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1. Introduction and Preliminaries

In many scalar and set situations, the validities that minimax inequalities hold
have different conditions that involve cone convexities and semi-continuities. We
refer to Zhang et al. [1, 2, 3]. Lin et al.[4] formulated minimax inequalities about
noncontinuous mappings through the concept of a hierarchical structure. In this
paper we prove that the minimax inequality is valid under several set-valued
mappings that possess hierarchical structures. Here, the hierarchical structures
of set-valued mappings mean that third condition in Theorem 1.2, or that in
Theorem 2.1, or that in Theorem 2.4 holds.

We first describe the framework for the discussion of minimax inequalities un-
der some set-valued mappings that possess hierarchical structures. Let X be a
nonempty set in Hausdorff topological vector space; Z a Hausdorff topological
vector space; C ⊂ Z a closed convex and pointed cone with its apex at the
origin; and intC 6= ∅. The scalar hierarchical minimax inequalities imply that,
given mappings F, S, T,H : X ×X ⇉ R, under suitable conditions, the following
inequality holds:

min
⋃

x∈X

max
⋃

y∈X

F (x, y) ≤ max
⋃

x∈X

H(x, x). (s -Hi)

Given mappings F, S, T,H : X×X ⇉ Z, the first version of hierarchical minimax
theorems implies that, under some suitable conditions, the following inequality
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holds:

Max
⋃

x∈X

H(x, x) ⊂ Min(co(
⋃

x∈X

Maxw

⋃

y∈X

F (x, y))) + C. (Hi-1)

The second version of hierarchical minimax theorems implies that, under suitable
conditions, the following inequality holds:

Max
⋃

x∈X

H(x, x) ⊂ Min
⋃

x∈X

Maxw

⋃

y∈X

F (x, y) + C. (Hi-2)

These versions, (Hi-1) and (Hi-2), arise naturally from some minimax theorems
in vector-valued or real-valued settings. We refer the reader to [4, 5, 6, 7, 8]. Note
that the relation (Hi-1) used here and that used in [4] are different. Furthermore,
if Z = R and C = R+, then both (Hi-1) and (Hi-2) can be reduced to (s -Hi).

The following notations will be used in the sequel. Let A be a nonempty subset
of Z. A point z ∈ A is called a minimal point [5, 7] (weakly minimal point,
respectively) of A if A∩ (z−C) = {z} (A∩ (z− intC) = ∅, respectively); MinA
(MinwA, respectively) denotes the set of all minimal points(weakly minimal,
respectively) of A; A point z ∈ A is called a maximal point [5, 7] (weakly maximal
point, respectively) of A if A ∩ (z + C) = {z} (A ∩ (z + intC) = ∅, respectively);
MaxA (MaxwA, respectively) denotes the set of all maximal points (weakly
maximal, respectively) of A. Note that, for a nonempty compact set A, both
sets MaxA and MinA are nonempty. Furthermore, MinA ⊂ MinwA, MaxA ⊂
MaxwA, A ⊂ MinA+C, and A ⊂ MaxA−C. According to [7], we denote both
Max and Maxw by max (both Min and Minw by min) in R, because both Max
and Maxw (both Min and Minw) are the same in R. Let U , V be Hausdorff
topological spaces. A set-valued map F : U ⇉ V with nonempty values is said to
be upper semi-continuous on U [9, 10] if for every x0 ∈ U and for every open set
N containing F (x0), there exists a neighborhood M of x0 such that F (M) ⊂ N ;
A set-valued map F : U ⇉ V with nonempty values is said to be lower semi-
continuous on U if for every x0 ∈ U and for any sequence {xn} ⊂ U such that
xn → x0 and any y0 ∈ F (x0), there exists a sequence yn ∈ F (xn) such that
yn → y0; A set-valued map F : U ⇉ V with nonempty values is said to be
continuous on U if F is upper semi-continuous as well as lower semi-continuous
on U .

Let k ∈ intC and v ∈ Z. The Gerstewitz function [7, 11] ξkv : Z → R is defined
by ξkv(u) = min{t ∈ R : u ∈ v + tk − C}. Some fundamental properties for the
Gerstewitz function can be found in [7, 11].

