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We study the normalized solutions of the following fractional Schrodinger system:

(=A)*u = A\u+ py|uP2u + o in RN,

(—=A)*v = Ay + pa|v]|7 v + Bu in RY,
with prescribed mass [y u? = a and [pxv? =b, where s € (0,1), 2 < p,¢ < 2%, f € R and
141, fo2, a, b are all positive constants. Under different assumptions on p, ¢ and § € R, we succeed to
prove several existence and nonexistence results about the normalized solutions. Specifically, in the
case of mass-subcritical nonlinear terms, we overcome the lack of compactness by establishing the
least energy inequality and obtain the existence of the normalized solutions for any given a,b > 0
and 8 € R. While for the mass-supercritical case, we use the generalized Pohozaev equality to get
the boundedness of the Palais-Smale sequence and obtain the positive normalized solution for any

B > 0. Finally, in the fractional Sobolev critical case i.e., p = ¢ = 2%, we give a result about the
nonexistence of the positive solution.
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1. Introduction
In the present paper, we consider the following system of nonlinear fractional Schro-
dinger equations:
(—A)Yu = u+ wuPu+pBv  inRY,
(—A)*v = Av + po|v|T%v + Bu in RY, (1)
u,v € H*(RY),

satisfying the prescribed mass

/ u? =a and/ v? = b, (2)
RN RN

where 0 < s < 1, N > 2, 11, o, a, b are positive parameters, § € R, 2 < p,q < 2%,
2N

and 2; = 7 is the fractional Sobolev critical exponent.
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The fractional Laplacian operator (—A)® is defined as following

s 1 [ u(@+y)+u(r—y) — 2u(z) N
(—A)*u(z) = 3 /RN | dy, for all x € RY.

It can be constructed as the infinitesimal generators of Lévy stable diffusion processes
which have been widely applied to diverse physical phenomena, such as anomalous
diffusion and molecular dynamics(see [3, 10]), and arises in chemistry, biology, fi-
nance areas (see[3, 4] and references therein).

Linearly coupled systems with s = 1 arise in nonlinear optics and have been widely
investigated, mainly in the fixed frequency case, i.e., —A;, —Ay > 0 are prescribed,
see e.g. [2, 14, 15]. In recent years, considerable attentions have been paid to the
problem (1)-(2), that’s to search for solutions of (1) having prescribed mass where
(A1, A2) € R? are unknown and appear as Lagrange multipliers. In the literature
such solutions are called normalized solutions. From the physical point of view,
prescribed mass represents the law of conservation of mass. Hence, it has particular
significance for finding normalized solutions.

In order to obtain the normalized solutions, we usually consider the corresponding
energy functional constrained on S, x Sy, where

Sa = {u c H*(RY) : /]RN lu|? = a}.

However, this process will meet some difficulties: in the mass-supercritical case,
the authors are hard to obtain the existence and boundedness of the Palais-Smale
sequence, the weak limit of the Palais-Smale sequence may not be on S, X S (even in
the radial space), since the embeddings H*(RY) < L?(RY) and H?(RY) — L*(RY)
are not compact. Therefore, it becomes much more complex to study the normalized
solutions of (1) comparing with the study of (1) with prescribed (A1, As) € R2.

As far as we know, many works about normalized solutions of Schrédinger equations
or systems are based on the method due to [5, 6, 7, 8, 9, 17, 18, 19, 20, 26, 27| and
references therein. Luo and Zhang in [24] studied the scalar fractional Schrodinger
equation with combined power nonlinearities, and obtained some existence and
nonexistence results for normalized solutions. The existence of normalized solu-
tions for a fractional Schrodinger system with nonlinear coupling terms has been
proved in [21] by variational methods.

However, there seems to exist no literature concerned about the system (1) with the
mass (2) are prescribed, in spite of the physical relevance of normalized solutions.
Based on this fact, we aim to study this type of problems in the current paper.

The existence of the normalized solutions to (1) can be formulated as follows: given
a,b > 0, our motivation is to look for (u,v, A1, A\s) € H*(RY) x H*(RY) x R x R
solving that

(=A)u = Mu+ py|ulPu+Bv  inRY,
(—A)*v = v + po|v|T%v + Bu in RY,

Janu?=a and  [oyv*=0b.
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A natural approach to searching normalized solutions of (1) satisfying the L?*-norm

constraints
/ u? :=|ul3 =a and / v? = |v]3 = b, (3)
RN RN

consists in finding critical points (u,v) € H*(RY) x H*(RY) of the C* energy func-
tional

1 S S
I(u,v) := / SR 5P +[(=2)50P) = Eful = 2ol - puv, ()
RN p q

under the constraint

S x Sy 1= {(w.v) € H'RY) x H'(RY) /RN uf? = a, /RN 2=} ()

where s € (0,1), N > 2,

/RN ()= / /RQN (ﬁng,ﬂ(ﬂlydwd% (6)

and HRY) := {u € L*(RY) : / |(—A)2ul? < +o0}

RN

is a Hilbert space endowed with the norm [[u|[* = [ox [(—=A)2ul? + u?. Particularly,
the parameters \i, Ao appear as the Lagrange multipliers.

