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1. Introduction

Let W be a real Banach space, ®, : W — R be a twice Fréchet-differentiable
functional, and X be a real parameter. The Nehari manifold method introduced by
Z.Nehari [37, 38] in 1960 is a powerful tool for the investigation of equations of the
variational form

D®y(u) =0, uweW, (1)

which consists of finding an extremal point u of the functional ®,(u) subject to the
Nehari manifold

M={ueW\0: &\ (u):=Ddy\(u)(u)=0}.

This may lead to a solution to the problem (1). Indeed, under some general assump-
tion the Lagrange multiplier rule due to Lusternik [36] yields

poD® (@) + pu1 (D®y (7)) + D*®y (1) (@, ) = 0,

for some po, py such that |ug| + |p1| # 0. Testing this equality by @ and ta-
king into account that D®,(a)(a) = 0 we obtain pu; D*®,(a) (@, 4) = 0. Hence, if
D?®,(a) (0, 4) # 0, then we have successively pu; = 0, o # 0 and D®y(u) = 0.
Thus, one has the following applicability condition of the Nehari manifold method

P (u) == D*®y(u)(u,u) #0, Yu € N,. (2)

The feasibility of this condition may depend on parameter A\. This leads us to
the problem of finding the so-called extreme values of the Nehari manifold method,
namely, the limit points of the set of A where the applicability condition of the
Nehari manifold method (2) is satisfied.
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In [27], the so-called nonlinear generalized Rayleigh (NG-Rayleigh) quotient method
has been introduced which allows one to find the extreme values of the Nehari
manifold method. The method is based on the analysis of the so-called nonlinear
generalized Rayleigh quotients whose critical values correspond to the extreme values
of the Nehari manifold method. To specify the principal idea of the method, let us
consider equation (1) in the following particular form

Dh(u) — ADg(u) = 0,

with ®y(u) = h(u) — Ag(u). Observe that ¢'(u) := Dg(u)(u) = 0 if u = 0. Let us
assume that ¢’'(u) # 0, Vu € W\ 0. Then testing the equation by u € W and solving
it with respect to A we obtain the following parameter independent functional:

_ Dh(u)(u) _ '(u)

Dg(u)(u)  g'(u)’
which we call the Rayleigh quotient. Note that u belongs to N, if and only if it lies
on the level set R™1(A) = {u € W\ 0: R(u) = A\}. Consider the one variable

function t — R(tu), u € W, which we call the fibering function following Pohozaev
[40, 41]. Then

R(u) ueW\o, (3)

1
R (u) := %R(zﬁu)h:l = m@;{(uL Vu € Nj.

Consequently, R'(u) # 0 < ®{(u) # 0, for any u € N,. Thus the finding of the
applicable values A\ of the Nehari manifold method is reduced to the determining
of the regular value of of the fibering Rayleigh quotient R(tu), i.e., R'(tu) # 0,
t € RT\ 0, u € W\O0. This reasoning leads us to an idea that the extreme values of
the Nehari manifold method can be obtained by means of the critical values of the
fibering Rayleigh quotient.

Observe that the condition R'(u) # 0 for u € W\ 0 implies that the map DR(u) :
W — R is surjective, that is u is a regular point of R. The study of regularity (or
lack thereof) of level sets of functionals is based on the now classical theory (see,
e.g., [32, 47]). Tt is important to emphasize that the question of the regularity (or
lack thereof) of level sets of functional associated with equations arises, not only in
connection with Nehari manifold but in many other cases. Below we will deal with
finding the so-called solutions with prescribed energy F, i.e., with solutions from the
level set {u € W : ®y(u) = E} (see [17, 28]). Another type of level sets arises in the
investigation of equations using the Pohozaev manifold (see [16, 29, 26, 39]), and
it seems this does not exhaust all the examples.This problem takes on a different
shade if the functional (equation) depends on a parameter. Note that the Nehari
manifold N, is nothing more than a zero-level set of the functional ® in W \ 0,
whereas the applicability condition (2) implies the regularity of this set.

Remark 1.1. In some cases, the extreme values of the Nehari manifold method
can also be found using the so-called spectral analysis with respect to the fibering
procedure introduced in [23, 24]. In this approach, the extreme values of the Nehari
manifold method are found by solving the system

B (tu) — Ng'(tu) = 0,
h"(tu) — Ag" (tu) = 0,
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with respect to unknowns ¢, A (see, e.g., [13, 15, 20, 21, 23, 24, 25, 29]). However,
in our opinion, the using of the NG-Rayleigh quotient method has a clear geometric
meaning, which simplifies calculations and, ultimately, allows solving more complex
problems.

Remark 1.2. Below we will see that the application of the NG-Rayleigh quotient
method also makes it possible to constructively find useful variational formulations
associated with equations. Research in this direction was motivated by the works
Pohozaev in [40, 41], where a fibering method was introduced to constructively find
constrained minimization problems.

The paper is organized as follows. In Section 2, we present the concept of the non-
linear Rayleigh quotient in an abstract setting. Section 3 is devoted to an example
of the application of the NG-Rayleigh quotient method to a problem with convex-
concave nonlinearity. In particular, in this section, we discuses finding of the limit
point for the branch of ground states obtained in the framework of the Nehari mani-
fold method. In Section 4, we present an example of the recursive application of the
NG-Rayleigh quotient method to a problem where the fibering function ®,(tu) may
have more than two critical points. Section 5 deals with the energy level Rayleigh
quotient method which allow us to show the existence and nonexistence of solution
with prescribed energy for a zero mass (zero frequency) problem.

2. Nonlinear generalized Rayleigh quotient

We recall first some definitions from the theory of manifolds. Let W be a Banach
space. Consider a Fréchet differentiable map f : O(f) € W — R. Here O(f) is
a domain of definition of f. We denote the Fréchet derivative by Df. For ¢ € R,
the set f~1(c) = {u € O(f) : f(u) = ¢} is said to be a c-level set of f. We call
u € O(f) a reqgular point of f if Df(u) : W — R is surjective; it is a critical point
of f otherwise. A point ¢ € R is said to be a reqular value of f if every point of
the level set f~!(c) is a regular point, and a critical value otherwise. We denote by
T.(f7*(c)) the tangent space of f~'(c) at u € f~'(c) ([32, 47]). In what follows, we
use the notation f'(tu) := 4 f(tu) = Df(tu)(u), t € R*, u € W.

Let us consider the family of maps of the following form fy, = h —Ag : W — R,
where h,g € CY(W;R), A € R. For a given ¢ € R, we are interested in how the
regularity of f,'(c) depends on the value of parameter . This problem can be
investigate using the following parameter independent functional

hlw) —

R(c;u) = M, ue O(R),
9(u)
which we call the Rayleigh quotient of the c-level manifold (Rayleigh quotient for
short) of fy. Here O(R) = {u € W : g(u) # 0}
Let u € O(R). Assume that R(c;u) = A for some A € R. Then
1

——(Dh(u) — R(c;u)Dg(u)) = —=D fr(u).
577 (Dh(a) = R{esu) Do) = D)
Thus, for v € O(R), the map D fy(u) is surjective if and only if DR(c;u) is surjec-
tive. From this we have

DR(c;u) =



280 Y. II’'yasov / Rayleigh Quotients ...

Corollary 2.1. Suppose that X is a reqular value of R(c;-), and fy'(c) C O(R).
Then the level set f, ' (c) is a Ct-manifold in W. Moreover T, (f5 '(c)) = KerDR(c; u)
for every u € f(c) .

