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We study the existence and local uniqueness of multi-peak solutions to the following Kirchhoff type
equations

−
(
a+ bλ

∫
R3

|∇uλ|2
)
∆uλ +

(
λ+ V (x)

)
uλ = βλu

p
λ, uλ ∈ H1(R3), uλ > 0 in R3,

with normalized L2-constraint, that is, ∫
R3

u2
λ = 1,

where a > 0, p ∈ (1, 5) are constants, λ, bλ, βλ > 0 are parameters, V (x) : R3 → R1 is a bounded
continuous function. Physicists are very interested in normalized solutions. Compared to finding
multi-pick solutions to the equation without normalized L2-constraint one is facing here some new
difficulties in getting normalized solutions to the equation. We first prove that for the case of
3 < p < 5, there exist sequences {bλ}λ and {βλ}λ such that for any sufficiently large λ > 0,
one can construct multi-peak solutions uλ of some given form to the above equation by using the
Lyapunov-Schmidt reduction method under some mild assumptions on the function V (x). In the
proof of the above existence result, we consider the three cases of p = 11/3, 3 < p < 11/3 and
11/3 < p < 5 separately, which correspond to the cases of mass critical, subcritical and supercritical
in physics respectively. Then, applying the blow-up technique and the local Pohozaev identities
we obtain a uniqueness result of multi-peak solutions for the case of 3 < p < 5. The difficulties
caused by the nonlocal term and normalized L2-constraint are overcome.

Keywords: Kirchhoff type equations, multi-peak normalized solutions, Lyapunov-Schmidt reduc-
tion, local Pohozaev identity, existence and local uniqueness.
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1. Introduction and main results

Let a, b > 0 and 1 < p < 5. We consider the following Kirchhoff type equations

−
(
a+ b

∫
R3

|∇u|2
)
∆u+

(
λ+ V (x)

)
u = up, u ∈ H1(R3), u > 0 in R3, (1.1)

where λ > 0 is a parameter and V (x) : R3 → R1 is a bounded continuous function.
∗ Corresponding author.
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For any positive solution u(x) to Eq. (1.1), denoting

uλ(x) :=
u(x)(∫

R3

u2(x)dx
) 1

2

,

then one can check easily that uλ(x) satisfies the following problem

−
(
a+bλ

∫
R3

|∇uλ|2
)
∆uλ+

(
λ+V (x)

)
uλ = βλu

p
λ, uλ∈H

1(R3), uλ > 0 in R3, (1.2)

with normalized L2-constraint ∫
R3

u2λ = 1, (1.3)

where bλ = b‖u‖2L2(R3), βλ = ‖u‖p−1
L2(R3). In this sense, although the case of b = 1 is

more concise, we do not assume that b = 1 for the sake of generality. We mainly
aim to explore under what conditions on p, problem (1.2)–(1.3) admits multi-peak
solutions (λ, uλ) with normalized L2-norm (that is, the L2-norm of uλ equals one)
as λ→ +∞.
Eq. (1.1) is related to the stationary solutions of

ρ
∂2u

∂t2
−
(
P0

h
+
E

2L

∫ L

0

|∂u
∂x

|2dx
)
∂2u

∂x2
= 0. (1.4)

Problem (1.4) was proposed for the first time by G. Kirchhoff [16] for extending the
classical D’Alembert’s wave equations for free vibration of elastic strings. Readers
can refer to Bernstein [6] and Pohozaev [24] for early research results about problem
(1.4). After the pioneering work of Lions [20] much attention was paid to this field.
The stationary analogue of Kirchhoff’s wave equation leads to the Dirichlet problem−

(
a+ b

∫
Ω

|∇u|2
)
∆u = f(x, u) in Ω,

u = 0 on ∂Ω,

where Ω ⊆ R3 is a bounded domain, and to equations of type

−
(
a+ b

∫
R3

|∇u|2
)
∆u = f(x, u) in R3,

respectively, where f always denotes some nonlinear functions. Notice that the
nonlocal term (

∫
R3 |∇u|2)∆u depends not only on the pointwise value of ∆u, but

also on the integral
∫
R3 |∇u|2, which produces much more mathematical difficulties.

In recent years, this elliptic type problem has been studied by many researchers in
the literature.
Eq. (1.1) is also closely related to the following singularly perturbed Kirchhoff prob-
lem

−
(
ε2a+ εb

∫
R3

|∇u|
2

)
∆u+ V (x)u = up, u ∈ H1(R3), u > 0 in R3, (1.5)

where a, b > 0, 1 < p < 5 are constants, ε > 0 is a parameter and V (x) : R3 → R1

is a positive bounded continuous function.
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In fact, in order to be consistent with the form of Eq. (1.5), we perform a scaling on
Eq. (1.1) as follows:

ε := λ−
1
2 → 0 as λ→ +∞ and w(x) := ε

2
p−1u(x).

Then Eq. (1.1) is equivalent to

−
(
aε2 + bε2−

4
p−1

∫
R3

|∇w|2
)
∆w +

(
1 + ε2V (x)

)
w = wp, (1.6)

where w ∈ H1(R3), w > 0 in R3.
We first review some known results on Schrödinger equations. Let a = 1, b = 0.
Then Eq. (1.5) reduces to the problem

−ε2∆u+ V (x)u = up, u ∈ H1(R3), u > 0 in R3,

which is a special case of the following perturbed Schrödinger equation
−ε2∆u+ V (x)u = uq, u ∈ H1(RN), u > 0 in RN , (1.7)

where 1 < q is subcritical and N ≥ 1. As we know, the following unperturbed
Schrödinger equation

−∆w + w = wp, w ∈ H1(RN), w > 0 in RN (1.8)
admits a unique positive radial solution (up to translations) which is also non-
degenerate (see e.g. [4, 5, 10, 17]). On the basis of this uniqueness and nondegener-
acy property, Floer and Weinstein [11], Oh [23] and many others proved the existence
of solutions to Eq. (1.7) for ε > 0 sufficiently small. It is worth mentioning that Oh
[23] constructed multi-peak solutions to Eq. (1.7) by using the Lyapunov-Schmidt
reduction method.
Then we turn to some results on singularly perturbed Kirchhoff equations. It seems
that the paper [12] by He and Zou was the first to study singularly perturbed
Kirchhoff problems. In [12], He and Zou considered the problem

−
(
ε2a+ εb

∫
R3

|∇u|2
)
∆u+ V (x)u = f(u), u ∈ H1(R3), u > 0 in R3, (1.9)

where f : R1 → R1 is a nonlinear C1 function with subcritical growth of type uq
for some 3 < q < 5. The potential function V (x) is assumed to satisfy the global
condition of Rabinowitz [25]
(VR) lim inf

|x|→+∞
V (x) > inf

x∈R3
V (x) > 0.

He and Zou [12] proved the existence of multiple positive solutions to Eq. (1.9) which
concentrate at the minimum points of V (x) for ε > 0 sufficiently small.
He, Li and Peng [14] established some existence results of positive solutions for the
following Kirchhoff equations with critical growth

−
(
ε2a+ εb

∫
R3

|∇u|2
)
∆u+ V (x)u = f(u) + u5, u∈H1(R3), u > 0 in R3, (1.10)

where a, b > 0 are constants, f : R1 → R1 is a nonlinear C1 function satisfying some
similar conditions given in [12].
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At the same time, V (x) only satisfies some local conditions:
(VΩ) there exists a bounded open set Ω ⊆ R3, such that inf

x∈Ω
V (x) < inf

x∈∂Ω
V (x),

(Vα) V (x) ∈ C(R3, R1), inf
x∈R3

V (x) = α > 0.

He, Li and Peng [14] proved that there exists a positive solution uε ∈ H1(R3) to the
above problem for ε > 0 sufficiently small. Later, He and Li [13] proved the existence
of positive solutions to Eq. (1.10) for ε > 0 sufficiently small with f(u) = uq, where
1 < q < 3 and V (x) satisfies the local conditions (VΩ) and (Vα).
Recently, Li et al. [18] established the uniqueness and nondegeneracy of positive
energy solutions to the Kirchhoff equation

−
(
a+ b

∫
R3

|∇u|2
)
∆u+ u = up, u ∈ H1(R3), u > 0 in R3, (1.11)

where a, b > 0, 1 < p < 5 are constants. Then as an application, by applying the
Lyapunov-Schmidt reduction method, they obtained the existence of single peak
solutions (k = 1) to Eq. (1.5) for ε > 0 sufficiently small with V (x) satisfying the
assumptions (V1)–(V3) as follows:
(V1) V (x) ∈ C(R3, R1) is a bounded continuous function with infx∈R3 V (x) > 0.
(V2) There exist k distinct points {a1, a2, · · · , ak} ⊆ R3 such that for every i with

1 ≤ i ≤ k, V (x) ∈ Cθ
(
BR0(ai)

)
for some θ ∈ (0, 1), and

V (ai) < V (x) for 0 < |x− ai| < r

holds for some 0 < r < R0 ≡ 1
2
min{|ai − aj| : 1 ≤ i, j ≤ k, i 6= j}.

(V3) There exist m > 1, η > 0, ci,j ∈ R1 with ci,j 6= 0 for each i = 1, 2, · · · , k and
j = 1, 2, 3 such that V (x) ∈ C1(Bη(ai)) and

V (x) = V (ai) +
3∑

j=1

ci,j|xj − ai,j|m +O(|x− ai|m+1), x ∈ Bη(ai),

∂V
∂xj

= mci,j|xj − ai,j|m−2(xj − ai,j) +O(|x− ai|m), x ∈ Bη(ai),

where x = (x1, x2, x3) ∈ R3, ai = (ai,1, ai,2, ai,3).
In [18], Li et al. also established the uniqueness of single peak solutions to Eq. (1.5)
by using a type of local Pohozaev identities. Furthermore, Luo et al. [21] and Li, Niu
and Xiang [19] established the existence and local uniqueness results of multi-peak
solutions to Eq.(1.5) under the assumptions (V1)–(V3) on V (x), respectively. In [15],
Hu and Shuai studied the problem with more general nonlinearity as follows:

−
(
ε2a+ εb

∫
R3

|∇u|2
)
∆u+ V (x)u = f(u), u ∈ H1(R3), u > 0 in R3. (1.12)

Here the nonlinearity f(t) : R → R is assumed to be continuous and satisfy the
following Berestycki-Lions condition
(f1) f(t) = 0 for t < 0 and limt→0+ f(t)/t = 0;
(f2) there exists some p ∈ (2, 6) such that limt→∞ f(t)/tp−1 = 0;
(f3) there exists T > 0 such that 1

2
aT 2 < F (T ), where F (t) =

∫ t

0
f(s)ds.
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Under the above conditions on f and suitable assumptions on V (x), Hu and Shuai
[15] constructed the multi-peak solutions of Eq. (1.12).
The building block of the single peak solutions obtained by Li et al. in [18] is the
unique positive radial solution of Eq. (1.11). However, to construct multi-peak so-
lutions to Eq. (1.5), it was proved by Luo et al. in [21] that the limiting equation of
Eq. (1.5) is a system of PDEs rather than a single equation. Thus, results of limiting
system and existence of multi-peak solutions derived in [21] partially motivated us
to consider the existence of multi-peak solutions to problem (1.6) which is equivalent
to Eq. (1.1) under the assumptions (V1)–(V2).
Another motivation of this work comes from the work [22] of Luo et al., in which
they studied the existence of solutions (µ, u) ∈ R1×H1(RN) of the following Gross-
Pitaevskii (GP) equation (in 2 or 3 dimensions):

−∆u+ V (x)u = au3 + µu, u > 0 in RN , (1.13)

with the normalized L2-constraint
∫
RN

u2 = 1, (1.14)

where a > 0 is a constant, µ < 0 is a parameter, and V (x) is assumed to have
non-degenerate critical points. In [22], Luo et al. first proved that if ua is a solution
to problem (1.13)–(1.14) concentrated at some points as a→ a0, then it holds that

a0 ≥ 0 and µa → −∞, as a→ a0.

Moreover, if N = 2, then a0 = ka∗ > 0 for some integer k > 0, where a∗ =
∫
RN Q

2

and Q is the unique positive solution of −∆u+ u = u2, u ∈ H1(RN). This result
greatly stimulates our putting forward reasonable conjecture: there holds bλ →
b∗, βλ → β∗ as λ → +∞ for some constants b∗, β∗ when constructing multi-peak
solutions to problem (1.2)–(1.3).
Then, to study the existence and uniqueness of multi-peak solutions to problem
(1.13)–(1.14), some additional conditions (non-degenerate critical points) were taken
into consideration. Here, we will not repeat more details about that, since these
results have little to do with the present paper. Interested readers can refer to
Theorem 1.3 in [22] for more results.
Motivated by [21]–[22], we intend to investigate the existence and uniqueness of
multi-peak solutions to problem (1.2) with normalized L2-constraint (1.3).

Now let us maintain our focus on the problem (1.6). Notice that, if 1 < p < 3, then
2− 4

p−1
< 0 and ε2−

4
p−1 → +∞ as ε → 0. The variational functional corresponding

to (1.6) is given in the form below:

Iε(w) =
1

2

∫
R3

(
aε2|∇w|2 + w2

)
+
bε2−

4
p−1

4

(∫
R3

|∇w|2
)2

+
ε2

2

∫
R3

V (x)w2 − 1

p+ 1

∫
R3

wp+1
+ (1.15)

for w ∈ H1(R3), where w+ = max(w, 0).
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Obviously, Iε is not well-defined in H1(R3), since

ε2−
4

p−1

(∫
R3

|∇w|2
)2

→ +∞, as ε→ 0,

for any fixed nonnegative w ∈ H1(R3), w 6= 0. Hence, we cannot even construct
multi-peak solutions to problem (1.6) by using Lyapunov-Schmidt reduction method.
Therefore, to construct multi-peak solutions to problem (1.6), we always consider
the case of 3 ≤ p < 5 in this paper. (As the paper unfolds, we will exclude the case
of p = 3.)
For the case of 3 ≤ p < 5, the limiting equation of Eq. (1.6) must be of the form

−b
∫
R3

|∇v|2∆v + v = vp, v ∈ H1(R3), v > 0 in R3.

When constructing multi-peak solutions to Eq. (1.6), the limiting equation is a sys-
tem of PDEs as below:−

(
aε2−2q + b

k∑
i=1

∫
R3

|∇vi|2
)
∆vi + (1 + ε2V (ai))v

i = (vi)p in R3,

vi(x) ∈ H1(R3), vi(x) > 0 in R3,

(1.16)

for some q ∈ (0, 1), where q depends only on p.
Next, we give the definition of multi-peak solutions to Eq. (1.6).

Definition 1.1. Let k ∈ N, bi ∈ R3 (i = 1, . . . , k). We say that wε ∈ H1(R3) is a
k-peak solution of Eq. (1.6) concentrated at {b1, b2, · · · , bk}, if wε satisfies
(i) wε has k local maximum points yiε ∈ R3 (i = 1, . . . , k), satisfying yiε → bi as

ε→ 0 for each i;

(ii) For any given τ > 0, there exists R � 1, such that
|wε(x)| ≤ τ for all x ∈ R3 \ ∪k

i=1BRεq(y
i
ε);

(iii) There exists C > 0 such that
∫
R3

(
aε2q|∇wε|2 + w2

ε

)
≤ Cε3q.