The following types of cone-convexities for set-valued mappings are generalized
from single-valued functions cases.

Definition 1.1. [5] Let each ofX, Y be a nonempty convex subset of a topological
vector space. A set-valued mapping F : X × Y ⇉ Z is said to be

(a) above-C-convex (respectively, above-C-concave) on X if for all x1, x2 ∈ X
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and all λ ∈ [0, 1],

F (λx1 + (1− λ)x2, y) ⊂ λF (x1, y) + (1− λ)F (x2, y)− C

(resp., λF (x1, y) + (1− λ)F (x2, y) ⊂ F (λx1 + (1− λ)x2, y)− C), ∀y ∈ Y ;

(b) above-naturally C-quasi-convex on X if for all x1, x2 ∈ X and all λ ∈ [0, 1],

F (λx1 + (1− λ)x2, y) ⊂ co{F (x1, y) ∪ F (x2, y)} − C, ∀y ∈ Y

where coA denotes the convex hull of a set A; and

(c) above-C-convex-like (respectively, above-C-concave-like) on X (X is not nec-
essary convex) if for all x1, x2 ∈ X and all λ ∈ [0, 1], there exists an x′ ∈ X
such that

F (x′, y) ⊂ λF (x1, y) + (1− λ)F (x2, y)− C.

(respectively, λF (x1, y) + (1− λ)F (x2, y) ⊂ F (x′, y)− C) , ∀y ∈ Y.

The following theory possesses the hierarchical structures of a scalar minimax
theorem. The proof can be written with a method similar to that used in [5];
therefore, we omit its proof here and leave the reader to prove it.

Theorem 1.2. Let X, Y be two nonempty compact (not necessarily convex) sub-
sets of real Hausdorff topological vector spaces, respectively. Consider the set-
valued mappings F, S, T,H : X × Y ⇉ R with nonempty compact values such
that the sets

⋃

y∈Y F (x, y),
⋃

x∈X H(x, y) are compact for all (x, y) ∈ X ×Y , and
satisfy the following conditions:

(i) the mapping y 7→ H(x, y) is continuous on Y for each x ∈ X, the mapping
x 7→ F (x, y) is lower semi-continuous for each x ∈ X and for each y ∈ Y ;

(ii) the mapping x 7→ maxS(x, y) is convex-like on X for each y ∈ Y , and the
mapping y 7→ maxT (x, y) is concave-like on Y for each x ∈ X;

(iii) for each (x, y) ∈ X × Y ,

maxF (x, y) ≤ maxS(x, y) ≤ maxT (x, y) ≤ maxH(x, y); and

(iv) for each y ∈ Y, there exists xy ∈ X, such that

maxH(xy, y) ≤ max
⋃

y∈Y

min
⋃

x∈X

H(x, y);

then the relation

min
⋃

x∈X

max
⋃

y∈Y

F (x, y) ≤ max
⋃

y∈Y

min
⋃

x∈X

H(x, y)

holds.

In Theorem 1.2, the both compact sets
⋃

y∈Y F (x, y),
⋃

x∈X H(x, y) are more
weaker than the continuity of the set-valued mapping. It is not difficult to find
out some examples to show this fact. In the sequel, we also need the following
two lemmas.
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Lemma 1.3. [4] Let F : X ⇉ R be a set-valued mapping such that

max
⋃

x∈X

F (x), max
⋃

x∈X

maxF (x) and maxF (x)

exist for all x ∈ X. Then max
⋃

x∈X

F (x) = max
⋃

x∈X

maxF (x).

We denote Z⋆ as the topological dual of Z and C⋆ = {g ∈ Z⋆ : g(c) ≥ 0 for all
c ∈ C}.

Lemma 1.4. Suppose that S : X ⇉ R is a set-valued mapping and maxS(x)
exists for all x ∈ X. (i) If S is above-R+-convex-like, then the function x 7→
maxS(x) is convex-like. (ii) If S is above-R+-concave-like, then the function
x 7→ maxS(x) is concave-like.