Definition 1.1. We say (u,v) is a normalized ground state of (1)—(2), if it is a
solution to (1)—(2) having minimal energy among all the normalized solutions:

I(t1,9) = inf{I(u,v) : (u,v) solves (1)—(2) for some (A, \y) € R?}. O

In the present paper, we will be mainly concerned about the ground state solutions.
Denote the L?-critical exponent of the fractional Schrédinger equation by

59 4s
D= N
By a simple calculation, in the mass-subcritical case (i.e., p,q < p), I(u,v) is coercive

and bounded from below on S, x Sy, that is,

M(a,b) :== SiI;beI(u, v) > —o0.

In the mass-supercritical case I(u,v) is not bounded from below on S, x S.

Hence inf I(u,v) = —oc.
SaXSb

Thus it is impossible to find a minimum of I (u, v) on S, x Sy, like the mass-subcritical
case. We have to search for a critical point with a minimax characterization. For
simplicity, let v, := %};2). It is convenient to observe that

<1l if2<p<p,
P _Np-=2)) -~ .
— =———¢=1 ifp=7,
2s 4s

>1 ifp<p<2i

We first analyze the mass-subcritical case: 2 < p,q <P, p1, 2 > 0, f € R.
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Theorem 1.2. Let 0 < s <1, N > 2,2 <p,q<p and py,ps > 0, then for any

a>0,b>0, M(a,b) is achieved by (,0) € S, X Sy and (4, 0) is a ground state of

(1)—(2), with the following properties:

(i) if >0, 4,0 are both positive and radially symmetric;

(i) if 8 < 0, a,0 are both radially symmetric, and either u > 0, © < 0 or
u<0, v>0.

If in addition s > % and N < 4s, then A\, s < 0.
Next we consider the mass-supercritical case i.e., p < p,q < 2%.

Theorem 1.3. Suppose % <s<1,2< N <d4s,p<p,q<2and py,pe, > 0.
Then for any a,b > 0, the problem (1)-(2) has a solution (u,0) with A\, Ay < 0.
Furthermore, (4,0) is a positive radially symmetric ground state in the sense that

I(@,0) = inf{I(u,v) : dl|p,, = 0, (u,v) € Sy X Sp},
where P,y is defined in (22).

Remark 1.4. For every § < 0, the problem (1)-(2) has no positive ground state
solutions at all. Indeed, let us assume that (wy, we) is a positive ground state solution
to (1)-(2) with I(wy,wy) = m(a,b), where m(a,b) is defined in (24). By a direct
calculation, we have I(—wy, ws) = I(wy, —ws) < I(wy,ws) = m(a,b). Since (wy, ws)
satisfy P(wy,ws) = P(—wi,wy) = P(wy,—wy) = 0 and (—wy,ws), (wy, —wsy) €
Sa X Sy, we deduce that I(—wq,wq) = I(wy, —wy) > m(a,b), this is a contradiction.

Finally, we consider the case of p = ¢ = 27.

Theorem 1.5. (Nonexistence) Let % <s<1,2< N <ds, pup,pe, 8 > 0 and
suppose p = q = 2%, the problem (1)—(2) has no positive solution.

This paper is organized as follows: In Section 2 we display some preliminary results
which will be used from time to time in the paper. The proof of Theorem 1.2 will
be completed in Section 3. Section 4 is devoted to the proof of Theorem 1.3. In
Section 5, we deal with the fractional Sobolev exponent case and prove Theorem 1.5.
Throughout the paper we denote the norm of LP(RY) by |ul,,

H(RYY) = {u € H¥(RY) : u(x) = u(|z]), » € RV}

For convenience we write H*=H*(R"Y), H=H*(RN)x H*(R"Y), S,, =S, N H:(RY),
H, = H: X H?,Pypy := Pap N H,. The symbol || - || denotes the norm of H or H".
Denoting by u* the symmetric decreasing rearrangement of u € H®. We recall that
(see [22]) for 1 < p < 400,

|u*|, = |ul, and / uvg/ uvr.
RN RN

2. Preliminary results

In this section, we will give several results and notations for convenience.
Let u € H*(RY) and 2 < p < 2%, the fractional Gagliardo-Nirenberg-Sobolev (GNS)
inequality ([16])
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s N(p=2) p_N®-2)
/ |u|p S CN,p,s(/ |(—A)2u|2> 4s (/ |u|2>2 is (7)
RN RN RN

Throughout the paper, we denote by

Cl e Llulc«Npsag_N(Z;m’
g N(q 2)
C'2 = _,LLQCNq sb2 s, (8)
C3:= mln{pggvfs, ‘”2‘;;55}.
It then follows from (7) that
[ . N(z—Q)
B s [ eaE) )
1% s N(Z*2)
o I @ BTN (10)

for any (u,v) € S, x Sp. Let 0 < s < 1. Recall that (see [1, Section 9]) for any
u € H*(RY)

