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We survey recent results concerning ground states and bound states u: R? — R? to the curl-curl

problem
Vx(Vxu)+V(z)u=f(z,u) in R3,

which originates from the nonlinear Maxwell equations. The energy functional associated with this
problem is strongly indefinite due to the infinite dimensional kernel of V x (V x -). The growth of
the nonlinearity f is superlinear and subcritical at infinity or purely critical and we demonstrate
a variational approach to the problem involving the generalized Nehari manifold. We also present
some refinements of known results.
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1. Introduction
We look for weak solutions to the semilinear curl-curl problem
Vx (Vxu) + V(@ = f(a,u), xeR, (1)

originating from the Mazwell equations in the differential form

(VxH=J+0D (Ampere’s Law)
V-D=p (Gauss’s Electric Law) @)
Vx&=-0,B (Faraday’s Law)

|V-B=0 (Gauss’s Magnetic Law),

where H, J,D, &, B: R3xR — R? are time-dependent vector fields and p: R xR —
R is the electric charge density. In particular, H is the magnetic intensity field, J
the electric current intensity, D the electric displacement field, £ the electric field,
and B the magnetic induction. We consider as well the constitutive relations

D=e+P
{ i 3)

—1p_
H = #B M,
where P, M: R? x R — R? are, respectively, the polarization field (which depends

on &, in general nonlinearly) and the magnetization field, while ¢, u: R® — R are,
respectively, the permittivity and the permeability of the material.
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In order to derive (1) we make additional assumptions about the physical model. We
begin by considering absence of electric charges (p = 0), electric currents (J = 0),
and magnetization (M = 0). Then, plugging (3) into (2) and differentiating with
respect to the time variable we obtain the electromagnetic wave equation

1
V x (;v x 5) + €D2E = —0PP. (4)

Moreover, we assume that & and P are monochromatic waves, which means that
E(z,t) = cos(wt)u(z) and P(z,t) = cos(wt)P(z) for some w € R and u, P: R? — R3.

This leads to the curl-curl problem (1), where u =1, V(x) = —¢(z)w?, and f = w?P
models a nonlinear polarization in the medium, see [23, 33, 34] and the references
therein. Note that solving (4), or (1) in the monochromatic setting, one obtains
the electric displacement field according to the first constitutive relation in (3), the
magnetic induction is given by integrating Faraday’s law in time, and the magnetic
field is given by the second constitutive relation. Since there are no currents, nor
charges, then the Gauss laws are satisfied: div(D) = div(B) = 0. Thus, we find the
exact propagation of the electromagnetic field according to the Maxwell equations.

Another motivation has been provided by Benci and Fortunato [7], who introduced
a model for a unified field theory for classical electrodynamics based on a semilinear
perturbation of the Maxwell equations in the spirit of the Born-Infeld theory [10].
In the magnetostatic case, in which the electric field vanishes and the magnetic field
is independent of time, this leads to an equation of the form (1) with u replaced
with A, the gauge potential related to the magnetic field.

A major mathematical difficulty of (1) and similar curl-curl problems is that the
differential operator u — V x V x u has an infinite-dimensional kernel, i.e., the
space of gradient vector fields; this makes the associated energy functional

1
E(u)== [ |V xul*dz+ V(x)ul*- / F(z,u)dz, (5)
2 R3 R3
where f = 0,F, strongly indefinite, i.e., unbounded from above and below (when
F > 0) even on subspaces of finite codimension and such that its critical points have
infinite Morse index; for instance, this is the case in a model example

f(z,u) = T'(z) min{|ulP~2 |u/?}u  with2 <p<6<gq (6)

where I' € L>(R3?) is Z3-periodic, positive, and bounded away from 0. Another issue
is that the Fréchet differential of the energy functional is not sequentially weak-to-
weak™ continuous, therefore the limit point of a weakly convergent sequence needs
not be a critical point of the functional. Moreover, one has to struggle with the lack
of compactness because the problem is set in the whole space R3.

We underline that the aforementioned difficulties in dealing with curl-curl problems
have given rise to several simplifications in the literature. The most widely used is
the scalar or vector nonlinear Schrodinger equation, where, e.g., one assumes that
the term V(divu) in V x V x u = V(divu) — Au is negligible and can therefore be
removed from the equation, or uses the so-called slowly varying envelope approzima-
tion.
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Nevertheless, such approximations may produce non-physical solutions, which do
not describe the exact propagation of electromagnetic waves in Maxwell’s equations,
as remarked, e.g., in [1, 13|, whence the importance of curl-curl problems from a
physical point of view.

