Vol i - ch' < ||Vl

and by (3.1) that

_4g
2@ || Vel 2msy < Ce™2||o|e,

9__4
ber 51 / VW, y|* — bc.e™
R3

k
552—1,%1/ Z [Vl ,i* + O(e™#) — be.e™
R?

9__4 _2
= ‘bceg =1t 4 O(e7=) — bee™

for some constant vy > 0.
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Here we should notice that ¢. — ¢, > 0 as ¢ — 0. We conclude that

1f2—— + ¢ > 2q, then || = O(£%7 7). —> |lo| = o(|l4]) false;

if 2—1:1 +q < 2q, then |l;| = (82_1’4T1+q_%)”g0|’5 = |lo] = o(]l]) false;

if 2—13%1 +q=2¢q, then || = O(cs e )|l¢|l. = |h| =o(|l]) as required.
In the case of 2 — 1% + q = 2q, one can check that ¢ =2 — zﬁ and

] < C=™de S lg||. < O3+ g
for e > 0 sufficiently small.
To estimate [3, we deduce by Hoélder’s inequality and (3.1) that

[ (o $e) = () S

i—1 i—1
. _ . 1 . . p—1
< C/R3 Z ((v;yi)p ! (vg’yj) + (v;yi)l (vg,y]) > ||
oy

< CeFe g < Ce2TE |y

P ol

for € > 0 sufficiently small.

Finally, combining the above estimates of l1,ly and I3 gives (3.7). The proof of
Lemma 3.2 is complete. Il

Next, we give estimates of R.y (defined as in (3.5)) and its derivatives RS%/ for
i=1,2.

Lemma 3.3. There exist constants C1,Cy > 0, independent of €, such that for
i €{0,1,2} we have

i —3(p— —i _3q _3q —i
IRS (@) < Cre Il + Coe™% (14 gl ) el (3.10)
for all ¢ € H.. Here, we denote Rg/ (i = 1,2) the i-th derivative of R.y. || - ||
denotes | - | for i =0 and operator-norms for i = 1,2. Here ¢ =2 — %1.
p

Proof. This lemma can be proved by the same argument as that of Lemma 3.3 in
[18]. We omit the details. O

4. Proof of Theorem 1.2

This section is devoted to proving Theorem 1.2. First, we consider the operator Z.
defined as in (3.4), that is,

(Lo i) = /(agzw V¢+W)+€/ (2o -+ 201 [ VI, w/vway Vi

+bs‘1/ IVW.y|? / Vo Vi) — p/ ettt

for p,v € H.. Here ¢ = 2 — . When no confusion occurs, we always suppress

¢ € EF,Y € D}. Note that Efy is a closed subspace of H, for every ¢ > 0 and
Y e R
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The following result shows that Z. is invertible when restricted on E¥,.

Lemma 4.1. There exist €9,y and p > 0 such that for all € € (0,9), 6 € (0,dp)
we have || Z.o|| > pllelle, for any ¢ € EEy uniformly with respect to Y € Dj.

Proof. The proof is standard, interested readers can refer to Luo et al. [21] Propo-
sition 3.4 and Li et al. [18] Proposition 4.1 for a similar proof. O

Lemma 4.1 implies that the quadratic form 7. : E¥y, — E¥, has a bounded inverse,
with || Z71] < p~! uniformly with respect to Y € D%.

Lemma 4.2. There exist £9,60 > 0 sufficiently small such that for all € € (0,&q)
and § € (0,08), there exists a C* map ¢. : D¥ — H., Y w ¢,y satisfying

< aJE (Y) QOa,Y)

r ,1/1> =0, forally € Ef’y, (4.1)

with ¢,y € Ng, where
k
N, = {90 e By ol < ¥ ( DML v<az->>“>}
=1

for some constant T € (0,q0/2). Here ¢ =2 — —==. Specially, we can choose T > 0
as small as we wish.

Proof. Note that, for each Y € D¥, we obtain from (3.2) that

(Y, 0) = Jo(Y.0) + (L (Wer), @) + (I (Wey gl 0) + Roy ().

5

Differentiating the above equation with respect to ¢, we obtain

1"

<8J ,¢> (L (We )y 0) + (I (Wor )l ) + (R (), )

for ¢ € Ejy, which implies that

az]g / 1"
5, = EWey) + LWer)lel + By(0) = Ly + Lo + By(9): - (42)

Since E{iy is a closed subspace of H., Lemma 3.2 and Lemma 3.3 implies that [, y
and Rilg,(go) are bounded linear operators when restricted on Efvy. Denote by 9t
the dual space of H.. By Riesz’s representation theorem, for each f € 9, there
exists a unique f € H. such that

F@) = (f,¢)., forally e H..

From this, we can define a map ¢ : M — H., f — f We claim that o is a
homeomorphism from 9 to M* := ¢(M). In fact, suppose o(f1) = o(fs), ie
fi = [z, then

f[i(Y) = (fi,¥)e = (f2,¥)e = fo(¢), forall y € H,

which implies that f; = f», and hence f is injective.
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Since MM* := o(IM), o is surjective. For any fi, fo € M, and any ¢ € H,,

i+ For e = (Fr+ f2) () = 1(0) + fo(@) = (Fr,0)e + (For )e = (fo + fo, ),

which implies that ﬁg = fi+ fo, ie., o(fi+ fa) = o(f1) + o(f2). And for any
ke RY f € 9 and any ¢ € H., we have

(kf, ). = (kF) (W) = kf() = k{f,¥). = (kf,9).,

which implies that /;J\t = kf, ie., o(kf) = ko(f). The proof of the above claim is
complete.

Based on the above claim, we can identify /.y and RS}), with their representatives

in E¥y, and then Eq. (4.2) is equivalent to

5 Ly +I.0 + R (). (4.3)

Therefore, to prove Eq. (4.1), it is equivalent to find ¢ € E¥y that satisfies

Ly +Zp+ RY(p) = 0.

By Lemma 4.1, the operator Z. is invertible, and || Z7!|| < p~'. So Eq.(4.3) is
equivalent to

o =T (ley) ~ I (RN (9) =t Asy (). (4.4)
Claim that A, y is a contraction map when restricted in /V.. Indeed, for any ¢ € N,,
we have

107 _ (1 _ — 1
A=y (D)l < p My ||+ o HIRS ()] = o7 ey | + o7 IR ()]

k
By Lemma 3.2, ||l.y| < Ce**? <€q9 +Y (Vly') - V(ai)))-

i=1

So we can choose 0 < 7 < ¢f/2 sufficiently small in such a way that

Ce™ < £,
C(V(y') = V(a)) < g, for each i =1,2,--- k.