(4))?
< 11
t/ém m—lN% ddy./ﬁw M—VWQdmy (1)

To proceed, it is necessary to recall some results of scalar fractional Schrodinger
equation with mass-subcritical or mass-supercritical nonlinearities. For fixed a > 0,
p>0,2 <p < 2% solving the problem

(=A)*u = M+ plulP~2u  in RY,
u > 0, (12)

f]RN ul* = a,

is equivalent to finding the critical points of the energy functional
s N 1 s 12 I
Ly HRY) = R, Lpu(u) =5 [ |[(=A)2u[" == [ |uf”, (13)
2 RN P JrN

which is constrained on S,. We set
M, u(a) = iglf Ly pu(u). (14)

A straightforward calculation shows that I, , is coercive on S, when 2 < p < p, while
I, ,, is not bounded from below on S, for p < p < 2;. Thanks to the homogeneity of
the nonlinear term, (12) is equivalent to (15) after suitable scalings,

(=A)u+u=|ufu inRY. (15)

It is well known [16, Theorem 3.4] that, for 2 < p < 2*, problem (15) has a unique
positive radial ground state solution, denoted by Qn,. By [24, Theorem 1.2] we
know that if p € (2,p) U (p, 2%), then (12) admits a unique positive radial solution
for any a > 0 and p = 1.
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However, if p = p, (12) has a unique (up to a translation) positive radial solution
when a = |Qnp/3 and p = 1. For simplicity, denote ay = |Qnzl3. As p = P,
formula (7) allows to characterize the critical mass as

— N
-
A TN

Using the homogeneous property, the existence and uniqueness of the ground state
normalized solution to (12) can be obtained easily, then we have the following
Lemma.

Lemma 2.1. Assume N > 2, 2<p<p, u>0.
Then for any a > 0, problem (12) has a unique positive radial minimizer uy, , , € S,.
Moreover, M, ,(a) = I, ,(up,.q.) < 0.

Proof. Since the Lemma can be proved following closely the method of [24, Theo-
rem 1.2], we only provide the summary of the proof. By [16], Qu, is the unique
positive radial ground state solution of (15), since 2 < p < p. It follows that the
unique minimizer of (12) is given by:

1 1
Up,p,a = H p726 1QN,p(;w)7

with 3, r satisfying

-2
SN =1 B =1, Y Quld = a (16)

It is standard to show that M, ,(a) < 0 for 2 < p < p, here we omit the detail. [

Lemma 2.2. Assume that s € [%, 1), 2 < N < 4s and (u,v) € H, is a solution of
(1) with 2 < p,q < 2%. Suppose one of the following conditions holds:

(I) pB>0,u>0v>0;
(II) B <0 eitheru>0,v <0 oru<0,v>0.

Then /\1,/\2 < 0.

Proof. (I)By s € [1,1)and 2 < N < 4s, we infer that 2 < 2. Since u > 0,v > 0
satisfy
(—=A)Su = A\ju+ puP~t + Bo,

it follows that the right hand side is nonnegative if \; > 0. We have from [21,
Lemma 2.7] that « = 0. This contradicts the assumption that v > 0, which implies
that \; < 0. Ay <0 can be proved in the similar way.

(IT) Adopt a similar argument as the case (I). Since u > 0,v < 0, it yields that
(—A)u > 0, if Ay > 0; and (—A)*(—v) > 0, if Ay > 0. We thus have that
u = 0,v = 0. This contradicts the assumption that « > 0,v < 0 , which implies
that Ay < 0, Ay < 0. The proof of the other part is analogous. ]

We will need the following version of Brézis-Lieb Lemmas (see [11]) in the working
space H and H*(RY) respectively. Since their proofs are standard, we would like to
drop them.
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Lemma 2.3. Assume (u,,v,) C H is a bounded sequence and (un,v,) — (u,v)
a.e. in RN, then for 2 <p < 2%, we have

lim [un|? — |ul? — |u, —ulP =0,
n—-+oo RN

lim [on]? = |v|? = v, — v]? =0,
n—-+oo RN

lim UpVp — w0 — (U, — u)(v, —v) = 0.

n—-4o00 RN

Lemma 2.4. Let H*(RY) be the Hilbert space with ||u|}. = [on [(—A)2ul? + u? as

norm. If {u,} C H*(RY) is a bounded sequence and u, — u a.e.in RN then

R (A (A A R
i (llunl B2 = fullEe = llun = ull32) = 0.

Further, we infer that

lim [(=A)2un|* = [(=A)2uf® — [(=A)% (up — u)* = 0.

n—-+o0o RN

3. Mass-subcritical case

In this section, for 2 < p,q <P, p1, u2 >0, B € R, we prove Theorem 1.2.
Lemma 3.1. (1) For any a,b > 0, it follows that M(a,b) € (—o0,0) with
M(a,b) == Sirxlgbf(u,v).