To state our main results we introduce some notations that will be used throughout
this paper. For any ε > 0 and y ∈ R3, denote

vε,y(x) = v((x− y)/εq), x ∈ R3

for v(x) ∈ H1(R3). We assume throughout the paper that V (x) satisfies the as-
sumptions (V1)–(V3).
The assumption (V1) allows us to introduce the inner products

〈w, v〉ε :=
∫
R3

(
aε2q∇w · ∇v + wv

)
for any w, v ∈ H1(R3). We also write

Hε := {w ∈ H1(R3) : ‖w‖ε ≡ 〈w,w〉
1
2
ε < +∞}.
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The energy functional Iε : Hε → R1 corresponding to Eq. (1.6) is given by (1.15). It
is standard to verify that Iε ∈ C2(Hε).
Suppose that (v1, v2, · · · , vk) is the unique positive radial solution to the system
(1.16). We construct a k-peak solution to Eq. (1.6) of the form

wε(x) =
k∑

i=1

vi
(
x− yiε
εq

)
+ ϕε, (1.17)

where q ∈ (0, 1), the local maximum points yiε → bi for some distinct bi ∈ R3,
ϕε ∈ H1(R3) satisfying

‖ϕε‖ε = o(ε2+
3q
2 ). (1.18)

We intend to verify bi ≡ ai for each i ∈ {1, 2, · · · , k}. In particular, q depends only
on p. We identify the following result

q = 2− 4

p− 1

until in Lemma 3.2. After that, we will always assume that 3 < p < 5 since q > 0.
Now we state our main results. First, we have an existence result for multi-peak
solutions of Eq. (1.6) as follows.

Theorem 1.2. Assume that a, b > 0 are given constants, V (x) satisfies (V1)–(V2)
and 3 < p < 5. Then for ε > 0 sufficiently small, Eq. (1.6) admits k-peak solutions
wε concentrating at {ai}1≤i≤k defined as in Definition 1.1 of the form (1.17)–(1.18).
More precisely, wε can be explicitly expressed by

wε(x) =
k∑

i=1

vi
(
x− yiε
εq

)
+ ϕε,

where q = 2− 4
p−1

, the local maximum points yiε → ai, ϕε ∈ H1(R3) satisfying

‖ϕε‖ε = o(ε2+
3q
2 ).

Next we give the uniqueness result corresponding to Theorem 1.2 as below.

Theorem 1.3. Assume that a, b > 0 are given constants, V (x) satisfies (V1), (V2)

and (V3), 3 < p < 5 and q = 2 − 4
p−1

. If w(i)
ε (i = 1, 2) are two solutions to

Eq. (1.6) of the form (1.17)–(1.18), then w
(1)
ε ≡ w

(2)
ε holds for ε > 0 sufficiently

small. Moreover, let wε(x) =
k∑

i=1

viε,yiε + ϕε be the unique solution, then there holds

|yiε − ai| = o(εq) for i = 1, 2, · · · , k, and ‖ϕε‖ε = O
(
ε2+

3q
2
+qm
)

.

By Theorem 1.2, we suppose that Eq. (1.6) admits a k-peak solution wε of the form
(1.17)–(1.18). Let u(x) > 0 be defined as

u(x) := λ
1

p−1wε(x) where λ := ε−2.

Then u(x) satisfies Eq. (1.1).
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Define uλ(x) :=
u(x)(∫

R3

u2(x)dx
) 1

2

=
wε(x)(∫

R3

w2
ε(x)dx

) 1
2

,

then uλ(x) satisfies (1.2)–(1.3), where bλ = b‖u‖2L2(R3), βλ = ‖u‖p−1
L2(R3). Therefore,

we can easily deduce the following conclusion which has been stated in the abstract.

Theorem 1.4. Suppose that a, b > 0 are given constants, V (x) is assumed to satisfy
(V1), (V2) and (V3), 3 < p < 5 and q = 2 − 4

p−1
. Then there exist sequences {bλ}λ

and {βλ}λ such that for any sufficiently large λ > 0, problem (1.2)–(1.3) admits
multi-peak solutions uλ of some form. In particular,
(1) if 3 < p < 11

3
, then bλ = O(λ1−2q) → +∞, and βλ = O(λ

11−3p
2 ) → +∞ as

λ→ +∞;
(2) if 11

3
< p < 5, then bλ = O(λ1−2q) → 0, and βλ = O(λ

11−3p
2 ) → 0 as λ→ +∞;

(3) if p = 11
3

, then bλ → b∗, βλ → β∗ as λ→ +∞ for some constants b∗ > 0, β∗ > 0,
where

b∗ = 63b4k4
(∫

R3

Q2

)4

and β∗ = 64b4k
16
3

(∫
R3

Q2

) 16
3

.

Additionally, uλ can be explicitly expressed by

uλ(x) =
λ

1
p−1

λ
1−2q

2 (ka∗)
1
2 + o (λ−q)

[
k∑

i=1

vi
(
λ

q
2 (x− yiλ)

)
+ ϕλ(x)

]

≈ (ka∗)
− 1

2λ
3(p−3)
2(p−1)

[
k∑

i=1

vi
(
λ

q
2 (x− yiλ)

)
+ ϕλ(x)

]
,

where a∗ :=
∫
R3(U

i)2 > 0, (U1, U2, · · · , Uk) and Q(x) are the unique positive
radial solutions of the system (2.4) and Eq. (2.1), respectively, the local maximum
points yiλ → ai as λ→ +∞ with |yiλ − ai| = o(λ−

q
2 ), and ϕλ(x) ∈ H1(R3) with

∫
R3

[
1

λq
|∇ϕλ|2 + ϕ2

λ

]
= λ−(2+

3q
2
+qm).

Finally, we give the uniqueness result corresponding to Theorem 1.4.

Theorem 1.5. Suppose that a, b > 0 are given constants, 3 < p < 5, and V (x) is
assumed to satisfy (V1), (V2) and (V3). If u(i)λ (i = 1, 2) are two solutions to problem
(1.2)–(1.3) derived as in Theorem 1.4, then u

(1)
λ ≡ u

(2)
λ holds for λ > 0 sufficiently

large.

Remark 1.6. (Remark to Theorem 1.5) Suppose that (λ, u
(i)
λ , b

(i)
λ , β

(i)
λ ) (i = 1, 2)

are two solutions to problem (1.2)–(1.3) derived as in Theorem 1.4. Then by the
construction of u(i)λ , there exist w(i)

ε (i = 1, 2) such that
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u
(i)
λ (x) =

w
(i)
ε (x)(∫

R3

(
w(i)

ε (x)
)2) 1

2

,

and w
(i)
ε (i = 1, 2) satisfy Eq. (1.6), that is,

−
(
aε2 + bε2−

4
p−1

∫
R3

|∇w(i)
ε |2
)
∆w(i)

ε +
(
1 + ε2V (x)

)
w(i)

ε = (w(i)
ε )p in R3,

where λ = ε−2. By the uniqueness result derived as in Theorem 1.3,

w(1)
ε (x) ≡ w(2)

ε (x) in R3 for ε > 0 sufficiently small.

Hence u(1)λ (x) ≡ u
(2)
λ (x) in R3 for λ > 0 sufficiently large.

Remark 1.7. Here we compare our results with some previous works (for example,
those appeared in [15, 18, 19, 21]). [15] just considered the existence of multi-peak
solutions of Eq. (1.12) for general nonlinearity without L2 constraint; [18, 19, 21]
proved the existence and local uniqueness of single peak and multi-peak solutions
of Eq. (1.5) without L2 constraint whereas we consider the multi-peak solutions of
Eq. (1.1) with L2 constraint and to consider L2 constraint, we change our problem
into Eq. (1.6) and then consider the concentration of solutions to Eq. (1.6). Besides,
the limiting equation of (1.6) will be

−b
(∫

R3

|∇v|2
)
∆v + v = vp, v ∈ H1(R3), v > 0 in R3,

which is quite different from the previous works in [18, 19, 21].

At the end of this section, we give the main ideas. Firstly, we prove Theorem 1.2
by using Lyapunov-Schmidt reduction method. More precisely, first, it is easy to
see that every solution to Eq. (1.6) is a critical point of the energy functional Iε
defined as in (1.15). So we are left to finding a critical point of Iε. Then, we will
follow the scheme of Cao and Peng [9], reducing the problem to finding a critical
point of a finite dimensional function Jε (Y, ϕ) with respect to Y ∈ R3k (see more
details in Section 3 and Section 4). However, due to the presence of the nonlocal
term

∫
R3 |∇w|2∆w, it requires more careful estimates on the orders of ε. Next, to

prove Theorem 1.3, we will follow the idea of Li et al. [18] and Li, Niu and Xiang
[19] to set

ξε =
w

(1)
ε − w

(2)
ε

‖w(1)
ε − w

(2)
ε ‖L∞(R3)

,

and then obtain a contradiction by showing ‖ξε‖L∞(R3) = oε(1). To deduce a con-
tradiction, we will need delicate estimates on the asymptotic behaviors of solutions
and the concentrating points yiε (see Proposition 5.1). A main tool is a local Po-
hozaev type identity (see Proposition 2.4). Due to the presence of the nonlocal
term

∫
R3 |∇w|2∆w, the local Pohozaev type identity is more complicated than the

case of the Schödinger equation (1.7).
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The paper is organized as follows. In Section 2, we explore the form of multi-peak
solutions of Eq. (1.6) and locate the concentrating points. In section 3, we prepare
some preliminaries for the proof of Theorem 1.2, and in Section 4 we prove Theorem
1.2. In Section 5, we further explore some properties of the solutions derived as
in Theorem 1.2, and then prove Theorem 1.3. In Section 6, we prove Theorem 1.4
and so establish the existence result of normalized multi-peak solutions to problem
(1.2)–(1.3). For brevity, some elementary but long calculations and analysis results
are left for Appendix A and B.
Our notations are standard. Denote u+ = max(u, 0) for u ∈ H1(R3). We use
BR(x)(BR(x)) to denote the open (closed) ball in R3 centered at x with radius
R. For any 1 ≤ p ≤ ∞, Lp(R3) is the space of real-valued Lebesgue measurable
functions with finite Lp norms. H1(R3) is the standard Sobolev space, and H−1(R3)
is the dual space of H1(R3). By the usual abuse of notations, we write u(x) = u(r)
with r = |x| whenever u is a radial function in R3. We will use C and Cj(j ∈ N)
to denote various positive constants, and O(t), o(t), ot(1) to mean |O(t)| ≤ C|t|,
o(t)/t→ 0 and ot(1) → 0 as t→ 0, respectively.

2. The form and locations of multi-peak solutions

In this section, we give some priori estimates and locate the concentrating points of
multi-peak solutions to Eq. (1.6) in the case of 3 ≤ p < 5. In this case, 4

p−1
∈ (1, 2],

2− 4
p−1

∈ [0, 1) and 2− 4
p−1

+ q ∈ [q, q + 1) ⊆ (0, 2).

Throughout this section, we denote by Q(x) ∈ H1(R3) the unique positive radial
solution to the problem−∆Q+Q = Qp, Q(x) > 0 in R3,

Q(0) = max
x∈R3

Q(x), Q(x) ∈ H1(R3).
(2.1)

We refer to e.g. Berestycki and Lions [4] and Kwong [17] for the existence and
uniqueness of Q(x), respectively. It is well known that Q(x) satisfies the following
properties Q(x) = Q(|x|), Q(x) > 0, x ∈ R3;

lim
|x|→∞

|x|e|x|Q(x) = C, lim
r→∞

Q′(r)
Q(r)

= −1,
(2.2)

where C > 0 is a constant. Moreover, Q(x) is non-degenerate, that is, the kernel
of the operator −∆w + w − pQp−1w in H1(R3) is spanned by {∂xj

Q : j = 1, 2, 3}.
Additionally, Q(x) satisfies the following Pohozaev identity.

Lemma 2.1. Let Q(x) be the unique positive radial function that satisfies (2.1).
Then it holds

(5− p)

∫
R3

|∇Q|2 = (3p− 3)

∫
R3

Q2. (2.3)

Proof. Invoking by the Pohozaev identity of elliptic equations, there holds∫
R3

|∇Q|2+
∫
R3

Q2 =

∫
R3

Qp+1 and (p+1)

∫
R3

|∇Q|2+3(p+1)

∫
R3

Q2 = 6

∫
R3

Qp+1.
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The above system gives (2.3). The proof of Lemma 2.1 is complete.

Next we give some properties including nondegeneracy and priori estimates of some
form of multi-peak solutions as follows.

Proposition 2.2. (1) For any a, b > 0, there exists a unique positive radial solution
(v1, v2, . . . , vk) to the limiting system (1.16) up to translations; In particular, suppose
that wε(x) is a k-peak solution to problem (1.6) of the form (1.17)–(1.18), then

cε :=
k∑

i=1

∫
R3

|∇vi|2 → c∗

as ε→ 0, for some c∗ > 0, where

c∗ := bk2
(
3p− 3

5− p

)2(∫
R3

Q2

)2

;

(2) There exists a unique positive radial solution (U1, U2, · · · , Uk) satisfying

−b
k∑

i=1

∫
R3

|∇U i|2∆U i + U i = (U i)p, U i ∈ H1(R3), U i > 0 in R3. (2.4)

Moreover, U i(x) is non-degenerate in H1(R3) in the sense that

KerLi = span
{
∂x1U

i, ∂x2U
i, ∂x3U

i
}
,

where Li : H1(R3) → H1(R3) is defined as

Liϕ = −b
k∑

i=1

∫
R3

|∇U i|2∆ϕ− 2b

(∫
R3

∇U i · ∇ϕ
)
∆U i + ϕ− p(U i)p−1ϕ (2.5)

for all ϕ ∈ H1(R3);
(3) For each i ∈ {1, 2, · · · , k} we have

vi(x) → U i(x) in Lm(R3), 2 ≤ m ≤ 6, as ε→ 0, and
∇vi(x) → ∇U i(x) in L2(R3) as ε→ 0. In particular,
vi(x) → U i(x) in H1(R3) as ε→ 0.

Proof. (1) Suppose that (v1, v2, · · · , vk) is a solution to the system (1.16). Define

cε =
k∑

i=1

∫
R3

|∇vi|2.

Then vi satisfies the following equation:

−
(
aε2−2q + bcε

)
∆vi + (1 + ε2V (ai))v

i = (vi)p in R3.
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By a scaling argument and the uniqueness result of positive solutions to Eq. (2.1),
we have

vi(x) =

(
1

1 + ε2V (ai)

)− 1
p−1

Q

(√
1 + ε2V (ai)(x− xi)√

aε2−2q + bcε

)
,

for some xi ∈ R3 (i = 1, 2, · · · , k), and

cε =
k∑

i=1

∫
R3

|∇vi|2 =
k∑

i=1

(
1

1 + ε2V (ai)

)− 2
p−1

√
aε2−2q + bcε√
1 + ε2V (ai)

∫
R3

|∇Q|2. (2.6)

Meanwhile, we conclude that the set

N =

(v1, v2, · · · , vk) :
vi(x) =

(
1

1+ε2V (ai)

)− 1
p−1

Q

(√
1+ε2V (ai)(x−xi)√
aε2−2q + bcε

)
,

xi ∈ R3, 1 ≤ i ≤ k,


consists of all solutions to the system (1.16).
Suppose that wε(x) is a k-peak solution to problem (1.6) of the form (1.17)–(1.18).
Then by the Definition 1.1 (iii), it yields

O(ε3q) =

∫
R3

w2
ε = ε3q

k∑
i=1

(
1

1 + ε2V (ai)

)− 2
p−1
(
aε2−2q + bcε
1 + ε2V (ai)

) 3
2
∫
R3

Q2dx+ o(ε3q),

from which we assume that cε → c∗ for some c∗ > 0 as ε → 0. Sending ε → 0, we
conclude from (2.6) that

c∗ = bk2
(
3p− 3

5− p

∫
R3

Q2

)2

.

Here we have used Eq. (2.3).

(2) Suppose that (U1, U2, · · · , Uk) is a solution to the system (2.4). Denote

c∗ =
k∑

i=1

∫
R3

|∇U i|2.

Then U i satisfies −bc∗∆U i + U i = (U i)p in R3.
By a scaling argument and the uniqueness result of positive solutions to Eq. (2.1),
we have

U i(x) = Q

(
x− yi√
bc∗

)
for some yi ∈ R3 (i = 1, 2, · · · , k). Simultaneously, it also yields that the set

M =

{
(U1, U2, · · · , Uk) : U i(x) = Q

(
x− yi√
bc∗

)
: yi ∈ R3, 1 ≤ i ≤ k

}
consists of all positive solutions of system (2.4). Notice that

c∗ =
k∑

i=1

∫
R3

|∇U i|2 = k
√
bc∗
∫
R3

|∇Q|2.
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Combining the above equation and Eq. (2.3) yields

c∗ = bk2
(
3p− 3

5− p

∫
R3

Q2

)2

= c∗.

