Minimax Theory and its Applications
Volume 7 (2022), No. 2, 253-276

Nonrelativistic Limit of Ground State Solutions
for Nonlinear Dirac-Klein-Gordon Systems

Xiaojing Dong, Zhongwei Tang*

School of Mathematical Sciences, Laboratory of Mathematics and Complex Systems,
MOE, Beijing Normal University, P.R. China
dongzj@bnu.edu.cn, tangzw@bnu.edu.cn

Received: January 27, 2022
Accepted: February 8, 2022

We study the nonrelativistic limit and some properties of the solutions
(¥, ¢) :== (u,v,9) € C2 x C? x R

for the following nonlinear Dirac-Klein-Gordon systems:

3
iy axdith — meB — wip — MY = [P,

k=1
— A¢p + EM?p = 4 A(BY) - ),
where p € [1—52, %], c denotes the speed of light, m > 0 is the mass of the electron. We show that the

first component u and the last one ¢ of ground state solutions for nonlinear Dirac-Klein-Gordon
systems converge to zero and the second one v converges to corresponding solutions of a coupled
system of nonlinear Schrodinger equations as the speed of light tends to infinity for electrons with
small mass. Moreover, we also prove the uniform boundedness and the exponential decay properties
of the solutions for the nonlinear Dirac-Klein-Gordon systems with respect to the speed of light c.
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1. Introduction and main results

Relativistic quantum mechanics is quantum mechanics applied with special relativ-
ity. It is applicable to Dirac fermions with velocities comparable to the speed of
light. Nonrelativistic quantum mechanics refers to the mathematical formulation
of quantum mechanics applied in Galilean relativity. The aim of this paper is to
extend the study of the wave function and study in depth the nonrelativistic limits
of the nonlinear Dirac-Klein-Gordon systems in relativistic quantum mechanics:

3
ic Yy ardth —me B — wip — ApB = g(|¢|)v, "
k=1
— Ap+ MG = A\ (BY) - 1,

where 1) : R — C% ¢ : R? = R, 0, = a—zk, ¢ denotes the speed of light, A > 0 is
a coupling constant, m > 0 is the mass of the electron and M is the mass of the
meson (we use the notation v - ¢ to express the inner product of ¥, ¢ € C).
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We want to study the model with the involved velocities are much smaller than the
light velocity ¢, so that relativistic effects can be neglected. Here aq, as, a3 and (8
are 4 x 4 Pauli-Dirac matrices (in 2 x 2 blocks):

o 12 0 . 0 Ok o

ﬁ_(o _1'2>7 &k_(dk 0>7 k_172737
. 0 1 0 —i 1 0
with ‘71_(1 0)’ ‘72_(2‘ 0)’ ‘73_<0 —1)'

In addition, it is easily verified that § and «ay, satisfy the following anticommutation
relations
agay + aqay, = 2011y,

akﬁ + ﬂak = 07
B2 = 1I,.

Physically, system (1) describes the Dirac and Klein—-Gordon equations coupled
through the Yukawa interaction between a Dirac field v € C* and a scalar field
¢ € R (see [6]). This system is inspired by approximate descriptions of the external
force involving only functions of fields. The nonlinear self-coupling g(|¢|)1, which
describes a self-interaction in Quantum electrodynamics, gives a closer description
of many particles found in the real world. Other nonlinearities are considered to be
possible basis models for unified field theories (see [18, 19, 23|, etc. and references
therein). Its most general form is

3
’Lhaﬂ[i —+ ZChZ Oék@]ﬁ[) — mCQBQZJ - )\Qﬁﬁd; - Gq[;(‘ru &)7
k=1
hQ

c2

(2)
020 — W2AG + M) = 4 \(B) - ),

for (t,z) € RxR3, where h is Planck’s constant. Assuming that G(z, 1) = G(x, 1))
for all 6 € [0, 2], a standing wave solution of (2) is a solution of the form

lt,x) = pla)e =, weR,
6= olx

It is clear that (¢(¢,2), ¢(t, ) solves (2) if and only if (¢(z), #(z)) solves the non-
linear Dirac-Klein-Gordon system

3
ichy " gy — meB — wip — Ao = glx, ), "
k=1

— KA + AM2¢ = An\(BY) - .

For small A, the solitary waves are referred to semi-classical states. In [14], Ding and
Xu considered the semi-classical problem for nonlinear Dirac-Klein-Gordon systems.
They were devoted to the existence of stationary semi-classical solutions to the
Dirac-Klein-Gordon system with some general subcritical self-coupling nonlinearity.
Moreover, these soluntions converge to a ground state solution of auto-nonlinear
Dirac-Klein-Gordon systems (the limit equation). As for the semi-classical problem,
we also refer the reader to [11, 12, 13] and references therein.
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For large ¢, that is the nonrelativistic limit problem. There are many papers about
the nonrelativistic limit for different systems. In [26], by Strichartz estimates the
authors study the nonrelativistic limit of the Cauchy problem for the nonlinear
Klein-Gordon equation and prove that any finite energy solution converges to the
corresponding solution of the nonlinear Schrodinger equation in the energy space,
after the infinite oscillation in time is removed. Then, in [4] a solution of the Dirac-
Maxwell system without nonlinearity in the nonrelativistic limit ¢ — oo, yields a
solution of the Schrodinger-Poisson system, where the spin and magnetic field no
longer appear. The proof relies on modifications of the bilinear null form estimates
of Klainerman and Machedon [25]. Moreover, in [17] the Hartree-Fock equations are
proved to be the nonrelativistic limit of the Dirac-Fock equations as far as conver-
gence of stationary states is concerned. As for the Dirac equation, on noncompact
metric graphs with localized Kerr nonlinearities, the existence and multiplicity of
the bound states (arising as critical points of the nonlinear Dirac equation action
functional) has been discussed in [7] and they proved that, in the L?-subcritical
case, these bound states converge to the bound states of the nonlinear Schrodinger
equation in the nonrelativistic limit. In [27, 28], the authors considered the following
Cauchy problem for the nonlinear Dirac equation

00 + icaVp — B + 208, ) =0, (0) = ¢.