(2)  Foranyay,as, by, by >0, there holds M (ay+ag, by+bs) < M(ay,by)+M (az,bs).

Proof. (1) For any (u,v) € S, x Sy, we have from (9), (10) that

1 S S S N<Zi2)
M) 2 5 [ 1A+ -2yl - Cus( [ I-a)iap)
2 RN RN
N(Z—Q)
= Gos( [ N(=a)iel) T |8Vab,
RN
Since 2 < p,q < p , then %ﬁ, %‘:2) < 1, this implies that for every choice

of a > 0,b > 0, I(u,v) is coercive and bounded below on S, x S,. Particularly,
M (a,b) > —oo0. On the other hand,

I(u,v) = Ip,m(”) + Ly (v) =B i uv.

Since I, 1, (Up i a) = Lp s (—Up py.a) @0 Ly 1y (Vg o b) = 11,1y (—Vg pu00), hence for SR
we immediately get that M(a,b) < M, ,, (a)+ M,,,(b), where I, ,,, I, ,, are defined
in (13); M, (a), M, ,,(b) are defined in (14). It follows from Lemma 2.1 that
M, ., (a) <0, M, ,,(b) < 0. We thus derive that M(a,b) < 0.
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(2) Inspired by [17], for any € > 0, based on the fact that C$°(RY) is dense
in H*(RY), there always exist (¢1,d2), (01, 02) € C&P(RY) x Cg°(RY) satisfying
(1, P2) € Say X Sy, and (@1, p2) € Sa, X Sk, In particular, we may require that
¢1, 1 have the same sign and ¢s, @2 have the same sign. They satisfy

I(¢1,¢2) < M(ay,b1) +¢ and  I(p1,92) < M(ag, by) + €.

Let us suppose that supp ¢; N suppp; = O (for i,j = 1,2). We thus obtain that
(P14 @1, 02 + p2) € Saytay X Spy+p, and that

I(p1 + 1,02 + p2) < I(o1,P2) + L(p1, p2) < M(ar,br) + M(ag, by) + 2¢.

Since ¢ is arbitrary, it then follows that
M(a1+a2,b1—i—bg) S M(al,b1)+M(a2,b2). D
Lemma 3.2. Let M,(a,b) := < inf9 I(u,v), then holds that M,(a,b) = M(a,b).
a,r X b,r
Proof. The inequality M, (a,b) > M (a,b) is obvious since S, X Sy, C S, x Sp. For
any (u,v) € Sy X Sy, we have from (11) that (u*,v*) € Sy, X Sp, and
I(u,v) > I(u*,v%).

It implies that m(a,b) > m,(a,b) and then m,(a,b) = m(a,b). O
Lemma 3.3. Let {(up,v,)} C Sy x Sy be a minimizing sequence for I|s,«s, at the
level M(a,b).

(i) If B >0, then {(Junl, |va])} is also a minimizing sequence.

(ii)  If B <0, then {(=|unl, |va])} or {(Jun|, —|va|)} is also a minimizing sequence.

Proof. (i) Obviously, (|u,],|v.|) € Sy x Sp. We derive from (6) that
[l < [ j-a)bup
RN RN

/IPAW%WS/ (—A)sv,[? and /1WM§/|%W%
RN RN RN RN

Since § > 0, it follows that I(|u,|, |v.|) < I(un,v,). Clearly, {(|u,], |v,|)} is also a
minimizing sequence.

(ii) Adopt a similar argument as that of case (i), for § < 0, we have that
(=lunls [val), (Junl, =|vn]) € Sa X Sp; I(=|ual, |vn]) = I([un], —=|va]) < I(un, vn),

and then (ii) holds true. O

Considering the minimizing sequence (uy, v,) € Sa, X Spr of I|g, x5, at level M (a, b),
it follows from Lemma 3.1 that {(u,,v,)} is bounded in H. Since N > 2, the
embedding H:(RY) — LP(RY) is compact for 2 < p < 2* (see [23]), up to a
subsequence, we deduce that there exists (@, ?) € H, such that (u,,v,) — (@,0) in
H,, (Un,v,) — (1,0) in LP(RY) x LY(RY) and that (u,,v,) — (@, 0) a.e. in RV,
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Lemma 3.4. Let {(un,v,)} be a minimizing sequence for M(a,b) such that
(U, Un) — (@, D) in H, (wp,vy) — (@,0) in LP(RY)x LYRY) for 2 < p,q < 2.