We also notice that ¢0/2 < ¢/2 =% (2 — ﬁ) < 1. Then we obtain

ey < 552+37q <5q9_7 + Z (V(y") - V(ai))17> . (4.5)

For any ¢ € N,, we have 5_%“0”8 = o(¢?), and then, by Lemma 3.3, for ¢ > 0
sufficiently small, there holds

P
IR (@) = 0:(D)lglle < Sl (4.6)
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Therefore, combining (4.5) and (4.6), we deduce

k
vl < 2248 (074 V) = Via)'™),

which implies that A,y (N.) C N.. For any o, € N,
ey (9) = Aoy (0)]c = 12 (R 1%<w>)—zgl(ﬁi?;<w>)ne
< p RN (0) — R ()]
= p IRE (gp + (1= O¥)lllle — ]l for some 0 < € < 1.

Notice that 1§60+ (1 = vl < Ellell- + (1 = &Il

2434 <€q9_7 4 i (V(yl) — V(ai))l—T )7

ie, Eo+ (1 — &)y € N, then from (3.10), we have
IRS (gp+ (1= )| < Cre™* e |eg + (1 — &y +
+ G ¥ (14 e ¥ g+ (1 - Ol ) lgw + (1 = 0l = 0.(1).

Hence for € > 0 sufficiently small,

Ay () = Ay (D) < §Hs@ Ulle,

which implies that A,y : N, — N, is a contraction map. We can apply fixed point
theorem to find a unique solution to Eq.(4.4), as required. Thus, there exists a
contraction map Y — ¢.y such that (4.1) holds.

Finally, we claim that the map Y + ¢,y belongs to C'. Indeed, by similar argu-
ments as that of Cao, Noussair and Yan used in [8], we can deduce a unique C'* map
@- : Dy — EZF, which satisfies (4.1). Therefore, by the uniqueness ¢ = @., and
hence the claim follows. The proof of Lemma 4.2 is complete. ]

Next we give the following observation.
Lemma 4.3. For any ¢ € Esy we have
(Zp,0) = O(ll#ll2). (4.7)

Proof. The proof is direct and we refer to the proof of Lemma 4.3 in [18]. ]

Proposition 4.4. Assume that V(x) satisfies (V1)—~(Va). Then fore > 0 sufficiently
small, for any Y € D%, there holds

k
L(Wey) =Cie® + ) Coi (V(Y') = V(a) €29 4 O(e>H0+7),

=1

h o= (53— ) / iyt &
where 1= p+1ZR3
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1 )
and CQi:_/(UZ)Q, 1=1,2,--- k,
) 2 RS

and 6 is the Holder continuity of V(x) in the neighborhood of a; (1 <i < k).

Remark. Even though the constants C, (s ; depend on €, we have C) — C} and
Cyi — C5,; as ¢ — 0 by Proposition 2.2 (3), where

2
* zp+l & *:1 i\ 2
Ch ( p+1)Z/RSU and Cj, 2/RS(U).

Hence we can regard Cy,Cy; (i = 1,2, -+ , k) as constants.

Proof. It follows from (1.15) and (3.1) that
1
LWr) =5 [ (EalvWrP W)+ 5 [ views,
2 R3 ’ R3 ’

be 2 1
el VWE 2 __/ Wp+l
(L ,Yr) s [

:—Z/R3 e2a|Vul ,|?

where 79 > 0 is a constant. By (3.8), we obtain

3 [ it ) +5 3, [ veo
LS [ -mfi Jv@ = V) 68,0+ 53 [ (@2,
52 [Vt g 2 DWew) 5 24 [ ew)

Notice that for each 1 =1,2,--- , k,

[ V@ =vieel,0 = [ (@) =V, + Vo) - Vie) [ 68,0

Then similar arguments to the estimates of ly; and lys in Lemma 3.2 imply that

E?y

/R3(V(a:) —V(ay)) (vl ;)* = Cedrral 1 (V(yi) — V(ai)) /R3 (v')2e® (4.8)

for some constant C > 0.
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Hence, by estimate (3 (4.8) and a scaling argument, we can deduce

§ Z / (V@) = V(@) (¢h,)°
1 Z/ gy e <Z/yvvay )—]ﬁ

bsq 1 ;
Z/ery <§;/Ryva,yi 2
1 i \pt+l 1 i \p+l -2
+ RS 52 (Ue,yi) _p+ 1 (Ua,yi) +O(e € )
1

k k
i=1 i=

1),
bce
[E(W£7y) / ]Vvay

k
=C1e™ + Z Coi (V(y') = V(a)) €73 4 O(2509),
i=1

The proof of Proposition 4.4 is complete. Il

Now we prove Theorem 1.2.

Proof of Theorem 1.2. Let Y — .y for Y € D§ be the map obtained in Lemma
4.2. We will find a critical point for the function j. defined as in (3.6) by Lemma
3.1. By the Taylor’s expansion (3.2), we have

. 1
]S(Y) = Js (K QOE,Y) = [S(WE,Y) + ls,Y (SOE,Y) +3

2 <Is(105,Y7 905,Y> + RE,Y ((PE,Y) .

Now by Proposition 4.4, we have

k
L(Wey) = Cie" 37 Coy (V(y) = V(@) 27 4 O(+0).

i=1

Lemma 3.2 and Lemma 4.2 give

ey (pey )| < Ce*tde (8"9 + i (V(yz) — V(ai)) ) (8"0*7 + i (V(yz) — V(ai))l_T )

Lemma 4.3 gives (Z.p.y, 0ey) = O(||pey||?). Lemma 3.3 gives
|Rey (e )| = 06(1)”90873’”?'

Combining the above estimates yields

k
JE(Y) = 015311 + Z 0271‘ (V(yz) . V(az)) 82—&-311 + O(€2+3Q+q0)

+ O(€4+3q) (8‘1977 + i (V(yi) _ V(ai))kf )2.