As far as we know, the first papers dealing with exact solutions to Maxwell’s equa-
tions are [22, 33], where the electromagnetic wave equation (4) is turned in an ODE
and treated with ad hoc techniques. The same approach is used in the series of
papers [34]-[40].

In general, the curl-curl problem (1) seems to be difficult to study by considering
radial solutions and the consequently associated ODE, since it does not admit any
radial solutions for a large class of V and F. In fact, it follows from [3, Theorem
1.1] that any O(3)-equivariant (weak) solution to (1) is trivial.

The curl-curl problem (1) in R? has been solved for the first time by Azzollini, Benci,
D’Aprile, and Fortunato in [2] in the cylindrically symmetric setting. If V' = 0 and
F(z,u) depends only on |u| as in [2], then one can restrict the considerations to the
fields of the form

L2

u(z) =alr,zz) | =1 |, r=\/a?+ 23, (7)
0
which are divergence-free, so V x (V X u) = —Awu and one can study (1) by means

of standard variational methods (however, there may still exist solutions which are
not of this form). Other results in the cylindrically symmetric setting have been
obtained in [3, 14, 16, 17, 21, 44]. Let us mention that the solutions found in [14] are
orthogonal to the subspace of vector fields of the form (7). Clearly the cylindrically
symmetric approach is not applicable if V or f in (1) lack this symmetry or, even
when (1) does preserve this symmetry, if we look for ground state solutions, i.e.,
nontrivial solutions with minimal energy. The natural question whether ground
state solutions must have some symmetry properties arises, but so far it is an open
problem.

Similar difficulties have appeared also in curl-curl problems on bounded domains
[4, 5], where Bartsch and the first author investigated a problem similar to (1) and
paired with boundary conditions that model the case of a medium surrounded by a
perfect conductor (i.e., the electric field on the boundary of the medium is tangential
to it), obtaining the system

VxVxu+V(z)u= f(r,u) in{
vxu=0 on 052,

with v: 9Q — S? the outer normal unit vector. As in the linear case, e.g. [12, 18,
20, 28], or in [7, 14], the authors split the function space they work with into a
divergence-free part, i.e., div(V (z)u) = 0, and a curl-free part, which allows to build
a more tractable variational setting of the problem. Then they adopt techniques
from [41] that exploit a generalization of the Nehari manifold, which need not be of
class C! (also known in the literature as the Nehari-Pankov manifold, cf. [29]). How-
ever, under some technical assumptions about F', the generalized Nehari manifold is
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proved to be homeomorphic to the unit sphere in the subspace of the divergence-
free vector fields. In addition, since such a manifold is a natural constraint, by a
suitable minimization argument the authors find a ground state solution, as well as
infinitely many solutions with the energy converging to infinity. The advantage of
working in a bounded domain is that, despite the presence of the subspace of curl-free
vector fields, which does not embed compactly in any Lebesgue (or Orlicz) function
space, a variant of the Palais—Smale condition is satisfied, which provides some
compactness in the aforementioned minimization argument. Other approaches have
been developed in subsequent work concerning the the Brezis-Nirenberg problem
[11] for the curl-curl operator [24, 27]; see also the survey [6].

Back to (1), where no variants of the Palais—-Smale condition are available because of
the infinite measure of R?, a careful concentration-compactness analysis on a suitable
generalized Nehari manifold Ng (see (12) for the definition) has been demonstrated
in [23], which seems to be the first work on ground state solutions of (1) in the
nonsymmetric setting with V' < 0 and where (6) with 2 < p < 6 < ¢ is the
model in mind. In the current work, we refine results of [23], present the variational
approach, and provide a simpler argument resolving the compactness issue inspired
by the recent work by Szulkin and the authors [26].