They proved that the solutions of the nonlinear Dirac equation after multiplication
by a phase factor (dependent on ¢) converge to the solutions of a coupled system of
nonlinear Schrodinger type equations by the Strichartz estimates. Recently, Ding,
Dong and Guo in [10] obtained that the solutions of nonlinear Dirac equation con-
verge to the corresponding solutions of a coupled system of nonlinear Schrédinger
equations as the speed of light tends to infinity. Moreover, they prove the uniform
boundedness and the exponential decay properties of the solutions for the nonlinear
Dirac equation with respect to the speed of light ¢. In [1], Bao and the collaborators
compare numerically spatial/temporal resolution of various numerical methods for
the discretization of the Dirac equation in the nonrelativistic limit regime. Then,
the authors in [35] proposed and compared numerically spatial /temporal resolution
of various efficient numerical methods for solving the Klein-Gordon-Dirac system in
the nonrelativistic limit regime. Unfortunately, none of these numerical approaches
can handle standing state systems.

As a consequence of the above observation, it aroused our interest to study the
nonrelativistic limit of standing wave for the nonlinear Dirac-Klein-Gordon systems
(DKGS). We are devoted to obtain that the limit equation is a coupled system of
nonlinear Schrodinger equations (NLSE), rather than the semi-classical limit equa-
tion (auto-nonlinear Dirac-Klein-Gordon systems).

More precisely, we are concerned with the nonrelativistic limit that, as ¢,w — oo,
the stationary solution (v, ¢) ( where ¢ := (u,v) € C* ) of (1) converge to the
corresponding solutions (0, v,0) of a coupled system of nonlinear Schrédinger type
equations

(4)

—Avy + 2vv; = 2mv[P~ 2y,
—Avy + 2vvy = 2m|v[P~20,,

where v = (vy,v7) : R — C? is the wave functions correspond to positive energy
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values, and v > 0 is a constant. Additionally, it is natural to ask if the nonlinear
Dirac-Klein-Gordon systems (1) would have more regularities with respect to the
speed of light ¢, i.e. the uniform boundedness and exponential decay of correspond-
ing solutions.

Without loss of generality, let i = 1, we consider the nonlinearity g(|1|) = [|P~2.

For notational convenience, writing o = (ay, 2, a3) and a -V = > 7, a0k, we
rewrite system (1) as

{%a Vb = B = b~ A6 = [V, 5)

— MG+ MG = 4 (BY)Y.

Before presenting our results, we recall that solutions of the nonlinear Dirac-Klein-
Gordon systems (5) can be obtained by variational methods if w € (—mc? mc?),
see [2]. Then, we get the following connection between the nonlinear Dirac-Klein-
Gordon systems (5) and the nonlinear Schrodinger equation (4) without the initial

value conditions.

Theorem 1.1. Let v >0, p € [, 8]. Take two real sequences {c,},{wn} such that

0 < cp,wy — +00, (6)
0 < w, <me, (7)
me —w, = =, (8)

m

asn — 00. If {(¥n, ¢n)} (where 1y, := (up,v,) € C*) is a sequence of solutions for
system (5) with frequency w, at speed of light c,, there exists a mass mg, A, such
that for m < mg, A < Ao, up to a subsequence,

u, =0, v, —wv, in HY(R?C?),

¢n — 0, in H'(R®R),
as n — oo, where v : R® — C2 is a solution for the NLSE (4) with frequency v.

Remark 1.2. Just as [32], in nonrelativistic quantum mechanics, the expression
"speed of light ¢,, with ¢, — oo ” has to be meant as if it should be "infinitely
large” compared to the other velocities. Moreover, the frequency w has the same
scale as c?. O

Then, we obtain the uniform boundedness and exponential decay by maximum
principle and sub-solution estimate.

Theorem 1.3. Under the assumptions of Theorem 1.1, the sequence {1, } is bounded
in L>*(R* C*), and the sequence {¢y,} is bounded in L>(R®,R) uniformly with re-
spect to n. Moreover, there exists C,C > 0 such that

()| < Ce . for all z € R®, uniformly inn € N.

The idea of Theorem 1.1 is derived from Esteban and Séré in [17] for the Dirac-Fock
equation. In the sequel, Borrelli, Carlone and Tentarelli in [7] used this idea for
the nonlinear Dirac equation on metric graphs. Ding, Dong and Guo [10] studied
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nonlinear Dirac equations using similar methods. In [17], the sequence of the La-
grange multipliers of bound states with L?-norm fixed was estimated due to the
constraint conditions. In [7], the Gagliardo-Nirenberg inequality (about the L°°-
norm) was used to estimate the uniform H'-norm boundedness only for DKGS on
one-dimensional metric graphs. Moreover, the authors dealt with a nonlinearity lo-
calized on a compact part of the graph, which can overcome the lack of compactness.
Recently, they considered the nonlinear Dirac equation with Kerr-type nonlinearity
on noncompact metric graphs with a finite number of edges, see [8]. In [10], the
general Gagliardo-Nirenberg was used to estimate the uniform H!-norm bounded-
ness for the nonlinear Dirac equations. However, in this paper, we no longer have
L°-norm estimate in R3. Therefore we need more accurate estimate for H'-norm
and make the study of the geometry of the energy functional a bit more delicate.
In this process, we have to consider the effect of the Klein-Gordon equations and
get more properties about the second equation. For example, the method of L2-
bounded estimate is invalid in [10]. Hence, we introduce and estimate a new norm
to overcome the diffculty. For Theorem 1.3, similar to [10, 14, 16], we study the
uniform L*°-boundedness and exponential decay by maximum principle and sub-
solution estimate. Unlike [15, 16], we cannot use the translation technique to obtain
the uniform boundedness with respect to n. Thus, we need the subtle estimation
for the norm of v,, in order to get L>°-norm boundedness uniformly.