Proof. Consider any x1, x2 ∈ X and λ ∈ [0, 1]. Because maxS(x) ∈ S(x),
S(x) ⊂ maxS(x) − R+, and the mapping is above-R+-convex-like, there exists
an x′ ∈ X such that

maxS(x′) ∈ S(x′)

⊂ λS(x1) + (1− λ)S(x2)− R+

⊂ λmaxS(x1) + (1− λ)maxS(x2)− R+.

Hence, the function x 7→ maxS(x) is convex-like. This proves (i). The proof of
(ii) is analogous to (i); therefore, we leave it to the reader.

Proposition 1.5. Let X be a nonempty set, k ∈ intC and v ∈ Z. Suppose that
the set-valued mappings F,G : X ⇉ Z with nonempty compact values and, for
some x ∈ X, MaxwF (x) ⊂ MaxwG(x)− C. We note the following two results:

(a) for any ξ ∈ C⋆, the inequality max ξF (x) ≤ max ξG(x) holds;

(b) for the Gerstewitz function ξkv : Z → R, the inequality

max ξkvF (x) ≤ max ξkvG(x)

holds.

Proof. (a) Fix any ξ ∈ C⋆. Because MaxwF (x) ⊂ MaxwG(x) − C, for each
f ∈ MaxwF (x), there exists a g ∈ MaxwG(x) such that f ∈ g − C. We have

ξf ≤ ξg.

In particular,
ξf = max ξF (x).

Hence,
max ξF (x) = ξf ≤ ξg ≤ max ξG(x).

The last inequality holds because G(x) is nonempty compact, ξ is continuous,
and MaxwG(x) ⊂ G(x).
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(b) For a similar argument as in (a), there exists f ∈ MaxwF (x) and g ∈
MaxwG(x) such that

ξkvf ≤ ξkvg,

and

ξkvf = max ξkvF (x).

The previous equality uses the continuity of ξkv, the compactness of F (x), and
Proposition 3.14 [5]. Hence, max ξkvF (x) ≤ max ξkvG(x), thus completing the
proof.

2. Hierarchical Minimax Inequalities

In this section, we describe two versions of hierarchical minimax inequalities. The
first one is concerned about the relation (Hi-1) is as follows:

Theorem 2.1. Let X be a nonempty compact (not necessarily convex) subset of

a real Hausdorff topological space and Z be a complete locally convex Hausdorff

topological vector space. Consider set-valued mappings F, S, T,H : X × X ⇉ Z

with nonempty compact values such that the sets
⋃

y∈X F (x, y),
⋃

x∈X H(x, y)

and
⋃

x∈X H(x, x) are compact for all (x, y) ∈ X × X and satisfy the following

conditions:

(i) the mapping y 7→ H(x, y) is continuous on X for each x ∈ X, the mapping

x 7→ F (x, y) is lower semi-continuous for each y ∈ X;

(ii) the mapping x 7→ ξS(x, y) is above-R+-convex-like on X for each y ∈ X, and

the mapping y 7→ ξT (x, y) is above-R+-concave-like on X for each x ∈ X;

(iii) for each (x, y) ∈ X×X, MaxwF (x, y) ⊂ MaxwS(x, y)−C, MaxwS(x, y) ⊂

MaxwT (x, y)− C, and MaxwT (x, y) ⊂ MaxwH(x, y)− C;

(iv) for each w ∈ X, there is an xw ∈ X such that

max ξH(xw, w) ≤ max
⋃

y∈X

min
⋃

x∈X

ξH(x, y); and

(v) for each y ∈ X, Max
⋃

x∈X H(x, x) ⊂ Minw

⋃

x∈X H(x, y) + C,

then the relation (Hi-1) is valid.

Proof. Let Λ(x) = Maxw

⋃

y∈X F (x, y), and k, ǫ, ξ be given in the same manner
as in Theorem 4.5 [5] such that

ξ(v) ≤ k − ǫ < k ≤ ξ(u+ c) (1)

holds for all u ∈ co(
⋃

x∈X Λ(x)), c ∈ C, ξ ∈ C⋆ and

ξ(v) < ξ(u)
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for all u ∈ co(
⋃

x∈X Λ(x)). Through the use of a similar process as in Theorem
4.5 [5], we see that

ξ(v) < min
⋃

x∈X

max
⋃

y∈X

ξF (x, y).