Then (up,v,) = (u,v) in H.
Proof. Due to (u,,v,) — (@, ) in L2(RY) x L*(RY), we have that

/ (up, — @) (v, — 0)dx < |uy, — Ula|v, — 0]a = 0. (17)

RN

Then, combining (9), (10), (17) with (u,, v,) — (@,?) in LP(RY) x LI(RY), it follows

that
M(a,b) < 1(3,5) < lim I(uy,v,) = M(a,b).

n—-+o0o
Clearly ||u,|| = [|@|], ||va]| — ||7|]. Based on the fact that H*® is a Hilbert space, it
is not difficult to check that (u,,v,) = (u,v) in H. O

We need further compactness of {(u,,v,)} in L2(RY) x L2(RY) to proceed with the
compactness of {(un,v,)} in H.

Lemma 3.5. u, — @ in L*(RN), v, = in L*(RY).

Proof. Due to the weakly lower semi-continuity, we have that |u]3 := a; < a,
02 := by < b. Let ay := a — ay, by := b —b;. Next we divide the proof into two
main steps.

Step 1: If a; < a, by < b. We derive from Lemmas 2.3 and 2.4 that
M(a,b) + o(1) = I(up,v,) = I(a,0) + I(u, — @, v, —0) + o(1)
> M(ay,by) + I(u, — @, v, — 0) + o(1), (18)
where (u,, — @, v, —0) — (0,0) in H,; u, —@ — 0 in LP(RY), v, — 0 — 0 in LI(R");
lw,, — a|2 — ay > 0, v, — 0]3 — by > 0. It follows that
I(u, — 4,0, —0) =
=5 [ D = DF A =0 = 8 [ (= )= )+ 0(1)

2 N
— |81V azbs. (19)

Next we estimate —|3|v/agby. If as < by, then for every v € Sp,, we have obviously
(/32v, £v) € Say X S, It yields from Lemma 2.1 that I ua (v, 22 4,) < 0. Now,

take v = Vg, 12 by then for 5 > 0, we see that

45)

I(y/—v,v) =

(Jiv0)

1 a s s Y K1

——/ —QI(—A)2v2+I(—A)2vl2——ZIUIZ— ( )2 [vlf — |8]\/azbs
2RN62 p

1 s
<25 [ =AY = B2lly) - 181V ash
= 2[(1772(1} K2 b2) |6| (lgbg < —|6| V (lgbg,
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while for 8 < 0, we get that

1 a s s
-3/ f<—A>2v2+\<—A>w\2—&rv13—”< ol — 18]/azbs
RN U2 p

1 s
<25 [ =AY - B2lly) 181V ash
RN
22](1772(’0 12 b2) |6| a2b2<—|ﬂ|\/a2b2

Both cases imply that M(az,by) < I, /b—v +v) < —|B]v/ azbs. (20)
2
Substituting (20) into (19), (18) and by Lemma 3.1(2), we infer that

M(a, b) > M(G,l,bl) — ’B|\/ asby > M(al,bl) + M(ag,bg) > M((Il + a2,61 + bg),

this is a contradiction. If as > by, similarly we can also get a contradiction.

Step 2: If a; = a, by < b, then we have as = 0 and by > 0. For convenience, let
M(as,0) := M, ,, (as), M(0,by) := M, ,,(b2). Analogously, it follows that

M(a,b) >M (ay,by) + I(u, — @,v, —0) + o(1)
>M(ar, br) + M(0,b2) = Loy (Vg u5,,) +0(1) > M(a, b).

Similarly if a; < a, by = b, we obtain that
M(a,b) > M(ay,by) + I(u, — @, v, —0) + 0o(1) > M(a,b).

Summing up, we get a contradiction which implies the strong L2-convergence as

desired. ]
Now we begin to proceed with the proof of Theorem 1.2.

Proof of Theorem 1.2. (i) Since having established Lemmas 3.1, 3.2, 3.3 and
Lemmas 3.4, 3.5, we choose {(un, v)} C Sar X Sp, as the nonnegative minimizing
sequence for I|g,«s, at the level M(a,b). Up to a subsequence, we deduce that
(tn,vy) = (w,0) in H,. Particularly (a,?) is a minimizer for M (a,b), that means,
I(@,v)= M/(a,b). Hence, by the Lagrange multiplier rule, there exists (A1, \y) € R?
such that

(—A)sa = Mju + pq|a|P~a + o in RY,

(21)
(—A)ST) = )\gu + ,u2|17|‘1’217 + ﬁﬂ n RN.

Since @ > 0,% 0,0 > 0,%# 0, it follows from the strong maximum principle (see [25,
Proposition 2.17]) that @, > 0. We thus derive from Lemma 2.2 that A;, Ay < 0.

(i) Let {(—|unl, |vn])} C Sar X Spr or {(|tn|, —|vn])} C Sar X Spr be a minimizing
sequence for M(a,b). Using the same notation (i, v), analogously we have that either
u>0,2<0oru<0,0>0. Then we obtain from Lemma 2.2 that A;, A\ < 0. [
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4. Mass-supercritical case

In this section, we consider the case p < p,q < 2%, 1, ft2, 8 > 0 and prove Theorem
1.3.