Remark 1.4. In general, due to system (3) is linear with respect to &, the method
for the semi-classical limit is that letting p(z) = ¢ (hz) and ¢(x) = ¢(hx), system
(3) is equivalent to

3
ic Y axdyp —me®Bp — wp — AbBp = g(hw, p),
k=1

— A+ EM?*¢ = 4 )\(By) - .

However, the fact that system (3) is quadratic with respect to ¢ makes the above
method invalid when we deal with nonrelativistic limit. O

This paper is organized as follows. In the next section, we present some preliminary
notions on the Dirac-Klein-Gordon systems and some basic results which will be
used later. In Section 3, we get the uniform boundedness. The proofs of Theorem
1.1 and Theorem 1.3 are obtained in Section 4.

Notation. Throughout this paper, we make use of the following notations.

e Forany R > 0 and for any z € R?, Bg(x) denotes the ball of radius R centered

at x;

e |||z« denotes the usual norm of the space LI(R3, C*), L¢(R?,C?) or LY(R3 R),
1 <q< o0

e |||z denotes the usual norm of the space H*(R?,C*), H'(R3, C?) or H'(R3, R);

4
e - denotes the scalar product in C* of ¢ and ¢, i.e., ¥ - = > 1:p;;
i=1

e (or(Ci(i=1,2,---) are some positive constants may change from line to line.
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2. The functional-analytic setting and preliminary results
2.1. The functional-analytic setting
For convenience, let H, :=ic,a -V —mc23 denote the Dirac operator.

It is well known that H, is a selfadjoint operator on L?(R3 C*) with the domain
D(H,) = H'(R?,C*), see [9]. Then, the following lemma about the spectrum and
essential spectrum of the Dirac operator H, can be obtained directly by Fourier
analysis, see [16].

Lemma 2.1. o(H,) = 0.(H,) = R\ (—=mc%, mc?), where o(-) and o.(-) denote the
spectrum and the essential spectrum.

Remark 2.2. Let H, = H, —w,, we have
o(H,, ) = (—00, —mc2 — w,] U [mc® — w,, +o0).

Under the assumptions of ¢, and w,,, we have
2 2 v
mc,, + W, — +00, Mmc,, —w, — — as n — +0o0.
m

Thus, from the view of spectrum, for n tends to infinity, the behavior of H,, turns
to be a positive definite operator, i.e. the Schrédinger operator. The phenomenon
is also called spectral concentration of Dirac operators and it is studied by many
authors from various points of view, see [21, 22, 33, 34]. H

The space L*(R3, C*) possesses the orthogonal decomposition:
L=L"&L*, ¢=¢ +¢7,
so that H,, is negative definite on L~ and positive definite on L*. Let |H,| denote the

absolute value of H, and |H,,|? its square root. Define E := D(|H,|2) = Hz(R3,C*)
as the Hilbert space with the inner product

(0, D) = R Hp |20, | Hn|29) 12

and the induced norm ||¢||,, = (¢, @/J)é, where R stands for the real part of a complex
number. Since o(H,) =R\ (—=mc%, mc?), one has

mep|¢l7: < ll7,  forally € E. (9)
Moreover, it is clear that E possesses the following decomposition
E=FE @E", where E* =EnNL*,

which is the orthogonal decomposition with respect to inner products (-,-)z2 and
(+,+). Furthermore, from [15, Proposition 2.1], this decomposition of F also induces
a natural decomposition of L?(R? C*), ¢ € [2, 3], hence there is ¢, > 0 such that

call¥FIEe < MWll7,, forally € E.

Let H' (R?,R) be equipped with the equivalent norm

1/2
||l = (/Rs(\vm? + M2v2)dx) , YveH'(R*R).
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Then (5) can be reduced to a single equation with a nonlocal term. Actually, for
any v € H! (R3 R),

4 /R3 ABY)Y - vdx

<amh [ [uPlolds < 4wl g ol
R3
<AmAS TGS o]l (10)

where S is the Sobolev embedding constant: S|jv||3s < ||v||3;: for allv € H' (R? R).
Hence there exists a unique ¢,,, € H' such that

/ Vony - Vz+ EM*¢, zdr = 47?/ ANBY)Y - zdx (11)
R3 R3

for all z € H'. Tt follows that ¢, satisfies the Schrodinger type equation
D¢y + g M? - dyy = ATA(BY)Y

[(ﬁwﬁp] (y) e_C"M|x_y|dy.

and that Onp(T :/ A
+(@) R3 |z =yl

Substituting ¢, in (5) , we are led to the equation
Ho, ¥ — Apnu B = [P

On E, we define the energy functional ®,, corresponding to equation (5) with ¢ := ¢,
w = w, by

0,(0) =3 [ wHyte =22 [ oPde-Tuw) - [ opds, (12

for v =T + ¢~ € E, where

I%C¢>=:i}ﬁgk¢m¢-(ﬁ¢0wdx=:ih//‘AKﬁ¢)¢¥mi?5F¢)wa)e(%Mmmdydx

Note that I, (¢)p = LT, (¢ + 7590)|t:07 SO

2 e—cnMla—y|
L whe = 5% [ [ S (BO@IB0A) + (BOUWIE0) @)y

=2 [ s Ru) o

It follows by standard arguments that ®,, € C*(E,R). Moreover, in [13, Lemma 2.1]
it is proved that critical points of ®,, are weak solutions of nonlinear Dirac-Klein-
Gordon system (5).