The nondegeneracy of U i can be proved by the same argument as that of Li et al.
in [18].

(3) Since Q(x) ∈ H1(R3), the Sobolev embedding H1(R3) ↪→ Lm(R3) (2 ≤ m ≤ 6)
implies that Q(x) ∈ Lm(R3). Then, it follows from Lemma B.1 that

vi(x) → U i(x) in Lm(R3), m ∈ [2, 6].

We also have ∇Q ∈ L2(R3), then there holds by Lemma B.1 again

∇vi(x) → ∇U i(x) in L2(R3).

Therefore, vi(x) → U i(x) in H1(R3) as ε → 0. The proof of Proposition 2.2 is
complete.

Noting that since Q(x) decays exponentially at infinity (see (2.2)), we infer that for
ε > 0 sufficiently small,

max
x∈R3

(
vi(x) + |∇vi(x)|

)
= O

(
|x|−ιe−σ|x|) (2.7)

holds for some constants ι, σ > 0 independent of ε.
We will repeatedly use the following type of Sobolev inequality.

Lemma 2.3. For any 2 ≤ m ≤ 6, there exists a constant C > 0 depending only on
a and m, but independent of ε, such that

‖u‖Lm(R3) ≤ Cεq(
3
m
− 3

2)‖u‖ε (2.8)

holds for all u ∈ Hε. Specially, for the case of m = 2, ‖u‖L2(R3) ≤ C‖u‖ε.
Proof. The proof of Lemma 2.3 follows directly from a scaling argument and the
Sobolev embedding theorems. We omit the details.

Next we derive a local Pohozaev type identity (2.9) for solutions of Eq. (1.6).

Proposition 2.4. Let w be a positive solution of Eq. (1.6). Let Ω be a bounded
smooth domain in R3. Then we have

ε2
∫
Ω

∂V

∂xi
w2 =

(
aε2 + bε2−

4
p−1

∫
R3

|∇w|2
)∫

∂Ω

(
|∇w|

2

νi − 2
∂w

∂ν

∂w

∂xi

)
+

∫
∂Ω

(
1 + ε2V (x)

)
w2νi −

2

p+ 1

∫
∂Ω

wp+1νi

(2.9)

for each i = 1, 2, 3, where ν = (ν1, ν2, ν3) is the unit outward normal of ∂Ω.
Proof. The proof is obtained by multiplying both sides of (1.6) by ∂xi

w for each
1 ≤ i ≤ 3 and then integrating by parts. Interested readers can refer to Cao, Li and
Luo [7] Proposition 2.3 for a similar proof.
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Now we locate the concentrating points of multi-peak solutions of the form (1.17)–
(1.18).

Lemma 2.5. Suppose V (x) satisfies (V1) and V (x) ∈ C1(R3). Let wε be a k-peak
solution defined as in Definition 1.1 to Eq. (1.6) of the form (1.17)–(1.18), i.e.,

wε(x) =
k∑

i=1

vi
(
x− yiε
εq

)
+ ϕε,

where yiε are local maximum points, yiε → bi as ε→ 0 for some distinct points bi ∈ R3,
with ϕε ∈ H1(R3) satisfying

‖ϕε‖ε = o(ε2+
3q
2 ).

Then ∇V (yiε) → 0 as ε → 0, and hence ∇V (bi) = 0. As a consequence, if Eq. (1.6)
has a k-peak solution, then V (x) must have at least one critical point.

Proof. We only prove the result for i = 1. We use a contradiction argument.
Assume, without loss of generality, that there exists a constant C0 > 0 such that

|Vx1(y
1
ε)| ≥ C0 > 0 (2.10)

holds for any sufficiently small ε > 0. We will use the Pohozaev identity (2.9) to wε

with Ω = Br(y
1
ε) to deduce the contradiction. We choose the radius r as follows.

Notice that {bi} are distinct points, let r1 = mini ̸=j{1, |bi − bj|/4} and r2 = r1/4.
For ε > 0 sufficiently small, |yiε − bi| < r2, i.e., Br2(y

i
ε) ⊂ Br1(bi) and |yiε − yjε| > 2r1.

Here, we also point out that r2 can be chosen as small as we wish. By (2.8) and the
assumption ‖ϕε‖ε = o(ε2+

3q
2 ), we have

‖ϕε‖Lp+1(R3) ≤ Cεq(
3

p+1
− 3

2)‖ϕε‖ε = o
(
ε2+

3q
p+1

)
.

Set f = (ε2q|∇ϕε|2 + |ϕε|2 + |ϕε|p+1). Using the formula of polar coordinates, we get∫ r2

0

∫
∂Br(y1ε)

f =

∫
Br2 (y

1
ε)

f,

so we can choose r ∈ (0, r2) such that∫
∂Br(y1ε)

(
ε2q|∇ϕε|2 + |ϕε|2 + |ϕε|p+1

)
= o(ε4+3q),

since p + 1 > 2. It is obvious that r can be chosen as small as we wish, and
|yiε − yjε| > 2r for i 6= j.
Next we apply the local Pohozaev identity (2.9) to wε with Ω = Br(y

1
ε) with r being

chosen in the above. We obtain

ε2
∫
Br(y1ε)

∂V

∂x1
w2

ε = ε11

∫
∂Br(y1ε)

(
|∇wε|

2

ν1 − 2
∂wε

∂ν

∂wε

∂x1

)
+

∫
∂Br(y1ε)

(
1 + ε2V (x)

)
w2

εν1 −
2

p+1

∫
∂Br(y1ε)

wp+1
ε ν1,

(2.11)

where ε11 = ε2a+ ε2−
4

p−1 b

∫
R3

|∇wε|2 = O(ε2−
4

p−1
+q), since 2− 4

p−1
+ q < 2.
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We estimate (2.11) term by term. To estimate
∫
Br(y1ε)

∂V
∂x1
w2

ε , we spilt it into∫
Br(y1ε)

∂V

∂x1
w2

ε =

∫
Br(y1ε)

(
Vx1(x)− Vx1(y

1
ε)
)
w2

ε + Vx1(y
1
ε)

∫
Br(y1ε)

w2
ε . (2.12)

By continuity, we have∣∣∣∣∫
Br(y1ε)

(
Vx1(x)− Vx1(y

1
ε)
)
w2

ε

∣∣∣∣ ≤ max
x∈Br(y1ε)

|Vx1(x)− Vx1(y
1
ε)|
∫
Br(y1ε)

w2
ε .

By Proposition 2.2 (3) and (2.7), we deduce

C1ε
3q ≤

∫
Br(y1ε)

w2
ε =

∫
Br(y1ε)

(
v1ε,y1ε

)2
+ o(ε2+3q) ≤ C2ε

3q,

for ε > 0 sufficiently small, where C1, C2 > 0 are constants independent of ε. Hence,
for ε > 0 sufficiently small, there holds∣∣∣∣∫

Br(y1ε)

(
Vx1(x)− Vx1(y

1
ε)
)
w2

ε

∣∣∣∣ ≤ C2 max
x∈Br(y1ε)

|Vx1(x)− Vx1(y
1
ε)|ε3q, (2.13)

and |Vx1(y
1
ε)|
∫
Br(y1ε)

w2
ε ≥ C0C1ε

3q. (2.14)

Combining the above two estimates (2.13)–(2.14) and choosing r sufficiently small,
we obtain∣∣∣∣ε2 ∫

Br(y1ε)

∂V

∂x1
w2

ε

∣∣∣∣ ≥ (C0C1 − C2 max
x∈Br(y1ε)

|Vx1(x)− Vx1(y
1
ε)|
)
ε2+3q

≥ C0C1

2
ε2+3q. (2.15)

On the other hand, by (A.6) we have

ε11

∣∣∣∣∣∣∣
∫

∂Br(y1ε)

(
|∇wε|

2

ν1 − 2
∂wε

∂ν

∂wε

∂x1

)∣∣∣∣∣∣∣ ≤ Cε2−
4

p−1
+q

∫
∂Br(y1ε)

(
k∑

i=1

|∇viε,yiε|
2 + |∇ϕε|2

)

≤ Cεγ + o(ε4+3q) = o(ε4+3q), (2.16)
for sufficiently large γ > 0, and∣∣∣∣∫

∂Br(y1ε)

(
1 + ε2V

)
w2

εν1 −
2

p+ 1

∫
∂Br(y1ε)

wp+1
ε ν1

∣∣∣∣
≤ C

∫
∂Br(y1ε)

(
k∑

i=1

(
viε,yiε

)2
+ |ϕε|2 +

k∑
i=1

(
viε,yiε

)p+1

+ |ϕε|p+1

)
≤ O(εγ) + o(ε4+3q) = o(ε4+3q). (2.17)

Finally, combining (2.12) and (2.15)–(2.17), we obtain
C0C1

2
ε2+3q ≤ o(ε4+3q), as ε→ 0,

contradicting (2.10). Hence ∇V (yiε) → 0 as ε → 0, and then ∇V (bi) = 0 since
V (x) ∈ C1 and yiε → bi. The proof of Lemma 2.5 is complete.
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3. Some preliminaries

To obtain multi-peak solutions to Eq. (1.6) of the form (1.17)–(1.18), we first de-
duce some necessary estimates for the finite-dimensional reduction. To this end, let
(v1, v2, · · · , vk) be the unique positive radial solution to the system (1.16) and let

Y = (y1, y2, . . . , yk) ∈ Dk
δ := Bδ(a1)×Bδ(a2)× · · · ×Bδ(ak), Wε,Y :=

k∑
i=1

viε,yi ,

where 0 < δ < min{|ai − aj|/4 : i 6= j}. Here we need to recall that we assume
ai 6= aj for i 6= j in this paper.
Now if Y = (y1, y2, · · · , yk) ∈ Dk

δ , then |yi−yj| ≥ |ai−aj|/2 ≥ 2δ with i 6= j, which
implies by (2.7) that∫

R3

∇viε,yi · ∇v
j
ε,yj

+
(
viε,yi

)s (
vj
ε,yj

)t
= O(e−

γ0
εq ) with i 6= j (3.1)

for some constant γ0 > 0 and for any given s, t > 0. Readers can refer to Lemma
A.1 and Lemma A.2 for more estimates of viε,yi .
To construct k-peak solutions to Eq. (1.6) of the form (1.17)–(1.18), we will follow the
scheme of Cao and Peng [9], combining reduction method and variational method.

First, define Jε (Y, ϕ) := Iε (Wε,Y + ϕ) ,

for (Y, ϕ) ∈ R3k ×Hε, where Iε is defined as in (1.15). Then we can expand Jε(Y, ϕ)
with respect to ϕ near ϕ = 0 for each fixed Y as follows

Jε (Y, ϕ) = Jε (Y, 0) + lε,Y (ϕ) +
1

2
〈Iεϕ, ϕ〉+Rε,Y (ϕ) , (3.2)

where Jε (Y, 0) = Iε (Wε,Y ) and the operators lε,Y , Iε and Rε,Y are given as follows:

lε,Y (ϕ) =

∫
R3

(
aε2∇Wε,Y · ∇ϕ+Wε,Y ϕ

)
+ ε2

∫
R3

V (x)Wε,Y ϕ−
∫
R3

W p
ε,Y ϕ

+ bε2−
4

p−1

∫
R3

|∇Wε,Y |2
∫
R3

∇Wε,Y · ∇ϕ,
(3.3)

and 〈Iεϕ, ψ〉 = 〈Iε′′ (Wε,Y ) [ϕ] , ψ〉 =
∫
R3

(
aε2∇ϕ · ∇ψ + ϕψ

)
+ ε2

∫
R3

V (x)ϕψ + 2bε2−
4

p−1

∫
R3

∇Wε,Y · ∇ϕ
∫
R3

∇Wε,Y · ∇ψ

+ bε2−
4

p−1

∫
R3

|∇Wε,Y |2
∫
R3

∇ϕ · ∇ψ − p

∫
R3

W p−1
ε,Y ϕψ, (3.4)

and

Rε,Y (ϕ) =
bε2−

4
p−1

4

(∫
R3

|∇ϕ|2
)2

+ bε2−
4

p−1

∫
R3

∇Wε,Y · ∇ϕ
∫
R3

|∇ϕ|2 (3.5)

− 1

p+ 1

∫
R3

(
(Wε,Y + ϕ)p+1

+ −W p+1
ε,Y − (p+ 1)W p

ε,Y ϕ− 1

2
p(p+ 1)W p−1

ε,Y ϕ2

)
,

for ϕ, ψ ∈ Hε. Note that each term in (3.2) belongs to C2(Hε). Following the scheme
of Cao and Peng in [9], we divide the proof of Theorem 1.2 into two steps:
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Step 1. For every ε, δ > 0 sufficiently small and for any fixed Y ∈ Dk
δ , we will

prove that Jε(Y, ·) : Ek
ε,Y → Ek

ε,Y has a unique critical point ϕε,Y ∈ Ek
ε,Y , where

Ek
ε,Y = ∩k

i=1E
i
ε,yi := ∩k

i=1

{
ϕ ∈ Hε :

〈
ϕ, ∂yijv

i
ε,yi

〉
ε
= 0, j = 1, 2, 3

}
.

Step 2. Then, for each ε, δ > 0 sufficiently small, we will find a critical point Yε
for the function jε : D

k
δ → R1 induced by

Y 7→ jε(Y ) ≡ Jε (Y, ϕε,Y ) . (3.6)

This gives a solution wε ≡ Wε,Yε +ϕε,Yε to Eq. (1.6) in virtue of the following lemma.

Lemma 3.1. There exist ε0 > 0, δ0 > 0 such that for any ε ∈ (0, ε0) and δ ∈ (0, δ0),
Yε ∈ Dk

δ is a critical point of the function jε(Y ) ≡ Jε(Y, ϕε,Y ) if and only if

wε ≡ Wε,Yε + ϕε,Yε

is a critical point of Iε.
Proof. This lemma can be proved in a standard way, see e.g. Cao and Peng [9],
Cao, Noussair and Yan [8] and Bartsch and Peng [3].

In the lemma below, we deduce some necessary estimates for later use. First, we
give estimates for lε,Y (defined as in (3.3)).

Lemma 3.2. Assume that V (x) satisfies (V1)–(V2). Then there exists a constant
C > 0, independent of ε, δ, such that for any Y ∈ Dk

δ and ϕ ∈ Hε we have

|lε,Y (ϕ)| ≤ Cε2+
3q
2

(
εqθ +

k∑
i=1

(V (yi)− V (ai))

)
‖ϕ‖ε (3.7)

Furthermore, we conclude that q = 2− 4
p−1

, and then p 6= 3 since q > 0.

Remark. After the proof of Lemma 3.2, we keep in mind that q = 2 − 4
p−1

and
3 < p < 5.

Proof. Since (v1, v2, · · · , vk) is the unique positive radial solution to the system
(1.16), viε,yi satisfies

−
(
aε2 + bcεε

2q
)
∆viε,yi + (1 + ε2V (ai))v

i
ε,yi = (viε,yi)

p in R3.

Multiplying by ϕ ∈ Hε on both sides of the above equation and integrating by parts,
we obtain(

aε2 + bcεε
2q
) ∫

R3

∇viε,yi · ∇ϕ+ (1 + ε2V (ai))

∫
R3

viε,yiϕ =

∫
R3

(
viε,yi

)p
ϕ. (3.8)

Summing the above equation over i, we deduce∫
R3

(
aε2∇Wε,Y · ∇ϕ+Wε,Y ϕ

)
+ ε2

∫
R3

V (x)Wε,Y ϕ (3.9)

= −bcεε2q
∫
R3

∇Wε,Y · ∇ϕ+ ε2
k∑

i=1

∫
R3

(V (x)− V (ai))v
i
ε,yiϕ+

k∑
i=1

∫
R3

(
viε,yi

)p
ϕ.
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Then substituting (3.9) into (3.3), we obtain

lε,Y (ϕ) =

(
bε2−

4
p−1

∫
R3

|∇Wε,Y |2 − bcεε
2q

)∫
R3

∇Wε,Y · ∇ϕ

+ ε2
k∑

i=1

∫
R3

(V (x)− V (ai))v
i
ε,yiϕ−

∫
R3

(
W p

ε,Y −
k∑

i=1

(
viε,yi

)p)
ϕ

=: l1 + l2 − l3.