4.1. Existence of a radial Palais-Smale sequence

We define Pap = {(u,v) € Sy x Sy : P(u,v) =0}, (22)
where

Pl = [ A+ (oo - T2 p X

_ q;%’mq. (23)

2sp 2sq

As a consequence of the Pohozaev identity (see [12, Appendix]), all solutions of (1)—
(2) stay in P,p. Hence if (u,v) € P, is a minimizer of the constraint minimization

m(a,b) = inf I(u,v), (24)

(uvv)EPa,b

and (u,v) solves (1) for some Aj, Ay, then (u,v) is a normalized ground state of
(1)-(2). Clearly m(a,b) > —oo (see Lemma 4.1).

To investigate the minimization problem (24), we introduce a transformation pre-
serving the L?norm: for u € S, and 7 € R™,

N
2

T u(r) = 12u(rr), forae recRY.

Then 7 xu € S,. Define 7 (u,v) := (7 *u, 7 xv) and the fiber maps

2s

O(7,u,v) = Py (T) := I(7 % (u,v))

. . PYp 97
- /ﬁu—Aqu+K—va2—1—ﬂ{/ up — “2/ =3 [ .
2 Jrn p RN q RN RN

We easily get that ®(7,u,v) is a C'-functional. A straightforward calculation yields

2 _ ﬁTpvp—%

P(r  (u,0)) = 7 (/| Akl +|(—A)fv pfufy — Tz o],
s
and @, (7) = 2P(7 * (u,v)). Since being py,,q7, > 2s, for any (u,v) € S, X S,

we observe that there exactly exists an unique 7(,, € (0,+00), which satisfies
P(1Tx (u,v)) > 0iff 0 < 7 < Typ; P(Tww) * (u,v)) = 0 and P(7 x (u,v)) < 0 iff
T > Typ. The map (u,v) € Sy X Sy — T(y) € RT is of class C''(see Proposition 4.2).

Define the functional ¢ : S, X Sy, — RU {400} by

o(u,v) = max I(1 * (u,v)) = max O(1,u,v) = max D, (7).

Then ¢ is continuous and bounded from below.

Lemma 4.1. For any (u,v) € Puy, there exists a positive constant C, > 0 such
that mf fRN ~A)zul2 +|(=A)2v]? > C, > 0. Furthermore, m(a,b) > —oco.
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Proof. Let po := [on [(—A)2ul? + [(=A)20|%. It follows from (9) and (10) that

1 p 1 q
po==Yph1 [ |ul’+ =ygu2 [ |v]
S RN S RN

< (jlmp(/RN |(—A)5u|2> N(p-2)

for any (u,v) € Pgp. Since M, Np=2) o 1, this implies that there exists a positive

4s 4s
constant C, > 0 such that

N(q—2)

2) Y (25)

S

+42¢M(4NK—APU

in /)K—AﬁuF+K—AﬁM2ZC;>O. (26)
RN

(uvv)epa,b

In addition, we derive from (8) and (25) that

Po H2
o) = = By~ 2oty =5 [ o

-2 -2
> ming == D= S5 [0 Dekz el g [
S S

)

2pp 2q7q RN
>Cainf [ AP+ (-A) ol — pvab
> C3C, — BV ab.
Therefore m(a,b) > —oc. O

Proposition 4.2. The map (u,v) € Sy X Sy — Tuw) € RT is of class C.
Proof. Set
Pap = {(u,0) € Py 197, (1) = 0}

— {(00) €Pag 2 (=Dl o+ |(-8) ol = gl + el
R

Let us assume that there exists (u,v) € Py ,. Then combining P(u,v) = 0 defined
n (22) with @, (1) =0, we deduce that

1Y (P — 28)/ [ul? = p1o7,(2s — qvq)/ v,
RN RN

which implies u = 0,v = 0, since py,, ¢y, > 25, p1, e > 0. This is obviously a
contradiction. Thus Py, = (). Using the fact that Do) My = 0, @, Ty <0
and 73276 = (), by the implicit function theorem on <I>’(u7v) (1), it follows that the map
(u,v) = T is of class C*. O
Lemma 4.3. Let m,(a,b) := inf I(u,v), then m.(a,b) = m(a,b).

a,b,r

Proof. Obviously m,(a,b) > m(a,b). Using the properties of symmetric rearrange-
ment, for any (u,v) € Pyp, we know that (u*,v*) € Sy, X S
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It follows from (11) that I(7 % (u,v)) > I(7 % (u*,v*), for any 7 > 0. Hence,

I(u,v) = mggd(T* (u,v)) > mgg;](T* (u*,v")) > m,(a,b),

this implies m(a, b) > m,(a,b) and then m,(a,b) = m(a,b). O

As an immediate corollary, we have

Corollary 4.4. m,(a,b) = m(a,b) = inf o(u,v).
(u,0)E€Sa,rXSp r

Lemma 4.5. There exists a nonnegative radially symmetric Palais-Smale sequence
{(tn,vn)} C Sy X Sy, such that P(u,,v,) =0 and

I(tn, vn) = m(a,b), I'|s, xs,, (Un,vn) = 0 as n — 400.