Notice that ¢, satisfies the equation —A@,, 4 + 2 M?¢,,. = 4T A(BY)Y.

Hence, using ¢,, as a test function, we have

[nslln < 4Csm [ 160l -0 (13)
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By Holder’s inequality we have
2 2
[6nllze < Collonyll < CslldnpllLsllellel|¢]l e,

that is, [6nplle < Clliebllce 1o e, (14)
where 2 < ¢ = 5pﬁf 5 < 3. Then, we have the following

Proposition 2.3. [14] T'y is non-negative and weakly sequentially lower semi-
continuous.

2.2. Existence of solutions for DKGS

Let A = fR AdE) be the spectral representation of the selfadjoint operator A in H
where {F)}\cr is the unique spectral family of the selfadjoint operator A. Recall
that a family { Fy }acr of orthogonal projections in a separable complex Hilbert space
H is called a spectral family (or a resolution of the identity) if it satisfies:

(i) ExE.= Ennpy, for A, peR.
(i) Fooo =0, Eyoo = I, where Eioou = )\lirin Eyu,Yue H.
—> 00

(iii) Eapo = E), where E)ou = El_igzr Eyicu,YVu e H,

where the limits are taken in the norm of H. A further description of spectral family
can be found in [24]. Then by the spectral theorem, there exists a bijection between
the set of spectral families and the set of selfadjoint operators.

According to [14], we can obtain the existence of the least energy solutions for the
DKGS (5). Here, we just outline the main points of the proof. It is point out that
we will reconstruct the linking structure of the energy functional a bit more delicate.

Let V' be the space of the spinors

n= <7?2>7 where N2 € CSO(R?)? (C2)7

which is clearly a subset of E. Moreover, a simple computation shows that

/RB (n, Hyn)dz = mc;, /RB |na|*d. (15)

The assumptions (6), (7) and (8) imply that
0<(C; < mcfl —wy, < . (16)

Obviously, by (16), there exists a ¥ > vy := mc? — w,, which is independent on n,
such that

Vo=V N(E; - E’yo)LQ # 0,
where (E,),cr denote the spectral families of H,. We can choose a element e € V'
such that et € Vy ¢ E* (independent on n) with ||e*|| = 1. Define £ := E-@R*et,
where Rt := [0, 00).

Then, by [10, 14], we can easily get the following linking lemma.
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Lemma 2.4. For every n, we have the following linking structure:

(i)  there exist constants p,r* > 0 such that k, = inf ®,(0B, N ET) > r* > 0,
where B, ={y € £ : ||[¢|| < p}.

(i) sup®,(F) < oo, and there is a constant R > 0 such that sup ®,(E\ Bg) <0,
where B = {¢ € E : ||[¢| < R}.

For z € Et, E, := E~ ® R"z. Now let us define ([3, 31]),

n = inf d, , 17
o= _jnf | max @ () (17)

As a consequence of Lemma 2.4, we have
k= inf K, < 1, < sup @, (E). (18)
Denote the critical set and the least energy of ®,, as
oy ={p € E: 0, () =0} and 7, := inf {®, (1) : ¢ € A, \{0}}.
Additionally, it is standard to see that there exists a unique h,, : ET — E~ with
D (Y + ha(¥)) = max &, (¢ + ).

In the sequel, we fix A in the interval (0, o] . Next, setting I,, : E* — R by

and the Nehari manifold for the functional I,, in ET is
= {v € EN\{0} : I,(¥)v = 0} .

Using the concentration compactness principle and the invariance of the norm and
of the functional under the Z3-action (see [14]) one obtains the following

Proposition 2.5. There hold

(1) A, # D and vy, > 0 is attained.

2 n="n= inf I,(1).

(2) tn=m= inf L(9)

That is, for every n, there exists a critical point v, # 0 such that ®,,(¢,,) = ¢,. More-

over, by the standard regular estimation, for every n, we have 1, € Wh4(R3 C*),
for any ¢ € [2,400). Then, let

_ [(57%)7%]( ) —ch\x—y\d
oule) = [ AL b (19)
for every n, (¢n, ¢,) is a ground state solution of (5).

Finally, we recall the following Gagliardo-Nirenberg inequalities [29], which will be
used later.

Lemma 2.6. For every q € [2,6), there exists ji, > 0 such that
[Pllee < gl RlIVYl T2 ¥ ¥ € HY(R?, CY). (20)

where q; = ;qq and ¢ = q 6.
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3. Uniform boundedness of the solutions for DKGS

In the section, we prove H'-boundedness of the solutions of the DKGS (5). Firstly,
we prove that the sequence {¢,} defined above is bounded in LP(R3, C*) uniformly
with respect to n.

Lemma 3.1. The sequence {1,} is bounded in LP(R® C*) uniformly with respect
to n, as well as the associated minimazx levels {t,}.

Proof. For every spinor ¢ € F := E~ @ Rte™, one has ¥ = ¢+ + A.e, where
A €ER,e=c" +et and pt € E~ is orthogonal to A.e. Hence, by (15) and (16),

¢>n<w>s;/<m< slee)da = [ et

= /])\ e|?dr — — /])\ et |Pdx

Ae
< Gl g e =P [ et
2 Ju

< ASH(Co — Cs| A JP72) < Cy,

where C; are constant independent on n.

Thus, by the fact that 0 < 4I',(¢,) = I, (¥)¢, and (18), we have
Lo = 1 — 1 p
€ 2 max®, 2 1, = B,(0) = 5@, (0n). ) = Taltn) + (5 = 3) [ P
1 1 »
> G- [ . 1)

This completes the proof. O

Lemma 3.2. {¢,} is uniformly bounded in L*(R3, C*) with respect to n.