In our estimates particularly the estimate of l2 plays a leading role in the finite-
dimensional reduction method. To estimate l2 just consider for each i ∈ {1, 2, · · · , k},∫

R3

(V (x)− V (ai))v
i
ε,yiϕ =

∫
R3

(V (x)− V (yi))viε,yiϕ+ (V (yi)− V (ai))

∫
R3

viε,yiϕ

=: l21 + l22.

To estimate l21, we spilt l21 into two parts:

l21 =

∫
BR0

(yi)

(V (x)− V (yi))viε,yiϕ+

∫
Bc

R0
(yi)

(V (x)− V (yi))viε,yiϕ = l211 + l212.

Combining the assumption (V2), the exponential decay of vi at infinity and (2.8),
we easily derive by Hölder’s inequality that

|l211| ≤ Cε
3q
2
+qθ‖ϕ‖ε.

By using the assumption (V1), (2.7), applying Hölder’s inequality and (2.8), it yields

|l212| ≤ Cε
3q
2
+qθ‖ϕ‖ε.

Therefore, |l21| ≤ |l211|+ |l212| ≤ Cε
3q
2
+qθ‖ϕ‖ε.

To estimate l22, we use a scaling argument and (2.8) to get

|l22| ≤ C(V (yi)− V (ai))ε
3q
2 ‖ϕ‖ε.

Hence |l2| ≤ Cε2+
3q
2

(
εqθ +

k∑
i=1

(V (yi)− V (ai))

)
‖ϕ‖ε.

To estimate l1, at least we need |l1| = O(|l2|). We obtain by Hölder’s inequality and
Lemma 2.3 that∣∣∣∣∫

R3

∇viε,yi · ∇ϕ
∣∣∣∣ ≤ ‖∇viε,yi‖L2(R3)‖∇ϕ‖L2(R3) ≤ Cε−

q
2‖ϕ‖ε,

and by (3.1) that∣∣∣∣bε2− 4
p−1

∫
R3

|∇Wε,Y |2 − bcεε
2q

∣∣∣∣ =
∣∣∣∣∣bε2− 4

p−1

∫
R3

k∑
i=1

|∇viε,yi|2 +O(e−
γ0
εq )− bcεε

2q

∣∣∣∣∣
=
∣∣∣bcεε2− 4

p−1
+q +O(e−

γ0
εq )− bcεε

2q
∣∣∣

for some constant γ0 > 0.
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Here we should notice that cε → c∗ > 0 as ε→ 0. We conclude that
if 2− 4

p−1
+ q > 2q, then |l1| = O(ε2q−

q
2 )‖ϕ‖ε =⇒ |l2| = o(|l1|) false;

if 2− 4
p−1

+ q < 2q, then |l1| = O(ε2−
4

p−1
+q− q

2 )‖ϕ‖ε =⇒ |l2| = o(|l1|) false;
if 2− 4

p−1
+ q = 2q, then |l1| = O(ε−

q
2 e−

γ0
εq )‖ϕ‖ε =⇒ |l1| = o(|l2|) as required.

In the case of 2− 4
p−1

+ q = 2q, one can check that q = 2− 4
p−1

and

|l1| ≤ Cε−
q
2 e−

γ0
εq ‖ϕ‖ε ≤ Cε2+

3q
2
+qθ‖ϕ‖ε

for ε > 0 sufficiently small.
To estimate l3, we deduce by Hölder’s inequality and (3.1) that

|l3| =

∣∣∣∣∣
∫
R3

(
W p

ε,Y −
k∑

i=1

(viε,yi)
p

)
ϕ

∣∣∣∣∣ ≤
∫
R3

∣∣∣∣∣
(

k∑
i=1

viε,yi

)p

−
k∑

i=1

(viε,yi)
p

∣∣∣∣∣ |ϕ|
≤ C

∫
R3

∑
i ̸=j

((
viε,yi

)p−1
(
vj
ε,yj

)1
+
(
viε,yi

)1 (
vj
ε,yj

)p−1
)
|ϕ|

≤ Cε
3q
2 e−

γ0
εq ‖ϕ‖ε ≤ Cε2+

3q
2
+qθ‖ϕ‖ε

for ε > 0 sufficiently small.
Finally, combining the above estimates of l1, l2 and l3 gives (3.7). The proof of
Lemma 3.2 is complete.

Next, we give estimates of Rε,Y (defined as in (3.5)) and its derivatives R(i)
ε,Y for

i = 1, 2.

Lemma 3.3. There exist constants C1, C2 > 0, independent of ε, such that for
i ∈ {0, 1, 2} we have

‖R(i)
ε,Y (ϕ)‖ ≤ C1ε

−3(p−3)‖ϕ‖p+1−i
ε + C2ε

− 3q
2

(
1 + ε−

3q
2 ‖ϕ‖ε

)
‖ϕ‖3−i

ε (3.10)

for all ϕ ∈ Hε. Here, we denote R
(i)
ε,Y (i = 1, 2) the i-th derivative of Rε,Y . ‖ · ‖

denotes | · | for i = 0 and operator-norms for i = 1, 2. Here q = 2− 4
p−1

.

Proof. This lemma can be proved by the same argument as that of Lemma 3.3 in
[18]. We omit the details.

4. Proof of Theorem 1.2
This section is devoted to proving Theorem 1.2. First, we consider the operator Iε

defined as in (3.4), that is,

〈Iεϕ, ψ〉 =
∫
R3

(
aε2∇ϕ·∇ψ + ϕψ

)
+ ε2

∫
R3

V (x)ϕψ + 2bεq
∫
R3

∇Wε,Y ·∇ϕ
∫
R3

∇Wε,Y ·∇ψ

+ bεq
∫
R3

|∇Wε,Y |2
∫
R3

∇ϕ · ∇ψ − p

∫
R3

W p−1
ε,Y ϕψ

for ϕ, ψ ∈ Hε. Here q = 2 − 4
p−1

. When no confusion occurs, we always suppress
ϕ ∈ Ek

ε,Y , Y ∈ Dk
δ . Note that Ek

ε,Y is a closed subspace of Hε for every ε > 0 and
Y ∈ R3k.
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The following result shows that Iε is invertible when restricted on Ek
ε,Y .

Lemma 4.1. There exist ε0, δ0 and ρ > 0 such that for all ε ∈ (0, ε0), δ ∈ (0, δ0)
we have ‖Iεϕ‖ ≥ ρ‖ϕ‖ε, for any ϕ ∈ Ek

ε,Y uniformly with respect to Y ∈ Dk
δ .

Proof. The proof is standard, interested readers can refer to Luo et al. [21] Propo-
sition 3.4 and Li et al. [18] Proposition 4.1 for a similar proof.

Lemma 4.1 implies that the quadratic form Iε : E
k
ε,Y → Ek

ε,Y has a bounded inverse,
with ‖I−1

ε ‖ ≤ ρ−1 uniformly with respect to Y ∈ Dk
δ .

Lemma 4.2. There exist ε0, δ0 > 0 sufficiently small such that for all ε ∈ (0, ε0)
and δ ∈ (0, δ0), there exists a C1 map ϕε : D

k
δ → Hε, Y 7→ ϕε,Y satisfying〈

∂Jε(Y, ϕε,Y )

∂ϕ
, ψ

〉
ε

= 0, for all ψ ∈ Ek
ε,Y , (4.1)

with ϕε,Y ∈ Nε, where

Nε =

{
ϕ ∈ Ek

ε,Y : ‖ϕ‖ε ≤ ε2+
3q
2

(
εqθ−τ +

k∑
i=1

(V (yi)− V (ai))
1−τ

)}

for some constant τ ∈ (0, qθ/2). Here q = 2− 4
p−1

. Specially, we can choose τ > 0
as small as we wish.

Proof. Note that, for each Y ∈ Dk
δ , we obtain from (3.2) that

Jε(Y, ϕ) = Jε(Y, 0) + 〈I ′

ε(Wε,Y ), ϕ〉+
1

2
〈I ′′

ε (Wε,Y )[ϕ], ϕ〉+Rε,Y (ϕ).

Differentiating the above equation with respect to ϕ, we obtain〈
∂Jε
∂ϕ

, ψ

〉
= 〈I ′

ε(Wε,Y ), ψ〉+ 〈I ′′

ε (Wε,Y )[ϕ], ψ〉+ 〈R(1)
ε,Y (ϕ), ψ〉

for ψ ∈ Ek
ε,Y , which implies that

∂Jε
∂ϕ

= I
′

ε(Wε,Y ) + I
′′

ε (Wε,Y )[ϕ] +R
(1)
ε,Y (ϕ) = lε,Y + Iεϕ+R

(1)
ε,Y (ϕ). (4.2)

Since Ek
ε,Y is a closed subspace of Hε, Lemma 3.2 and Lemma 3.3 implies that lε,Y

and R
(1)
ε,Y (ϕ) are bounded linear operators when restricted on Ek

ε,Y . Denote by M

the dual space of Hε. By Riesz’s representation theorem, for each f ∈ M, there
exists a unique f̂ ∈ Hε such that

f(ψ) = 〈f̂ , ψ〉ε, for all ψ ∈ Hε.

From this, we can define a map σ : M → Hε, f 7→ f̂ . We claim that σ is a
homeomorphism from M to M∗ := σ(M). In fact, suppose σ(f1) = σ(f2), i.e.,
f̂1 = f̂2, then

f1(ψ) = 〈f̂1, ψ〉ε = 〈f̂2, ψ〉ε = f2(ψ), for all ψ ∈ Hε,

which implies that f1 = f2, and hence f is injective.
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Since M∗ := σ(M), σ is surjective. For any f1, f2 ∈ M, and any ψ ∈ Hε,

〈f̂1 + f2, ψ〉ε = (f1 + f2)(ψ) = f1(ψ) + f2(ψ) = 〈f̂1, ψ〉ε + 〈f̂2, ψ〉ε = 〈f̂1 + f̂2, ψ〉ε,

which implies that f̂1 + f2 = f̂1 + f̂2, i.e., σ(f1 + f2) = σ(f1) + σ(f2). And for any
k ∈ R1, f ∈ M and any ψ ∈ Hε, we have

〈k̂f , ψ〉ε = (kf)(ψ) = kf(ψ) = k〈f̂ , ψ〉ε = 〈kf̂ , ψ〉ε,

which implies that k̂f = kf̂ , i.e., σ(kf) = kσ(f). The proof of the above claim is
complete.
Based on the above claim, we can identify lε,Y and R

(1)
ε,Y with their representatives

in Ek
ε,Y , and then Eq. (4.2) is equivalent to

∂̂Jε
∂ϕ

= l̂ε,Y + Iεϕ+ R̂
(1)
ε,Y (ϕ). (4.3)

Therefore, to prove Eq. (4.1), it is equivalent to find ϕ ∈ Ek
ε,Y that satisfies

l̂ε,Y + Iεϕ+ R̂
(1)
ε,Y (ϕ) = 0.

By Lemma 4.1, the operator Iε is invertible, and ‖I−1
ε ‖ ≤ ρ−1. So Eq. (4.3) is

equivalent to
ϕ = −I−1

ε (l̂ε,Y )− I−1
ε (R̂

(1)
ε,Y (ϕ)) =: Aε,Y (ϕ). (4.4)

Claim that Aε,Y is a contraction map when restricted in Nε. Indeed, for any ϕ ∈ Nε,
we have

‖Aε,Y (ϕ)‖ε ≤ ρ−1‖l̂ε,Y ‖+ ρ−1‖R̂(1)
ε,Y (ϕ)‖ = ρ−1‖lε,Y ‖+ ρ−1‖R(1)

ε,Y (ϕ)‖.

By Lemma 3.2, ‖lε,Y ‖ ≤ Cε2+
3q
2

(
εqθ +

k∑
i=1

(
V (yi)− V (ai)

))
.

So we can choose 0 < τ < qθ/2 sufficiently small in such a way that{
Cετ < ρ

2
,

C (V (yi)− V (ai))
τ
< ρ

2
, for each i = 1, 2, · · · , k.

We also notice that qθ/2 < q/2 = 1
2

(
2− 4

p−1

)
< 1. Then we obtain

‖lε,Y ‖ ≤ ρ

2
ε2+

3q
2

(
εqθ−τ +

k∑
i=1

(
V (yi)− V (ai)

)1−τ

)
. (4.5)

For any ϕ ∈Nε, we have ε−
3q
2 ‖ϕ‖ε = o(ε2), and then, by Lemma 3.3, for ε > 0

sufficiently small, there holds

‖R(1)
ε,Y (ϕ)‖ = oε(1)‖ϕ‖ε ≤

ρ

2
‖ϕ‖ε. (4.6)
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Therefore, combining (4.5) and (4.6), we deduce

‖Aε,Y (ϕ)‖ε ≤ ε2+
3q
2

(
εqθ−τ +

k∑
i=1

(V (yi)− V (ai))
1−τ
)
,

which implies that Aε,Y (Nε) ⊂ Nε. For any ϕ, ψ ∈ Nε,

‖Aε,Y (ϕ)−Aε,Y (ψ)‖ε = ‖I−1
ε

(
R̂

(1)
ε,Y (ϕ)

)
− I−1

ε

(
R̂

(1)
ε,Y (ψ)

)
‖ε

≤ ρ−1‖R(1)
ε,Y (ϕ)−R

(1)
ε,Y (ψ)‖ε

= ρ−1‖R(2)
ε,Y (ξϕ+ (1− ξ)ψ)‖‖ϕ− ψ‖ε, for some 0 < ξ < 1.

Notice that ‖ξϕ+ (1− ξ)ψ‖ε ≤ ξ‖ϕ‖ε + (1− ξ)‖ψ‖ε

≤ ε2+
3q
2

(
εqθ−τ +

k∑
i=1

(
V (yi)− V (ai)

)1−τ
)
,

i.e., ξϕ+ (1− ξ)ψ ∈ Nε, then from (3.10), we have

‖R(2)
ε,Y (ξϕ+ (1− ξ)ψ)‖ ≤ C1ε

−3(p−3)‖ξϕ+ (1− ξ)ψ‖p−1
ε +

+ C2ε
− 3q

2

(
1 + ε−

3q
2 ‖ξϕ+ (1− ξ)ψ‖ε

)
‖ξϕ+ (1− ξ)ψ‖ε = oε(1).

Hence for ε > 0 sufficiently small,

‖Aε,Y (ϕ)−Aε,Y (ψ)‖ε ≤
1

2
‖ϕ− ψ‖ε,

which implies that Aε,Y : Nε → Nε is a contraction map. We can apply fixed point
theorem to find a unique solution to Eq. (4.4), as required. Thus, there exists a
contraction map Y → ϕε,Y such that (4.1) holds.
Finally, we claim that the map Y 7→ ϕε,Y belongs to C1. Indeed, by similar argu-
ments as that of Cao, Noussair and Yan used in [8], we can deduce a unique C1 map
ϕ̃ε : Dk

δ → Ek
ε,Y which satisfies (4.1). Therefore, by the uniqueness ϕ̃ = ϕ̃ε, and

hence the claim follows. The proof of Lemma 4.2 is complete.

Next we give the following observation.

Lemma 4.3. For any ϕ ∈ Ek
ε,Y we have
〈Iεϕ, ϕ〉 = O(‖ϕ‖2ε). (4.7)

Proof. The proof is direct and we refer to the proof of Lemma 4.3 in [18].

Proposition 4.4. Assume that V (x) satisfies (V1)–(V2). Then for ε > 0 sufficiently
small, for any Y ∈ Dk

δ , there holds

Iε(Wε,Y ) = C1ε
3q +

k∑
i=1

C2,i

(
V (yi)− V (ai)

)
ε2+3q +O(ε2+3q+qθ),

where C1 =
(1
2
− 1

p+ 1

) k∑
i=1

∫
R3

(vi)p+1 − bc2ε
4
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and C2,i =
1

2

∫
R3

(vi)2, i = 1, 2, · · · , k,

and θ is the Hölder continuity of V (x) in the neighborhood of ai (1 ≤ i ≤ k).