Proof. Based on [13, Lemma 3.1], we can find a nonnegative sequence {(t,,0,)} C
Sar X Spy such that ¢(t,,0,) = m(a,b) and ¢’ (4, 0,) — 0 as n — oco. From the
definition and properties of ¢(u,v), we know that, for any (u,v) € S,, X Sp,, there
exists a unique 7, > 0 such that

o(u,v) = max I(1 x (u,v)) = max Duo(T) = Puo (Tuw)) = P(T(uw), U, V).

Let 7, := T(a,,5,), it yields that

oy, 0y) = max I(T * (U, D)) = L(T * (U, D)) = Py 6, (1) = P( Ty U, V).
T>

We immediately infer that P(7, * (4,,0,)) = 0. We have from Proposition 4.2
that Ow,v)t(ue)l(in,o) exists. Now, take (un,vn) = (7, x (tn,0p)), it results that
(tn, Vy) € Sar X Spr and I(uy,v,) — m(a,b). Recall that

s o s
/(ﬁn,ﬁn)(T)|T=Tn = T_P(Tn* (U, D)) = T_P(umvn) =0

and ¢’ (Uy, 0,) — 0, we have

Spl(ana 7jn) :aT(I)(Ta ﬁnv r&n) |Tn ' a(u,v)T(u,v) |(12n,17n) + a(uﬂ))CI)(Tnv u, U) |(12n,1§n)
= a(uﬂ,)I(Tn * (u, 'U)|(ﬂn,f1n)

= IA,S‘G,,.XS;” (Tn * (u7 U) |(ﬂn,ﬁn) = I»,S'ayy-XSbm (uﬂ? U”)'

Therefore, I'[s, , s, (Un,vn) — 0. This completes the proof. H

4.2. Compactness of the Palais-Smale sequence

Lemma 4.6. Let {(un,v,)} C Sar X Sp, be a nonnegative Palais-Smale sequence
for Is, ,xs,, at level m(a,b) and suppose P(u,,v,) =0, then {(un,v,)} C H is a
bounded sequence.
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Proof. Let p:= [ov|(—A)2u,|* +](—A)2v,|% We have from P(u,,v,) =0 that

1 1
p= i / nl? + Lt / 0", (27)
S RN S RN

Combining (27) with I(uy,,v,) — m(a,b), there exists a constant C' > 0 such that

C >m(a,b) + UpVy + 0(1)
RN

:(W”)%/ﬂw‘“n‘”<%5_2>‘1>%/M'%’q-

Both the coefficients inside the bracket are positive and puq, o > 0, we obtain the
boundedness of |u,|, and |v,|,. We observe from (27) that

JRCSE RN
RN
is bounded. Therefore we proved that {(u,,v,)} C H is bounded. O

Lemma 4.7. Suppose % <s<land2 < N <4s. Let {(tn,vn)} C Sar X Spr
be a nonnegative Palais-Smale sequence for Il|s, xs,, at level m(a,b) satisfying
P(un,v,) = 0. Then, going if necessary to a subsequence, (u,,v,) — (4,0) in H,

and (4, v) is a positive radial solution of (1)—(2) with A\; < 0,y < 0.

Proof. We know from Lemma 4.6 that (u,,v,) € H, is bounded. Since N > 2,
the embedding H*(R") — LP(R") is compact for p € (2,2?), we deduce that there
exists (u,v) € H, such that, up to a subsequence,

(Un,v,) = (4,0) in H,,
(tn, vn) = (G,0) in LP(RN) x LYRY), (28)
(Un,vy) — (4,0) a.e. in RY.

In addition Ig, s, (un,v,) — 0, by the Lagrange multipliers rule, there exists

(A1m; A2n) € R? such that, as n large enough,

(—A)su,(~A)ig + / (—A)Ev,(~A)ip

RN

ol = [

RN
— B (Unp + vp0)dx — )\17n/ Uppdr — )\2771/ U pdx
RN RN RN

— M1 / |un|p_2un¢dx - ,UJQ/ |Un|p_2vn90dx’ (29)
RN RN

for every (¢,¢) € H. Now, take (¢, p) = (un,0) as a test function in (29), we have
that

)\Ma—/ |(—A)§un\2—u1/ ]un|pdx—ﬁ/ Uppdz + o(1).
RN RN RN
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Combining Holder’s inequality and the boundedness of the sequences (u,,v,) € H,,
(Un,vn) € LPx L2, it implies that A; , € Ris bounded. Similarly, take (¢, ¢) = (0, v,,)
as a test function in (29), we obtain that A,, € R is bounded as well. Therefore,
up to a subsequence, we have that (A1, Aa,) — (A1, A2) € R2