Next, we consider the minimizing problem

J(Y2) = Yinfk Je(Y).

eDk
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We claim that Y, is an interior point of D¥. To prove this claim, we apply a
comparison argument. Let e; € R® with |e;| =1, e; # ¢; for i # j. We will choose
n > 1 to be sufficiently large. Let 2J = a;+¢"e; such that Z. = (2}, 22,--- | 2F) € D

for a sufficiently large n > 1. Then by the assumption (V3), we have

k
je(Za) = 015311 + Z 0271, (V(Zz.) _ V(ai)) 52+3q + O(€2+3q+q9)

i=1 i
+ O (77 30 (V) — Vi)' )
=1
_ Clg3q + O(€2+3q+9n) + O(€2+3q+q9) + O(€4+3q)(82q972~r + 62917(177))

= (1% 4 O(¥3at ),

2

where n > 1 is chosen to be sufficiently large accordingly. Here, we also have used
the fact that 7 < ¢f/2. Thus, by using j.(Y:) < j.(Z.) we deduce

2

k k
D Co (VIgE) = V(@) 2% 4+ O) (7 + 3 (V) = V(@) )
=t < O<82+3q+q9). =1
That is,

k k
A . \2
> Coi (V) — Vi) + O(?) (sqf’—f +) (V) - V(a;))' ) < O(e").
i=1 i=1
If Y. € D%, then by the condition (V3), we have
V(y) = Via) 2¢ >0

for some constants ¢; > 0 (i = 1,2,--- , k). Notice that Cy; — C5; > 0, then letting
e — 0, we deduce that

k
0<> C5,6<0,

i=1
a contradiction. This proves the claim. Therefore, Y. = (yl,y2,--- ,y¥) is a critical
point of j. in the interior of D%. Theorem 1.2 follows directly from this claim and
Lemma 3.1. O]

5. Proof of Theorem 1.3

In this section, we prove the local uniqueness result of multi-peak solutions to
Eq. (1.6). We use a contradiction argument as that of Cao, Li and Luo [7]. As-

sume wY) = Zle vi ) T gpg ) ( = 1,2) are two distinct solutions concentrating at
yYe
{ay, -+ ,a;} C R? derived as in Theorem 1.2. Set
. w® @
< L _ @
||w5 We ”LOO(RS)

and set EE(:U) = & (el + y?)(l)) for an arbitrary ig€ {1, - ,k}, where ¢ =2 — z%'
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In the following, iy will be fixed. It is clear that

€l e (rey = 1 and [|&c]| ooy = 1.

To deduce a contradiction, in the rest of this section, we will show
&l ey = 0c(1). (5.1)

To prove (5.1), we will first prove that |£.| — 0 holds in U¥_, Bp.q (yé(l)) with respect
to sufficiently small € > 0 (see Proposition 5.5), and then verify that it holds outside

UY_ Brea (yé(l)) (see Proposition 5.6). To this end, we will establish a series of results.

First, we explore some properties of the solutions derived as in Theorem 1.2.

Proposition 5.1. Assume that V (x) satisfies (V1), (Va) and (V3). Let

we(z) =Wey. + - = ngy + pe

be a solution derived as in Theorem 1.2. Then we have:
k

(i) e € H. satisfies |loelle = 52+37q0<6qm + Z |yl — ai|m>. (5.2)
i=1

(ii) Furthermore, ly! — a] = o(e?), (5.3)

fori=1,2,--- k. Then a refinement of estimate (5.2) is given by

lpelle = O (25 +m) s (5.4)
(iii) we concentrates at {ai,as, - ,ar} and decays exponentially at infinity.

Proof. (i) By the same argument of (3.9), it yields

/ 3 (2aVW.y. - V. + Wey ) + & / V(2)We.y. . (5.5)
R

R3
— _bee2 [ YW Ve + €2 Z/ V(a) W%+Z/ ayE Pe-

Since w, is a solution of Eq. (1.6), we have
/ (EQCLVW&YE V. + Wg,yagog) + 52/ V(x)Wey.p- (5.6)
R3 R3

- —/ (%a|Ve:|* + ¢2) —62/ V(x)soi—beq/ IVWs,yEI2/ VW..y. - V.
R3 R3 R3 R3

2
— 2be (/ VW.y, - Vgps) —Sbeq/ VW.y, - wg/ V. |?
_bgq/ |VW6YS|2/ |Vgpa|2_b5q (/ |Vgpa|2) /( 53’5_}'905)90'
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Combining (5.5) and (5.6) implies that
2
/ (e%a|Ve: > + ¢2) + 82/ V(x)p? + 2be? (/ VW.y. -V%) (5.7)
R3 R3 R3

L b / VW2 / Vel —p / WryLp?

:—bgq/ |VW€y] / VW.y. - V. — 3be? VWEY Vgos/ V. |?

_bgq(/ |V‘P€|2) /( Y. T pe)f /W&?Y:

+ be.e2 VWEYE Vgos—g Z/ V(a;)) Eylgos Z/ sys e

From (3.4) and (5.7), we obtain

(Zepe, pe) = (1)0582q — bet \VWE7YE|2> / VW.y. - V. (5.8)
R3 R3

2
—3be? | VW.y. -V, / |Vipe|? — be? ( / \wgy?)
R3 R3
1
+/RB(W€YE+QOE / WSYE Z/ syE Ve

k
23 [ (V@) = Vi@l o = Py - Pt Py = P
i=1 /R
Similar to the argumention in the procedure of estimates of /; in Lemma 3.2, we get

Pil =0 (e de ) gl

To estimate Ps, just notice that

2
([ 190} =0 et

and by Holder’s inequality that

3q
o [ VWi [ Vel =0 (¥ lel?).

Hence, we deduce that |Py] = O (8_37(1”905”? + 5_3‘1||g0€||§>.

To estimate P3, applying Holder’s inequality and (2.8), we have

"
[ (L) ([1er) " <t

d [ et < CelR DI pn - oS0 I 27 < Ol

Hence P3 = O(||¢:2).
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To estimate Py, we use the assumption (V3). Just consider for each 1 < i < k and
any fixed d < 1/4min{ Ry, n}, that

/ﬂ{(v(x) — V(ai))vi,y;% = /B ( (V(x) — V(ai))v;yégoe + /C (V(x) — V(ai))vé,yg%

3 i) S(yl)
=: Py + Pyo.

Combining the assumption (V3) and (2.8), we derive by Hoélder’s inequality that
< C’/ lr — a; mv;yé ©e|
Ba(yt)

1
5 2
()
Ba(yl)

2

|Par| =

/“,UNm—vwmﬁﬁ%
Ba(yl)

. 2
co(f oo ()
Ba(yi) :

< Ces / ledz + yé — a;[*™ (vl(z))
B 4 (0)

eq

[NIES

N

[[E

, |
<Ce? (e + |yt — ail™) llepe e

Meanwhile, by the exponential decay of vi i and the assumption (V7), we deduce
from Lemma A.1 that, for any v > 0,

Pal=|[ (V@) - Vit woe| < €l
Bi(ye)
5 k
Hence [Py < Ce* <€qm + Z lye — ai|m> lloele-
i=1

Combining the above estimates of P;—P, and (5.8), we obtain
\ k
=1 m i m
(Lo, o) | =20 <5q + Z |yt — ail ) [l
i=1
From Lemma 4.1, we also have

k
3 .
p’l%—:”? < ‘<I€g0€,g0€>| =20 <5qm + E |yé - al|m> HSDEHE-:a

i=1

k
which implies that loelle = 250 <€qm + Z vt — ai|m> :

i=1

The proof of (i) is complete.