Proof. By the Regular Value Theorem [32, 47] the set (R(c;-))"'()\) is a Cl-
manifold and there holds T, ((R(c;+))"H(\)) = KerDR(c;u), Vu € (R(c;+))"H(N).
Since f;'(c) C O(R), we have f,'(c) = (R(c;-))~1(\), which implies the proof. [J

%(h(tu) — Ag(tu))|t=1 = Dh(u)(u) — ADg(u)(u) for u € W.

The following zero-level set

Define f}(u) :=

No=(£)710) ={ue W\0: f{(u) =0}

in W\ 0 is called a Nehari manifold associated with fy(u). A local minimum or
maximum point of the function fy subject to N, is called the extremal point on the
Nehari manifold.

Lemma 2.2. Let i € Ny be an extremal point of fx on the Nehari manifold. Assume
that fi(u) is Fréchet differentiable in an open neighborhood of 4 and D fi(a) is
continuous at . Suppose that f{(u) = Dfi(a)(@) #0. Then Df\(u) = 0.

Proof. Due to the assumption we may apply the Lagrange multiplier rule [36] (see
also Proposition 43.19. in [47]). Then, Df\(a) + uDfi(u) = 0, for some p € R.
Testing this equality by @ we obtain puD fi(u)(a) = pfy(a) = 0. Since fy(a) # 0,
p =0, and therefore, D f)(a) = 0. O

Definition 2.3. We call A the applicable value of the Nehari manifold method (ap-
plicable value of the Nehari manifold for short) if f{(u) # 0 for any u € N,.

Consider the so-called Rayleigh quotient of the Nehari manifold

b (u)
g'(u)’

where O(R™) = {u € W : ¢(u) # 0}. Note ¢'(0) = 0 for any g € C'(W;R).
Hence, (R")"}(\) := {u € O(R") : R"(u) = A} C N, and consequently, Ny # 0,
for any A\ € ImR™. Moreover, if Ny C O(R"), VA € R, then N, = (R")"}(\),
and consequently Ny # () if and only if A € ImR". Consider the fibering function
R™(tu) defined for each tu € O(R™). We call u € O(R™) the fibering regular point
of R™(u) if (R™)(u) := dR™(tu)/dt|;=1 # 0. A point A € R is said to be a fibering
regular value of R™ if every point of the level set (R")~!()\) is fibering regular. We
write Z(R") for the set of all fibering regular values of R".

R (u) = ue OR"),

Remark 2.4. Evidently, the fibering regularity implies ordinary regularity in the
above sense. On the other hand, in general, it is possible that A € R is a regular
value of R", while it is not fibering regular.
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Corollary 2.5. Assume that fy, fx € CY(W). Suppose that X is a fibering reqular
value of R"™ and Ny C O(R™). Then X is the applicable value of the Nehari manifold
method. Furthermore, if Ny C O(R™), VA € Z(R™), then the set of applicable values
of the Nehari manifold method coincides with Z(R").

The proof is straightforward.
Let us show how this can be used by a simple example. Suppose that

(S): Yu € O(R"), tu € O(R™), ¥t > 0 and R"(tu) has no fibering critical points

in RY\ 0 except of global minimum or mazimum points of R"(tu).

Define At = sup Ab,(u)= sup  inf R™(tu), (4)
u€O(R™) ueO(Rn) tERT

and A= qnf A" (u) = inf  sup R"(tw). 5

o= M) = int s R (1) )

The functionals given by

Amin(u) == inf R"(tu), Anee(u) = sup R"(tu), ue€ O(R"), (6)

teR* teR+

are called the Nehari manifold nonlinear generalized Rayleigh quotients (Nehari
manifold NG-Rayleigh quotients) [27].

Lemma 2.6. Assume fy, fx€C'(W). Suppose (S) and —oo < N < A\™* < +o0.

man mazxr

Assume furthermore that Ny C O(R™), YA € (A2 N&* ). Then (N7 A% ) is an

min’ “'max min’ “'max

interval of applicability of the Nehari manifold method.

Proof. The proof immediately follows from Corollary 2.5. ]

Suppose that for any u € O(R") the one-dimensional fibering function R"(tu) is
well-defined for all ¢ > 0 and has a countable (or finite) set of extreme points
t1(u), ta(u)... € RT\0 such that the following maps ¢;(-) : O(R") — R*\0,i=1,...,
are well-defined and we are able to introduce

Ai(u) == R(ti(w)u), uve OR"), i=1,....

Then we call \;(u),i = 1,... the the Nehari manifold NG-Rayleigh quotients [27].
There is the following conjecture:

The set of extreme values of the Nehari manifold method ox can be found by means
of the set of critical values of the Nehari manifold NG-Rayleigh quotients (X\;(u))2;.

Notice that A\;(u),7 = 1,... are 0-homogeneous functionals, that is \;(tu) = \;(u),
Vt >0, u € O(R™). Observe that 0-homogeneity is a basic property of the classical
Rayleigh quotient used in the linear theory [31].

In general, the critical points of the Nehari manifold NG-Rayleigh quotients do not
necessarily correspond to the critical points of fy(u). Indeed, consider, for instance,
the above introduced Nehari manifold NG-Rayleigh quotients \,;,(u). Suppose
there exists @ € O(R") such that DAy, (¢) = 0 in W. It is not hard to show
that this implies DR"(4) = 0, and consequently, D?f;(4) = 0 with A= Amin ().
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Thus if we suppose that 4 is a critical point of f;(u) as well, then @ satisfies to the
two equations D f5(4) = 0, D*f;(@) = 0. This is possible for linear equations, but
impossible, in general, for nonlinear problems. Thus, we come to the conclusion
that with respect to this property, Nehari manifold NG-Rayleigh quotients manifold
differ from the classical Rayleigh quotient from the linear theory.

However, there are nonlinear generalized Rayleigh quotients which are useful in
finding solutions to nonlinear problems (see below and [12, 28]). Indeed, consider
the so-called energy level Rayleigh quotient corresponding to the equation

D fx(u) = Dh(u) — ADg(u) = 0,

h(u) — E
9(u)

where O(R?) :={u € W : g(u) # 0}. Here the value E is called energy (or action)
of the solution. Observe, if DR¢(E;u) = 0, A = R¢(E;u), then Dfy(u) = 0 and
fr(u) = E, that is any critical point of R¢(F;u) with A = R¢(E;u) corresponds to
the solution of the equation D fy(u) = 0 with prescribed energy E, [28].

For u € O(R?), consider the fibering function R¢(F;tu), ¢ > 0. Suppose that
Vu € O(R?), (S) is satisfied with R¢(E;tu) instead of R"™(tu). Then as above

we are able to introduce the following energy level nonlinear generalized Rayleigh
quotients

that is RE(E;u) == , u€O(R%),

Ao (Esu) = inf RE(E;tu), A..(F;u):= sup RY(E;tu).

max
teRT teR+

Hence, we have

Corollary 2.7. The energy level nonlinear generalized Rayleigh quotients X6, (F;u),

Az (E5w) are 0-homogeneous functionals. Any critical point 4 of A, (E;u) or

A o (Esu) is satisfied to equation D fy(t) = 0 with prescribed energy level fy(u) = E

and A =X, (E;u) or X=X, (E;u), respectively.