We will claim that @, # 0. We argue by contradiction and assume that (u,0) =
(0,0). Since the strong LP convergence of u, and the strong L? convergence of v,
Le., [on|unlPdz — 0, [on |vn|%dz — 0, we infer that

s s 1 1
|(_A)2un‘2 + |(_A)2Un|2 :_7pﬂl|un|g + _711M1|Un|g — 0,
RN S S

this contradicts (26). Therefore (4, ?) is a radial nonnegative nontrivial solution to
(1). Furthermore, & = 0 implies that © = 0; © = 0 implies that & = 0. This gives
immediately a contradiction for u, v # 0. Since t > 0,% 0 and v > 0, % 0, we derive
from the strong maximum principle that @ > 0 and © > 0. It follows from Lemma
2.2 (I) that A\; < 0, A9 < 0.

Recall that P(uy,,v,) = 0, we thus have from (28) that
[ =a i )i -
RN

1 1 1 1
= E”Ypﬂ1|un|z + g’yq/@’q)n’g = g%m!uﬁ + g%ﬁ‘ﬂmg +o(1).

Notice that P(u,v) = 0, then we deduce that, for n large enough

By Lemma 2.4 we obtain

/'M—Aﬁmf—+ K—Aﬁm%/‘u—Aﬁmﬁ—+ (—A)5aP.
RN RN RN

Next we prove strong L? convergence. Let |i|3 := ay, |02 =: b;. Then we have that
0<a <a,0<b <b Testing (29) with (u,,0), (0,v,), and using (28)—(31), we
conclude

—A(a—ay) =—=X(b—0b;) =p lim (up, — 1) (v, — 0)dx. (32)

n—-4o0o RN

We argue by contradiction and assume that a; < a. Then, it follows from (32) and
A1, A < 0 that b; < b. By Lemma 2.3, Schwarz’ inequality and Hoélder’s inequality,

2¢/(=A1)(=A2)V/(a — a) (b — by) < —Ai(a — ar) + (=A2)(b— by)

_ 95 lim /RN(un—ﬂ)(vn—f))dx <28 (a—an)(b—by),

n——+o00

therefore B>V (=) (=A2). (33)
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Define (u,7) := (vV/—Xot,v/—\10). It is easy to see that (u,v) € H is a positive
radial function and satisfies

(—A)sﬂ Z )\1@ — )\2@ and (—A)SE Z )\26 - /\1@. (34)
It follows from (34) that
(—A)*(uw+7v) > 0.

From the proof process of Lemma 2.2, we see that w = 0, v = 0, which is a
contradiction. This proves that a; = a, by = b i.e., (up,v,) — (@,0) in L2(RY) x
L*(RY). Similarly as that in Lemma 3.4, we deduce that (u,,v,) — (@,9) in H, as
desired. ]

Proof of Theorem 1.3. We finish the proof of Theorem 1.3 by Lemmas 4.5, 4.6
and 4.7. [

5. Fractional Sobolev critical case

In this section we deal with the case p = q = 2%, py, o, 8 > 0, and prove Theorem
1.5.

Lemma 5.1. Suppose % <s<1,2< N <d4s and py, p2, 8 > 0, then

(=A)u = u+ m|u>2u+ v inRY,
(=A)v = Av + pio|v|*?v + Bu in RY, (35)

u,v € H3(RN),

has no positive solution.

Proof. Let us assume that (U, V') is a positive solution of the problem (35) satisfying
Jen U3 =a>0, [on |[V]3=0b>0. It follows from Lemma 2.2 that A\; < 0, Ay < 0.
By the Pohozaev identity ([12, Appendix]) and the definition of weak solutions to
problem (35), we have that

[ (80P + [-2)ivE) =

= MU+ X|V[5 + m|U

GV [ v,
RN
and / (I-2)50P +](-2)3vP) =

RN

2% 21
o T p2|V 2

A A
—2[FUB+ VB8 [ OV]+miy
RN
Hence (—)\1)/ \U!2+(—)\2)/ \V\2:2ﬁ/ UV < 23Vab,
RN RN RN

which implies that 5 > /A1 \s.
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On the other hand, (uy,v1) := (vV—=XAU,v/—=AV), then (uy,v;) satisfies u; > 0,
v; > 0 and

(—A)*uy = \ug + M1<_)\2)ﬁ

*_ )\ .
wl® 2+ By/ 20 RV,

—A)sv; = Ay + pa(—\ N5 |5 20 + By /2y in RY, (36)
A2

lul3 = —=Xea,  |ui|3 = —Aib.
It follows from (5) and (36) that
(—=A)*(uy +v1) > 0.

We deduce from the proof process of Lemma 2.2 that (uy,v,) = (0,0), that means,
(U,V) =(0,0). This is clearly a contradiction. O

Proof of Theorem 1.5. Theorem 1.5 follows from Lemma 5.1, then we finish the
proof. ]
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