In [26], the multiplicity problem of bound states to (1) with V' = 0 has been con-
sidered together with a large class of nonlinearities which have supercritical growth
at 0 and subcritical growth at infinity; this is in the spirit of the zero mass case
of Berestycki and Lions [9], see condition (N2) below. However, as shown by the
examples below, we admit nonlinearities which are more general than in (6) with
2 < p < 6 < g, and this requires a new functional setting for (1) as well as a new
critical point theory. The reason is that the methods based on the constraint Ng
cannot be applied straightforwardly here since Ng may not be homeomorphic to the
unit sphere in the subspace of divergence-free vector fields as in [4, 23]. Note that
although & has the classical linking geometry, the well-known linking results, e.g.
of Benci and Rabinowitz [8], are not applicable due to the lack of weak-to-weak*
continuity of &£’.

In order to state the main results we assume that the growth of f is controlled by
an N-function ® : R — [0, 00) of class C' such that

(N1) @ satisfies the Ay- and the Va-condition globally.

N-functions and condition (N1) will be introduced in the next section and are stan-
dard in the theory of Orlicz spaces [30]. For the subcritical nonlinearities we shall
need the following growth conditions:

@) B(t)
(N2) lim =6~ = im =5~ =0,
)
(N3) lim —(Qt) = 00,
t—o0

where (N2) is inspired by [9] and (N2), (N3) describe supercritical behaviour at 0
and superquadratic but subcritical at infinity. Now we collect our assumptions on
the nonlinearity F'(z,u).
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(F1) F:R? x R® — R is differentiable with respect to the second variable u € R?
for a.e. z € R® and f = 9,F: R? x R* — R3 is a Carathéodory function (i.e.,
measurable in z € R3, continuous in u € R? for a.e. z € R3). Moreover, f
is Z3-periodic in z, i.e., f(x,u) = f(x + y,u) for all u € R? and almost all
r € R3and y € Z3.

(F2) There are ¢;, co > 0 such that

|f(z,u)] < a®(Ju]) and F(z,u) > c2®(|u])
for every u € R3 and a.e. x € R3, where ® satisfies (N1)-(N3).
(F3) For every u € R? and a.e. x € R® we have (f(z,u),u) > 2F (x,u).
(F4) I (f(z,u),0) = (f(z,0),u) > 0, then
2 _ 2
2(f(z, u), u)

We say that F is uniformly strictly convex with respect to u € R3 if and only if for

any compact A C (R* x R?*) \ {(u,u) : u € R3}

) 1 U1 + Usg
( jg}%A(Q(F(l‘,ul)%—F(x,ug))—F(x, 5 )) > 0.
uy,ug)€

We provide some examples. First we note that if G = G(z,t): R3 x R — R is
differentiable with respect to ¢, g := 0;,G is a Carathéodory function, G(z,0) = 0,
M € GL(3) is an invertible 3 x 3 matrix, and

F(z,u) = G(z,|Mu|) and t+w g(x,t)/t is non-decreasing for ¢t > 0,  (8)

then F' satisfies (F'3) (cf. [41]) and it is easy to see that (F4) holds. Note that (8)
implies g(x,0) = 0, so f is continuous also at u = 0.

Suppose I' € L>*(IR?3) is Z3-periodic, positive, and bounded away from 0. Take
F(a,u) =T ()W (| Mul?)

where W is a function of class C!, W(0) = W'(0) = 0, and ¢t ~ W(t) is non-
decreasing on (0,00). Then we check that (F1)-(F4) are satisfied (here G(x,t) =
['(x)W (t?), so (8) holds).

I W(E) = 2 (1 + 17 - 1) 0
or W(£2) = min {%mp + é _ %, éw} (10)

with 2 < p < 6 < ¢, then we can take ®(t) = W (t?) and we see that (F2) holds as
well. Note that if W/(¢) is constant on some interval [a, b] C (0, c0), then

<f($au)7u>2 — <f(x,u),v>2
2(f(z,u),u)
for a < |v| < |u| < b and a stronger variant of (F4), i.e., [23, (F4)], is no longer

satisfied, so we cannot apply variational techniques relying on minimization on the
Nehari-Pankov manifold Mg (defined in (12)) as in [23, 41].

0< F(z,u) — F(z,v) = (11)
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Moreover, we can consider f that cannot be controlled by any N-function associated
with LP(R3, R?) + LY(R3 R?) for 2 < p < 6 < ¢ as in [23]. Indeed, let us consider
W(t?) = 3(|t* = D) In(L+ [¢]) — 3lt]* + 3]¢] for [t] > 1, W(t?) = 22(J¢t|? — 1) + 1 for
[t| < 1, then

[(z)In(1 + |u))u if ju] > 1,

flz,u) =

() In(2)]ul"2u if [u] <1

and note that (F1)—(F4) are satisfied.

