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We study minimax inequalities of set-valued mappings that possess hierarchical structures, and
we propose two versions of minimax inequalities under topological vector space settings. We
provide some examples to illustrate these theories. Our new results can be compared with
existing results.
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1. Introduction and Preliminaries

In many scalar and set situations, the validities that minimax inequalities hold
have different conditions that involve cone convexities and semi-continuities. We
refer to Zhang et al. [1, 2, 3]. Lin et al.[4] formulated minimax inequalities about
noncontinuous mappings through the concept of a hierarchical structure. In this
paper we prove that the minimax inequality is valid under several set-valued
mappings that possess hierarchical structures. Here, the hierarchical structures
of set-valued mappings mean that third condition in Theorem 1.2, or that in
Theorem 2.1, or that in Theorem 2.4 holds.

We first describe the framework for the discussion of minimax inequalities un-
der some set-valued mappings that possess hierarchical structures. Let X be a
nonempty set in Hausdorff topological vector space; Z a Hausdorff topological
vector space; C' C Z a closed convex and pointed cone with its apex at the
origin; and intC # (). The scalar hierarchical minimax inequalities imply that,
given mappings F, S, T, H : X x X =% R, under suitable conditions, the following
inequality holds:

min U max U F(z,y) < max U H(z,x). (s-Hi)
zeX yeX zeX

Given mappings F, S, T, H : X x X =% Z, the first version of hierarchical minimax
theorems implies that, under some suitable conditions, the following inequality
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holds:

Mazx U H(x,z) C Min(co( U Maz,, U F(z,y)))+C. (Hi-1)

rzeX reX yeX

The second version of hierarchical minimax theorems implies that, under suitable
conditions, the following inequality holds:

Max U H(x,x) C Min U Mazx, U F(z,y)+C. (Hi-2)

zeX zeX yeX

These versions, (Hi-1) and (Hi-2), arise naturally from some minimax theorems
in vector-valued or real-valued settings. We refer the reader to [4, 5, 6, 7, 8]. Note
that the relation (Hi-1) used here and that used in [4] are different. Furthermore,
if Z =R and C' = R, then both (Hi-1) and (Hi-2) can be reduced to (s-Hi).

The following notations will be used in the sequel. Let A be a nonempty subset
of Z. A point z € A is called a minimal point [5, 7] (weakly minimal point,
respectively) of Aif AN(z—C)={z} (AN (z—intC) = (), respectively); MinA
(Min, A, respectively) denotes the set of all minimal points(weakly minimal,
respectively) of A; A point z € A is called a mazimal point [5, 7] (weakly mazimal
point, respectively) of Aif AN(z+4 C)={z} (AN (z+intC) = (), respectively);
MazxA (Max,A, respectively) denotes the set of all maximal points (weakly
maximal, respectively) of A. Note that, for a nonempty compact set A, both
sets MaxA and MinA are nonempty. Furthermore, MinA C Min, A, MaxA C
Mazx,A, A C MinA+C,and A C MaxA—C. According to [7], we denote both
Max and Max,, by max (both Min and Min, by min) in R, because both Mazx
and Maz,, (both Min and Min,) are the same in R. Let U, V be Hausdorff
topological spaces. A set-valued map F': U = V with nonempty values is said to
be upper semi-continuous on U [9, 10] if for every zq € U and for every open set
N containing F'(zg), there exists a neighborhood M of zg such that F'(M) C N;
A set-valued map F' : U = V with nonempty values is said to be lower semi-
continuous on U if for every xy € U and for any sequence {z,} C U such that
r, — xo and any yo € F(zg), there exists a sequence y, € F(z,) such that
Yn — Yo; A set-valued map F : U = V with nonempty values is said to be
continuous on U if F' is upper semi-continuous as well as lower semi-continuous

on U.

Let k € intC and v € Z. The Gerstewitz function [7, 11 &, : Z — R is defined
by &kp(u) = min{t € R : u € v + tk — C}. Some fundamental properties for the
Gerstewitz function can be found in [7, 11].

The following types of cone-convexities for set-valued mappings are generalized
from single-valued functions cases.