Remark 2.8. Corollary 2.7 means that the energy level nonlinear generalized Ray-
leigh quotients X¢ .. (E;u), AS,,..(E;u) have all the basic properties that it has the

classical Rayleigh quotient from the linear theory.

Remark 2.9. When dealing with linear eigenfunction problems such as fy(u) :=
Au— A u = 0, where A is, say, a compact Hermitian operator in the Hilbert space H,
we always arrive to zero energy solutions, i.e. £ = (Au,u) — A {u,u) =0,u € H\O.
Importantly, the corresponding energy-level NG-Rayleigh quotient (with £ = 0) and
the Nehari manifold NG-Rayleigh quotient coincide and given by (Au,u) / (u,u).

Remark 2.10. The application of some global methods, such as the critical point
theory or Ekeland’s variational principle requires that the Nehari manifold be C*-
manifold (see, e.g., [4, 5, 14, 19, 24, 43, 46]). In this regard, it is important to
emphasize that Corollary 2.1 implies that N, is C'-manifold for any applicable
values A of the Nehari manifold, and which in turn can be determined using the
NG-Rayleigh quotient method.
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Remark 2.11. Importantly, the Nehari manifold method provides obtaining ground
states of problems. In addition, in the case of parametric equations, this allows one
to construct branches of solutions modulo values of the functional fy [9, 7, 21, 23],
which is a useful tool to study various problems, for instance, in the study of the
stability of ground states [28], construction of solution at limit points [7, 30].

3. Extreme values of the convex-concave problem

The complexity of ®, may be ranked depending on the number of critical points
of the fibering functions t +— ®,(tu) u € W. The simplest case is when ®,(tu)
has at most one critical point for any v € W and A € R. In this case, under
general assumptions Nehari manifold method is applicable for any A € R. However,
when @, (tu) may have two or more critical points for some u € W and A € R,
the problem becomes more complicated, because of the Nehari manifold Ny may
contains a point v where ®%(u) = 0. This difficulty can be overcome by finding the
corresponding extreme values of the Nehari manifold method. In this section, we
show an application of the nonlinear generalized Rayleigh quotient method to the
case when @, (tu) has at most two critical points.

Consider

(7)

—Ayu = Mu|"?u+ [u]?u in Q,
u=20 on S

Here Ayu = div(|]Vu[P~2Vu) is the p-Laplacian, A\ € R, Q@ C R” is a bounded

smoothdomain,1<q<p<’y<p*,p*:]\’;—]fpifp<N,p*:—|—ooifp2N. In

what follows, the norm on the Sobolev space W,” := W, (Q) we denote by || - |1

By a weak solution of (7) we mean a critical point u € Wy of the energy functional

1 1 1
Dy (u) = 5/\Vu\pd$—)\§/|u|qdas— ;/]uﬁ dx.

We construct solutions via the following two Nehari manifolds minimization prob-
lems

A

QY = min{Py(u): uwe N}, (M)
®; = min{®y(u): u € N} (M)
Here N ={ueW,?\0: ®\(u) =0, &}(u) >0},

Ny = {ueWy?\0: &\ (u) =0, ®(u) <0},
where ANy = N UN; are the Nehari manifolds. A sequence (ul) C N5 is said to
be minimizing of (M) if ®(uf) — &5 as m — +oc.
Observe that for u € Wy \ 0, the fibering function ®,(tu) may have at most two
critical points: ¢} (u), t; (u) such that 0 < ¢} (u) < ¢ (u) < +oo, ®4(t] (u)u) > 0,
Y (ty (u)u) < 0, and thus #5 (u)u € Ni. Furthermore, ¢} (u) = t; (u) if and only if
Y (5 (u)u) = 0.
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Evidently, O == min{®y(u) : ue N}, (M)
and thus any minimizer of (M) is a ground state of (7). By Lemma 2.2, we have

Corollary 3.1. Let A > 0. If a minimizer wy of (M) satisfies ®}(uy) # 0, then
uy is a weak solution of (7).

Furthermore, we have

Lemma 3.2. Let A > 0. Any minimizing sequence of (M*) has a nonzero limit
point uf € W\ 0 in the weak topology of Wol’p and in the strong topology of L',

1 <7 < p*. Moreover, ®(ul) < ot
Proof. The weak lower-semicontinuity of the norm of W,” and the Sobolev the-

orem imply that ®,(u) is weakly lower-semicontinuous on W, ”. Furthermore, the
functional ®,(u) is coercive on N, since by the Sobolev embedding we have

Oy(u) > L—Lluf)f = \Z—L|ull?, Vue N, VAER,
by qy

for some constant C' < +oo. Since p > ¢, for each A > 0, @f\t > —oo and any
minimizing sequence of (M) contains a subsequence (uf) which weakly in W,?
and strongly in L", 1 < r < p* converges to some limit point uf\[ Since

P = Dlu Y < (v = Dlupllz, m=1,...,

this implies by the Sobolev embedding

P = Dllunlly < (v = Dllunllzs < Clluglli, m=1,...,
for some constant C' < +oo which does not depend on m = 1,.... Hence, we have
lumlli™ > (p — q)/C, and consequently, [lug, |7, > (p —q)((p — q)/C)"/O"P > 0,

m = 1,.... Thus, [uy]|}~ > (p — ¢)((p — q)/C)P’P > 0 and therefore, u; # 0.
Note that lim,, . ®x(uf) > 0 if uf = 0. Hence, uf # 0 since @, (u;) — &F < 0.
Evidently, &, (u) < &F. O

To continue we need the following Rayleigh quotient

[ Vulpdz — [ |u|dx

R = Thapar

u e Wy™\ 0.

Observe Ny = {u € Wy?\ 0 : R"(u) = A\}. The only critical point of R"(su) is a
global maximum point of the function R"(su) which can be found precisely:
— VulPde\ 77
st - (BT
(v=q) [ [updz

Substituting S;e.(u) into R"(su) we obtain the following nonlinear generalized
Rayleigh quotient

(J |Vulpdz) =
" uleda (f Julrde)

_\
where ¢, , = =2 (24 .
p—q \7—¢
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Notice that N(u) =0, Mu) =X & P\ (u) =0, ®{(u) =0. (8)

Consider the nonlinear generalized Rayleigh extremal value:

VulPdz)>=r
A= inf Au)=c¢,, inf [ [Vuldz)- — 9)
uGWOl’p\O UGWOI’p\Of’u‘(Idx (f|u"¥dgj)ﬁ

The Sobolev inequalities imply that 0 < A\* < 400. Now we are able to prove the
following

Lemma 3.3. Let A > 0.
(1) If X < Mui), then ut is a nonzero minimizer of (M5).

(2)  If A < Auy), then us is a nonzero weak solution of (7).

Proof. Let us show (1). Let (uf) be a minimizing sequence of (M?*) such that
u)i\ € W\ 0 is its limit point in the weak topology of VVO1 P and in the strong
topology of L™, 1 < r < p*.