As our final example, we take F'(z,u) = I'(z)®(|u|) where ®(0) = 0,

/(1 —Int) ift <1,
(t) =<t if 1 <t<2,
at®/Int if t > 2,

and @ = 27*In2. Obviously, F' satisfies (8) and hence (F3) and (F4), and (11)
holds for 1 < |u| < 2. It is easy to see that (F1)-(F2) and (N1)-(N3) hold (to
check (N1) it is convenient to use Lemma 2.1). Note that lim; o ®(¢)/t® = 0, but
limy_,o () /t? = oo for any g > 6; similarly ®(¢)/t® — 0 but ®(¢)/t* — oo ast — oo
for any p < 6. Note also that in the last two examples we can replace |u| with |Mu|.

Let S be the classical Sobolev constant of the embedding D'?(R?) into L5(R?) and
U = &* the complementary function to ® (cf. Section 2). We assume that

(V) @ satisfies the V'-condition globally, ® o U~! is convex and satisfies the Va-
condition globally, V € L®Y DYR3) V(z) < 0 for a.e. z € R? and
|V|3/2 < S.

1

Since, as we will see, N-functions are even, when we write ¥~! we mean (Ylfo,00)) s
while the V’-condition will be introduced in the next section. We remark that
® o U ! is in fact an N-function and that (N2) and V € L(®¥Y )¥(R3) imply
V € L3?(R?), see Lemma 2.4.

Let D(curl, ®) be the space of functions u such that V x u is square integrable and u
is in the Orlicz space L®(R3, R?); see the next section for a more accurate definition.
Then & € C!'(D(curl, ®),R) and critical points of £ are weak solutions to (1).

Our first aim is to present the following result.

Theorem 1.1. Assume that (F1)—(F4) hold. Then:

(a) If (V) holds and F is convex with respect to uw € R3, or V. = 0 and F is
uniformly strictly convex with respect to u € R3, then equation (1) has a ground
state solution, i.e., there is a critical point u € N¢ of € such that

E(u) =inf & >0,
Ne

w0, &)l = 0, and } oy

h = D 1,®) :
where Ne {u (curl, @) gl(u)[v¢] =0 for any SOEC(C))O(R?’)

(b) IfV =0, F is uniformly strictly convex with respect to u € R3, and F is even
in u, then there is an infinite sequence (u,) C Ng of geometrically distinct solutions
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of (1), i.e., solutions such that (Z3 * u,) N (Z3 * w,,) = 0 for n # m, where
72 % uy, = {u,(- +vy) :y € Z°}.

Theorem 1.1 has been obtained in [26] in case V = 0. If ®'(¢) = min{|¢|P~2, [t|72}t
with 2 < p < 6 < ¢, then (V) holds provided that V € L7-2(R3) N La2(R3), V < 0
a.e. on R3 and \V\% < S, therefore Theorem 1.1(a) generalizes [23, Theorem 2.1]

and we can consider nonlinearities like (9) and (10).

The critical problem in R3 i.e., V = 0 and f(z,u) = |u|*u, has been investigated
by Szulkin and the first author in [27]. Recall that if we have ®(t) = £[¢|, then
W (curl; R?) := D(curl, ) and W¢(curl; R3) = W (curl; R?), where

Wo(cwl;R?) := {u € LY(R* R?) : V x u € L*(R*,R?)}

is endowed with the norm ||ul/ys(currs) == (|ulg + |V X u|§)1/2. Denote the kernel
of V x (+) in W9(curl; R?) by

W= {w € Wocur; R?) : V x w = 0}
and let S be the largest possible constant such that the inequality

IV X ul*dz > Seun U}ggv ( u+ w|° dZB>§ (13)

R3 R3

holds for every u € W9(curl; R3) \ W. Inequality (13) is in fact (trivially) satisfied
also for u € W because then both sides are zero. According to [27], we present the
following result.

Theorem 1.2. S.,;; > 5, infy, & = %Sfﬁ, and it is attained by a ground state

solution to (1) with V =0 and f(z,u) = |u|*u.