Proof. Let ¢ = 5;? é = 1. Set
0, it ¢g=p,
R Er
we deduce that ( < 1 and
lullza < ullfs - lull® 2 <q <p. (22)

Thus, in virtue of (14), (22), Lemma 3.1 and Hoélder’s inequality, one gets

I (W) (W7 — )| < M @nllzsl[nll 2o |97 — 07 120 < Culltonll 1o 180125
< Colfiml 2. (23)
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Now, by (9), (23), Holder’s inequality and the form of @/, we have
= [ = (=)o = )] =00 = [ P 0] = )

> [l = wallbls =TT =07 = [ P~ 20n0 = )

> (1-

Wn
mc?
which, together with (7), Lemma 3.1 and ¢ < 1, implies

[¢nlln < C, (24)

where the constant C' is independent on n. Therefore, the combinition of (9) shows
that {1} is uniformly bounded in L*(R3, C*) with respect to n. O

As a consequence, we have the boundedness of the sequence {¢,} in H*(R?, C*).

Lemma 3.3. {¢,} is uniformly bounded in H'(R3,C*) with respect to n.
Proof. Observe that 1, satisfy

Hytp — Ao = with + [ [P~ 4. (25)
MOI"GOVGI, ||Hn¢n - )‘anﬂqu)nH%? = Hwnd}n + |¢n|p—2¢n||%2‘ (26)

An easy compution shows that

Hwnwn + |wn|p_2wn,‘%2 = w2‘|¢n”%2 + /3 W}nlzp_zdx + 2wy, /3 [V |Pd. (27)
R R

Now, we estimate the right-hand side of (27). By Lemma 2.6 with ¢ = 2p — 2 and
Lemma 3.2, we have

/R N2 dz < prap o[ nll IVl < ClVRllE ™ (28)

Similarly to (23), we deduce from (24) that

/RS |¢n||¢n|2dx < ||¢n||L6||7v/}n”Lp”¢n||Lq < Cl||¢n||i;24||¢n||i%

where ¢ = 5;{ 5 On the other hand, the left-hand side of (27) can be rewritten as

= IVl + el + 3 [ utde—men [ owtde. (30
R3 R3
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Combining (26)-(30), we obtain that

m? 04

A e P

n

2 2
mc,, )\/ Gbnw d:E+—/ |1/}n|2p 2d + Wn/ |¢n|l)d$

Cw,

2 Y
n

<C+ —||vwn||3p o+

which, together with p € [, 3] and ¢, — oo, implies
IVl < C. (31)
Finally, the Lemma follows from Lemma 3.2 and (31). O

By (13), (14) and Holder’s inequality, Lemma 3.3 implies the following lemma.
Lemma 3.4. {¢,} is uniformly bounded in H'(R3 R) with respect to n.

4. Proof of the main theorem
4.1. Proof of Theorem 1.1

This section is devoted to studying the limit of the solutions {(,,®,)} (where
Uy = (Un,v,) € C*) of (5) as n — co. We will prove that the first components
{u,} and the last sequence {¢, } converge to zero and the second one {v, } converge
to a solution of the NLSE (4) in corresponding work space.

In addition, we define

2
an = (mc2 —wy)b, and b, = mcn—;l—wn’ for all n € N.
Cn
It follows from (6)—(8) that
b, > 2m and a, = 2v as n— 0. (32)

First we prove the first components of the sequence {1} converge to zero, that is
u, — 0 in H*(R3,C?). Tt is worth to point out that we can also estimate the speed
of convergence of {u,}.

Lemma 4.1. The sequence {u,} converges to 0 in H'(R3 C?) as n — oo.
Moreover, there holds

1
|tnll g = O(C—) as n — 0o. (33)

n

Proof. Since ¢, = (u,,v,) is a solution of the DKGS (5) with ¢ = ¢,,w = w,, for
every n € N, then we can rewrite the equation as follows:

1Cn0 - VU — MCoUp — Wally — APty = (|tn]* + \vnﬁ)%un, (34)
1C,0 - Vu, + mcivn — WpUp + APV, = (|un|2 + |Un| ) 7 Uns (35)

where o = (01,09,03) and 0 -V = 22:1 03,0
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Dividing (35) by ¢,, then its L?-norm squared reads

2

ch — Wp 1 1 B
”vunH%Q B Hn—v * _)‘¢nvn B C_Ou”‘z + ’UnP)%’Un

n n n

L2

Therefore, by (16), Lemma 3.3 and Lemma 3.4 , we have

2 n 2 )\2 1 _
IVunle < PSP ot 2 [ ot 2 [l + 0P 2o
n JR n JR

z
2 _
+ 2o [ e =2 [ 6uual + o) 5 o
n R3
< Sl § [ ¢2v2dx+ C L Qul Py iudo+ S [ owitde
<z ||Un||L2 + 3 ||¢n||L6||Un||Ls + 5 é3(|vn|2(p_1) + [P 0, [P dx
C
+ C sty < &,
. 1
that is V|2 = O(—). (36)
C

n

On the other hand, dividing (34) by ¢? and using Lemma 3.3, we can infer that

2 2

2
ito Vv, — mcnijwnun 12)\qbnun (|un|2 + v |2 ) o Uy, < %.
Cn Cn L2 Cn Cn L2 Cn
Therefore, by (16) and Lemma 3.3, we have
+ Wn + Wn
men by, 12 < ||Z*U Vo, — My, 4 *HV%HL?
< = ~
- + Cn O<cn>
which, together with (36), implies that ||u, ||z = O(i) as n — 00. O