(i) It is sufficient to verify (5.3) for fixed i € {1,2,--- , k} with 7 satisfying
i — ol = max{lyl —aj|: 1< j < k).

(In other words, it is also enough to verify (5.3) for each fixed i.)
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Recall the local Pohozaev identity derived as in Proposition 2.4, that is,

aV 2 2 ow Ow
2 2 _ 2 q/ / =9
£ g 8xaw <a€ + be g Vuwl ) , |Vwl| v, o o

2
+ / 142V (2)) vy, — —— wPTy,
a0 ( ( )) p+1 Jaq

for each a = 1,2, 3, where v = (11, 19, v3) is the unit outward normal of 992. We will
use the Pohozaev identity to w. with Q = By(y’) to deduce the conclusion (5.3).
We choose the radius d as follows.

Notice that a; are distinct points, let dy = min;;{1, |a; — a;|/4} and dy = d;/4.
For ¢ > 0 sufficiently small, |y’ — a;| < da, i.e., By,(y.) C By, (a;) and |y° — y?| >
2d,. Here, we also point out that dy can be chosen as small as we wish. Set
[ =e%V|? + |pe)® + |pe|P™. Using the formula of polar coordinates, we have

do
[ =]
0 0B (yt) B, (y2)

we can choose d € (0,d3), where d3 = min{ds,do} and dy is defined as in Lemma
A.1, such that

[ @I + o + el = Ol (5.9)
0Ba(yz)

It is obvious that d can be chosen as small as we wish. Applying the local Pohozaev
identity (2.9) derived in Proposition 2.4 to w. with Q = B,(y), we obtain

52/ avw3=<52a+€qb |vwe|2)/ (|Vwa|%—26w€aw5)
Ba(yt) 9%a R3 8Ba(yl) Jv 0z,

3
2
+/ (1+eV(2)) wivg — —— wPtly, =) I, (5.10)
OBa(y}) T pHlosen C z;
ow, 0
where I = <52a+6qb/ ]Vwaf) / (]ngfya D ws) ,
s OB (v}) v Ora
2
I, = / (1 + 52V(x)) w2y, and I3 = ———— w? My,
OBa(u) P+ 1 Jopw

We estimate the left and right hand side of Eq. (5.10), respectively.

On one hand, for the right hand side of Eq. (5.10), we estimate [; (i = 1,2,3) term
by term. To estimate I, notice that

2a+eh [ V.| =0(),
R3

and then by Lemma A.2, we obtain for any v > 0

L] = <52a+5%/ |ng|2) / (|Vwa|2ua—2aw5 8w6>‘
RS OBa(y}) Ov Ora
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[ (oo -atee)
OBa(yi) v Oxq

k
<cet [ (Y IVil P (Tl
0Bq(yi) \ =1 :

= O(" + [l l2)

< Ce

Similarly, we derive by the assumption (V;) and Lemma A.2 that
I = / (1+°V(2)) wir, < C/ w2 = 0" + ||lec||?).
dBa(yt) OBa(yi)

Furthermore, by (5.9), we have

/ wl | <
9B4(yl)

= O(" + [lcl2)-

2
3] = ——
p+1

Combining the above estimates, we conclude that, for any given v > 0,

oV
52/ —w? = 0" + [l |I2). (5.11)
Ba(yt) 9%a

On the other hand, we estimate the left hand side of Eq. (5.10). Notice that

ov oV . \2 av .,
[oogui= [ () 2 e O+ e (512
Ba(yi) O%a Ba(wi) OTa N 7 Ba(yi) O%a %

for any given v > 0. By the assumption (V3) and Holder’s inequality, there holds
/ a—vz,yégpe < C’/ |z — a;|™ lvs’yé
Ba(yi) 9Ta Ba(y)

3 :
([ e () (L, 7)
Ba(yl) : Ba(yl)

, (5.13)

2

i m— i 2
/ €92+ 4 — a2 ()] el
B 4 (0)

d
e9q

905|

IN

< Ce? (1D 4y — g™ 7) el

Similarly, by assumption (V3), we deduce

v i\ 2 i\’
i m—
3 (v&yg) = MCiq %a = aial™ T (0 — i) (%,;,g)
Ba(y?) 9T Ba(y?)

. 2
+O</ ”“‘%ﬂw(¢%>)
Ba(yt)
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= mci,aegq/ 9T + YL o — Gial™ 2(elx, + Yoo — ia) (V')
B 4 (0)

+ %0 (7 + |yl — a;|™) | (5.14)
where ¢ , is the a-th exponent of y!. From (5.2), we have
34 m % m
loelle = €20 (€™ + |yl — ail™) - (5.15)
Therefore, combining (5.11)—(5.15) yields
/|5qxa + y;a — Qi (T + YLy — i) (vi)2 =0 (" + |yt — a;|™) . (5.16)
B 4 (0)
eq
Note that, for any e, f € R, m > 1,m* = min{m, 2}, we have the inequality
[le+ fI™ = [e]™ — mle[" e f| < C (Je|™ ™™ |fI™" +[f]™) (5.17)

where the constant C' is independent of e, f. Applying (5.17) to e = 924 +y. , — i
and f = —elx,, we have

|y::,a - ai,a| /B © |8qxa + y;,a - ai,a|m 2<€qxa + y;,a - ai,a) (v%)
4 (0

£

It

I m i\ 2
> —[Yt o — Gigl / (U) (5.18)

Take some a = ig € {1,2,3} such that
i |yt — ail
Y24 — ig| = VI

Notealso that ! ; — ai,| < [y2 —a;]. Thus, combined with (5.16) and (5.18), we get
e — ail™ = [yt — @O (™ + |yt — ai™) + O (™ + |y. — Clz‘|m_m*5m*)
- |ys —CL1|O (8q + |y5 _ai| ) +O(6q )+ §|ye _ai| )

which implies that Yt — a;| = O(g9).
Then, from (5.16), we have

/B (0)

d
=7

i m—2
Ye,o = Gijor

i
at =

(xa 4 Yoo~ e _q am) (v')* = O(eY).