Definition 1.1. [5] Let each of X, Y be a nonempty convex subset of a topological
vector space. A set-valued mapping F': X x Y = Z is said to be

(a) above-C'-convex (respectively, above-C-concave) on X if for all zy, 25 € X
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and all A € [0, 1],

(resp., AF(z1,9) + (1 = A)F(w2,y) C F(Azy + (1 = A)ao,y) = C), Vy € Y
(b) above-naturally C-quasi-conver on X if for all z1,25 € X and all A € [0, 1],

F(Azxy + (1 = Naxg,y) C co{ F(z1,y) UF(z2,9)} —C, Vy €Y

where coA denotes the convex hull of a set A; and

(¢) above-C-convez-like (respectively, above-C-concave-like) on X (X is not nec-
essary convex) if for all 21,29 € X and all A € [0, 1], there exists an 2’ € X
such that

F(2',y) CAF(z1,y) + (1 — N F(xg,y) — C.

(respectively, AF'(z1,y) + (1 — N)F(xq,y) C F(2',y) —C), Vy € Y.

The following theory possesses the hierarchical structures of a scalar minimax
theorem. The proof can be written with a method similar to that used in [5];
therefore, we omit its proof here and leave the reader to prove it.

Theorem 1.2. Let X, Y be two nonempty compact (not necessarily conver) sub-
sets of real Hausdorff topological vector spaces, respectively. Consider the set-
valued mappings F, S, T, H : X x Y == R with nonempty compact values such
that the sets U, ey F(2,9), U,ex H(z,y) are compact for all (z,y) € X XY, and
satisfy the following conditions:

(i) the mapping y — H(x,y) is continuous on Y for each x € X, the mapping
x+— F(x,y) is lower semi-continuous for each x € X and for eachy € Y;

(ii) the mapping x — max S(x,y) is convex-like on X for each y € Y, and the
mapping y — max T (x,y) is concave-like on Y for each x € X;

(iii) for each (x,y) € X x Y,
max F'(z,y) < max S(z,y) < maxT(z,y) < max H(z,y); and

(iv) for each y €Y, there exists x, € X, such that

max H(z,,y) < max U min U H(z,y);

then the relation yey zeX

min U max U F(z,y) < max U min U H(z,y)
holds. zeX yey yey reX
In Theorem 1.2, the both compact sets |,y F(2,y), U,cx H(z,y) are more
weaker than the continuity of the set-valued mapping. It is not difficult to find
out some examples to show this fact. In the sequel, we also need the following
two lemmas.
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Lemma 1.3. [4] Let F': X =2 R be a set-valued mapping such that

max U F(z), max U max F'(z) and max F(x)

zeX zeX

exist for all x € X. Then max U F(z) = max U max F'(x).

zeX zeX

We denote Z* as the topological dual of Z and C* = {g € Z* : g(c) > 0 for all
ceC}.

Lemma 1.4. Suppose that S : X = R is a set-valued mapping and max S(x)
exists for all x € X. (i) If S is above-R, -convex-like, then the function v —
max S(z) is convex-like. (ii) If S is above-R-concave-like, then the function
x +— max S(x) is concave-like.

Proof. Consider any z;,zo € X and A € [0,1]. Because max S(z) € S(z),
S(z) € maxS(z) — Ry, and the mapping is above-R,-convex-like, there exists
an ' € X such that

max S(z') € S(a')
C AS(z1) 4+ (1= N)S(xq) — Ry
C AmaxS(z1)+ (1 — X) max S(z2) — Ry

Hence, the function = — max S(z) is convex-like. This proves (i). The proof of
(ii) is analogous to (i); therefore, we leave it to the reader. O

Proposition 1.5. Let X be a nonempty set, k € intC' and v € Z. Suppose that
the set-valued mappings F,G : X = Z with nonempty compact values and, for
some x € X, Max,,F(z) C Max,G(x) — C. We note the following two results:

(a) for any & € C*, the inequality max &F (z) < max{G(x) holds;
(b) for the Gerstewitz function &, : Z — R, the inequality

max gka(I) < max &WG(SL’)
holds.

Proof. (a) Fix any £ € C*. Because Max,F(z) C Max,G(z) — C, for each
f € Maz, F(x), there exists a ¢ € Max,G(x) such that f € g — C. We have

§f < &g
In particular,
£f = max{F(x).

Hence,

max {F(x) = Ef < &g < maxEG(x).

The last inequality holds because G(zx) is nonempty compact, £ is continuous,
and Maz,G(x) C G(z).
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(b) For a similar argument as in (a), there exists f € Max,F(x) and g €
Max,,G(x) such that

gkv f S 5]61)99
and

Erof = max &g, F(2).