The assumption A < A(uy) implies the existence of ¢ (uy) > 0. Hence,

A= RNt (uy)uy) < hm}rnfR"(ti(u/\)ui) (10)
m——+00
Since R™(u;h) = A, (R™) (ut) > 0, m = 1,..., (10) yields that 1 < t*(u}), and
thus
Ot (ul)uf) < Py(uf) < hm}rnffl),\( )= of.
m—r—+00

In view of that t"(uf)ul € N, this implies that uf is a minimizer of (M;").
Similarly, (10) implies that ®, (¢t~ (uy )u,,) < ®A(v,,), m =1,..., and thus

O, (¢t~ (uy)uy) < liminf @, (¢~ (uy )u;,) < liminf @y (u,) = },

m——+00 m——+00

which yields that ) is a minimizer of (M, ). From here and Corollary 3.1 it follows
(2). O

Theorem 3.4. Assume that A\ € (0,\*). Then (7) has two distinct weak positive

solutions uy , uy such that ®(uy) > 0, ®{(uy) < 0. Moreover, uy is a ground state

of (7), uy € CY*(Q), a € (0,1).

Proof. Observe for A € (0, \*), we have A < A\* < A(uy). Hence Lemma 3.3 implies
that uf is a weak solution of (7). Since ®,(|u|) = ®(u), ®\(|lu]) = P)\(u) for
u € Wy'*, we may assume that uf\c > 0 in 2. By the bootstrap argument and the
Sobolev embedding theorem it follows that uf € L. Then C** -regularity results of
DiBenedetto [18] and Tolksdorf [44] (interior regularity) combined with Lieberman
[33] (regularity up to the boundary) yield uy € C*(Q), for some a € (0, 1). Finally,
the Harnack inequality due to Trudinger [45] implies that u3 > 0 in €. O

We need the following lemma on a continuation to a limit point A° > 0.
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Lemma 3.5. Assume that \° > 0. Let \,, = A\° as m — +oo, and (u im) is a
sequence of minimizers of (Mi ) such that D®y, (uy ) =0, m = 1,.... Then
there exists a weak solution uy, of (7), which is a minimizer of (Ms5). Moreover

(IDi —>(I>>\o as m — +00o.

Proof. Let A\, —> A° as m — 400, and (uy ) be a sequence of minimizers of (M; )
such that D®y  (uy ) =0,m=1,. Analy51s similar to that in the proof of Lemma

3.2 shows that there exist nonzero Weak limit points uf,, € VVO1 P\ 0 of the sequences

(uy). Hence passing to the limit in D@Am(ufm) = 0 we obtain D®y.(us,) = 0.

Thus, u3, is a weak solution of (7).

Moreover, since 0 = ®,(u3,) < liminf,, ;. P} (uM) = 0, it can be concluded

that uf — ufo strongly in VVO1 P and, in particular, <I> = Dy (uf,) as m — +o0.
To prove that u3, is a minimize of (Mg;), it is sufficient to show that &, = @0 (ul,).

Conversely, suppose that CID/\O < ®yo(u3,). Then there exists w™ € N5 such that
Pyo(wF) = Pro(ui,) — & for some £ > 0. Evidently, for any ¢ > 0, one can find

me such that [®yo(w®) — @y, (£ (wh)w*)| < e and |<i>fm — ®yo(us,)| < € for every
m > m.. Hence we have

Pyo(ul,) — € < i)fm <0y, (B (WH)wF) < Pro(w™) + €= Pro(uy,) — ki + €

which implies a contradiction. Thus we have (ffo = ®yo(u3,), and (ff — o Yo as

m — +00. u

We need also the zero-level energy Rayleigh quotient

5 IVulPdae — 2 [ upda
il ulids ’

RE(u) := R°(0;u) = e WP\ 0.

Notice that R¢(u) = A < ®,(u) = 0. A computation similar to that has been
used above for R"(u) shows that the unique critical point of R¢(su) in s > 0 is a
global maximum point s (u) and one can introduce the corresponding nonlinear
generalized Rayleigh quotient A\°(u) = R(s,,,(u)u). Moreover, for u € W, \ 0,

DX (u) =0, A*(u) =X < DPye(s8,.(w)u) =0, Pye(ss, . (u)u) =0 (11)
A(u) = cpgA(u), where ¢, = qp(: » /p(z 2 (12)

It is not hard to show that A°(u) < A(u), Vu € W7\ 0.

Theorem 3.6. For A = \*, (7) has two distinct weak positive solutions uy., uy.

such that & (ul.) > 0, ®%.(uy.) < 0, &}, < &5.. Moreover, ul., uy. are minimizers
of (M), (M), respectively; u, is a ground state of (7); uy € C+*(Q), a € (0,1).

Proof. The existence of the weak solutions u}., uy. which are minimizers of (M),
(M), respectively, follows from Theorem 3.4 and Lemma 3.5.

Suppose, contrary to our claim, that ®%.(u3.) = 0. Then by (8), \* = A(uf.).
Because of (9), this implies DA(uA*) = 0, and consequently DA°(u3.) = 0. Hence
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D®ye (6, (Ui )ui.) = 0, where \° := \°(ui.). Since we have also D®y-(ui.) = 0
and \® < \*, we get a contradiction. The rest of the proof works as the proof of
Theorem 3.4. ]

In the case A > \*, we have

Theorem 3.7. There exists A € (\*, +00] such that for any A € (\*, \) problem (7)

has a ground state uy such that ®(uf) > 0. Moreover uy is a minimizer of My,

ui € CH(Q), a € (0,1), uf >0 in Q.

Proof. By Lemma 3.3, it is sufficient to show that there exists A > A\* such that
A < AMu)), for any X € (A%, \).

Suppose this is false. Then one can find a sequence \,, > \*, m = 1,... such that
Am = X as m — 400 and A(uy ) < A, Vm = 1,.... An analysis similar to
that in the proof of Lemma 3.2 shows that there exists a nonzero weak limit point
it € W,P\0 and a subsequence, which we still denote by (uy ), suchthat ui — at

weakly in AW01 P and strongly in L?, 1 < B < 2*. Moreover, we may assume that
limp, 400 P = ¢T for some ¢t < 0.

Suppose that the convergence uy — 4" is not strong in Wy Since \* < A(a),
there exists t1. (@) > 0 such that

* __ Pn 4t (S 5+ L ni+t (YT ) < limi T ) < limi — \*
A =Rt (a")a )<1T}LIEJ1FI£R (ty(a")uy ) _grgilgk(u/\) _grg}rrgg/\m A*

We get a contradiction, and thus uj\Lm — u" strongly in I/VO1 P Consequently,

CID,\m(u;m) — Oy« (’ZL+) = Q;J'_ as m — +00.
Let us show that ®y«(a") < Cij\’ Indeed, by Theorem 3.6, there exists a minimizer

uf. of (ML) and A\* < A(u}). Then for sufficiently large m, A, < A(u}), and thus
there exists £} (u}.) > 0. Evidently, t{ (u}.) — 1 as m — +o0. Hence,

Jdu)Y = T T ) < ; Ht
(I))\ (U ) mliIEoo (I)AM(U/\") mlig}oo (I)Am

< lim_ Gy (¢, (uf)ul) < lim @y (6, (uf)uf) = B
and thus, ®y-(at) < ®F.. Observe, A(@") = limy,_, o Auy ) < A* since by the
assumption A(uy ) < Ap, Ym = 1,.... In view of (9), this implies A(a*) = \*,
and consequently,®).(a") = 0, ®Y.(a") = 0. Hence, we have at € N NN;..
Using Theorem 3.6, we conclude that ®y. (i) = ®&f. < ®;. < &y ("), which is a
contradiction. O

One can make the following conclusion about a limit point of the branch of ground
states obtained by Nehari manifold method. For A > 0, denote by G the set of
ground states of (7) and by

no={ue WyP\0:dF = d,(u), A< Au)}
the subset of minimizes of (M)), and define

= {u e WiP\0:dF = dy(u), A< Au)}.
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The above results yield that for any A > 0, G} = G, if GY # (). On the other
hand, by in large, it is possible that G # ), while G¥ = (). Thus, it makes sense
to consider the ground states obtained by means of Nehari manifold method as a
particular branch. The family of set G% which satisfies G} # (), we call the Nehari
manifold ground states branch.