€

Since |y! — a;| = O(e?), we suppose that ysg;qa — t as € = 0. Then we have

5 |Za + tal™ 2 (2 + ta) (U))* = 0.

where t,, is the a-th component of ¢ for « = 1,2, 3.
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Notice that U’ is radially symmetric and decreasing, then we conclude that ¢ = 0.
From this, we deduce (5.3). Then, combining (5.2) and (5.3) yields (5.4). The proof
of (ii) is complete.

(iii) By Theorem 1.2, we know that ||¢.|l. = 0(62+37q). Thus, a straightforward
computation gives

30
|w.||e = O(g2). (5.19)
For any fixed ¢ € {1,2,--- ,k}, set w.(x) = w.(e%z + y").

Then w, > 0 solves
- (a522q + b/RB |V@5]2) A, + (14 V(s +yl)) w. =w? inR®.  (5.20)
Moreover, there holds by (5.19)
[ @V + @) == = o). (521)

By the assumption (V4), (1 +*V (g% + y!)) is bounded uniformly with respect to
g, and

: 2 q )

xlélRfs (1+eV(e%z+yl)) > 1.

Therefore, w, satisfies

~B.Aw, +w. <w’ inR® and sup |We || 1 sy < C' < +00,
€

where B. = (&52211 + b/ \Vﬁglz) — be, >0 ase — 0.
R3

Using the comparison principal, we infer that
We(z) < Ce™el 4 e R3 (5.22)

holds for some constants C, x > 0 independent of € > 0.
Notice that (5.22) is equivalent to

slr—ye|

we(z) < Ce™ ™ =1

, xR,

which means that w. concentrates at a; rapidly as € — 0. In particular, under the
additional assumption (V3), we have estimate (5.3), that is |y. — a;| = o(¢?), which
in turn implies that
7N|zfai+ai7yé\ 7N|z7ai|7n\ai7y§\ _ klz—ay] 3
we(z) < Ce =a < (Ce =a <Ce = , xzeR°.
This shows that the solutions concentrate around the minima of V(x).
Furthermore, the standard potential theory and iteration arguments shows that
we € L*(R?) and
|We || oo (rsy < C' < 400 (5.23)

holds for some constant C' > 0 uniformly with respect to e.



L. Cui, G. Li, P. Luo, C. Wang / Ezistence and Local Uniqueness ... 239

As a consequence of this estimate (5.23) and the assumption (V;), we infer from
Eq. (5.20) that

| Awe || oo 3y < C (5.24)
holds for some constant C' > 0 uniformly with respect to e > 0. The proof of (iii) is
complete. O
Proposition 5.2. We have & = O(&t%q). (5.25)

Proof. Since w!’ (j = 1,2) are assumed to satisfy Eq. (1.6), we obtain

— <€2a + sqb/ ]Vw£1)|2) AE + (14 2V (2))EL
R3

— &b < V(wh +w®) . Vfa) Aw® = C.(x)&, (5.26)
R3
and - <62a + sqb/ ]Vw§2)|2) A+ (14 2V (2))&
R3
— e ( V(w +w?). vgg) Awl) = C.(z)&., (5.27)
R3
1
where C.(z) = p/ (twM (z) + (1 — t)w® (z))P~Ldt.
0

Combining (5.26) with (5.27), we have

- (2826L + a%/ (IVwl|? + |Vw§2>|2)> A& +2(1 42V (2))E.
® (5.28)
— &b ( V(w +w?)- vgg) A(w® +w?) = 20, (z)¢..
R3

Multiply by &. on both sides of (5.28) and integrate by parts over R3. As the terms
containing a and V'(x) are positive, we can throw them away, and get

b [ (Vul P4 9u®P) [ vepee [ jef<z [ o 629
R3 R3 R3 R3

Notice that for each j = 1,2, there holds

R?)

k
o [ IVeP e [ (S P4V ) ofet) = et (530)
R3\j=1 e
where ¢, — ¢, > 0 as e — 0. From (5.29)—(5.30), we conclude that

ez < ¢ [ Cuaéias

holds for some constant C' > 0 independent of ¢.

Since |£.| < 1, then for j = 1,2, a simple scaling argument implies that

/ (v )1 < Ce¥,
R3

E7y;(1)
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and by applying Holder’s inequality and Lemma 2.3 that

/RS( D)1 < [l oy 12 gy = 0P IEII.

Hence
2
e < 0/3 C.dr < / C (Z (v )" Z Pls ) e2dr = 0(%),
R R i
which gives (5.25). The proof of Proposition 5.2 is complete. O

Next we study the asymptotic behavior of EE

Proposition 5.3. Letgs( ) = 55(5qx+y ) Then there existd, € RY, w=1,2,3,
such that (up to a subsequence)

3
&= Y du0, U in Ci (R?)
w=1

as € — 0. Here iy is the index used in the definition ofgE defined at the beginning
of this section.

Proof. It is straightforward to deduce from (5.26) that & solves
— ( 272 —|—5_qb/ |V ) AL+ (14 2V (% + yeMW))E, (5.31)

—e~ (/ V(w® +w?) - Vég) O (el + oMy = CL(e% + yioW)e,.
R3

For convenience, we introduce
0 (x) = wl (&% + 42 V) and F(x) = ¢ (' + o)

for i = 1,2. Then, we have

[ vatp—e [ ST+ VP
R3 =1 Y
= Z |V O + O(e™#)

= .+ O(E> ™) + O(e ) — ¢, > 0, (5.32)
and 5’%( / V(w® + w®) . v&) = / viaW +a®). Ve,  (5.33)
R3 R3
which are uniformly bounded for € > 0 by (5.21) and by below (5.34),
/ VEP=c q/ Ve = 0(1). (5.34)

We also have used the following estimates for ¢ = 1, 2:

[ IVEDR = e (1)) = Ot
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Thus, in view of ||EE||LN(R3) = 1 and (5.24) and estimates in the above, the elliptic

regularity theory implies that Ea is locally uniformly bounded with respect to € in
CL?(R3) for some g€ (0,1). In consequence, we assume (up to a subsequence) that

g& — g in Clloc(Rg)'

We claim that & € Ker £, that is,
k
—b> | |VUPAE - 2b (/ \ v'{) AU + € = p(UP)P~1¢. (5.35)
=1 /R? R3

Then £ = S dy,d,,U" for some d, € R! (w = 1,2,3), and thus Proposition 5.3
is proved.