Remark. Even though the constants C1, C2,i depend on ε, we have C1 → C∗
1 and

C2,i → C∗
2,i as ε→ 0 by Proposition 2.2 (3), where

C∗
1 =

(
1

2
− 1

p+ 1

) k∑
i=1

∫
R3

(U i)p+1 − bc2∗
4

and C∗
2,i =

1

2

∫
R3

(U i)2.

Hence we can regard C1, C2,i (i = 1, 2, · · · , k) as constants.

Proof. It follows from (1.15) and (3.1) that

Iε(Wε,Y ) =
1

2

∫
R3

(
ε2a|∇Wε,Y |2 +W 2

ε,Y

)
+
ε2

2

∫
R3

V (x)W 2
ε,Y

+
bεq

4

(∫
R3

|∇Wε,Y |2
)2

− 1

p+ 1

∫
R3

W p+1
ε,Y

=
1

2

k∑
i=1

∫
R3

(
ε2a|∇viε,yi |2 +

(
viε,yi

)2)
+
ε2

2

k∑
i=1

∫
R3

V (x)
(
viε,yi

)2
+
bεq

4

(
k∑

i=1

∫
R3

|∇viε,yi |2
)2

1

p+ 1

∫
R3

k∑
i=1

(
viε,yi

)p+1
+O(e−

γ0
εq ),

where γ0 > 0 is a constant. By (3.8), we obtain

1

2

k∑
i=1

∫
R3

(
ε2a|∇viε,yi|2 +

(
viε,yi

)2)
+
ε2

2

k∑
i=1

∫
R3

V (x)
(
viε,yi

)2
= −bcεε

2q

2

k∑
i=1

∫
R3

|∇viε,yi |2 +
ε2

2

k∑
i=1

∫
R3

(V (x)− V (ai))
(
viε,yi

)2
+

1

2

k∑
i=1

∫
R3

(
viε,yi

)p+1
.

Notice that for each i = 1, 2, · · · , k,∫
R3

(V (x)− V (ai))(v
i
ε,yi)

2 =

∫
R3

(V (x)− V (yi))(viε,yi)
2 + (V (yi)− V (ai))

∫
R3

(viε,yi)
2.

Then similar arguments to the estimates of l21 and l22 in Lemma 3.2 imply that∫
R3

(V (x)− V (ai))(v
i
ε,yi)

2 = Cε3q+qθ +
(
V (yi)− V (ai)

) ∫
R3

(vi)2ε3q (4.8)

for some constant C > 0.
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Hence, by estimate (3.1), (4.8) and a scaling argument, we can deduce

Iε(Wε,Y ) = −bcεε
2q

2

k∑
i=1

∫
R3

|∇viε,yi |2 +
ε2

2

k∑
i=1

∫
R3

(V (x)− V (ai))
(
viε,yi

)2
+

1

2

k∑
i=1

∫
R3

(
viε,yi

)p+1
+
bεq

4

(
k∑

i=1

∫
R3

|∇viε,yi |2
)2

− 1

p+1

∫
R3

(
k∑

i=1

viε,yi

)p+1

+O(e−
γ0
εq )

=
bεq

2

k∑
i=1

∫
R3

|∇viε,yi |2
(
1

2

k∑
i=1

∫
R3

|∇viε,yi |2 − cεε
q

)
+
ε2

2

k∑
i=1

∫
R3

(V (x)− V (ai))
(
viε,yi

)2
+

∫
R3

(
1

2

k∑
i=1

(
viε,yi

)p+1 − 1

p+ 1

k∑
i=1

(
viε,yi

)p+1

)
+O(e−

γ0
εq )

= C1ε
3q +

k∑
i=1

C2,i

(
V (yi)− V (ai)

)
ε2+3q +O(ε2+3q+qθ).

The proof of Proposition 4.4 is complete.

Now we prove Theorem 1.2.

Proof of Theorem 1.2. Let Y 7→ ϕε,Y for Y ∈ Dk
δ be the map obtained in Lemma

4.2. We will find a critical point for the function jε defined as in (3.6) by Lemma
3.1. By the Taylor’s expansion (3.2), we have

jε(Y ) = Jε (Y, ϕε,Y ) = Iε(Wε,Y ) + lε,Y (ϕε,Y ) +
1

2
〈Iεϕε,Y , ϕε,Y 〉+Rε,Y (ϕε,Y ) .

Now by Proposition 4.4, we have

Iε(Wε,Y ) = C1ε
3q +

k∑
i=1

C2,i

(
V (yi)− V (ai)

)
ε2+3q +O(ε2+3q+qθ).

Lemma 3.2 and Lemma 4.2 give

|lε,Y (ϕε,Y )| ≤ Cε4+3q
(
εqθ +

k∑
i=1

(
V (yi)− V (ai)

) )(
εqθ−τ +

k∑
i=1

(
V (yi)− V (ai)

)1−τ
)
.

Lemma 4.3 gives 〈Iεϕε,Y , ϕε,Y 〉 = O(‖ϕε,Y ‖2ε). Lemma 3.3 gives
|Rε,Y (ϕε,Y )| = oε(1)‖ϕε,Y ‖2ε.

Combining the above estimates yields

jε(Y ) = C1ε
3q +

k∑
i=1

C2,i

(
V (yi)− V (ai)

)
ε2+3q +O(ε2+3q+qθ)

+O(ε4+3q)
(
εqθ−τ +

k∑
i=1

(
V (yi)− V (ai)

)1−τ
)2
.

Next, we consider the minimizing problem
jε(Yε) ≡ inf

Y ∈Dk
δ

jε(Y ).
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We claim that Yε is an interior point of Dk
δ . To prove this claim, we apply a

comparison argument. Let ej ∈ R3 with |ej| = 1, ei 6= ej for i 6= j. We will choose
η > 1 to be sufficiently large. Let zjε = aj+ε

ηej such that Zε = (z1ε , z
2
ε , · · · , zkε ) ∈ Dk

δ

for a sufficiently large η > 1. Then by the assumption (V2), we have

jε(Zε) = C1ε
3q +

k∑
i=1

C2,i

(
V (ziε)− V (ai)

)
ε2+3q +O(ε2+3q+qθ)

+O(ε4+3q)
(
εqθ−τ +

k∑
i=1

(
V (ziε)− V (ai)

)1−τ
)2

= C1ε
3q +O(ε2+3q+θη) +O(ε2+3q+qθ) +O(ε4+3q)(ε2qθ−2τ + ε2θη(1−τ))

= C1ε
3q +O(ε2+3q+qθ),

where η > 1 is chosen to be sufficiently large accordingly. Here, we also have used
the fact that τ � qθ/2. Thus, by using jε(Yε) ≤ jε(Zε) we deduce

k∑
i=1

C2,i

(
V (yiε)− V (ai)

)
ε2+3q +O(ε4+3q)

(
εqθ−τ +

k∑
i=1

(
V (yiε)− V (ai)

)1−τ
)2

≤ O(ε2+3q+qθ).

That is,
k∑

i=1

C2,i

(
V (yiε)− V (ai)

)
+O(ε2)

(
εqθ−τ +

k∑
i=1

(
V (yiε)− V (ai)

)1−τ
)2

≤ O(εqθ).

If Yε ∈ ∂Dk
δ , then by the condition (V2), we have

V (yiε)− V (ai) ≥ c̃i > 0

for some constants c̃i > 0 (i = 1, 2, · · · , k). Notice that C2,i → C∗
2,i > 0, then letting

ε→ 0, we deduce that

0 <
k∑

i=1

C∗
2,ic̃i ≤ 0,

a contradiction. This proves the claim. Therefore, Yε = (y1ε , y
2
ε , · · · , ykε ) is a critical

point of jε in the interior of Dk
δ . Theorem 1.2 follows directly from this claim and

Lemma 3.1.

5. Proof of Theorem 1.3

In this section, we prove the local uniqueness result of multi-peak solutions to
Eq. (1.6). We use a contradiction argument as that of Cao, Li and Luo [7]. As-
sume w(j)

ε =
∑k

i=1 v
i

ε,y
i(j)
ε

+ϕ
(j)
ε (j = 1, 2) are two distinct solutions concentrating at

{a1, · · · , ak} ⊆ R3 derived as in Theorem 1.2. Set

ξε =
w

(1)
ε − w

(2)
ε

‖w(1)
ε − w

(2)
ε ‖L∞(R3)

and set ξ̃ε(x) = ξε(ε
qx+ y

i0(1)
ε ) for an arbitrary i0∈{1, · · · , k}, where q = 2− 4

p−1
.
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In the following, i0 will be fixed. It is clear that

‖ξε‖L∞(R3) = 1 and ‖ξ̃ε‖L∞(R3) = 1.

To deduce a contradiction, in the rest of this section, we will show

‖ξε‖L∞(R3) = oε(1). (5.1)

To prove (5.1), we will first prove that |ξε| → 0 holds in ∪k
i=1BRεq(y

i(1)
ε ) with respect

to sufficiently small ε > 0 (see Proposition 5.5), and then verify that it holds outside
∪k

i=1BRεq(y
i(1)
ε ) (see Proposition 5.6). To this end, we will establish a series of results.

First, we explore some properties of the solutions derived as in Theorem 1.2.

Proposition 5.1. Assume that V (x) satisfies (V1), (V2) and (V3). Let

wε(x) = Wε,Yε + ϕε =
k∑

i=1

viε,yiε + ϕε

be a solution derived as in Theorem 1.2. Then we have:

(i) ϕε ∈ Hε satisfies ‖ϕε‖ε = ε2+
3q
2 O
(
εqm +

k∑
i=1

|yiε − ai|m
)
. (5.2)

(ii) Furthermore, |yiε − ai| = o(εq), (5.3)

for i = 1, 2, · · · , k. Then a refinement of estimate (5.2) is given by

‖ϕε‖ε = O
(
ε2+

3q
2
+qm
)
; (5.4)

(iii) wε concentrates at {a1, a2, · · · , ak} and decays exponentially at infinity.

Proof. (i) By the same argument of (3.9), it yields∫
R3

(
ε2a∇Wε,Yε · ∇ϕε +Wε,Yεϕε

)
+ ε2

∫
R3

V (x)Wε,Yεϕε (5.5)

= −bcεε2q
∫
R3

∇Wε,Yε · ∇ϕε + ε2
k∑

i=1

∫
R3

(V (x)− V (ai))v
i
ε,yiε
ϕε +

k∑
i=1

∫
R3

(
viε,yiε

)p
ϕε.

Since wε is a solution of Eq. (1.6), we have∫
R3

(
ε2a∇Wε,Yε · ∇ϕε +Wε,Yεϕε

)
+ ε2

∫
R3

V (x)Wε,Yεϕε (5.6)

= −
∫
R3

(
ε2a|∇ϕε|2 + ϕ2

ε

)
− ε2

∫
R3

V (x)ϕ2
ε − bεq

∫
R3

|∇Wε,Yε|
2

∫
R3

∇Wε,Yε · ∇ϕε

− 2bεq
(∫

R3

∇Wε,Yε · ∇ϕε

)2

− 3bεq
∫
R3

∇Wε,Yε · ∇ϕε

∫
R3

|∇ϕε|2

− bεq
∫
R3

|∇Wε,Yε|2
∫
R3

|∇ϕε|2 − bεq
(∫

R3

|∇ϕε|2
)2

+

∫
R3

(Wε,Yε + ϕε)
pϕε.
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Combining (5.5) and (5.6) implies that∫
R3

(
ε2a|∇ϕε|2 + ϕ2

ε

)
+ ε2

∫
R3

V (x)ϕ2
ε + 2bεq

(∫
R3

∇Wε,Yε · ∇ϕε

)2

(5.7)

+ bεq
∫
R3

|∇Wε,Yε |2
∫
R3

|∇ϕε|2 − p

∫
R3

W p−1
ε,Yε

ϕ2
ε

= −bεq
∫
R3

|∇Wε,Yε|
2

∫
R3

∇Wε,Yε · ∇ϕε − 3bεq
∫
R3

∇Wε,Yε · ∇ϕε

∫
R3

|∇ϕε|2

− bεq
(∫

R3

|∇ϕε|2
)2

+

∫
R3

(Wε,Yε + ϕε)
pϕε − p

∫
R3

W p−1
ε,Yε

ϕ2
ε

+ bcεε
2q

∫
R3

∇Wε,Yε · ∇ϕε − ε2
k∑

i=1

∫
R3

(V (x)− V (ai))v
i
ε,yiε
ϕε −

k∑
i=1

∫
R3

(
viε,yiε

)p
ϕε.

From (3.4) and (5.7), we obtain

〈Iεϕε, ϕε〉 =
(
bcεε

2q − bεq
∫
R3

|∇Wε,Yε|
2

)∫
R3

∇Wε,Yε · ∇ϕε (5.8)

− 3bεq
∫
R3

∇Wε,Yε · ∇ϕε

∫
R3

|∇ϕε|2 − bεq
(∫

R3

|∇ϕε|2
)2

+

∫
R3

(Wε,Yε + ϕε)
pϕε − p

∫
R3

W p−1
ε,Yε

ϕ2
ε −

k∑
i=1

∫
R3

(
viε,yiε

)p
ϕε

− ε2
k∑

i=1

∫
R3

(V (x)− V (ai))v
i
ε,yiε
ϕε =: P1 − P2 + P3 − P4.

Similar to the argumention in the procedure of estimates of l1 in Lemma 3.2, we get

|P1| = O
(
ε−

q
2 e−

γ0
εq

)
‖ϕε‖ε.

To estimate P2, just notice that(∫
R3

|∇ϕε|2
)2

= O(ε−4q‖ϕε‖2ε),

and by Hölder’s inequality that

εq
∫
R3

∇Wε,Yε · ∇ϕε

∫
R3

|∇ϕε|2 = O
(
ε−

3q
2 ‖ϕε‖3ε

)
.

Hence, we deduce that |P2| = O
(
ε−

3q
2 ‖ϕε‖3ε + ε−3q‖ϕε‖2ε

)
.

To estimate P3, applying Hölder’s inequality and (2.8), we have∫
R3

W p−1
ε,Yε

ϕ2
ε ≤

(∫
R3

W p+1
ε,Yε

) p−1
p+1
(∫

R3

|ϕε|p+1

) 2
p+1

≤ C‖ϕε‖2ε,

and
∫
R3

|ϕε|p+1 ≤ Cεq(
3

p+1
− 3

2)(p+1)‖ϕε‖p+1
ε = Cε−3(p−3)‖ϕε‖p+1

ε ≤ C‖ϕε‖2ε.

Hence P3 = O(‖ϕε‖2ε).
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To estimate P4, we use the assumption (V3). Just consider for each 1 ≤ i ≤ k and
any fixed d < 1/4min{R0, η}, that∫

R3

(V (x)− V (ai))v
i
ε,yiε
ϕε =

∫
Bd(yiε)

(V (x)− V (ai))v
i
ε,yiε
ϕε +

∫
Bc

d(y
i
ε)

(V (x)− V (ai))v
i
ε,yiε
ϕε

=: P41 + P42.

Combining the assumption (V3) and (2.8), we derive by Hölder’s inequality that

|P41| =
∣∣∣∣∫

Bd(yiε)

(V (x)− V (ai))v
i
ε,yiε
ϕε

∣∣∣∣ ≤ C

∫
Bd(yiε)

|x− ai|mviε,yiε|ϕε|

≤ C

(∫
Bd(yiε)

|x− ai|2m
(
viε,yiε

)2) 1
2
(∫

Bd(yiε)

ϕ2
ε

) 1
2

≤ Cε
3q
2

∫
B d

εq
(0)

|εqz + yiε − ai|2m
(
vi(z)

)2 1
2

‖ϕε‖ε

≤ Cε
3q
2

(
εqm + |yiε − ai|m

)
‖ϕε‖ε.