It is known that the convex-concave problem (7) possesses upper bound of the set
positive solutions, namely, there exists A’ € (0, +o00) such that for any A > \b, (7)
has no positive solutions. For the proof of this assertion, in the case p = 2, we refer
the reader to Ambrosetti, Brezis, Cerami [3]. The case p # 2, can be handled in
much the same way using Picone’s identity [2, 22].

Theorem 3.8. There exists a limit value A/ € (\*, +00) of the branch of the Nehari
manifold ground states such that:

(i) GY#0 for any X € (0,\);

(ii) there ezists a weak solution u}, of (7) and u, € G%;

(ili) there exists a sequence (Ap)2_y C (M, 400) such that A, L N, and G%

forallm=1,....

Proof. Define A = inf{\ > 0: G} = ()}. By the above results, A/ > \*, moreover,
G contains a weak positive solution of (7), and thus, A/ < \* < +00. Lemma 3.5

yields that there exists a weak solution u}; of (7) which is a minimizer of (M), and
thus, uf, € GY;. Hence, we get (i), (ii). The proof of (iii) is straightforward. O

0,

Remark 3.9. We anticipate that A/ coincides with \°.

Remark 3.10. The existence of two distinct positive solutions of (7) can be ob-
tained by the Nehari manifold method without finding the Nehari manifold extreme
value \*, if A is sufficiently close to 0, where it can be shown by appropriate esti-
mates that N0 == {u € Wy \ 0: ®,(u) =0, ®/(u) = 0} = 0 (see, e.g, [11]). In
this regard, note that the existence results in Theorems 3.6, 3.7, 3.8 for A € [\*, \/]
correspond to the case NY # (.

Remark 3.11. For some other type of equations, results similar in Theorems 3.6,
3.7, that is in the case Ny # (), can also be obtained using spectral analysis with
respect to the fibering procedure (see, for instance, [30, 42]).

4. Recursive nonlinear generalized Rayleigh quotient method

This section contains some extensions of the results in [12]. We consider a problem
when the fibering function @, (tu) may have more than two critical points for some
u € W and A € R. In this case, a direct application of the nonlinear generalized
Rayleigh quotient method may not be sufficient. Moreover, for such problems, it
may require taking into account more than one of parameters of the problem. Below
we show how this difficulty can be overcome by using, introduced in [12], recursive
application of the nonlinear generalized Rayleigh quotient method.

Let Q C RY be a bounded smooth domain, N > 1. Consider the following boundary
value problem
—Apu = |u]"?u+ plu|*?u — Nu|"?u in Q,

1
u=0 on Of). (13)
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Herel <g<a<p<y<pt, p*:ﬂifp<N p*=4oc0ifp> N,and \, u € R.

By a weak solution of (13) we mean a critical point u € W P of the energy functional

1
e /\Vu\pd:z:+ /\u|qu——/yu\a——/|umx.
Y

It easily seen that for u € W, *\ 0, the fibering function ®, ,(su) may have at most
three nonzero critical points

0< Sg,u(u) < si#(u) < si”(u) < 00
such that (see Figure 4.1)
O (83 (wu) <0, @5 (s)

A (u)u) <0.

(wu) >0, @5, (s3

Observe that the case sg\’u(u) = s%_,(u) may occur for some j, k € {0,1,2}, j # k,

[0))

\
VoD u(su)

) 53w 83,)

Figure 4.1: Fibering function ®y ,(su), s >0, u € Wol’p.

and so ®f (s7(u)u) = 0 would be true. An additional difficulty, in application of
the Nehari manifold method, is that the critical points s} ,(u), s3 ,(u) satisfy the
same condition ®} (s} ,(u)u) <0, ®§ (s3 ,(u)u) <O0.

To apply the Nehari manifold method, we need to find the values of A, i for which the
strong inequalities 0 < 53 ,(u) < s} ,(u) < s3 ,(u) hold. We solve this problem by
recursively application of the nonlinear generalized Rayleigh quotient method so that
the simplest problem (the so-called problem of zero codimension of degeneracies) will
be used at the final step of the recursion.

In the first step of the recursive procedure, we consider

JIVulPde + X [ |u]? = [|u|"dz
[ |u|>dzx ’

Ry (u) = u€ WyP\0, A €R. (14)

Notice that for u € Wy\0, R} (u) = p < ®) ,(u) = 0. Furthermore, it readily cheek
that Ry (u) = p, (R})'(u) <0(>0)(=0) & ) ,(u) =0, § ,(u) <0(>0)(=0).

A simple analysis shows that for any v € W, \ 0, the fibering function R} (tu) may
have at most two non-zero fibering critical points such that

0 <ty (u) <tV (u) < +oo,
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where )" (u) is a local minimum, ¢}~ (u) is a local maximum point of RY(tu), and
0< SRM(U) < ti\“(u) < Si,u@) <tV (u) < siu(u) < 0. (15)
Thus, (R}) (t3* (u)u) = 0 and Ry(s5 (w)u) = p, k= 0,1,2 (see Figure 4.2).

In the second step of the recursive procedure, we apply the nonlinear generalized
Rayleigh quotient method to the functional RY with respect to the parameter A,
i.e., we consider

Ay o =) [Vl dr — (5 —a) [ jup o
(o = q) [ [u|? dx
Notice that for any u € Wy \ 0, (R}) (tu) = 0 < A"(tu) = A. Observe that the
only solution of £A"(tu) = 0 is a global maximum point of the function A" (tu) (see
Figure 4.3) which is defined by

. B f ‘vu‘p d.f[,' 1/(v—p) 1p
t (U) = (CnW s Yu € WO \0,

. u e WP\ 0. (16)

_(p—a)p—q)
S P Yo

Consider the corresponding nonlinear generalized Rayleigh \-quotient

(f |Vl da)>=

where

A (u) = A"(t"(u)u) = ¢ P (17)
(J fult da) ([ [ul dz)>=>
which has the following nonlinear generalized Rayleigh A-extremal value
P dy)vr
A= inf supA"(tu) =cj inf [ [Vul da) (18)

T uewy o ([ [ula da)([ ul dz)5

u€WyP\0 t>0

J—4q

pP—gq
n _ (p—a)r(p—qg) (v —p)
where Comy = P -

(a=q)(y—a)r(y—q)r

It is not hard to show the following (see, e.g., [12])
Proposition 4.1. For any A € (0,\") and u € W,* \ 0, the function R%(tu) has

precisely two distinct critical points such that 0 < ty"(u) < V7 (u). Moreover,
(R (v F (uw)u) > 0 and (RY)" (Y™ (v)u) < 0.
Observe that this and (15) imply that 0 < 3 ,(u) < s3 ,(u) < oo for any A € (0, A").