The previous equality uses the continuity of &, the compactness of F(z), and
Proposition 3.14 [5]. Hence, max &, F(z) < max&,G(z), thus completing the
proof. O

2. Hierarchical Minimax Inequalities

In this section, we describe two versions of hierarchical minimax inequalities. The
first one is concerned about the relation (Hi-1) is as follows:

Theorem 2.1. Let X be a nonempty compact (not necessarily convez) subset of
a real Hausdorff topological space and Z be a complete locally convex Hausdorff
topological vector space. Consider set-valued mappings F, S, T, H : X x X = Z
with nonempty compact values such that the sets Uyex F(z,y), Uyex H(z,y)
and \J,cx H(z,x) are compact for all (x,y) € X x X and satisfy the following
conditions:

(i) the mapping y — H(z,y) is continuous on X for each x € X, the mapping
x+— F(x,y) is lower semi-continuous for each y € X ;

(ii) the mapping x — £S(x,y) is above-R -convex-like on X for eachy € X, and
the mapping y — T (x,y) is above-R -concave-like on X for each x € X;

(iii) for each (x,y) € X x X, Maz, F(x,y) C Maz,S(z,y)—C, Max,S(z,y) C
Maz,T(z,y) — C, and Max,T(z,y) C Max,H(z,y) —C;

(iv) for each w € X, there is an x,, € X such that

max {H (z,, w) < max U min U EH(x,y); and

yeX zeX
(v) foreachye X, Max\J,.x H(z,z) C Min,U,cx H(z,y)+C,
then the relation (Hi-1) is valid.

Proof. Let A(x) = Max,, UyeX F(x,y), and k, €, £ be given in the same manner
as in Theorem 4.5 [5] such that

E(v) <k —e<k<E&uto) (1)
holds for all v € co(|J,cx Alz)), c€ C, £ € C* and

§(v) < &(u)
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for all u € co(|J,cx A(x)). Through the use of a similar process as in Theorem
4.5 [5], we see that

¢(v) < min U max U EF(z,y).
reX yeX
From condition (i), the mapping y — £H (x,y) is continuous on Y for each = € X,
and the mapping = — £F(x,y) is lower semi-continuous for each z € X and for
each y € Y. From condition (ii) and Lemma 1.4, the mapping = +— max{S(z,y)
is above-R -convex-like for each y € Y, and y — max¢T(x,y) is above-R,-
concave-like on Y for each € X. Combining Proposition 1.5 with (iii) and (iv),
we determine that all conditions of Theorem 1.2 hold for the mappings £F, &S, €T
and £H. Hence, according to Theorem 1.2, we determine that

¢(v) < max || min | J ¢H(z,y). (2)

yeX zeX

Because X is compact, there exists a 3y’ € X such that

¢(v) < min | J €H(z,y).

zeX
Therefore,
ve | JH@y)+C,
zeX
and hence,
v Miny, | ) H(z,y') + C. (3)
zeX

If ve Max |,y H(x,x), then, according to (v), we have

v € Min,, U H(xz,y')+C

zeX

which contradicts (3). Hence, the relation (Hi-1) is valid. O

Although the conclusions of Theorem 2.1 and Theorem 3.1 [4] are the same, they
are used under highly different conditions. Furthermore, they involve the use of
relatively different proof techniques.

Corollary 2.2. The relation (Hi-1) remains valid if we replace a sub-condition
corresponding to S or T in Theorem 2.1(ii) with any of the following sub-conditions:

(i) the mapping v — S(x,y) is above-C-conver on X for each y € X, where X
1S CONVET;

(ii) the mapping x — S(x,y) is above-C-convez-like on X for each y € X;

(iii) the mapping x — £S(z,y) is above-R, -convex on X for each y € X, where
X 18 convex;

(iv) the mapping y — T(z,y) is above-C-concave on X for each x € X, where X
18 convex; or
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(v) the mapping y — T (x,y) is above-R-concave on X for each x € X, where
X 18 convex.