Next the proof of the convergence of the second components v, will be divided into
several parts. As a first step, we prove the sequence {v,} is bounded away from zero

in HY(R3, C?).
Lemma 4.2. There exists ¢ > 0 such that

| 1> .
inf [[vn[l > 0> 0 (37)

Proof. To the contrary, let us assume that, up to a subsequence,

Tim o]} = 0. (38)

Dividing (35) by ¢, one has
2

1 p=
io - Vu, = . (|unl® + |vn]?) 2 v — (M — W)V — APpUn | - (39)

n
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Thus, by Holder’s inequality, Lemma 2.6 and Lemma 3.3, we can deduce from (39):

C C
IVunlls < Sholts + 5 [ (Qunl? + fou P 2on Pz + & [ G2o2ao
n n R3 R3

C C p=2
+ & [ tonlian+ S [ oullunf? + oy 2
n JR3 n JR3

C c - - c
< Sl + 3 /qu“”P(p R (0 e UM o R [T P [

n

C c
S Vallzslloal? 3 + S0l 2 19520 ol

C

3 6 CA C
< Clenlls + Sl 10l + S enli + ol
e -
C - P - P C
L e (/ 0, 1>dx> (/ 0,27 1>dx> + ol
(4 R3 R3 (&
-2 3p—6
<z ol +5 || nllg (||Un||sz||V val%70) T
< Cllonl? 2y 2 40
< Zlloallin + % || Un |71 ;2||Un||H17 (40)
which, together with p € [, 8] and the boundedness of ||v, || 1, implies that
C
IVuallze < S llvallin- (41)
In addition, (34) is equivalent to the following equation
Abnt (Jun® +[oal) T\ _ o en
" <1 + Y —” = @ma Vo, (42)
so that, combining with Lemma 3.3, Lemma 3.4
2 C 2 C
[nl|Z2 — WHUHHL% - W!\unllm
2\
< Junl|72 — me + wn Jp | und — (02_’_&)/ |l [ [P [ dx
2 4 =2 2
< [ (14 Aot )
mc; + Wy 2
= m”vvnup > C%HUnHJQLIl?

which, together with Lemma 4.1, (41), implies that

el — —C s — 2|2
nllH1 mc%—i—wn nilH! (mc%+wn)2 n||H1
C C
< IV |12 2 2 _ v
<Vl + s = Tl = s
C
< < vallfpn,  for n large.

n
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Therefore, for large n, there exists a constant C' > 0 such that
C
[unllar < —llvallmr- (43)

In the next equation, plugging (42) into (39), we get
— Av,, + a,vy, (44)
i

= L0V [(Junl? o 00f) % i + Adittn] + b [(Jal? + [0a]) T 0 = A0

Multiplying (44) by v,, and integrating over R?, we have
|V, |*dx + an/ v, |2z
RS RS
= [ oV [l )+ A 0, (45)
n JR3

b / (([tnf® + [0a*) "= [0a]? — Adn?)da.
3
We claim that K
o(||vn||ip) = ci/ o-V [(|un|2 + |vn|2)p772un + )\gbnun] Updx
R3

n

+bn/ ([tnl? + 10a]2) 5 0m 2 = Adu?)da. (46)
R3

Accepting this fact for the moment, combining with (32), we get

ollenlBn) = [ Voo +an [ JonPde = Cllon
R3 R3

which is a contradiction. Therefore, the lemma is obtained.

Now, it remains to show that (46) is valid. Indeed, by (38), (43), Holder’s inequality
and Lemma 3.4, one has, for large n,

p—2
/}Rg((lun!2 +10al*) 2 [al* + Al lvn]*)dw

p—2 2

s( / <|un|2+|vn|2>’5dx) ( / |vn|pdx) T Cllulln onl
R3 R3
p—2 2
( / <|un|P+|vn|P>dx) ( / |vn|pdx) T Gallonl
R3 R3

< (luall” + loall i) loall + Celloallzn = o(llvallZn)- (47)

IN

In addition, by Lemma 3.4 and (43), one gets, for large n,

i/ o - VU,opu,dx
R3

Cn

L / o -V [Appuy] vpdx
R3

Cn

C
=zl

C i
< ol lgall llunll < Sllonllznlénllar = ollonllz)- (48)

n
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Moreover, we have
1

=9 [ 10 F ] 5,
R3

L Vi (Jun|* + ]vn|2)%@ndx + ci/ o-V [(|un\2 + |vn|2)% U Upd
n JR3

Cn JRr3
= ]1 + _[2.
We can deduce from Lemma 3.3 and (43) that, for large n,
1 _ _
1] < C—||un||H1(||un||§’{12 + [lonllF*) lon e
C
< Sllenllzn = o(lloallz). (49)

n

Observe that for p € [, 5] we have (Jun[* + Jon[?)*%" < 25" (junlon]) =",

Therefore, combining with Holder’s inequality and (28), we obtain

[Io| =

= 2)/ ([l + [0a]2) 7 (0 - (Vity - 1) + 7 - (Vo - 00 JttnTndec
R3

n

C _ C _
< —/ ]vn|§\un|p22|an|dx+—/ 0n| T |t |2 |Vt |z
Cn R3 Cp, R3

D p—2 1
C A(p-1) 4(p—1) 2
el ( |vn|2(p_1)dx) 5 ( |un|2(p_1)dI) : ( |an|2dx)
Cn R3 R3 R3
C ey =y 3
+ — ( |un|2(p_1)dx) ( |vn|2(p_1)dx) </ |Vun|2dx>
Cn R3 R3 R3

C
< é“vnm)p = o([[vall71)-
Here o - (Vw - w) == Yo _, 04 (0w - w). This, together with (47)-(49), implies that
the claim is true. [

IN

We recall that a function w : R® — C? is a solution of the NLSE (4) if and only if
it is a critical point of the C? energy functional ® : H'(R3,C?) — R defined by
1 2
d(w) == [ |Vw|*dz + 1// lw|*dx — il lwPdz.
2 R3 R3 D Jrs
For the study of solutions to the NLSE (4), we refer to [5]. Therefore, we have the
following Lemma:

Lemma 4.3. Let {w,} be a bounded sequence in H'(R3,C?). For everyn, we define
the linear functional A, (w,) : H*(R3,C*) — R

Auln). o) = |

R?)