To deduce (5.35), it is sufficient to show that (5.35) is the limiting equation of
Eq. (5.31). It follows from (5.32) that

k
<a52_2q—|—b5_q / |Vw§1>|2) = / VU [?
R3 i—1 /R3

_J0
q

k
=ae> 40y [ VU + O ™) + O(e =) — be,
i=1 /R3

= ae® % + be. + O(E*T9) + O(e#) — be, — 0 (5.36)
as € — 0. Similarly, by (5.33) and (5.34), we have

£ ( V(w® +w?) - v&) —2 ( / A vg";)
R3 R3

= [ V@V +a?)- Ve -2 ( VU . VEE)
R3

R3

io(1) §(1) io(1) J(2)
_ j Ye = —Ye j Y — ¥ -
- (Z A D DAL T)> o
+ / (Vvio + Vo' (z + LCRE L —qya ) — 2VUi0> . VE.
R3

+ / (Vo) + V@) - Ve,
R3

= 0(e ) + 0.(1) + O(e*9) - 0 (5.37)

as € — 0. Here we have used Proposition 2.2 (3) and Lemma B.3.
Similarly, for any ® € C§°(R?), we obtain

/ (VP (%2 + yoW) — vU™) - VP
R3

' yio(l) i yi0(2) '
:/ Vo (z 4+ Z—F ) VU | . VD
R3

c4
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(1) i(2)

+ Z/ Vol (2 —yf) Vo + [ Ve .Vo
J#io e R
=0.(1) + O(e =) + O(e*t9) = 0 (5.38)

as ¢ — 0. Combining (5.37) and (5.38) we conclude that

e~ ( / V(w +w?)-Ve, ) Aw® (2 + yoW) — 2p ( VU™ . VE) AU™ (5.39)
R3 R3

in H~!(R3). By the assumption (V;) we have

14 &2V (%2 + y®W) = 1 locally uniformly (5.40)

as € — 0. Now, we estimate C.(e%x + ym(l)) For each j =1,2,--- , k,

() o () oS e ()
— oo (ZL0Y), (5.41)

c4
Then we have

k j(l)
wi () — w®( Z ( > +O0(leM (@) + [P ()]).  (5.42)
For any = € By(y Z0(1)) by Lemma A.2, we deduce that, for any ~ > 0, there holds
1
Cula) =p [ (@) + (1= P )y at
0

:p/o1 <t<z i T Ek:” yz<2>> zk: e +tpM(z) + (1 —t)90§2)($)>p1dt

i=1 =1 i=1
& yZ:O() io (T Ye () (1) (2) p—1 ~
= (v (L)) F 0 (FL) 0 (@) + @) 0,
Hence it yields that
. 1 A yéo(l)—yé‘)@) X . bt
Cleta+ o) = p(v (2 + TP )Y 5 0 (180(@) + 132 @)) ™ 0(1)

c4

holds for # € B¢ (0). We deduce from Proposition 2.2 (3) and Lemma B.3 that for
any & € C°(R3),

/ Co(e% + yoM)Ed — p/ (UP)P~1ed as e — 0. (5.43)
R3 R3

Finally, combining (5.36) and (5.39)—(5.43), we obtain (5.35), and the proof of
Proposition 5.3 is complete. ]
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Lemma 5.4. Let d,, be defined as in Proposition 5.3. Then d, =0 for w=1,2,3.

Proof. Applying the local Pohozaev identity (2.9) to wél), w? with Q = Bd(yé‘)(l)),
where d is chosen in the same way as in Proposition 5.1, we combine this with (5.4),
(5.9) and Proposition 5.2 to obtain

/ (VRPN + [P + [P ) = O(llel]12) = O™y (5.44)

0Ba(y0™")

for i — 1,2, and / L EIVEP +IEP) = 0. (5.45)
dB4(y")

Furthermore, we obtain for 1 = 1, 2,

52/ N (wéi))2 dz
Ba(

o)y Oxg
(4)

()
L2 L2 ows’ Ows
= (52a—|—aqb/ V| )/ (\Vwéz)\ vy — 290 70 )
R3 3Bd(y20(1)) ov &L’a

12 2 i\ P+l
+ / 142V (z)) (wP) vy — —/ w'? Ve,
9By (y") ( ) ( ) P+ 1 Jop,io®) ( )
where a = 1,2, 3, from which we deduce

o B () - )
Ba(

yéO(l)) axa

1) 1)
2 2 8 N 8 N

= (52a+5qb/ VY| >/ _ (|Vw§l)] Vo — 2 we o0 )
R3 8Bd(y§°(1)) 8V 8$a

(2) (2)

2 2 0 0

— (52(1—1—5%/ V| )/ _ (|Vw§2)] vy — 200 CUE )
R3 BBd(yQO(l)) v axa

s aeev@) () - @) ) v,
aBd(yQO(l))

2

- — (W\PHL (o (2) p+1)
p+1 9B, (y0™M) ((ws ) (ws ) Vo

In terms of &, we get

2,:,2/ ov (wél) —|—’UJ§2)) é}dx
Ba(

yioy 0T

2
= (62a +ei [ |Vl ) / V(M +w?) Ve,
R OBa(y2")

9 él) P él)
+ eqb(/ V (w +w®) - V§5> / <|Vw§2)|2ya —oflE OO0 )
R3 3Bd(y20(1)) ov al’a

) 5,,2) 1) 4,1
+ <52a + €qb/ |Vw§2)|2> / <28w8 awa _ 23105 811)5 )
R3 0By (yo™) ov Oz, ov  0x,

+ / v (1 + 52V(:17)) (wél) + wéz)) el — 2/ Al vy, (5.46)
0B4(y0") 9

Ba(yo™")
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where 1 <a <3and A. = /1 (twél) + (1 - t)w£2))P.
0
We estimate (5.46) term by term. Notice that
Cateth | Vo] = 0(2)

RS

holds for each 7 = 1,2. Moreover,
[ V08P = OE 4 76 e
9B4(y2")

for any v > 0. Thus, by Hoélder’s inequality, (5.4) and (5.25), we have

(52a+€qb/ |V )/ |V (Y + w®) Ve,
3 8B ( 10(1))
O(e” + Z le@[)O(e#) = O(e*He+em)

by choosing ~ sufficiently large. Similarly, we obtain

e
R? OBa(y")
3 3
R3 aBd(ylo(l))

(1) (1)
2 Owe ’ Owe
\V4 " — 2
| w | Y dv  0x,

<oy (],
o

<can [ (TRl Tl e”+§ 1) = o)
(2) 5,.(2) (1) 5, (1)
2 0 0 0 0
and <s2a+5qb IV >/ pUle TUE U U
R3 8Bd(yéo<l)) ov @l’a v Qxa

sc&/'_ (Vw2 + [VaP)
aBd(y;O(D)