Proof. In order to make this proof complete, we must evaluate the following
steps: Step 1. By definition, if we choose 2/ = A\x; + (1 — A)xq, we can determine
that (i) = (ii) holds. Sept 2. According to Proposition 3.9 [5], (i) = (iii) is
valid. Step 3. According to Proposition 3.8 [5], (ii) implies that condition (ii)
of Theorem 2.1 for the mapping £S(x,y) is true. Step 4. The claim is trivially
valid for (iii) = condition (ii) of Theorem 2.1 for the mapping £S(z,y). Step
5. According to Proposition 3.9 [5], (iv) = (v) is valid. Step 6. The claim is
obviously valid for (v) = condition (ii) of Theorem 2.1 for the mapping {7'(z, y).
Hence, we complete the proof. O

The following example illustrates that Theorem 2.1 is true.

Example 2.3. Let X = [0,1], C' =R? and ¢ : X — R be defined by

_ [_1’0]’ i#o,
pla) = { 0,  z=0

Define F, S, T, H : X x X — R? by

Fa,y) = p(x) x {—tan(ym/4)},

S(w,y) = [-1/2,1/2+ 2*(1 — y*)] x {1 — tan(ym/4)},

T(x,y) =[0,1+2*(1 — y?)] x {2 — tan(ym/4)},

H(z,y) =[1,1+ 2?] x [2,3 — tan(ym/4)].
for all (z,y) € X x X.
Obviously, conditions (i) and (iii) of Theorem 2.1 are valid. We can easily observe
that the mapping x — S(z,y) is above-C-convex on X for each y € X and that
the mapping y — T'(x,y) is above-C-concave on X for each x € X; therefore,

by Corollary 2.2, condition (ii) holds. We now claim that condition (iv) holds.
Indeed, for each £ = (£1,&) € C*, because

EH(x,y) = {618 +&B —t) 1 s € [1,14+2%,t € [2,3 — tan(yn/4)]},

max U min U EH(z,y) =& + 3&.

yeX zeX

For each w € X, we choose x,, € X through the following strategy:

R B is an arbitrary number in X, if & =0,
Y| ¢ is an arbitrary number in [0, \/& /& tan(wr/4)] N X, if & >0.
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Then
max { H (x,, w) < max U min U EH(z,y),

yeX zeX

and hence, condition (iv) is valid. Finally, because

Mazx U H(z,z) = {(1+*3 —tan(tr/4) : t € [0,1]}

zeX

and

Maz, | ) H(w,y) = ({1} x 2,3 = tan(ym/4)]) (1, 2] x {2}),

zeX

we see that condition (v) holds. Therefore, according to Theorem 2.1, the relation
(Hi-1) is valid. Indeed, we can deduce that

U Maz, | F(z,y) = ((-1,0] x {0}) [ J{0} x [-1,0)),
hence et vex

co(| ) Maz,, | Fz,y)) ={(s,t): =1 —=s <t <0,-1 < s <0}.

zeX yeX
Mazx Hix a)
(1,81 \
L, 23
(-1, 1)
Min(co( U Maz,, U F(z,y)))+C

(-1,0) ~<<<(</ reX yex
LU L L

(0, -1) €l,=1) (4 ~1)

Figure 1: MazJ,cy H(z,x) C Min(co(U,cx Mazy U,cx F(2,y)) +C
Thus,
Min(co( U Mazx,, U F(z,y))+C ={(r,y) eR* 12 > —1,0+y > —1,y > —1}.

reX yeX

Therefore, as shown in Figure 1, the relation (Hi-1) is valid. O

Theorem 2.4. Let X be a nonempty compact (not necessarily convex) subset
of a real Hausdorff topological space and, Z be a Hausdorff topological vector
space. Consider set-valued mappings F, S, T, H : X x X = Z with nonempty
compact values such that the sets J,cx F(7,Y), U,ex H(z,y) and U,cx H(z, 2)
are compact for all (x,y) € X x X, and satisfy the following conditions:
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(i) the mapping y — H(x,y) is continuous on X for each x € X, and the
mapping x — F(x,y) is lower semi-continuous for each y € X;

(ii) given any Gerstewitz function &, with v & |J,ex MazyJ,cx F(z,y) + C

satisfies the following conditions:

(ii,) the mapping v — &gS(x,y) is above-R, -convex-like on X for each
y € X, and the mapping y — &k, T (x,y) is above-R, -concave-like on X
for each x € X;

(iip) for each w € X, there exists an x.,, € X such that

yeX

max &g, H (2, w) < max U min U EoH (z,y); and
yeX zeX
(iii) for each (x,y) € X x X, Maz,F(z,y) C Max,S(x,y) —C,
Mazx,S(x,y) C Max,T(z,y) — C, and Max,T(z,y) C Mazx,H(x,y) — C;

(iv) for eachy € X,

Max U H(z,z) C Min, U H(z,y)+ C,

zeX zeX

then the relation (Hi-2) is valid.