From condition (i), the mapping y 7→ ξH(x, y) is continuous on Y for each x ∈ X ,

and the mapping x 7→ ξF (x, y) is lower semi-continuous for each x ∈ X and for
each y ∈ Y . From condition (ii) and Lemma 1.4, the mapping x 7→ max ξS(x, y)

is above-R+-convex-like for each y ∈ Y , and y 7→ max ξT (x, y) is above-R+-
concave-like on Y for each x ∈ X . Combining Proposition 1.5 with (iii) and (iv),

we determine that all conditions of Theorem 1.2 hold for the mappings ξF, ξS, ξT
and ξH . Hence, according to Theorem 1.2, we determine that

ξ(v) < max
⋃

y∈X

min
⋃

x∈X

ξH(x, y). (2)

Because X is compact, there exists a y′ ∈ X such that

ξ(v) < min
⋃

x∈X

ξH(x, y′).

Therefore,

v 6∈
⋃

x∈X

H(x, y′) + C,

and hence,
v 6∈ Minw

⋃

x∈X

H(x, y′) + C. (3)

If v ∈ Max
⋃

x∈X H(x, x), then, according to (v), we have

v ∈ Minw

⋃

x∈X

H(x, y′) + C

which contradicts (3). Hence, the relation (Hi-1) is valid.

Although the conclusions of Theorem 2.1 and Theorem 3.1 [4] are the same, they

are used under highly different conditions. Furthermore, they involve the use of
relatively different proof techniques.

Corollary 2.2. The relation (Hi-1) remains valid if we replace a sub-condition

corresponding to S or T in Theorem 2.1(ii) with any of the following sub-conditions:

(i) the mapping x 7→ S(x, y) is above-C-convex on X for each y ∈ X, where X

is convex;

(ii) the mapping x 7→ S(x, y) is above-C-convex-like on X for each y ∈ X;

(iii) the mapping x 7→ ξS(x, y) is above-R+-convex on X for each y ∈ X, where

X is convex;

(iv) the mapping y 7→ T (x, y) is above-C-concave on X for each x ∈ X, where X
is convex; or
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(v) the mapping y 7→ ξT (x, y) is above-R+-concave on X for each x ∈ X, where
X is convex.

Proof. In order to make this proof complete, we must evaluate the following
steps: Step 1. By definition, if we choose x′ = λx1 + (1− λ)x2, we can determine

that (i) ⇒ (ii) holds. Sept 2. According to Proposition 3.9 [5], (i) ⇒ (iii) is

valid. Step 3. According to Proposition 3.8 [5], (ii) implies that condition (ii)
of Theorem 2.1 for the mapping ξS(x, y) is true. Step 4. The claim is trivially

valid for (iii) ⇒ condition (ii) of Theorem 2.1 for the mapping ξS(x, y). Step
5. According to Proposition 3.9 [5], (iv) ⇒ (v) is valid. Step 6. The claim is

obviously valid for (v) ⇒ condition (ii) of Theorem 2.1 for the mapping ξT (x, y).
Hence, we complete the proof.

The following example illustrates that Theorem 2.1 is true.

Example 2.3. Let X = [0, 1], C = R
2
+ and ϕ : X 7→ R be defined by

ϕ(x) =

{

[−1, 0], x 6= 0,
{0}, x = 0.

Define F, S, T,H : X ×X 7→ R
2 by

F (x, y) = ϕ(x)× {− tan(yπ/4)},

S(x, y) = [−1/2, 1/2 + x2(1− y2)]× {1− tan(yπ/4)},

T (x, y) = [0, 1 + x2(1− y2)]× {2− tan(yπ/4)},

H(x, y) = [1, 1 + x2]× [2, 3− tan(yπ/4)].

for all (x, y) ∈ X ×X .

Obviously, conditions (i) and (iii) of Theorem 2.1 are valid. We can easily observe
that the mapping x 7→ S(x, y) is above-C-convex on X for each y ∈ X and that

the mapping y 7→ T (x, y) is above-C-concave on X for each x ∈ X ; therefore,
by Corollary 2.2, condition (ii) holds. We now claim that condition (iv) holds.