Multiple entire solutions in the Sobolev-critical case (V = 0 and f(z,u) = |u|*u)
are obtained, for the first time, by Gaczkowski and the authors in [16] combining
the symmetry introduced in [2] of the form (7) with another introduced by Ding in
[15], which restores compactness in the critical case. They also extend rigorously
an equivalence result, known for the classical formulations, that relates the weak
solutions to (1) with the weak solutions to Schrodinger equations with singular
potentials, see [16] for details.

The paper is organized as follows. In Section 2, we recall the properties of N-
functions and Orlicz spaces and we prove some new results required by the presence
of the potential V' and the assumption (V). In Section 3, we recall the critical point
theory for strongly indefinite functionals based on [26], which also solves the problem
of multiplicity of bound states. In Section 4, we prove some preliminary results about
the energy functional for the curl-curl problem, showing the abstract theory from
Section 3 suits this concrete context. Finally, Sections 5 and 6 are where we prove
Theorems 1.1 and 1.2 respectively.

2. Preliminaries and variational setting

Here and in the sequel, | - |, denotes the L9-norm. Following [30], we recall some
basic definitions and results about N-functions and Orlicz spaces.
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A function ®: R — [0, 00) is called an N-function if and only if it is even, convex,
and satisfies
d(t D(t
O(t)=0<1t=0, limﬁzO, and hm%zoo

t—0 ¢ t—00

Given an N-function ®, we can associate with it another function ®*: R — [0, c0)
defined by

O*(t) := sup{s|t| — ®(s) : s > 0}
which is an N-function as well. ®* is called the complementary function to ® while

(®, ®*) is called a complementary pair of N-functions. To simplify the notations,
we will write U for ®*. Note that U* = ®.

We also recall from [30, Section I1.3] that ® satisfies the As-condition globally (de-
noted ® € Ay) if there exists K > 1 such that for every t € R

D(2t) < KO(1)

while ® satisfies the Va-condition globally (denoted ® € V) if there exists K’ > 1
such that for every t € R

B(K't) > 2K'D(t).
Similarly, ® satisfies the A’-condition globally (denoted ® € A’) if there exists ¢ > 0

such that for every s,t € R
O(st) < cP(s)P(t),

while ® satisfies the V'-condition globally (denoted ® € V') if there exists ¢ > 0
such that for every s,t € R
O(s)D(t) < I D(st).

In order to make the text more fluent, from now on, when we say that the Ag-, Vo-,
A~ or V'-condition holds, we mean that it holds globally. The set

L* = L*(R3 R?) := {u:]R?’ — R® measurable :/Cb(a|u]) dx < oo for some a > O}
R3

is a vector space and it is called an Orlicz space; if ® € Ay, then one can take the
equivalent definition

L® = {u: R? — R3 measurable : /

R?)

O(|ul)dx < oo}.

Moreover, the space L* becomes a Banach space (cf. [30, Theorem I11.2.3, Theorem
I11.3.10]) if endowed with the norm

lulg = inf{k >0: /RJCID(%) dr < 1}.

We can define an equivalent norm on L® by letting

o = sup{/ Jul ]u’]dx:/ U(|u|) da < 1, u’eL‘l’},
R3 R3

see [30, Proposition II1.3.4] (note that in [30] these results are formulated for the
space L£®; however, no distinction needs to be made between £* and L?, see the
comment following [30, Corollary I11.3.12]).
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Finally, if both ® and ¥ satisfy the As-condition, then L?® is reflexive and LY is
its dual [30, Corollary IV.2.9 and Theorem IV.2.10]. Similarly, for any measurable
Q) C R3 one can define

L*(Q) = {f: 2 — R measurable amd/Q

and endow it with the norm | - ¢ defined as above. Recall that L* = L*(R?)3 can
be identified [26, Lemma 2.1].

O (al€]) < oo for some o > O}

Before going on, for the reader’s convenience we recall some important facts.

Lemma 2.1. (i) The following statements are equivalent:
(a) € Ay
(b) there exists K > 1 such that t®'(t)
(c) there exists K' > 1 such that tW'(t)
(d) ¥ e V,.