Meanwhile, by the exponential decay of viε,yiε and the assumption (V1), we deduce
from Lemma A.1 that, for any γ > 0,

|P42| =

∣∣∣∣∣
∫
Bc

d(y
i
ε)

(V (x)− V (ai))v
i
ε,yiε
ϕε

∣∣∣∣∣ ≤ Cεγ‖ϕε‖ε.

Hence |P4| ≤ Cε2+
3q
2

(
εqm +

k∑
i=1

|yiε − ai|m
)
‖ϕε‖ε.

Combining the above estimates of P1–P4 and (5.8), we obtain

|〈Iεϕε, ϕε〉| = ε2+
3q
2 O

(
εqm +

k∑
i=1

|yiε − ai|m
)
‖ϕε‖ε.

From Lemma 4.1, we also have

ρ‖ϕε‖2ε ≤ |〈Iεϕε, ϕε〉| = ε2+
3q
2 O

(
εqm +

k∑
i=1

|yiε − ai|m
)
‖ϕε‖ε,

which implies that ‖ϕε‖ε = ε2+
3q
2 O

(
εqm +

k∑
i=1

|yiε − ai|m
)
.

The proof of (i) is complete.

(ii) It is sufficient to verify (5.3) for fixed i ∈ {1, 2, · · · , k} with i satisfying

|yiε − ai| = max{|yjε − aj| : 1 ≤ j ≤ k}.

(In other words, it is also enough to verify (5.3) for each fixed i.)



L. Cui, G. Li, P. Luo, C. Wang / Existence and Local Uniqueness ... 235

Recall the local Pohozaev identity derived as in Proposition 2.4, that is,

ε2
∫
Ω

∂V

∂xα
w2 =

(
aε2 + bεq

∫
R3

|∇w|
2

)∫
∂Ω

(
|∇w|

2

να − 2
∂w

∂ν

∂w

∂xα

)
+

∫
∂Ω

(
1 + ε2V (x)

)
w2να − 2

p+ 1

∫
∂Ω

wp+1να

for each α = 1, 2, 3, where ν = (ν1, ν2, ν3) is the unit outward normal of ∂Ω. We will
use the Pohozaev identity to wε with Ω = Bd(y

i
ε) to deduce the conclusion (5.3).

We choose the radius d as follows.
Notice that ai are distinct points, let d1 = mini ̸=j{1, |ai − aj|/4} and d2 = d1/4.
For ε > 0 sufficiently small, |yiε − ai| < d2, i.e., Bd2(y

i
ε) ⊂ Bd1(ai) and |yiε − yjε| >

2d1. Here, we also point out that d2 can be chosen as small as we wish. Set
f = ε2q|∇ϕε|2 + |ϕε|2 + |ϕε|p+1. Using the formula of polar coordinates, we have∫ d2

0

∫
∂Br(yiε)

f =

∫
Bd2

(yiε)

f,

we can choose d ∈ (0, d3), where d3 = min{d2, d0} and d0 is defined as in Lemma
A.1, such that ∫

∂Bd(yiε)

(
ε2q|∇ϕε|2 + |ϕε|2 + |ϕε|p+1

)
= O(‖ϕε‖2ε). (5.9)

It is obvious that d can be chosen as small as we wish. Applying the local Pohozaev
identity (2.9) derived in Proposition 2.4 to wε with Ω = Bd(y

i
ε), we obtain

ε2
∫
Bd(yiε)

∂V

∂xα
w2

ε =

(
ε2a+ εqb

∫
R3

|∇wε|
2

)∫
∂Bd(yiε)

(
|∇wε|

2

να − 2
∂wε

∂ν

∂wε

∂xα

)

+

∫
∂Bd(yiε)

(
1 + ε2V (x)

)
w2

ενα − 2

p+ 1

∫
∂Bd(yiε)

wp+1
ε να =:

3∑
i=1

Ii, (5.10)

where I1 =

(
ε2a+ εqb

∫
R3

|∇wε|
2

)∫
∂Bd(yiε)

(
|∇wε|

2

να − 2
∂wε

∂ν

∂wε

∂xα

)
,

I2 =

∫
∂Bd(yiε)

(
1 + ε2V (x)

)
w2

ενα and I3 = − 2

p+ 1

∫
∂Bd(yiε)

wp+1
ε να.

We estimate the left and right hand side of Eq. (5.10), respectively.
On one hand, for the right hand side of Eq. (5.10), we estimate Ii (i = 1, 2, 3) term
by term. To estimate I1, notice that

ε2a+ εqb

∫
R3

|∇wε|
2

= O(ε2q),

and then by Lemma A.2, we obtain for any γ > 0

|I1| =
(
ε2a+ εqb

∫
R3

|∇wε|
2

) ∣∣∣∣∫
∂Bd(yiε)

(
|∇wε|

2

να − 2
∂wε

∂ν

∂wε

∂xα

)∣∣∣∣
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≤ Cε2q
∣∣∣∣∫

∂Bd(yiε)

(
|∇wε|

2

να − 2
∂wε

∂ν

∂wε

∂xα

)∣∣∣∣
≤ Cε2q

∫
∂Bd(yiε)

(
k∑

i=1

|∇viε,yiε|
2 + |∇ϕε|2

)

= O(εγ + ‖ϕε‖2ε)

Similarly, we derive by the assumption (V1) and Lemma A.2 that

I2 =

∫
∂Bd(yiε)

(
1 + ε2V (x)

)
w2

ενα ≤ C

∫
∂Bd(yiε)

w2
ε = O(εγ + ‖ϕε‖2ε).

Furthermore, by (5.9), we have

|I3| =
2

p+ 1

∣∣∣∣∫
∂Bd(yiε)

wp+1
ε να

∣∣∣∣ ≤ C

∫
∂Bd(yiε)

(
k∑

l=1

(
vlε,ylε

)p+1

+ |ϕε|p+1

)

= O(εγ + ‖ϕε‖2ε).

Combining the above estimates, we conclude that, for any given γ > 0,

ε2
∫
Bd(yiε)

∂V

∂xα
w2

ε = O(εγ + ‖ϕε‖2ε). (5.11)

On the other hand, we estimate the left hand side of Eq. (5.10). Notice that∫
Bd(yiε)

∂V

∂xα
w2

ε =

∫
Bd(yiε)

∂V

∂xα

(
viε,yiε

)2
+ 2

∫
Bd(yiε)

∂V

∂xα
viε,yiεϕε +O(εγ + ‖ϕε‖2ε) (5.12)

for any given γ > 0. By the assumption (V3) and Hölder’s inequality, there holds∣∣∣∣∫
Bd(yiε)

∂V

∂xα
viε,yiεϕε

∣∣∣∣ ≤ C

∫
Bd(yiε)

|x− ai|m−1viε,yiε|ϕε|

≤ C

(∫
Bd(yiε)

|x− ai|2(m−1)
(
viε,yiε

)2) 1
2
(∫

Bd(yiε)

ϕ2
ε

) 1
2

≤ Cε
3q
2

∫
B d

εq
(0)

|εqz + yiε − ai|2(m−1)
(
vi(z)

)2 1
2

‖ϕε‖ε

≤ Cε
3q
2

(
εq(m−1) + |yiε − ai|m−1

)
‖ϕε‖ε.

(5.13)

Similarly, by assumption (V3), we deduce∫
Bd(yiε)

∂V

∂xα

(
viε,yiε

)2
= mci,α

∫
Bd(yiε)

|xα − ai,α|m−2(xα − ai,α)
(
viε,yiε

)2
+O

(∫
Bd(yiε)

|xα − ai,α|m
(
viε,yiε

)2)



L. Cui, G. Li, P. Luo, C. Wang / Existence and Local Uniqueness ... 237

= mci,αε
3q

∫
B d

εq
(0)

|εqxα + yiε,α − ai,α|m−2(εqxα + yiε,α − ai,α)
(
vi
)2

+ ε3qO
(
εqm + |yiε − ai|m

)
, (5.14)

where yiε,α is the α-th exponent of yiε. From (5.2), we have

‖ϕε‖ε = ε2+
3q
2 O
(
εqm + |yiε − ai|m

)
. (5.15)

Therefore, combining (5.11)–(5.15) yields∫
B d

εq
(0)

|εqxα + yiε,α − ai,α|m−2(εqxα + yiε,α − ai,α)
(
vi
)2

= O
(
εqm + |yiε − ai|m

)
. (5.16)

Note that, for any e, f ∈ R1,m > 1,m∗ = min{m, 2}, we have the inequality∣∣|e+ f |m − |e|m −m|e|m−2ef
∣∣ ≤ C

(
|e|m−m∗|f |m∗

+ |f |m
)

(5.17)

where the constant C is independent of e, f . Applying (5.17) to e = εqxα+y
i
ε,α−ai,α

and f = −εqxα, we have

|yiε,α − ai,α|
∫
B d

εq
(0)

|εqxα + yiε,α − ai,α|m−2(εqxα + yiε,α − ai,α)
(
vi
)2

≥ 1

m
|yiε,α − ai,α|m

∫
B d

εq
(0)

(
vi
)2

− C

m

∫
B d

εq
(0)

(
|εqxα|m + |εqxα|m

∗ |yiε,α − ai,α|m−m∗) (
vi
)2
.

(5.18)

Take some α = i0 ∈ {1, 2, 3} such that

|yiε,i0 − ai,i0| ≥
|yiε − ai|√

3
.

Note also that |yiε,i0−ai,i0| ≤ |yiε−ai|. Thus, combined with (5.16) and (5.18), we get

|yiε − ai|m = |yiε − ai|O
(
εqm + |yiε − ai|m

)
+O

(
εqm + |yiε − ai|m−m∗

εm
∗)

= |yiε − ai|O
(
εqm + |yiε − ai|m

)
+O (εqm) +

1

2
|yiε − ai|m,

which implies that |yiε − ai| = O(εq).
Then, from (5.16), we have∫

B d
εq

(0)

∣∣∣∣xα +
yiε,α − ai,α

εq

∣∣∣∣m−2(
xα +

yiε,α − ai,α

εq

)(
vi
)2

= O(εq).

Since |yiε − ai| = O(εq), we suppose that yiε−ai
εq

→ t as ε→ 0. Then we have∫
R3

|xα + tα|m−2 (xα + tα)
(
U i
)2

= 0.

where tα is the α-th component of t for α = 1, 2, 3.
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Notice that U i is radially symmetric and decreasing, then we conclude that t = 0.
From this, we deduce (5.3). Then, combining (5.2) and (5.3) yields (5.4). The proof
of (ii) is complete.

(iii) By Theorem 1.2, we know that ‖ϕε‖ε = O(ε2+
3q
2 ). Thus, a straightforward

computation gives
‖wε‖ε = O(ε

3q
2 ). (5.19)

For any fixed i ∈ {1, 2, · · · , k}, set w̃ε(x) = wε(ε
qx+ yiε).

Then w̃ε > 0 solves

−
(
aε2−2q + b

∫
R3

|∇w̃ε|2
)
∆w̃ε +

(
1 + ε2V (εqx+ yiε)

)
w̃ε = w̃p

ε in R3. (5.20)

Moreover, there holds by (5.19)∫
R3

(
a|∇w̃ε|2 + w̃2

ε

)
= ε−3q‖wε‖2ε = O(1). (5.21)

By the assumption (V1), (1 + ε2V (εqx+ yiε)) is bounded uniformly with respect to
ε, and

inf
x∈R3

(
1 + ε2V (εqx+ yiε)

)
> 1.

Therefore, w̃ε satisfies

−Bε∆w̃ε + w̃ε ≤ w̃p
ε in R3, and sup

ε
‖w̃ε‖H1(R3) ≤ C < +∞,

where Bε =

(
aε2−2q + b

∫
R3

|∇w̃ε|2
)

→ bc∗ > 0 as ε→ 0.

Using the comparison principal, we infer that

w̃ε(x) ≤ Ce−κ|x|, x ∈ R3 (5.22)

holds for some constants C, κ > 0 independent of ε > 0.
Notice that (5.22) is equivalent to

wε(x) ≤ Ce−
κ|x−yiε|

εq , x ∈ R3,

which means that wε concentrates at ai rapidly as ε → 0. In particular, under the
additional assumption (V3), we have estimate (5.3), that is |yiε − ai| = o(εq), which
in turn implies that

wε(x) ≤ Ce−
κ|x−ai+ai−yiε|

εq ≤ Ce−
κ|x−ai|−κ|ai−yiε|

εq ≤ Ce−
κ|x−ai|

εq , x ∈ R3.

This shows that the solutions concentrate around the minima of V (x).
Furthermore, the standard potential theory and iteration arguments shows that
w̃ε ∈ L∞(R3) and

‖w̃ε‖L∞(R3) ≤ C < +∞ (5.23)
holds for some constant C > 0 uniformly with respect to ε.
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As a consequence of this estimate (5.23) and the assumption (V1), we infer from
Eq. (5.20) that

‖∆w̃ε‖L∞(R3) ≤ C (5.24)
holds for some constant C > 0 uniformly with respect to ε > 0. The proof of (iii) is
complete.

Proposition 5.2. We have ‖ξε‖ε = O(ε
3q
2 ). (5.25)

Proof. Since w(j)
ε (j = 1, 2) are assumed to satisfy Eq. (1.6), we obtain

−
(
ε2a+ εqb

∫
R3

|∇w(1)
ε |2

)
∆ξε + (1 + ε2V (x))ξε

− εqb

(∫
R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
∆w(2)

ε = Cε(x)ξε (5.26)

and −
(
ε2a+ εqb

∫
R3

|∇w(2)
ε |2

)
∆ξε + (1 + ε2V (x))ξε

− εqb

(∫
R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
∆w(1)

ε = Cε(x)ξε, (5.27)

where Cε(x) = p

∫ 1

0

(tw(1)
ε (x) + (1− t)w(2)

ε (x))p−1dt.

Combining (5.26) with (5.27), we have

−
(
2ε2a+ εqb

∫
R3

(
|∇w(1)

ε |2 + |∇w(2)
ε |2

))
∆ξε + 2(1 + ε2V (x))ξε

− εqb

(∫
R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
∆(w(1)

ε + w(2)
ε ) = 2Cε(x)ξε.

(5.28)

Multiply by ξε on both sides of (5.28) and integrate by parts over R3. As the terms
containing a and V (x) are positive, we can throw them away, and get

εqb

∫
R3

(
|∇w(1)

ε |2 + |∇w(2)
ε |2

) ∫
R3

|∇ξε|2 + 2

∫
R3

|ξε|2 ≤ 2

∫
R3

Cε(x)ξ
2
εdx, (5.29)

Notice that for each j = 1, 2, there holds

εq
∫
R3

|∇w(j)
ε |2 = εq

∫
R3

(
k∑

i=1

|∇vi
ε,y

i(j)
ε

|2 + |∇ϕ(j)
ε |2

)
+ o(ε2q) = cεε

2q, (5.30)

where cε → c∗ > 0 as ε→ 0. From (5.29)–(5.30), we conclude that

‖ξε‖2ε ≤ C

∫
R3

Cε(x)ξ
2
εdx

holds for some constant C > 0 independent of ε.
Since |ξε| ≤ 1, then for j = 1, 2, a simple scaling argument implies that∫

R3

(vi
ε,y

i(j)
ε

)p−1ξ2ε ≤ Cε3q,
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and by applying Hölder’s inequality and Lemma 2.3 that∫
R3

(ϕ(j))p−1ξ2ε ≤ ‖ϕ(j)
ε ‖p−1

Lp+1(R3)‖ξε‖
2
Lp+1(R3) = o(ε2(p−1))‖ξε‖2ε.

Hence

‖ξε‖2ε ≤ C

∫
R3

Cεξ
2
εdx ≤

∫
R3

C

(
2∑

i,j=1

(
vi
ε,y

i(j)
ε

)p−1

+
2∑

j=1

|ϕ(j)
ε |p−1

)
ξ2εdx = O(ε3q),

which gives (5.25). The proof of Proposition 5.2 is complete.

Next we study the asymptotic behavior of ξ̃ε.