Indeed, for each ξ = (ξ1, ξ2) ∈ C⋆, because

ξH(x, y) = {ξ1s + ξ2(3− t) : s ∈ [1, 1 + x2], t ∈ [2, 3− tan(yπ/4)]},

max
⋃

y∈X

min
⋃

x∈X

ξH(x, y) = ξ1 + 3ξ2.

For each w ∈ X , we choose xw ∈ X through the following strategy:

xw =

{

ς is an arbitrary number in X, if ξ1 = 0,

ς is an arbitrary number in [0,
√

ξ2/ξ1 tan(wπ/4)] ∩X, if ξ1 > 0.
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Then
max ξH(xw, w) ≤ max

⋃

y∈X

min
⋃

x∈X

ξH(x, y),

and hence, condition (iv) is valid. Finally, because

Max
⋃

x∈X

H(x, x) = {(1 + t2, 3− tan(tπ/4) : t ∈ [0, 1]}

and
Maxw

⋃

x∈X

H(x, y) = ({1} × [2, 3− tan(yπ/4)])
⋃

([1, 2]× {2}),

we see that condition (v) holds. Therefore, according to Theorem 2.1, the relation
(Hi-1) is valid. Indeed, we can deduce that

⋃

x∈X

Maxw

⋃

y∈X

F (x, y) = ([−1, 0]× {0})
⋃

({0} × [−1, 0]),

hence

co(
⋃

x∈X

Maxw

⋃

y∈X

F (x, y)) = {(s, t) : −1− s ≤ t ≤ 0,−1 ≤ s ≤ 0}.

Figure 1: Max
⋃

x∈X
H(x, x) ⊂ Min(co(

⋃

x∈X
Maxw

⋃

y∈X
F (x, y))) + C

Thus,

Min(co(
⋃

x∈X

Maxw

⋃

y∈X

F (x, y)))+C = {(x, y) ∈ R
2 : x ≥ −1, x+y ≥ −1, y ≥ −1}.

Therefore, as shown in Figure 1, the relation (Hi-1) is valid.

Theorem 2.4. Let X be a nonempty compact (not necessarily convex) subset

of a real Hausdorff topological space and, Z be a Hausdorff topological vector
space. Consider set-valued mappings F, S, T,H : X × X ⇉ Z with nonempty

compact values such that the sets
⋃

y∈X F (x, y),
⋃

x∈X H(x, y) and
⋃

x∈X H(x, x)
are compact for all (x, y) ∈ X ×X, and satisfy the following conditions:
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(i) the mapping y 7→ H(x, y) is continuous on X for each x ∈ X, and the
mapping x 7→ F (x, y) is lower semi-continuous for each y ∈ X;

(ii) given any Gerstewitz function ξkv with v 6∈
⋃

x∈X Maxw

⋃

y∈X F (x, y) + C

satisfies the following conditions:
(iia) the mapping x 7→ ξkvS(x, y) is above-R+-convex-like on X for each

y ∈ X, and the mapping y 7→ ξkvT (x, y) is above-R+-concave-like on X

for each x ∈ X;
(iib) for each w ∈ X, there exists an xw ∈ X such that

max ξkvH(xw, w) ≤ max
⋃

y∈X

min
⋃

x∈X

ξkvH(x, y); and

(iii) for each (x, y) ∈ X ×X, MaxwF (x, y) ⊂ MaxwS(x, y)− C,

MaxwS(x, y) ⊂ MaxwT (x, y)− C, and MaxwT (x, y) ⊂ MaxwH(x, y)− C;

(iv) for each y ∈ X,

Max
⋃

x∈X

H(x, x) ⊂ Minw

⋃

x∈X

H(x, y) + C,

then the relation (Hi-2) is valid.

Proof. Let Λ(x) be defined in the same manner as in Theorem 2.1 for all x ∈ X .