Vw,Vodr + an/ wpddr — b, [ |w|P 2wagdz.

R3 R3
Then, {w,} is a (PS)-sequence for ® if and only if
sup (An(wy,),¢) =0 as n— oo. (50)

ol g1 <1
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Proof. See [10]. O
Lemma 4.4. The sequence {v,} is a (PS)-sequence for ®.

Proof. From Lemma 4.3, it is sufficient to prove (50). Let us take an arbitrary
¢ € H* with ||¢|/zn < 1. Multiplying (44) by ¢ and integrating over R3, one has

— Av,pdr + an/ Vpddr = i/ o-V [(|un|2 + |vn|2)p2;2un + )\qbnun] odx
R3 Cn R3

R3

+bn/ (Jun|? + |vn]?) "= vapda: — bn/ Appvppdr =: Jy + Jo — J3.  (51)
R3 R3

By Holder’s inequality, Lemma 3.3 and Lemma 4.1, we get

]l fouPY i + A - Vi
C R3

n

|J1| =

1
1 p—2 — C _ 2
< —/ ([tnl® + [vnl*) 2" |unllo - Voldz + —[|nllr lunl (/ |V¢\2dfc>
Cn JR3 Cn R3

1 : e
= ([l oyt pae) ([ 196Rde) "+
Cn R3 R3 Cp
| =, = ?
p— p—
—(( onfr2e) ([ i) |un|2“dx>+cuun||m
Cp, R3 R3 R3 Cn

C

Cn

IN

IA

IA

1
ant C
(lunllz + lual272) % + ;HunHHl — 0. (52)
It follows from Lemma 4.1 that

p—2 _ - _ -
/ [(!un!2+ |0n]?)Z = Jug [P 2] |val[@ldz S/ |t [P~ 0| 0| d
R3 R3

g( |un|pdl“)p (/ |vn|pdf)p</ la‘sfdw)p“‘“unﬂif?%
R3 R3 R3

which implies

Jo = bn/ |0 [P~ 20, pd + bn/ [(!un|2 + \UHP)’%Q — |vn|p’2] Vpde
R3

R3

= bn/ v, [P~ 20, 0dx + o(1). (53)
R3

Finally, by virtue of Holder’s inequality, the form of V}, in (19) and Lemma 3.3, we
obtain
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|0 ()] =

/R3 [(5;271)_1#;]'( y) —ch|x—y|dy‘

% efQCnM|zfy| %
([ ) ([ 2 )
R3 r Tyl
Cloti ( | e i, )é
< nll 2 — 5 ay
i re |7 —y[?
e—QCnM\x—y| %
ol )
r |yl

This, together with (32) and Lemma 3.3, gives us

| < by / Nbul[0n] 6|z
R3

e~ 2enMlz—y| 3
<0 ([ [ Ty vie) ol ol
rs Jrs T — Y|

By Lebesgue dominated convergence theorem, one gets

—20nM|x yl %
|J3|<C(/ / | z dydx) — 0, asn — oo.
R3 JR3 [T Y

Hence, combining with (32), (51)-(55), we can deduce that

Vu,Vodr + an/ Vpddr = b, [ |vaPvpdx + o(1),

R3 R3 R3

that is: supyg  <1(An(vs), @) =0 as n — .

Lemma 4.5. The sequence {¢,} converges to 0 in H'(R? R).
Proof. Replace z with V,, in (11), we have

Cllonlln < [ 1V6uP + 200, Pde =47 [ M@0 - b
R3 R3

Similarly to (54) and (55), one gets

/ A BUn)ondndr — 0,  as n — oo,
RS

which, together with (56), implies that ||¢y,||z1 — 0, as n — oo.

Complete proof of Theorem 1.1
Define the linear functional B(v) : H*(R?,C?) —» R

B(v)w ::/ VvVu‘de—l—Ql// vwdz.
R3 R3
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By Lemma 3.3 the sequence {v,} is bounded in H'(R* C?), which, together with
Lemma 4.4 implies that it is a (PS)-sequence for ®. Thus, up to subsequences, there
isav#0e€ H(R3 C?) such that v, — v in H'(R3, C?) and v,, — v in L} (R3 C?).

loc

Therefore, using (32) and the H'-boundedness of {v, }, we get
o(1) = (An(vn) — B(vn), v — v)

= / |V, — Voul*dx + an/ U (0, — 0)dx — bn/ |0 [P~ 20, (0, — ) d
R3 R3 R3
- 2V/ v(v, — v)dx

R3

= / |V, — Voul*dx + 2V/ vy, — v|*dx — 2m/ [0 [P0, (0, — ¥)d

R3 R3 R3

> Cillon = vllin — 2mCylvn — vl > [lvn — v][71(C1 — 2mC).

Here we use the fact v > 0,p € [15—2, g] Hence, there exists a constant mg > 0 such

that v, — v in H'(R3 C?) for all m < myg. This concludes the whole proof.

4.2. Proof of Theorem 1.3

In this section, we estimate the uniform boundedness and the exponential decay
properties of solutions. Let n — oo, 1, be a solution of frequency w,, of the DKGS
(5) at speed of light ¢,. To begin with, we estimate the uniform boundedness of the
sequence {1, } in L>®(R3,C*).