Proof. Let A(x) be defined in the same manner as in Theorem 2.1 for all z € X.
From the process involved in the proof of Theorem 2.1, we determine that the
set U,cy A(z) is nonempty compact. Assume that v & [, A(z) + C. For any
k € intC, there exists a Gerstewitz function &, : Z — R such that

Erw (u) >0 (4)

for all u € |J,cx A(x). Then, for each x € X, there exists y; € X and f(x,y}) €
F(z,y;) with f(z,y;) € Maz, U,cx F(z,y) such that

Sl f (2,)) = max ) € F (2, ).

yeX

Choosing u = f(z,y}) in equation (4), we have

max U gka(ZIZ’,y) >0

yeX

for all x € X. Therefore,
min U max U o F (2, y) > 0.
reX yeX

According to conditions (i)-(iii), we determine that all conditions of Theorem
1.2 hold for the mappings &k F' (2, ), &S (2,Y), &k (2, y) and &k H (2, y), and
hence,

max U min U &H (x,y) > 0.

yeX zeX
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Because X is compact, there exists a 3y’ € X such that

min U SeoH (z,y") > 0.

zeX
Thus,
ve |J Hiy)+C.
zeX
and hence,
v Min,, | ) H(z,y') + C. (5)
zeX

If ve Max |,y H(z, ), then, according to (iv), we have

v € Miny, U H(x,y")+C

zeX

which contradicts (5). Therefore, we can deduce that the relation (Hi-2) is valid.
U

The following example illustrates that Theorem 2.4 is true.

Example 2.5. Let X, C, ¢, F' be defined in the same manner as in Example 2.3.
Define S, T, H : X x X — R? by

S(@,y) = [3/2,2+ 2*(1 — y?)] x {1 — tan(ym/4)},
T(x,y) =[5/2,5/2+ 2*(1 — y?)] x {2 — tan(yr/4)},
H(z,y)=1[7/2,7/2 + 2% x [2,3 — tan(ym/4)].

for all (z,y) € X x X.

Obviously, conditions (i) and (iii) of Theorem 2.4 are valid. Let v = (—1/2,—1) &
Usex Mazy, Uyex Fz,y) + C and k = (1,1) € intC. Using a similar calcula-
tion to the calculation in [12], we have &,S(z,y) = [2,5/2 + 2*(1 — y?)], and
T (z,y) = [3,3 + 22(1 — y?)] for (z,y) € X x X. Therefore, the mapping
r — pS(z,y) is above-R -convex on X for each y € X and the mapping
y — & T(x,y) is above-R-concave on X for each x € X. According to Corol-
lary 2.2, condition (ii,) holds. We now claim that condition (ii,) holds. Indeed, for
each (z,y) € X x X, & H (2, y) = [4,4+2%], max |,y min U, x &eo (2, y) = 4.
For each w € X, we choose x,, = 0; then, condition (ii;) of Theorem 2.4 is valid.
Finally, because

Mazx | ) H(z,x) = {(7/2 + 1,3 — tan(tr/4) : t € [0, 1]}
nd reX

Maz, | H(z.y) = ({7/2} x [2,3 = tan(yr/4)]) | ([7/2,9/2] x {2}),

zeX
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we determine that condition (vi) holds. Therefore, according to Theorem 2.4, the
relation (Hi-2) is valid. Indeed, from Example 2.3,

U Maz, | F(z.y) = (-1,0] x {0}) [ J{0} x [-1,0)),

reX yeX
and
Min | ) Maz,, | ] F(z,y) + C = {(~1,0),(0, =1)} + C.
zeX yeX
Hence, as shown in Figure 2, relation (Hi-2) is valid. O
LA
Max U H(x,x)
zeX
(-1, 2)7
(-1, 1) Min U Mazx., U F(x,y)+C
zeX yeX
Lo
(-1, 03

0,0

LA

1

0,-1) (1,-1) (2,=1) (3,-1) (4,-1) (5,-1)

Figure 2: MaxJ,ex H(v,2) C Min,ex Maz, U, cx F(2,y) +C
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