Notice that for A € (0, A™) we are able to introduce the following nonlinear genera-
lized Rayleigh p-quotients

pa () =R (W), iy (w) = RE(E (w)u), u € WP\ 0,

resulting in the following nonlinear generalized Rayleigh p-extremal values

= it () (19
ueW, P\0
= it (), (20)

u€W,P\0
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Proposition 4.2. Assume that A\ € (0,\") and p < py~. Then there exists
s3,.(w) >tV (u) such that (RY)'(s3 ,(u)u) < 0, de., ®F (3 ,(u)u) < 0 for any
ue Wy"?\0.

Proof. Let u € Wy \ 0. If < gy, then p < pv™ < ™ (u) = RY(EY™ (w)u).

Hence and since the function R%(tu) monotone decreases on (ty'~ (u), +00), there
exists a solution 3 ,(u) € (ty™ (u),+00) of the equation RY(su) = p such that
(R (53 ,(w)u) <0, and consequently, ® ,(s3 ,(u)u) < 0. O

However, this assertion is not sufficient to construct a solution corresponding to
the critical point s3 ,(u) by the Nehari manifold method since @, ,(su) may have
another critical point s} ,(u) which satisfies ® ,(s3 ,(u)u) < 0.

We overcome this difficulty by using the following zero-level energy Rayleigh quotient

1 f|Vu|pdx—|— f|u|qu— [ Ju]” dz

Re
a(u) = if|u|adx ’

ue W,?\0,

which is characterized by the fact that
Ri(u) =p < @, ,(u)=0.

The Rayleigh quotient RS (u) possesses similar properties to that RY(u). In partic-
ular, the fibering function R (tu) may have at most two non-zero fibering critical
points

0 < t5"(u) <5 (u) < +o0

so that ¢$ (u) is a local minimum, while £~ (u) is a local maximum point of RS (tu).

Moreover, the same conclusion as for A"(u) can be drawn for the Rayleigh quotient

(o= a)f]Vu]pdx B9 |7 da
(a—q)f|u|q dx

which is characterized by the fact that (R$)'(tu) = 0 < A*(tu) = 0, for u € W, \0.

A“(u) = g (21)

The unique solution of £A°(tu) = 0 is a global maximum point of the function
A¢(tu) defined by

K

P 1/(v=p) .
te(u) = <CBW) y Yu € WO P \ O, (22)
%4

o —1p=a)p—q)

where p(y —a)(y—q)

Thus we have the following additional nonlinear generalized Rayleigh \-extremal
value

=P
A°=inf supA°(tu) =g, inf Lﬂ,. (23)
MWD 0 I G a7

which makes it possible to split the extremal points of the functionals RS, indeed,
we have
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Proposition 4.3. For any A € (0,)°) and u € W, \ 0, the function RS (tu) has
precisely two distinct critical points such that 0 < t5"(u) < 57 (u). Moreover,
(RS)" (5" (w)u) > 0, (R)"(t5" (w)u) < 0.

Thus, for A € (0,)°), we have the following nonlinear generalized Rayleigh -
quotients

e, L e [4€, e,— L n(pe,— 1,
Py (u) =R (W), ps (u) = RS (wu), uwe Wy \ 0
with corresponding nonlinear generalized Rayleigh ji-extremal values

pst=inf o pSt(w), pyT = inf o pgT(w). (24)
ueW, P\0 ueWyP\0

The relationships among the NG-Rayleigh quotients is given by the following lemma
Lemma 4.4. Assume that 1 < g <a <p<-~, u€ Wy"\0,t>0.

(i) A°(tu) = A"(tu) & t=1t%(u),

(i) R§(tu) = Ry(tu) & t =57 (u) or t =t (u), YA € (0, %),

(iil) V7 (u) < 57 (u) < to(u) < 57 (u) < 5 (u), YA € (0,)°).

Lemma 4.4 can be illustrated by the Figures 4.2 and 4.3.

R A
A" (w)
A" (tu)
A(u)
N (tu)
17,}.+ -e‘+ — 4€— 0 n € t
0 vt e t ot

Figure 4.2: The functions R (tu), R}(tv) Figure 4.3: The functions A™(tu), A°(tu)
Proof. The equality A°(tu) = A™(tu) is equivalent to
- —a) 1 0 -q)
tpqup—(7 CY)t”qu%:q(tpq—up—twq uﬂ).
[[uell¥ =) lullz p|| I 7(p_a)H Iz
Hence,

N ) (e a)tlquuH’f _ -9l - Cwt%q*lﬂu”} = (A(tu)),

which implies (i).
Observe, RS (tu) = Ry (tu) for t > 0 if and only if

atP~@ Aot~ 7@
p [Jwllf + - |7y

P ullf + M ull e — 7 ullzy, =
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which is equivalent to

(p — Oé) —a i Sl SV )\(Oé — q) —«
0="——"t"ullf — ——t"ulz, — ——t"|ull7,
p Y q

-l
= R (A () - ).

Since (RS)'(tu) = 0 < A(tu) = 0, we get (ii). The proof of (iii) follows from (i)
and (ii). O

Lemma 4.5. Assume that 1 < g<a <p<-~vy<p*. Then
(1) 0< A< A" < o0,

(2) 0<puy™ <puST < plT <y < 4oo for A€ (0,)°),
(3) 0<puy™ <py™ < +oo for X € (0,\).

The proof is similar to Theorem 2.1 in [12].

Theorem 4.6. Assume that 1 < ¢ < a <p <~y <p*. Then

(1) For any A € (0,X°), p € (S, uy™), problem (13) possesses a weak positive
solution u} , € C'*(Q), k € (0,1) such that

Dy pu(uy,) <0, @ (u},)>0. (25)
Moreover, u}w is a ground state of (13).

(2) Forany A € (0,A"), p € (uy ™, py™), problem (13) has a weak positive solution
ui,, € CY(Q), k € (0,1) such that

Dy p(uy,) <0, @ (u},) <0 (26)
Proof. Consider the Nehari manifold
Nayi={u e WyP\0: Ri(u) =pu} ={ucWy”\0: @) ,(u) = 0}.

Observe that @, , is coercive on N, ,, VA > 0, Vi € R. Indeed, by the Sobolev
inequality,

TP o
Prp(w) 2 === luly = nClullt, vu € My,

where C' < 400 does not depend on v € N, ,. Since a < p, this implies that
D) . (u) = 400 if |Jully — +o0 and u € N, .

(1) Define RNy, = {u € Ny, : (R})(u) >0} and consider
Ciﬁw = min{®, ,(u) : ue RN, ,}. (27)

Observe (iJ}\# < 0. Indeed, we have p < py™ < ™ (u), Yu € W, "\ 0, and therefore,
for each p € (u§™, ™), there exists @ € W, * \ 0 such that

pS () < p < py (@)
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Lemma 4.4 implies that s} ,(a) € (57 (w), ¢S (@) and Ry(ta) > R§(tw) for all
t € (t57(w),t5 (). Hence, = RE(s} L)) > RS () ,(@)1), and thus,

< By (s, (@)a) < 0.