Lemma 4.6. The sequences {1, } is bounded in L (R3 C*) uniformly with respect
to n. Moreover, {¢,} is bounded in L°°(R3 R) uniformly with respect to n.

Proof. By the Sobolev embedding theorem, we only need to prove that there exist
C, > 0 independent of n such that ||1, || < C, for any r > 2. Let H, := ia-V—af3
with a > 0. Then, (5) is equivalent to

A
Hatbn = (o — a) B+ 2+ il + 2Bt

It is clear that 0 ¢ o(H,). Writing v,, = ¥} + 2 4+ 3, then

oh = 1 (20 ) = B (o))

n

v = H,! Kﬂ + (mey — a)ﬂ) wn} — ! Kﬁ + (mey — a)ﬁ) (un,un)ﬂ .

1/)?1 = /\]—Ia_1 |:Cl¢nﬁ'¢)n:| = )\Ha_l |:Ci¢nﬁ(um Un)T:| .

We have shown that [|1,||z2 < C and ||[¢,]|z1 < C in Lemma 3.2 and Lemma 3.3.

Thus, using the Sobolev embedding theorem, we obtain

[nllLe < Cqy ¥ q € [2,6]. (57)
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For any r € (2, 3], by Holder’s inequality, one has

1 _ 1 - 1 _
=1 (s, ) P~ (i, 0 )7 = =, 00) [P~ A 11— (s, 00) P20
Cp, Cn Cn
< C [ e+ € / fon] Dz
Cn RS Cn R3

Since r(p — 1) € [4,5] for 7 € [2, 3], it follows from (57) that

1
=t o) s 0 <€, V7 € [2,3),

n

In addition, from Lemma 4.1 and (57), we can infer that for any r € [2, 3]

T

-

W, a " Wy, —mc?
o] h)-
c2 Cn - Cn

< Co(r)enllunllz: + Cr(r)lvallz- < C,

T

L’I‘

with C' > 0 independent of n. Therefore, there is a C' > 0 such that
[$nllwrr < C. |[¢nllwrr < O, for any r € [2,3].
By Holder’s inequality, for ¢ > 2
|6 Bn

s < nllpo - [¥nllze,
. 1 1 1 .
with = = = + =. Hence, we obtain
s 6 q

3s

||¢2HW1,5* < (O, with s* = T

A standard bootstrap argument shows that {¢,} is bounded in (., L% {¢,}
is bounded in (., W9, {72} is bounded in (., W"? and {¢;} is bounded in

ﬂ6>q>2 wha,

By Sobolev’s embedding theorems, {¢,} is bounded in C% for some v € (0,1).
This, together with the elliptic regularity (see [22]), shows that {¢,} is bounded in
W2 (R*) N L? (R?) and

loc

[Onllw22p, (@) < C2 ()\||1/)n||2L4(BQ(x)) + ||¢n||H1(B2(:c))> :

for all z € R?, with Cy independent of z and n, where B,.(z) = {y € R® : [y — z| < r}
for r > 0. Since W*? (By(z)) < C%° (Bi(z)),0 € (0,1), we have

[0l cos(my@y < Cs (AHwn“%‘l(Bg(x)) + ||¢n||H1(B2(33))) ; (58)

for all z € R3 with C3 independent of x and n.
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Consequently {¢,} is bounded in L, and this yields

||¢nﬁ¢n Ls < ||¢n||L<>o “wn L < O”d}n

Thus, {5} is bounded in (., W9 Combining with the fact that {4, } and {4}
are bounded in () ., W4 we obtain there is a C, > 0 such that

Ls

|tn|lwie < Cy, for any g > 2. ]
Setting D := i« - V, 1, solves (5), that is
D, = menBton + 2060+ =GB + |t
Acting the operator D on the two sides and noting that D? = —A, we get

Aty = —meSDYn + 2Dy, — 2 6u8DYn + 2D,
+ (Dl + [l D)
= (—menB+ 2% = 26,8+ |l
(B + 200+ alP 0 + = 600)
+ 2DguBtn + Dl
Thus,

A, = (mew + 2 ¢n) o — (52 + Ll ™) — D6, — Dl

Note that R <(D¢n6wn + Dap, [P~ 2,) lZ"|> =0.

By Kato’s inequality [9], there holds Al | > R[AY,(sgn ¥,)], where sgn ¢,, = %,

if ¥, # 0; sgn ¥, = 0, if ¥, = 0. By Lemma 4.6, we obtain that there is a 7 > 0,
independent of n, such that

v

2.4 _ 2 2 n _ 1 _
A|1/}n| %W%A + m>‘¢n|¢n| - C%anv) 2|77Z)n| - cig|,¢n|2(p 2)|77Z)n|2
> —T|Yn|. (59)

It then follows from the sub-solution estimate [20, 30] that

()] < Co /

Bi(z

) |n () |dy,

where Cy > 0 independent of x,n and ,.

Lemma 4.7. |¢,(x)| and |¢,(z)| vanish at infinity uniformly in n as |x| — oo .
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Proof. Assume by contradiction that the conclusion of the lemma does not hold.
Then, there exist 7 > 0 and z; € R?® with |z,| — oo such that

7 < ()] < Co / ()],

Bi(zn)

which, together with ¢, — ¢ in H'(R3, C*), one obtains

=

7 < Cy (/B » W}n(x)‘?dl)

<Gy ( |V, — MQda:) + Cy (/ |w|2d:ﬁ) — 0,
R3 Bl(CEn)

as n — 00, a contradiction. Now, jointly with (58), one sees also |¢,(x)] — 0 as
|z| = oo uniformly in n. O

Similar to [10], we have the following lemma.

Lemma 4.8. There exists C,C > 0 such that

|V (z)| < Ce CFl Ya € R®, uniformly in n € N.
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