Proposition 5.3. Let ξ̃ε(x) = ξε(ε
qx+y

i0(1)
ε ). Then there exist dω ∈ R1, ω = 1, 2, 3,

such that (up to a subsequence)

ξ̃ε →
3∑

ω=1

dω∂xωU
i0 in C1

loc(R3)

as ε → 0. Here i0 is the index used in the definition of ξ̃ε defined at the beginning
of this section.

Proof. It is straightforward to deduce from (5.26) that ξ̃ε solves

−
(
aε2−2q + ε−qb

∫
R3

|∇w(1)
ε |2

)
∆ξ̃ε + (1 + ε2V (εqx+ yi0(1)ε ))ξ̃ε (5.31)

−ε−qb

(∫
R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
∆w(2)

ε (εqx+ yi0(1)ε ) = Cε(ε
qx+ yi0(1)ε )ξ̃ε.

For convenience, we introduce
w̃(i)

ε (x) = w(i)
ε (εqx+ yi0(1)ε ) and ϕ̃(i)

ε (x) = ϕ(i)
ε (εqx+ yi0(1)ε )

for i = 1, 2. Then, we have

ε−q

∫
R3

|∇w(1)
ε |2 = ε−q

∫
R3

|
k∑

i=1

∇vi
ε,y

i(1)
ε

+∇ϕ(1)
ε |2

=
k∑

i=1

∫
R3

|∇vi|2 +O(ε2+qm) +O(e−
γ0
εq )

= cε +O(ε2+qm) +O(e−
γ0
εq ) → c∗ > 0, (5.32)

and ε−qb
(∫

R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
= b

∫
R3

∇(w̃(1)
ε + w̃(2)

ε ) · ∇ξ̃ε, (5.33)

which are uniformly bounded for ε > 0 by (5.21) and by below (5.34),∫
R3

|∇ξ̃ε|2 = ε−q

∫
R3

|∇ξε|2 = O(1). (5.34)

We also have used the following estimates for i = 1, 2:∫
R3

|∇ϕ̃(i)
ε |2 = ε−3q

(
‖ϕ(i)

ε ‖2ε
)
= O(ε4+2qm).
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Thus, in view of ‖ξ̃ε‖L∞(R3) = 1 and (5.24) and estimates in the above, the elliptic
regularity theory implies that ξ̃ε is locally uniformly bounded with respect to ε in
C1,ϱ

loc (R3) for some %∈(0, 1). In consequence, we assume (up to a subsequence) that

ξ̃ε → ξ̃ in C1
loc(R3).

We claim that ξ̃ ∈ Ker Li0 , that is,

−b
k∑

i=1

∫
R3

|∇U i|2∆ξ̃ − 2b

(∫
R3

∇U i0 · ∇ξ̃
)
∆U i0 + ξ̃ = p(U i0)p−1ξ̃. (5.35)

Then ξ̃ =
∑3

ω=1 dω∂xωU
i0 for some dω ∈ R1 (ω = 1, 2, 3), and thus Proposition 5.3

is proved.
To deduce (5.35), it is sufficient to show that (5.35) is the limiting equation of
Eq. (5.31). It follows from (5.32) that(

aε2−2q + bε−q

∫
R3

|∇w(1)
ε |2

)
− b

k∑
i=1

∫
R3

|∇U i|2

= aε2−2q + b
k∑

i=1

∫
R3

|∇vi|2 +O(ε2+qm) +O(e−
γ0
εq )− bc∗

= aε2−2q + bcε +O(ε2+qm) +O(e−
γ0
εq )− bc∗ → 0 (5.36)

as ε→ 0. Similarly, by (5.33) and (5.34), we have

ε−q

(∫
R3

∇(w(1)
ε + w(2)

ε ) · ∇ξε
)
− 2

(∫
R3

∇U i0 · ∇ξ̃ε
)

=

∫
R3

∇(w̃(1)
ε + w̃(2)

ε ) · ∇ξ̃ε − 2

(∫
R3

∇U i0 · ∇ξ̃ε
)

=

∫
R3

(∑
j ̸=i0

∇vj(z + y
i0(1)
ε − y

j(1)
ε

εq
) +

∑
j ̸=i0

∇vj(z + y
i0(1)
ε − y

j(2)
ε

εq
)

)
· ∇ξ̃ε

+

∫
R3

(
∇vi0 +∇vi0(z + y

i0(1)
ε − y

i0(2)
ε

εq
)− 2∇U i0

)
· ∇ξ̃ε

+

∫
R3

(
∇ϕ̃(1)

ε +∇ϕ̃(2)
ε

)
· ∇ξ̃ε

= O(e−
γ0
εq ) + oε(1) +O(ε2+qm) → 0 (5.37)

as ε→ 0. Here we have used Proposition 2.2 (3) and Lemma B.3.
Similarly, for any Φ ∈ C∞

0 (R3), we obtain∫
R3

(
∇w(2)

ε (εqx+ yi0(1)ε )−∇U i0
)
· ∇Φ

=

∫
R3

(
∇vi0(z + y

i0(1)
ε − y

i0(2)
ε

εq
)−∇U i0

)
· ∇Φ
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+
∑
j ̸=i0

∫
R3

∇vj(z + y
i0(1)
ε − y

j(2)
ε

εq
) · ∇Φ +

∫
R3

∇ϕ̃(2)
ε · ∇Φ

= oε(1) +O(e−
γ0
εq ) +O(ε2+qm) → 0 (5.38)

as ε→ 0. Combining (5.37) and (5.38) we conclude that

ε−qb

(∫
R3

∇(w(1)
ε + w(2)

ε )·∇ξε
)
∆w(2)

ε (εqx+ yi0(1)ε ) → 2b

(∫
R3

∇U i0 · ∇ξ̃
)
∆U i0 (5.39)

in H−1(R3). By the assumption (V1) we have

1 + ε2V (εqx+ yi0(1)ε ) → 1 locally uniformly (5.40)

as ε→ 0. Now, we estimate Cε(ε
qx+ y

i0(1)
ε ). For each j = 1, 2, · · · , k,

vj
(x− y

j(1)
ε

εq

)
− vj

(x− y
j(2)
ε

εq

)
= O

(yj(1)ε − y
j(2)
ε

εq
· ∇vj

(x− y
j(1)
ε

εq

))
= oε(1)O

(
∇vj

(x− y
j(1)
ε

εq

))
. (5.41)

Then we have

w(1)
ε (x)− w(2)

ε (x) = oε(1)
k∑

j=1

∇vj
(
x− y

j(1)
ε

εq

)
+O(|ϕ(1)

ε (x)|+ |ϕ(2)
ε (x)|). (5.42)

For any x ∈ Bd(y
i0(1)
ε ), by Lemma A.2, we deduce that, for any γ > 0, there holds

Cε(x) = p

∫ 1

0

(tw(1)
ε (x) + (1− t)w(2)

ε (x))p−1dt

= p

∫ 1

0

(
t
( k∑

i=1

vi
ε,y

i(1)
ε

−
k∑

i=1

vi
ε,y

i(2)
ε

)
+

k∑
i=1

vi
ε,y

i(2)
ε

+ tϕ(1)
ε (x) + (1− t)ϕ(2)

ε (x)
)p−1

dt

= p
(
vi0
(x−yi0(2)ε

εq

))p−1

+ oε(1)∇vi0
(x−yi0(1)ε

εq

)
+O

(
|ϕ(1)

ε (x)|+ |ϕ(2)
ε (x)|

)p−1
+O(εγ).

Hence it yields that

Cε(ε
qx+ yi0(1)ε ) = p

(
vi0
(
x+

y
i0(1)
ε −yi0(2)ε

εq

))p−1

+O
(
|ϕ̃(1)

ε (x)|+ |ϕ̃(2)
ε (x)|

)p−1
+ oε(1)

holds for x ∈ B d
εq
(0). We deduce from Proposition 2.2 (3) and Lemma B.3 that for

any Φ ∈ C∞
0 (R3),∫

R3

Cε(ε
qx+ yi0(1)ε )ξ̃εΦ → p

∫
R3

(U i0)p−1ξ̃Φ as ε→ 0. (5.43)

Finally, combining (5.36) and (5.39)–(5.43), we obtain (5.35), and the proof of
Proposition 5.3 is complete.
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Lemma 5.4. Let dω be defined as in Proposition 5.3. Then dω = 0 for ω = 1, 2, 3.

Proof. Applying the local Pohozaev identity (2.9) to w(1)
ε , w

(2)
ε with Ω = Bd(y

i0(1)
ε ),

where d is chosen in the same way as in Proposition 5.1, we combine this with (5.4),
(5.9) and Proposition 5.2 to obtain∫

∂Bd(y
i0(1)
ε )

(
ε2q|∇ϕ(i)

ε |2 + |ϕ(i)
ε |2 + |ϕ(i)

ε |p+1
)
= O(‖ϕ(i)

ε ‖2ε) = O(ε4+3q+2qm) (5.44)

for i = 1, 2, and
∫
∂Bd(y

i0(1)
ε )

(
ε2q|∇ξε|2 + |ξε|2

)
= O(ε3q). (5.45)

Furthermore, we obtain for i = 1, 2,

ε2
∫
Bd(y

i0(1)
ε )

∂V

∂xα

(
w(i)

ε

)2
dx

=
(
ε2a+ εqb

∫
R3

|∇w(i)
ε |

2)∫
∂Bd(y

i0(1)
ε )

(
|∇w(i)

ε |
2

να − 2
∂w

(i)
ε

∂ν

∂w
(i)
ε

∂xα

)
+

∫
∂Bd(y

i0(1)
ε )

(
1 + ε2V (x)

) (
w(i)

ε

)2
να − 2

p+ 1

∫
∂Bd(y

i0(1)
ε )

(
w(i)

ε

)p+1
να,

where α = 1, 2, 3, from which we deduce

ε2
∫
Bd(y

i0(1)
ε )

∂V

∂xα

((
w(1)

ε

)2 − (w(2)
ε

)2)
dx

=
(
ε2a+ εqb

∫
R3

|∇w(1)
ε |

2)∫
∂Bd(y

i0(1)
ε )

(
|∇w(1)

ε |
2

να − 2
∂w

(1)
ε

∂ν

∂w
(1)
ε

∂xα

)
−
(
ε2a+ εqb

∫
R3

|∇w(2)
ε |

2)∫
∂Bd(y

i0(1)
ε )

(
|∇w(2)

ε |
2

να − 2
∂w

(2)
ε

∂ν

∂w
(2)
ε

∂xα

)
+

∫
∂Bd(y

i0(1)
ε )

(
1 + ε2V (x)

) ((
w(1)

ε

)2 − (w(2)
ε

)2)
να

− 2

p+ 1

∫
∂Bd(y

i0(1)
ε )

((
w(1)

ε

)p+1 −
(
w(2)

ε

)p+1
)
να.

In terms of ξε, we get

ε2
∫
Bd(y

i0(1)
ε )

∂V

∂xα

(
w(1)

ε + w(2)
ε

)
ξεdx

=
(
ε2a+ εqb

∫
R3

|∇w(1)
ε |

2)∫
∂Bd(y

i0(1)
ε )

∇
(
w(1)

ε + w(2)
ε

)
· ∇ξενα

+ εqb
(∫

R3

∇
(
w(1)

ε + w(2)
ε

)
· ∇ξε

)∫
∂Bd(y

i0(1)
ε )

(
|∇w(2)

ε |2να − 2
∂w

(1)
ε

∂ν

∂w
(1)
ε

∂xα

)
+
(
ε2a+ εqb

∫
R3

|∇w(2)
ε |

2)∫
∂Bd(y

i0(1)
ε )

(
2
∂w

(2)
ε

∂ν

∂w
(2)
ε

∂xα
− 2

∂w
(1)
ε

∂ν

∂w
(1)
ε

∂xα

)
+

∫
∂Bd(y

i0(1)
ε )

(
1 + ε2V (x)

) (
w(1)

ε + w(2)
ε

)
ξενα − 2

∫
∂Bd(y

i0(1)
ε )

Aεξενα, (5.46)



244 L. Cui, G. Li, P. Luo, C. Wang / Existence and Local Uniqueness ...

where 1 ≤ α ≤ 3 and Aε =

∫ 1

0

(
tw(1)

ε + (1− t)w(2)
ε

)p.
We estimate (5.46) term by term. Notice that

ε2a+ εqb

∫
R3

|∇w(i)
ε |

2

= O(ε2q)

holds for each i = 1, 2. Moreover,∫
∂Bd(y

i0(1)
ε )

|∇w(i)
ε |2 = O(εγ + ‖∇ϕ(i)

ε ‖2L2(R3))

for any γ > 0. Thus, by Hölder’s inequality, (5.4) and (5.25), we have(
ε2a+ εqb

∫
R3

|∇w(1)
ε |

2
)∫

∂Bd(y
i0(1)
ε )

∣∣∇ (w(1)
ε + w(2)

ε

)
· ∇ξενα

∣∣
= O(εγ +

2∑
i=1

‖ϕ(i)
ε ‖ε)O(ε

3q
2 ) = O(ε2+3q+qm)

by choosing γ sufficiently large. Similarly, we obtain

εqb

(∫
R3

∇
(
w(1)

ε + w(2)
ε

)
· ∇ξε

)∫
∂Bd(y

i0(1)
ε )

∣∣∣∣∣|∇w(2)
ε |

2

να − 2
∂w

(1)
ε

∂ν

∂w
(1)
ε

∂xα

∣∣∣∣∣
≤ Cεq

2∑
i=1

(∫
R3

|∇w(i)
ε |2
) 1

2
(∫

R3

|∇ξε|2
) 1

2
∫
∂Bd(y

i0(1)
ε )

(
|∇w(1)

ε |2 + |∇w(2)
ε |2

)
≤ Cε2q

∫
∂Bd(y

i0(1)
ε )

(
|∇w(1)

ε |2 + |∇w(2)
ε |2

)
= O(εγ +

2∑
i=1

‖ϕ(i)
ε ‖2ε) = O(ε2+3q+qm)

and
(
ε2a+ εqb

∫
R3

|∇w(2)
ε |

2
)∫

∂Bd(y
i0(1)
ε )

∣∣∣∣∣2∂w(2)
ε

∂ν

∂w
(2)
ε

∂xα
− 2

∂w
(1)
ε

∂ν

∂w
(1)
ε

∂xα

∣∣∣∣∣
≤ Cε2q

∫
∂Bd(y

i0(1)
ε )

(
|∇w(1)

ε |2 + |∇w(2)
ε |2

)
= O(εγ +

2∑
i=1

‖ϕ(i)
ε ‖2ε) = O(ε2+3q+qm).

Combining (5.44) and (5.45) yields∫
∂Bd(y

i0(1)
ε )

(
1 + ε2V (x)

) (
w(1)

ε + w(2)
ε

)
ξενα

≤ C
2∑

i=1

(∫
∂Bd(y

i0(1)
ε )

|w(i)
ε |2
) 1

2
(∫

∂Bd(y
i0(1)
ε )

|ξε|2
) 1

2

= O(εγ +
2∑

i=1

‖ϕ(i)
ε ‖ε)O(ε

3q
2 ) = O(ε2+3q+qm).
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As to Aε, by (5.41)–(5.42) and Lemma A.2, for any x∈∂Bd(y
i0(1)
ε ), one can verify

Aε =

∫ 1

0

(tw(1)
ε (x) + (1− t)w(2)

ε (x))pdt

=

∫ 1

0

(
t

(
k∑

i=1

vi
ε,y

i(1)
ε

−
k∑

i=1

vi
ε,y

i(2)
ε

)
+

k∑
i=1

vi
ε,y

i(2)
ε

+ tϕ(1)
ε (x) + (1− t)ϕ(2)

ε (x)

)p

dt

= O(εγ +
2∑

j=1

|ϕ(j)
ε (x)|p)

for any γ > 0. Hence we can deduce that∫
∂Bd(y

i0(1)
ε )

|Aεξενα| ≤ Cεγ
(∫

∂Bd(y
i0(1)
ε )

|ξε|2
) 1

2

+ C

2∑
i=1

(∫
∂Bd(y

i0(1)
ε )

|ϕ(i)
ε |p|ξε|

)

≤ Cεγ+
3q
2 +O

(
2∑

i=1

(
ε−q( 3

p+1
− 3

2)‖ϕ(i)
ε ‖ε

)p (
ε−q( 3

p+1
− 3

2)‖ξε‖ε
))

= O(ε2+3q+qm).