In addition, we derive that Yu € (u$™, uy™), we have RN, # 0, YA € (0,)1°), and
RS (u) < p for any u € RN .

Let u,, be a minimizing sequence of (27), i.e.,

q))\vli(um) — ci)i,,u? q)l)\,,u,(um) = 07 (R;\Z)/(um) > 07 m = ]-7 et

By the coercivity of @y, on N, the sequence (u,,) is bounded in W,* and thus,
up to a subsequence,

U — @' strongly in L, and weakly in W7,

for some al < WOLp’ where 7 < (17p*) Observe that we have
@A,y(le) S hHl lnf (I)/\,,u,(um) — &iu < 0’
m—00 ,

and thus ' # 0.

Notice that A < A < A" < A¢(a') < A"(@'). Consequently, there exist nonlinear
generalized Rayleigh p-quotients p§ " (a'), uy ™ (@') such that ™ (al) < by~ (at).
If < p$™(ah), then Ry (a') < pand RS (') < pimply 0 < s3,,(4") < 1. Moreover,
by Lemma 4.4, 157 (a') < 57 (@) < 83 ,(@') < 1. On the other hand,

0= (R)/(5" (a)') < lim inf(R) (15 (8.

m—ro0
and thus, 57 (uy,) < 157 (@') < 7 (u,), m = 1,2, .. .. From this and since
p< () = RE(E (@) < liminf R (65 (@)u)
and RS (un) < p for m = 1,2,..., it follows that 1 < 57 (a!). We thus get a
contradiction: 1 < 57 (a') < 3 ,(a') < 1.

Thus p§" (@) < p < iy~ (@'), and there exists sy (@) € (s3 ,(a'),s3 ,(u")) with

p="RA(sy,(ul)u') < liminf RY (s, (@')um),

m—00

0 < (RY) (s5,(@")a') < liminf(RY)' (53, (@ )um)-
11) < si,#(um), m =1,2,.... Hence, in view of

m—oQ
“1@ : 1 1 (a1
L(uh)ut), we obtain RY(tu') < p, vt € (1, sy ,(u')),
(1,s3,(a")). Hence

This means that 1 = S)\ (Up) < s
that RY(u') < n and pu = RY(s}
that is ®) (ta') < 0 for any t €

it

(I)Au(s/\u( ) )<<I>/\u( )<hm1nf<1>,\u(um) (fiw

m—r0o0

which yields that a' is a minimizer of (27). In view of u < pyT < py (u') we have
(R%)'(u) > 0, and consequently, we infer that uy , := @' weakly satisfies (13).
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A trivial verification shows that uiu is a ground state. The rest of the proof is
similar to that in Theorem 3.4.

(2) Consider Ci)iu = min{®, ,(u) : ueRNY,}, (28)
where RNZ, ={ueNyu: (RY) (u) <0, R§(u) < p}.

The assumption p € (u$ ™, uy") implies that there exists @ € Wy™* \ 0 such that
py~ (@) < p < py~ (). Hence, by Proposition 4.2, there exists s3 ,(u) > t\'" (u)
such that (RY)'(s3 ,(@)u) < 0. Moreover, u > p3™ (4) > R§(s3,(@)a), and thus,
s3,(W)a € RN . Hence, RN, # 0, VA € (0,A"), Vi € (uy~,py"). Note that
the inequality RS (u) < u, for u € RN, /\2# implies @, ,(u) < 0, and consequently,
o3, <0.

Let (u,,) be a minimizing sequence of (28). Similar to the proof of (1) one deduces

that there exists a subsequence, which we again denote by (u,,), and a nonzero limit
point @2 such that

U, — @ strongly in L, r € (1,p*), and weakly in W,
As above in the proof of (1), it follows that A < A"(@?) and p < /A ~(u?). Conse-
quently, there exist s3 ,(@) > 0 and 5 (@2) > 0 with 17 (@) < £3 (72), and
= R’;(siﬂ(QQ)TLQ) < lim inf R’;(s?\#(ﬂg)um),

0= (RY) (7™ (a®)a®) < hminf(RY) (17 (@) ).
m—0o0
The first inequality implies that s3 ,(@*) € (0, sgu(um)) U (83, (tum), 83, (um) = 1),
whereas from the second we get %'~ (a%) € (v (tm), 15y (um)), m = 1,2, .. ..

Hence we get 83, (um) < 3" (um) <t (@) < 53 ,(@?), and thus we have

(W) € (53, (tm), 53, (um)), m=1,2,.
Since @), ,(tu,,) > 0 for any t € (s}, (um), iu(um)) =1,2,..., we have
Dy (53, (u?)u’) < liminf Dy,

(
< 2
lgilo%f Dy (5%

53, (@)tm)
()un) = 82, < 0. (29)

The inequality ®y,(s3 ,(7*)a*) < 0 implies R§(s2(@*)a*) < p. Thus we obtain
so(u?)u? € RNR ,, and sy(a)a? is a minimizer of (28). By (29), this implies that

U — U* strongly in Wy” and s3 ,(4%) = 1. Consequently, u3 , := @ is a minimizer
of (28). The rest of the proof works as before. O

Corollary 4.7. Assume that 1 < g < a < p < v < p*. Then for any X € (0, \°)
and | € (uf\’_,u_’;’_), problem (13) possesses two distinct weak positive solutions
uy U3, € CH(Q), k€ (0,1) such that

@Avﬂ(ui,p) < 07 /)(,u(u)\ ,u) > 0 q)A #(u)\ ,u) < 0 /)i,,u(ui,,u,) < 0.

Moreover, uiw is a ground state of (13).
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Remark 4.8. We anticipate that (13) has a third positive solution. This leads us
to the conjecture that the branch of solutions to (13) has of S-shape type bifurcation
curve, see Figure 4.4.

[l w

l[upllw

Figure 4.4: The branches of solutions to (13) with fix X\ € (0, \°).

Remark 4.9. Lubushev in [35], Bobkov, Drabek, Hernandez in [8] using global and
local minimizations, fibering method and mountain pass theorem as well, obtained
the existence of three positive solution for equation (13) in the case 1 < ¢ <p < o <
v < p*, for some A\, u € (—00,0). However, the geometry of the fibering function
@, ,(tu) in this case is different than that have been considered above for (13). This
fact prevents a direct application of the result of [8, 35] to our problem.

Remark 4.10. We wonder if one can find solution u5 , as in Theorem 4.6 without
using the Rayleigh quotients RY(u), R§(u) as in (27) and (28). Note that the
function @Y’ (su) can change sign twice on (0, +o0) if v < a+1 (see e.g. [12]), that
can cause difficulties in the splitting the critical points of ®, ,(u) if the NG-Rayleigh
quotients are not used.