2
= 0(e"+)_I¢P|2) = O(e*3e+m).
Combining (5.44) and (5.45) yields

/ (14 V(@) (wl D) 4 @ ) E1y
OB (y”)(l))

1 1

2 2
< C} : O / 2
(/313 (ylo(l) wel dBa(yo™M) &

O(e” + Z leD)O(ET) = O(e>3utam),
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As to Ag, by (5.41)—(5.42) and Lemma A.2, for any xeaBd(y?(l)), one can verify
1
A= [ @)+ (1= )t
0

1 k k k P
-/ (t (Z Ueal® Z) 3o+ (@) + 1= t)soé?)(a:)) d
2

=0 + Y[ @)

for any v > 0. Hence we can deduce that

At < O ( / w) e ( / rw<i>|prsaw)
/33d(yéo(l)) 3Bd(yi0(l) Z 0B4(y. : (1) :

< 40 (Z( G e0)” (e, ))

i=1
=0 (52+3Q+Qm) )

Therefore, by the above estimates, there holds

ov
g / (W + w?) Eda = O(e*T3rtam), (5.47)
Ba(y™) Oza

Next, we estimate the left hand side of (5.46). By the assumption (V3), it holds

/ W () 1w e,
Ba(y:

Loy O

= MCiy o / e = g™ (B0 — iy a) (W +w@) € (5.48)
B Z0(1>
d(ys )

+ 0 (/ |z — a;,|™ (wél) + w£2)) fe) .
Byly 10(1))

Observe that
mcio,a/ i |:L‘oc - aio,a|m_2(xoc - aio,a) (wél) + wf)) 56
Ba(ye’)

3 i0(1 m—2 i0(1
=iy [ etz 4 gl ez oY~ )
B 4 (0)

k io(1) (1) k io(1) _i(2) " (5.49)
i yE yg i yE y5 '
(E U<z+T>+,_EIU<Z+T>>£E

=1

+ mcio,a/ ; |xo¢ - aio,a|m_2(l‘a - aio,a) (SO( + 905 ) 65
Bd(yso)
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Since U™ is a positive and radially symmetric function, there holds

io(1) io(1)

5y = e, D / o+ Yoo~ Gina M(za y Y0~ Gina)
B 4 (0) e el
eqd
io(1) (1) ‘ io(1) _i(2)
'[Zvl(z—kys Ye >—|—ZU2<Z+y€ Ye )
el el
1#10 i#i0

io(1) _ d0(2) o
+UZ0(Z)+,U7,U(Z+y€ 6qy€ >i|§€

m+2)

3
= 2mci0,a8q(

dy [ |2a|™ 22aU%(2)0,, U™ + o(7m+2)
R3

w=1

= Dodye?m ) 4 o(1(mt2))

for € > 0 sufficiently small, where
D, = 2mci07a/ | 20| 22U (2)0,, U™ # 0.
R3
On the other hand, by Holder’s inequality, we have

Ty = Meig / e — iyl 220 — i) (o + g?) &

2 2
=0 (Z /]Rg |90§1)||§a|> =0 (Z ||90£Z)||6||€5”a> _ O(€2+3q+qm)‘
i=1 o

Combining the above estimates of J;, J5 and (5.48)—(5.49), we deduce

o~
[
=
+
g
™~
[
N
SN~—
782"
)

mcio,a/ |we — aio,almiz(xa - aio,a) (w
Ba(y)

= Dodae?mt 4 o(g2m+2), (5.50)
where D, # 0. Similar arguments give

o[ . le-alm @ u®)e) =0 s
Bd(yéO(l))

Hence, combining (5.50) and (5.51), we obtain the estimate of the left hand side of
(5.46), that is

oV
52/ , (W 4+ w?) &dr = Dod,e®T4mF?) 4 (el T2y, (5.52)
B0 O%a

Finally, combining (5.47) and (5.52), we deduce
O<82+3q+qm) _ Dada€2+q(m+2) + O(€2+q(m+2))’

which implies d, = 0 for each o = 1,2,3. The proof of Lemma 5.4 is complete. []
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As a consequence of Proposition 5.3 and Lemma 5.4, we have the following asymp-
totic estimates.

Proposition 5.5. For any fivred R > 0, there holds
&(z) = 0.(1), forx € UX | Bpua(y'W).
Proof. By Proposition 5.3 and Lemma 5.4, we have
Ei=E(+y D) 50 inCL (R, i=1,2,--- k.
as € — 0. Then for any fixed R > 0,
€. =o0.(1) in Bg(0), i =1,2,--- ,k,
which implies that &.(x) = o.(1) for z € BREq(yé(l))7 1=1,2,-- k.

The proof of Proposition 5.5 is complete. [

Proposition 5.6. For large R > 0, we have
&(x) = o.(1), forx € R¥*\ U Bp. (f‘/i(l))-

Proof. This proposition can be proved by same argument as that of Proposition
3.5 of Cao, Li and Luo [7]. We omit the details. O

Now we can prove Theorem 1.3.
Proof of Theorem 1.3. Suppose to the contrary that there exist two distinct

solutions wéi),i = 1,2, and let & be defined as above. Then

1€l oo ray = 1. (5.53)

However, from Proposition 5.5 and Proposition 5.6, for small €, we have

H&HL“’(R?’) = o0.(1),

a contradiction to (5.53). The proof of Theorem 1.3 is complete. []

6. Proof of Theorem 1.4
In this section, we give a brief proof of Theorem 1.4.

Proof of Theorem 1.4. Let w. be the unique multi-peak solution of Eq. (1.6)
derived as in Theorem 1.2. If we set

2

=¢ ° and u(z) = )\ﬁwg(x),

then u(x) satisfies (1.1). Denoting

i ( / 3u2<x>dx)5’

then w, satisfies (1.2)—(1.3), where b\ = bHuHig(W), B = Hqu(Rg).
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Notice that

X 2
2d:)\p21/2d:)\vzl/ Lt d
/Rsu (z)dx sta(x) T g Zve,ygjLSD x

=1

k
_)\p/ ( viy +2Zv§,y§¢s+g@§) dz + A\r10(e )
]R3

=1 =1

:)\PEHS?’(]Z/ (Ui)2+)\%0(€2+3q>+>\%0<€4+3Q)+Ap%10<67278)
. R3

= gla2 g /R3 (v')? 4 o(£7)

Denoting ay = fR3(Ui)2, i=1,2,--- , k, then by of Proposition 2.2(3) we conclude

that Z fRS 2 5 ka,, as A\ — +oo.