(i) P e V' ifand only if Ve A

(iii) For everyw € L®, ' € LY there holds

) for every t € R;

< Kot
> K'U(t) for every t € R;

/ Jul v’ do < min{|ule|u'|w, [u]e|u'[w1}-
3

(iv) Let u,, u € L®. Then |u, —ule — 0 implies that [os P(Ju, — u])dz — 0. If
€ Ay, then [o5 ®(|u, —ul) de — 0 implies |u, — u|e — 0.

(v) Let X C L® and suppose ® € Ay. Then X is bounded if and only if
{Jos ®(u]) dx - w € X} is bounded.

Proof. Point (ii) is due to [30, Theorem II.3.11], while the remaining ones have
been proved in [26, Lemma 2.2]. O

Now we prove a preliminary result that we will use in some of the next lemmas.

Lemma 2.2. Let 1 < p < oo and define p' := -£=. Let ® be any N-function and
P
define U := ®*. Then

D(t
=00 and lim ():

t—o0 |t|p t—00 |t|p

Proof. Suppose that lim,_.g |t(‘i) = 0. For ¢ > 0, there exists 6 > 0 such that

O(t)/|t]P < e if |t| < J. We have

U(t) s O(s) . 1 sP
— > - _ .
T 2 sup { P |t|P € [0, 4] |t\P —supq s sw s €[0,4]

and the maximizer of s — s?/|t| when s > 0 is 5 = (¢/pe)’~!. Since we are

considering the limit as ¢ — 0, we can take ¢ so small that 5 € [0,0] and so

\Ij(t)> 1 —i L ift<1
’t|pl - pp/_l pp/ 6p1_1 )

20 — .

hence lim,_,o U(t)/|t|P" = co. We argue similarly if lim, o, T
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Suppose that 1imt_,0\‘IITg/) = 00. For ¢ > 0 there exist M > 6 > 0 such that

\If(t)/|t]p/ > 1/eif |t| < § and W(t)/|t| > 1/e if |[t| > M. Observe that for |t| < 1

sup{s_$;s>M}gsup{s(1_ﬁ);szo}:o

and we have

D(t 1 V(s 1 5P
(t) < sup{s_ﬁ:se[o,é)}g|t|p_lsup{s—m:520}

e = e

There follows that lim; o ®(¢)/[t[" = 0. We similarly argue that lim; ﬁ’l_(ﬁ') = 00

implies lim; o ®(¢)/[t|? = 0. O

From now on we, assume (F1)—(F4), (N1), (N3), ® will denote an N-function as in
(F2) and ¥ will denote its complementary function. We assume also

(N2') There exists ¢ > 0 such that ®(t) < c|t|% for every t € R.

(N2) will be assumed only if it is required, so that some of the results below are
valid also for the critical case ®(t) = ¢|t|°. Moreover, we will denote by |- |¢ any of
the two (equivalent) norms defined above, unless differently required.

Let D(curl, ®) be the completion of C5°(R3, R3) with respect to the norm

1/2
ullewo == (IV x uf2 + [u]2)"

The subspace of divergence-free vector fields is defined by

V.= {v € D(curl, @) : / (v, V)dr =0 for any ¢ € CgO(R3)}
R3
= {v e D(curl, ®) : dive =0}

where div v is to be understood in the distributional sense. Let D := DV2(R3 R?)
be the completion of C§°(R?, R?) with respect to the norm

[ullp = [Vula,

and let W be the closure of {Vy : ¢ € C°(R®)} in L®. In view of (N2’) and by
Lemma 2.1 (iii), L5(R3 R3) is continuously embedded in L?.

The following Helmholtz decomposition has been obtained in [26] provided that (N2)
holds, however the proof is valid for (N27), cf. [27].

Lemma 2.3. V and W are closed subspaces of D(curl, ®) and
D(curl,®) =V W.

Moreover, V C D and the norms || - ||p and || - ||curr.0 are equivalent in V.

Observe that in view of Lemma 2.3, V is continuously embedded in L?.
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We introduce a norm in ¥V x W by the formula

1
(v, w)ll = (lvllp + lwlz)*

and consider the energy functional defined by (5) on D(curl, ®), and
1
J(v,w) = 3 / (Vo> + V(z)|v + w|* dv — / F(z,v+w)dx. (14)
R3 R3

defined on ¥V x W.

The next lemma justifies some requirements in the condition (V).
Lemma 2.4. Assume ® o U1 is conver.