5. Prescribed energy solution of the zero frequency problem

In this section, we use the energy level Rayleigh quotient method to prove an exis-
tence of solution of the following zero-frequency problem [28] (which is also called
the ”zero mass” case problem (cf. [6]):

—Au — plulP2u + |u|?u =0, reRY, (30)

where p,q € (2,2*), N > 3 and u € R. The problem has a variational structure and
the associated energy functional

1 s Ky, Ly
= 5 - = - d
u(1) /(2|VUI plul+ Ll de

is defined in D := DM2(RN) N LI(RY) N LP(RY), where
D2 = DYA(RY) := {u € L* (RY) : Vu € L*(RY)}

the space with norm ||u|lpi2 := [ |Vu|?dz (cf. [6, 46]).
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For u € D, we denote u, := u(z/c), z € RN, ¢ > 0, and

T(u) = / |Vul?de, A(u) := / |ulP dz, B(u) := / |ul? dx.
For F > 0, consider the energy level Rayleigh quotient

17 1B(w) - FE
RE(u) = 2 1( >1—f(11(u§ )

Let u e D\ 0, E > 0, 0 > 0, consider

o 22T (u) + %B(u) —o VE

s A(u)
d » 4. (NE\¥
Then 2o (0)=0 & o=0"(u):= (W)

Hence, we are able to introduce the following nonlinear generalized Rayleigh quotient

MEQ) = R uonc) = s (FT09 () + 1800 )

Afu) \ 2 q
N -2
where ch = (N—)Q
N2 F-5

Observe that M¥(u) is a 0-homogeneous functional with respect to the scale change
0 +— u,. Furthermore, it easy to see that

DMP(u) =0, M®(u) = p,0%(u) =1 & DE,(u)=0,E,(u)=E. (32)

For every u € D\ 0, consider the fibering function

X2 PP (u) + L1977 B(u)
ME(tu) = Alw) g , t>0.

1
p
Notice that if 2 < p < q¢ < 2%, then (M%) (tu) # 0, Vt > 0, Yu € D. Hence, by (32)

we have

Corollary 5.1. If2 < p < g < 2%, then (30) has no weak solution in D\ 0 with any
enerqgy level E2 > 0.

Assume that 2 < ¢ < p < 2*. Tt is easily seen that the function ¢ — MFE(tu) attains
its global minimum at the unique point

1/(2%—
tE() B(u) /(2" =q)
u) = ,
Cza,q,N,J‘JT(N]X2> (u)
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where ¢, , v = ckq(2* — p)/(2(p — q)). Define

(p—aq)

B ()15 ()

E(, N\ . AfE(4+E e arE _
) = MEGE () = npip ME(00) = G — gt (33)
) ) N
where CpgNE = %, (34)
ET-on-9
(p—a)
(N —=2)q(2"—p)\®9 p(2" —q)
and c(p,q,N) = < —_. 35
( ) Nz 2(p—q) q(2* = p) (%)
Corollary 5.2.
(1) DuF(u) =0, u¥(u) =p, c¥(u) =t¥(u) =1 < DE,(u) =0, E,(u) = E;
(2) pE(u) is a multi-homogeneous functional on D, namely:
pF(u) = pF(u,) = pf(tu), Vo > 0, ¥Vt > 0, Yu € D\ 0.
29(2"—p) _ 2p(2"—q)
Define (3 := qpq), p = 2p(p qq) and
2(p—q)
lullZalVullz. _ BT,
wu) == = w(u), weD\O.
W= Tl = g My v EP
Consid o= inf : 36
onsider ué%\ou(u) (36)
N
Define = PN g s, (37)
FE @ -9-2)
By the Gagliardo—Nirenberg interpolation inequality
/|u|pda: < Cyy /|Vu|2 dx) 2<2*—Q> /|u|q dx) =
(p—q)
& A(u) < Cy (T () 555 (B(u)) 5 (38)

where the constant Cy,, does not depend on u € D. Hence 0 < i < 400.

Theorem 5.3. Assume that 2 < q < p < 2*, N > 3. There exists a minimizer
e of (36) which is a weak solution of (30) with u = p¥ and prescribed energy

E:z(u) = E. Moreover, ﬂgE >0 in RY, ngE € C%(RYN).

Proof. Let (v;) be a minimizing sequence of (36), i.e., u(v;) — @ as i — oco. Set
U; = tl . (Ui)a'” 1= 1,2, cey where

= (Uorl el 2, = (sl sl )=,

Then ||u;||zr =1 and ||u;]|pe = 1,4 =1,2,..., and by the homogeneity of u(u), (u;)
is a minimizing sequence of (36). Since i < 400, (||Vu;||z2) is bounded, and thus
(u;) is bounded in D and in W,2*(RY). Thus, by the Banach-Alaoglu and Sobolev
embedding theorems, there exists a subsequence, still denoted by (u;), such that

u; = u* in D, ;=0 in L) . 1<~y<2 and uw; — 4" a.e. on RY,

loc?

for some u* € D.
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Let r > 0. Observe that
d := liminf sup / |u;|" dz > 0,
(y;r)

1— 00 yERN

for each v € (1,p). Indeed, if this is not true, then by the Lions lemma (see
Lemma 1.1 p.231, in [34]), u; — 0 in LP(RY), which is impossible since |lu;||z» = 1,
1=1,. Thus, passing to a subsequence if necessary, we may assume that there
exists (yl) - ]RN such that there holds fB |ul| dr > /2, Vi = 1,.... Hence,

redefining u; := u;(- + y,) if necessary, we have

/ lu;|*dx > /2, 1 =1,...,
B(0;r)

which implies that @* # 0.
Recall the Brezis-Lieb Lemma (see [34]):

Lemma 5.4. Assume (uy,) is bounded in L7(RY), 1 <~ < +00 and u, — u a. e.
on RN, then

e L A T R
Hence, we have
IV = Jim [Vl = i 90 — 273 (39
)13 = lm sl — limn flu, — a* |2 (40)
1%, = Jimn [, — T s — a2 (41)

Suppose that lim;_,« [|V(u; — @*)||7. > 0. Hence,
o= lim [V = [V + lim [ 05 — @) s

la*lge | v e =@l ) _  fllatlge |, (= lat)g) 7
> f =+ lim T | =1 + — > [, (42)
(HU Noa = fJug — @ lar)7, (1= [lax]g.)P/

which implies a contradiction. Hence

[V 2 = Jim [ Vol = g, 15 = T ol (7% = lim Jul3,

and consequently, ©* is a minimizer of (36).

Due to the homogeneity of u¥(u), we can find a minimizer ﬁfE € D of (36) which
satisfies o (ﬁf ) =1and t¥ (ﬁfE) = 1. From this it follows that ﬁfE is weak solution
of (30) with g = 4" and prescribed energy E;r(u) = E. Since p”(Jul) = p”(u)
for u € D\ 0, we may assume that ﬁﬁ > 0 in RY. The Brezis & Kato Theorem
[10] and the L estimates for the elliptic problems [1] yield that 4 € W27 (RY),
for any v € (1,+00), and whence by the regularity theory of the solutions of the
elliptic problems, 4, € C*(RY). Consequently, the Harnack inequality [45] implies

that ’ELE>01H RN, O]
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Remark 5.5. The existence of spherically symmetric ground states of the "zero-
mass” case problem (30) including more general form

~Au = g(u), u€ D7

was proved by Berestycki & Lions in [6]. This result is obtained in [6] under certain
hypothesis including the following sufficient condition

9(s)
1 < 0. 43
a5 S @
Notice that in the case 2 < p < ¢ < 2%, lim,_o; g(s)/s?> ! = +00. Thus, Corollary

5.1 yields that condition (43) is also necessary.
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