Therefore, by the above estimates, there holds

ε2
∫
Bd(y

i0(1)
ε )

∂V

∂xα

(
w(1)

ε + w(2)
ε

)
ξεdx = O(ε2+3q+qm). (5.47)

Next, we estimate the left hand side of (5.46). By the assumption (V3), it holds∫
Bd(y

i0(1)
ε )

∂V

∂xα

(
w(1)

ε + w(2)
ε

)
ξε

= mci0,α

∫
Bd(y

i0(1)
ε )

|xα − ai0,α|m−2(xα − ai0,α)
(
w(1)

ε + w(2)
ε

)
ξε

+O

(∫
Bd(y

i0(1)
ε )

|x− ai0|m
(
w(1)

ε + w(2)
ε

)
ξε

)
.

(5.48)

Observe that

mci0,α

∫
Bd(y

i0
ε )

|xα − ai0,α|m−2(xα − ai0,α)
(
w(1)

ε + w(2)
ε

)
ξε

= mci0,αε
3q

∫
B d

εq
(0)

|εqzα + yi0(1)ε,α − ai0,α|m−2(εqzα + yi0(1)ε,α − ai0,α)

·

(
k∑

i=1

vi

(
z +

y
i0(1)
ε − y

i(1)
ε

εq

)
+

k∑
i=1

vi

(
z +

y
i0(1)
ε − y

i(2)
ε

εq

))
ξ̃ε

+mci0,α

∫
Bd(y

i0
ε )

|xα − ai0,α|m−2(xα − ai0,α)
(
ϕ(1)
ε + ϕ(2)

ε

)
ξε

=: I1 + I2.

(5.49)
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Since U i0 is a positive and radially symmetric function, there holds

I1 = mci0,αε
3q+q(m−1)

∫
B d

εq
(0)

∣∣∣zα +
y
i0(1)
ε,α − ai0,α

εq

∣∣∣m−2(
zα +

y
i0(1)
ε,α − ai0,α

εq

)

·
[∑

i ̸=i0

vi
(
z +

y
i0(1)
ε − y

i(1)
ε

εq

)
+
∑
i ̸=i0

vi
(
z +

y
i0(1)
ε − y

i(2)
ε

εq

)

+ vi0(z) + vi0
(
z +

y
i0(1)
ε − y

i0(2)
ε

εq

)]
ξ̃ε

= 2mci0,αε
q(m+2)

3∑
ω=1

dω

∫
R3

|zα|m−2zαU
i0(z)∂zωU

i0 + o(εq(m+2))

= Dαdαε
q(m+2) + o(εq(m+2))

for ε > 0 sufficiently small, where

Dα = 2mci0,α

∫
R3

|zα|m−2zαU
i0(z)∂zαU

i0 6= 0.

On the other hand, by Hölder’s inequality, we have

I2 = mci0,α

∫
Bd(y

i0
ε )

|xα − ai0,α|m−2(xα − ai0,α)
(
ϕ(1)
ε + ϕ(2)

ε

)
ξε

= O

(
2∑

i=1

∫
R3

|ϕ(i)
ε ||ξε|

)
= O

(
2∑

i=1

‖ϕ(i)
ε ‖ε‖ξε‖ε

)
= O(ε2+3q+qm).

Combining the above estimates of I1, I2 and (5.48)–(5.49), we deduce

mci0,α

∫
Bd(y

i0
ε )

|xα − ai0,α|m−2(xα − ai0,α)
(
w(1)

ε + w(2)
ε

)
ξε

= Dαdαε
q(m+2) + o(εq(m+2)), (5.50)

where Dα 6= 0. Similar arguments give

O

(∫
Bd(y

i0(1)
ε )

|x− ai0|m
(
w(1)

ε + w(2)
ε

)
ξε

)
= O(εq(m+3)). (5.51)

Hence, combining (5.50) and (5.51), we obtain the estimate of the left hand side of
(5.46), that is

ε2
∫
Bd(y

i0(1)
ε )

∂V

∂xα

(
w(1)

ε + w(2)
ε

)
ξεdx = Dαdαε

2+q(m+2) + o(ε2+q(m+2)). (5.52)

Finally, combining (5.47) and (5.52), we deduce

O(ε2+3q+qm) = Dαdαε
2+q(m+2) + o(ε2+q(m+2)),

which implies dα = 0 for each α = 1, 2, 3. The proof of Lemma 5.4 is complete.
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As a consequence of Proposition 5.3 and Lemma 5.4, we have the following asymp-
totic estimates.

Proposition 5.5. For any fixed R > 0, there holds

ξε(x) = oε(1), for x ∈ ∪k
i=1BRεq(y

i(1)
ε ).

Proof. By Proposition 5.3 and Lemma 5.4, we have

ξ̃ε,i := ξε(ε
qx+ yi(1)ε ) → 0 in C1

loc(R3), i = 1, 2, · · · , k.

as ε→ 0. Then for any fixed R > 0,

ξ̃ε,i = oε(1) in BR(0), i = 1, 2, · · · , k,

which implies that ξε(x) = oε(1) for x ∈ BRεq(y
i(1)
ε ), i = 1, 2, · · · , k.

The proof of Proposition 5.5 is complete.

Proposition 5.6. For large R > 0, we have

ξε(x) = oε(1), for x ∈ R3 \ ∪k
i=1BRεq(y

i(1)
ε ).

Proof. This proposition can be proved by same argument as that of Proposition
3.5 of Cao, Li and Luo [7]. We omit the details.

Now we can prove Theorem 1.3.

Proof of Theorem 1.3. Suppose to the contrary that there exist two distinct
solutions w(i)

ε , i = 1, 2, and let ξε be defined as above. Then

‖ξε‖L∞(R3) = 1. (5.53)

However, from Proposition 5.5 and Proposition 5.6, for small ε, we have

‖ξε‖L∞(R3) = oε(1),

a contradiction to (5.53). The proof of Theorem 1.3 is complete.

6. Proof of Theorem 1.4

In this section, we give a brief proof of Theorem 1.4.
Proof of Theorem 1.4. Let wε be the unique multi-peak solution of Eq. (1.6)
derived as in Theorem 1.2. If we set

λ := ε−2 and u(x) := λ
1

p−1wε(x),

then u(x) satisfies (1.1). Denoting

uλ(x) :=
u(x)(∫

R3

u2(x)dx
) 1

2

,

then uλ satisfies (1.2)–(1.3), where bλ = b‖u‖2L2(R3), βλ = ‖u‖p−1
L2(R3).
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Notice that∫
R3

u2(x)dx = λ
2

p−1

∫
R3

w2
ε(x)dx = λ

2
p−1

∫
R3

(
k∑

i=1

viε,yiε + ϕε

)2

dx

= λ
2

p−1

∫
R3

(
k∑

i=1

(
viε,yiε

)2
+ 2

k∑
i=1

viε,yiεϕε + ϕ2
ε

)
dx+ λ

2
p−1O(e−

γ0
εq )

= λ
2

p−1 ε3q
k∑

i=1

∫
R3

(vi)2 + λ
2

p−1 o(ε2+3q) + λ
2

p−1 o(ε4+3q) + λ
2

p−1O(e−
γ0
εq )

= ε4q−2

k∑
i=1

∫
R3

(vi)2 + o(ε4q).

Denoting a∗ :=
∫
R3(U

i)2, i = 1, 2, · · · , k, then by of Proposition 2.2(3) we conclude

that
k∑

i=1

∫
R3(v

i)2 → ka∗, as λ→ +∞.

(1) If 4q − 2 6= 0, then p 6= 11/3 and
∫
R3

u2(x)dx = O(ε4q−2) = O(λ1−2q).

Hence:
if 0 < q < 1

2
, i.e., 3 < p < 11

3
, bλ = O(λ1−2q) → +∞, and βλ = O(λ

11−3p
2 ) → +∞;

if 1
2
< q < 1, i.e., 11

3
< p < 5, bλ = O(λ1−2q) → 0, and βλ = O(λ

11−3p
2 ) → 0.

In this sense, we have

uλ(x) =
λ

1
p−1

λ
1−2q

2 (ka∗)
1
2 + o (λ−q)

[
k∑

i=1

vi
(
λ

q
2 (x− yiλ)

)
+ ϕλ(x)

]

≈ (ka∗)
− 1

2λ
3(p−3)
2(p−1)

[
k∑

i=1

vi
(
λ

q
2 (x− yiλ)

)
+ ϕλ(x)

]
,

where the local maximum points yiλ → ai as λ→ +∞ with |yiλ − ai| = o(λ−
q
2 ), and

ϕλ(x) ∈ H1(R3) with ∫
R3

[
1

λq
|∇ϕλ|2 + ϕ2

λ

]
= λ−(2+

3q
2
+qm).

(2) If 4q − 2 = 0, then bλ → b∗ and βλ → β∗ for some constants b∗, β∗ > 0. In fact,
if q = 1/2, i.e., p = 11/3, then∫

R3

u2(x)dx =
k∑

i=1

∫
R3

(vi)2 + o(ε2) →
k∑

i=1

∫
R3

(U i)2 = k(bc∗)
3
2

∫
R3

Q2dx, (6.1)

from which, we deduce

bλ = b‖u‖2L2(R3) → bk(bc∗)
3
2

∫
R3

Q2dx = 63b4k4
(∫

R3

Q2

)4

=: b∗ (6.2)

and βλ = ‖u‖p−1
L2(R3) → 64b4k

16
3

(∫
R3

Q2

) 16
3

=: β∗. (6.3)
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One can also rewrite (6.1), (6.2) and (6.3) as∫
R3

u2(x)dx = ka∗ + o

(
1

λ

)
, bλ = bka∗ + o

(
1

λ

)
, and βλ = (ka∗)

4
3 + o

(
1

λ
4
3

)
.

In this sense, we can explicitly express uλ as below:

uλ(x) =
λ

3
8

(ka∗)
1
2 + o

(
λ−

1
2

) [ k∑
i=1

vi
(
λ

1
4 (x− yiλ)

)
+ ϕλ(x)

]
,

where the local maximum points yiλ → ai as λ → +∞ with |yiλ − ai| = o(λ−
1
4 ) and

ϕλ(x) ∈ H1(R3) with ∫
R3

[
1

λ1/2
|∇ϕλ|2 + ϕ2

λ

]
= λ−(2+

3
4
+m

2 ).

The proof of Theorem 1.4 is complete.

A. Some estimates

In this appendix, we give various estimates and results which have been used re-
peatedly in previous sections. First, from the exponential decay of viε,yi , if we have
|yiε − yjε|/εq → +∞ as ε→ 0, then we have the following asymptotic estimate.

Lemma A.1. There exists a small constant d0>0, such that, for any γ>0, we have

vj
ε,yjε

(x) = O(εγ), for x ∈ Bd(y
i
ε), j 6= i and 0 < d < d0, (A.1)

and vj
ε,yjε

(x) = O(εγ), for x ∈ ∂Bd(y
i
ε), i = 1, 2, · · · , k and 0 < d < d0. (A.2)

Proof. It easily deduces (A.1) and (A.2) from (2.7). We omit the details.

Lemma A.2. ([1], Lemma 3.7) Suppose that f, g : Rn → R1 are two positive radial
functions satisfying

f(x) ∼ |x|ae−b|x|, g(x) ∼ |x|a′e−b′|x| (|x| → +∞),

where a, a′ ∈ R1, b, b′ > 0. Assume that ξ ∈ Rn, |ξ| → +∞, and let fξ(x) = f(x−ξ)
for x ∈ Rn, then the following asymptotic estimates hold

(i) if b < b′, then
∫
Rn

fξg ∼ e−b|ξ||ξ|a.

(ii) if b = b′, without loss of generality, assume that a ≥ a′, then

∫
Rn

fξg ∼


e−b|ξ||ξ|a+a′+n+1

2 , if a′ > −n+1
2
;

e−b|ξ||ξ|a log |ξ|, if a′ = −n+1
2
;

e−b|ξ||ξ|a, if a′ < −n+1
2
.

From Lemma A.2 and estimates (2.7), we conclude that for any r, s > 0, r 6= s, if
|yi−yj

εq
| → +∞ as ε→ 0, it holds that
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R3

(
viε,yi

)r (
vj
ε,yj

)s
∼ ε3qe−min{r,s}

γij |y
i−yj |
εq as ε→ 0

and
∫
R3

|∇viε,yi · ∇v
j
ε,yj

| ∼ εqe−
γij |y

i−yj |
εq as ε→ 0,

where γij > 0 (i, j = 1, · · · , k) are constants. In particular, there exists a constant
C > 0, such that∫

R3

(
viε,yi

)r (
vj
ε,yj

)s
≤ Cε3qe−min{r,s}

γij |y
i−yj |
εq , as ε→ 0 (A.3)

and
∫
R3

|∇wi
ε,yi · ∇w

j
ε,yj

| ≤ Cεe−
γij |y

i−yj |
ε , as ε→ 0. (A.4)

Notice that, for the case of r = s ≥ 1, the above estimates hold as well. We deduce
from (A.3) and (A.4) that for γ > 0, there holds∫

R3

(
viε,yi

)r (
vj
ε,yj

)s
= O(εγ) as ε→ 0 (A.5)

and
∫
R3

ε2q∇viε,yi · ∇v
j
ε,yj

dx = O(εγ) as ε→ 0, (A.6)

where i, j = 1, 2, · · · , k, i 6= j and any r, s ≥ 1.

B. Some analysis results

Lemma B.1. Let 1 ≤ p <∞ and f(x)∈Lp(Rk) for some k ≥ 1. Then we have:
(i) For any fixed t > 0, the function f(x

t
) is Lebesgue measurable on Rk as a

function of x.
(ii) If t0 > 0 and {tn} is a sequence of positive numbers with lim

n→∞
tn = t0, then

lim
n→+∞

∫
Rk

|f( x
tn
)|pdmk =

∫
Rk

|f( x
t0
)|pdmk (B.1)

and lim
n→+∞

∫
Rk

|f( x
tn
)− f(

x

t0
)|pdmk = 0, (B.2)

where mk denotes the Lebesgue measure in Rk.

Proof. The proof is standard. We omit the details.
Next, we consider the translation operator in Lp(Rk) (1 ≤ p <∞). For any x0 ∈ Rk

for some k ≥ 1, define τx0 : L
p(Rk) → Lp(Rk) as follows:

(τx0f)(x) := f(x− x0), for any f ∈ Lp(Rk).

We say that τx0 is a translation operator in Lp(Rk). In the following, we give a
well-known result.

Lemma B.2. Let 1 ≤ p < ∞. Suppose that f(x) ∈ Lp(Rk) for some k ≥ 1. Then
there holds

lim
y→0

‖τyf − f‖Lp(Rk) = 0. (B.3)
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As a consequence of Lemma B.2, we obtain the following lemma directly.

Lemma B.3. Let 1 ≤ p < ∞. Suppose that fn(x), f(x) ∈ Lp(Rk) for some k ≥ 1
and fn(x) → f(x) in Lp(Rk). Then, for any sequence {yn} ⊆ Rk with |yn| = on(1),
there holds

fn(x+ yn) → f(x) in Lp(Rk) as n→ ∞. (B.4)

Proof. Notice that

‖fn(x+yn)−f(x)‖Lp(Rk) ≤ ‖fn(x+yn)−f(x+yn)‖Lp(Rk)+‖f(x+yn)−f(x)‖Lp(Rk).

It is obvious that

‖fn(x+ yn)− f(x+ yn)‖Lp(Rk) = ‖fn(x)− f(x)‖Lp(Rk) → 0 as n→ ∞, (B.5)

since fn(x) → f(x) in Lp(Rk). As a consequence of Lemma B.2, we deduce

‖f(x+ yn)− f(x)‖Lp(Rk) → 0 as n→ ∞. (B.6)

Combining (B.5) and (B.6) implies (B.4). The proof of Lemma B.3 is complete.
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