From the process involved in the proof of Theorem 2.1, we determine that the
set

⋃

x∈X Λ(x) is nonempty compact. Assume that v 6∈
⋃

x∈X Λ(x) + C. For any

k ∈ intC, there exists a Gerstewitz function ξkv : Z 7→ R such that

ξkv(u) > 0 (4)

for all u ∈
⋃

x∈X Λ(x). Then, for each x ∈ X , there exists y⋆x ∈ X and f(x, y⋆x) ∈
F (x, y⋆x) with f(x, y⋆x) ∈ Maxw

⋃

y∈X F (x, y) such that

ξkv(f(x, y
⋆
x)) = max

⋃

y∈X

ξkvF (x, y).

Choosing u = f(x, y⋆x) in equation (4), we have

max
⋃

y∈X

ξkvF (x, y) > 0

for all x ∈ X . Therefore,

min
⋃

x∈X

max
⋃

y∈X

ξkvF (x, y) > 0.

According to conditions (i)-(iii), we determine that all conditions of Theorem
1.2 hold for the mappings ξkvF (x, y), ξkvS(x, y), ξkvT (x, y) and ξkvH(x, y), and

hence,
max

⋃

y∈X

min
⋃

x∈X

ξkvH(x, y) > 0.
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Because X is compact, there exists a y′ ∈ X such that

min
⋃

x∈X

ξkvH(x, y′) > 0.

Thus,

v 6∈
⋃

x∈X

H(x, y′) + C,

and hence,

v 6∈ Minw

⋃

x∈X

H(x, y′) + C. (5)

If v ∈ Max
⋃

x∈X H(x, x), then, according to (iv), we have

v ∈ Minw

⋃

x∈X

H(x, y′) + C

which contradicts (5). Therefore, we can deduce that the relation (Hi-2) is valid.

The following example illustrates that Theorem 2.4 is true.

Example 2.5. Let X,C, ϕ, F be defined in the same manner as in Example 2.3.

Define S, T,H : X ×X 7→ R
2 by

S(x, y) = [3/2, 2 + x2(1− y2)]× {1− tan(yπ/4)},

T (x, y) = [5/2, 5/2 + x2(1− y2)]× {2− tan(yπ/4)},

H(x, y) = [7/2, 7/2 + x2]× [2, 3− tan(yπ/4)].

for all (x, y) ∈ X ×X .

Obviously, conditions (i) and (iii) of Theorem 2.4 are valid. Let v = (−1/2,−1) 6∈
⋃

x∈X Maxw

⋃

y∈X F (x, y) + C and k = (1, 1) ∈ intC. Using a similar calcula-
tion to the calculation in [12], we have ξkvS(x, y) = [2, 5/2 + x2(1 − y2)], and

ξkvT (x, y) = [3, 3 + x2(1 − y2)] for (x, y) ∈ X × X . Therefore, the mapping
x 7→ ξkvS(x, y) is above-R+-convex on X for each y ∈ X and the mapping

y 7→ ξkvT (x, y) is above-R+-concave on X for each x ∈ X . According to Corol-
lary 2.2, condition (iia) holds. We now claim that condition (iib) holds. Indeed, for

each (x, y) ∈ X×X , ξkvH(x, y) = [4, 4+x2], max
⋃

y∈X min
⋃

x∈X ξkvH(x, y) = 4.
For each w ∈ X , we choose xw = 0; then, condition (iib) of Theorem 2.4 is valid.

Finally, because

Max
⋃

x∈X

H(x, x) = {(7/2 + t2, 3− tan(tπ/4) : t ∈ [0, 1]}

and

Maxw

⋃

x∈X

H(x, y) = ({7/2} × [2, 3− tan(yπ/4)])
⋃

([7/2, 9/2]× {2}),



Y.-C. Lin / New Hierarchical Minimax Inequalities ... 255

we determine that condition (vi) holds. Therefore, according to Theorem 2.4, the
relation (Hi-2) is valid. Indeed, from Example 2.3,

⋃

x∈X

Maxw

⋃

y∈X

F (x, y) = ([−1, 0]× {0})
⋃

({0} × [−1, 0]),

and

Min
⋃

x∈X

Maxw

⋃

y∈X

F (x, y) + C = {(−1, 0), (0,−1)}+ C.

Hence, as shown in Figure 2, relation (Hi-2) is valid.

Figure 2: Max
⋃

x∈X H(x, x) ⊂ Min
⋃

x∈X Maxw

⋃

y∈X F (x, y) + C
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