(1) If 49— 2 # 0, then p # 11/3 and / w?(r)dr = O(e*7?) = O(\'72).

R3
Hence:
if0<qg<3, ie,3<p<i, by=0\"%) - +o0,and ), =0 OA"2") = +oo;
ifl<g<lie, 2 <p<bby=0\"%)—=0, and g\ = O(/\%) — 0.

In this sense, we have

= & i\ i
) = T 4 0 ) [ZU ) +%<x>]

k
~ (ka*)_%)\% [Z v’ (A%@ - ?Jf\)) + ¢a(2)

i=1

where the local maximum points 44 — a; as A — +oo with |y} — a;| = o(A\~2), and
oa(r) € HY(R?) with

1 (24394 g

(2) If 49— 2 =0, then by — b, and 8\ — f, for some constants b,, 8, > 0. In fact,
if g=1/2,1i.e., p=11/3, then

/]1%3 u?(x)dz = iil/ﬂ%?’( +o0(e7) — Z/ bc*)% | Q%dz,  (6.1)

R3

from which, we deduce

4
b = bl[ull?os) — bh(be.)? [ Q*dx = 6%k (/ QQ) =: b, (6.2)
R3 R3

16
3
and Br = ||u||L2 k%) N (/3 Q2> =: f3,. (6.3)
R
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0(1)
)\% .
k

u(x) = & y [Z CHEREN) m(w)],

(ka*)% +o0 (A_E i=1

One can also rewrite (6.1), (6.2) and (6.3) as

1 1
/ u?(z)dz = ka, + o (—) ., by =bka, +o <—) , and By = (ka,)
- A A

In this sense, we can explicitly express uy as below:

ol

where the local maximum points ¥4 — a; as A — 400 with |y} — a;| = 0()\_%) and
ox(r) € HY(R?) with

1 _ 34 m
/Rg {lemz + 903] = A~ (2+irg),
The proof of Theorem 1.4 is complete. ]

A. Some estimates

In this appendix, we give various estimates and results which have been used re-
peatedly in previous sections. First, from the exponential decay of vz i if we have

[yt — 9| /e — 400 as € — 0, then we have the following asymptotic estimate.

Lemma A.1. There exists a small constant dy >0, such that, for any v>0, we have

vz o (z) = 0(), forx € By(y), j #1i and 0 < d < dy, (A.1)
and ’UZ o () = O(e"), forx € OBy(y'), i=1,2,--- ,k and 0 < d < dp. (A.2)
Proof. It easily deduces (A.1) and (A.2) from (2.7). We omit the details. O

Lemma A.2. ([1], Lemma 3.7) Suppose that f, g : R"™ — R" are two positive radial
functions satisfying

) ~Jate™, g(a) ~ J2]e™" 7 (Ja] — +o0),

where a,a’ € RY, b0 > 0. Assume that £ € R", |{| = 400, and let fe(x) = f(x—¢&)
for x € R™, then the following asymptotic estimates hold

(i) ifb <V, then feg ~ e~YEl|g]e,
Rn

(i) of b =10, without loss of generality, assume that a > a', then

6—b|£|’£‘a+a’+"7+1’ Z-fa/ > _ n+l,

[ o~ § eidetonlel, i = -2

e blel|g|e, ifadl < —ntL

From Lemma A.2 and estimates (2.7), we conclude that for any r,s > 0, r # s, if
Y=Y | - 400 as € — 0, it holds that

)
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. . s . ijly' =y |
T _ J
(i) (v ) ~ e it TR a5 e — 0
R3 &Y E7yj

; : 'vil-\yifyj\
and / VL i - VUl | ~efe” T ase — 0,
R3 ’ Y
where v;; > 0 (4,5 = 1,--- , k) are constants. In particular, there exists a constant
C' > 0, such that
i r J ® 3q —Inin{rs}%‘j‘yiiyjl
(Us,yi) UL yi < Ce¥e ’ T ase—0 (A.3)
R3 ’
i j 7wj\yifyj\
and - |Vw5,yi : Vwaﬁyjl < Cee < ,ase—0. (A.4)

Notice that, for the case of r = s > 1, the above estimates hold as well. We deduce
from (A.3) and (A.4) that for v > 0, there holds

/}R3 (v;yi)T (vgvyjf =0(") ase —> 0 (A.5)

€y’

and / VL i - Vol dr=0() ase — 0, (A.6)
R3
where 4,7 =1,2,--- /k,i # j and any r,s > 1.

B. Some analysis results

Lemma B.1. Let 1 < p < oo and f(x)€ LP(R*) for some k > 1. Then we have:

(i) For any fived t > 0, the function f(%) is Lebesgue measurable on R* as a
function of x.

(i) Ifto > 0 and {t,} is a sequence of positive numbers with lim t, = ty, then

n—oo
x x

li —)|Pdmy, = —)|Pd B.1
[ rEpame = [ s P, (B.1)

. x x
and lim |f(—) — f(—=)|Pdmy = 0, (B.2)

n—+o0o Jpk tn to

where my, denotes the Lebesque measure in R¥.

Proof. The proof is standard. We omit the details. [

Next, we consider the translation operator in LP(R¥) (1 < p < o0). For any z, € R¥
for some k > 1, define 7,, : LP(R*) — LP(R*) as follows:

(Tuo f) () := f(x — ), for any f € LP(R").

We say that 7, is a translation operator in LP(R¥). In the following, we give a
well-known result.

Lemma B.2. Let 1 < p < co. Suppose that f(x) € LP(RF) for some k > 1. Then

there holds _
lim 17 — fll oty = 0. (B.3)
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As a consequence of Lemma B.2, we obtain the following lemma directly.

Lemma B.3. Let 1 < p < co. Suppose that f,(z), f(x) € LP(R*) for some k > 1
and f,(z) — f(x) in LP(R*). Then, for any sequence {y,} C R¥ with |y,| = o,(1),
there holds

folz +yn) — f(x)  in LP(R®) as n — oo. (B.4)

Proof. Notice that

| fo(z +Yn) _f(x>HLP(R’“) < |[falz +yn) _f(x+yn>||LP(R’“) +[[f (2 +yn) _f<x)||LP(R’“)~

It is obvious that

1fn(@ +yn) = (2 + yn)lr@ry = [fn(@) = f@)|r@ey = 0 asn— 00, (B.5)

since f,(x) = f(x) in LP(R*). As a consequence of Lemma B.2, we deduce
1f (@ +yn) = f(@)lLo@r) = 0 as n — oo. (B.6)

Combining (B.5) and (B.6) implies (B.4). The proof of Lemma B.3 is complete. [
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