(i)  ®o U™ 4s an N-function that satisfies the Ay-condition.
(i) IfV e L®Y YRS then V € L3/?(R?).

(iii) If, moreover, ® satisfies the V'-condition, then ||Vullg — 0 as ||ul]le — 0 and
|Vul|w is bounded if ||u||o is.

Proof. (i) Clearly T:=®o ¥ is even and convex. We prove that lim, ,o T(¢)/t=0
and lim; ., Y(t)/t = co. From (N2’), (N3), and Lemma 2.2

Wt WU(t
liminfL >0 and lim ®) =0,
t—0 |t|6/5 t—oo 12
which in turn implies
(¢t ULt
lim sup A <oo and lim ®) = 00,
t—0 ’t|5/6 t—o0 \/I_f
and so we obtain
O(T-1(1)) (T (1))°
lim = lim ( ( )6? ( ( )) =0 and
t—0 t—0 (\I;fl t)) t
T(t O(T1(1) (U-1(1))?
limﬁ:hm ( ())( <)) = 0.

t—oo ¢ t—0 (\I;fl(t))z t
We exploit Lemma 2.1(i) to prove that T € A,. Since ® € Ay, for a.e. t € R

_t(UTE)  () e (P()) _ Ct(I)(\Il‘l(t))

() = V(L)) U)W () T W (WL(t)

= CT(t)

where C' > 0 only depends on ® and can be supposed to be greater than 1.
(ii) From (N2’) and Lemma 2.2 we have

10 ()
hrtll)lonf T6/5 >0 and hggf J6/5 > 0,
ULt ULt
hence lim sup t) < oo and limsup t) < 00

t—0 t5/6 t—00 t5/6
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This, again with (N27), yields

T(#) T(t)

limsup ——= < oo and limsup ——= < o0,
t—0 t t—o0
and so, still via Lemma 2.2,
T T
hlgilonf v >0 and h){gg}lf 5/ > 0,

hence there exist C7, Cy > 0 such that for all t € R
TL(t) < CIt]P/® and  [tP* < CoX(1).
Then
WV (2)]*? de = o / (U (U (aV (2))) [ Pde < (Cy /) / W (aV (2)) [/ da
R3 R3 R3
< (C’l/a)3/2C’2/ T*(V(aV(z))) dz < oo,
R3
where « is from the condition V € LYY (R3).

(iii) In view of Lemma 2.1 it suffices to prove that [, ¥ (a|Vu|)dz — 0 as [julle — 0
and that [, W(«|Vul)dz is bounded if [|u||¢ is, where o is as before. If ¢ > 0 is the
constant associated with the A’-condition of W, then

e 1 [ ()l

/R3 U(a|Vu|)de < C/R3 U (aV)U(|u]) de < e||¥(aV)|

and ||¥(aV)||y+1 < 0o because [p; T*(¥ (V) dz < oo, hence we only need to prove
that [|[U(|u])||[x — 0 as ||u|le — 0; but this is obvious in view of Lemma 2.1(iv) and
item (i) in this lemma because

/]R3 T(¥(ful)) dz = / ®(|ul) dz — 0.

R3

Likewise for the boundedness. O

The next lemma is an improvement of [26, Lemma 2.5] provided in [31], which does
not require ¢ to be strictly convex.

Lemma 2.5. There exists C' > 0 such that for allt € R
W(®'(1) < CO(H).
Proof. From (N1), Lemma 2.1(i), and [30, Theorem L.III.3] we have

U(D'(t)) =td'(t) — P(t) < (K —1)P(¢). O

In virtue of Lemmas 2.4(iii) and 2.5, we can prove as in [26, Proposition 2.6] that
J is of class C!. It is then standard to show the following result.
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Proposition 2.6. Letu=v+w € VS W. Then (v,w) is a critical point of J if
and only if u is a critical point of € if and only if € is a weak solution to (1), i.e.

/ (u,VxV X )dr = / (=V(2)u+ f(x,u),@)dr for any p € C°(R* R?).
RB

R?)

3. Ciritical point theory
We recall the abstract setting from [4, 5, 26]. Let X be a reflexive Banach space

with the norm || - || and a topological direct sum decomposition X = X @ X, where
X is a Hilbert space with a scalar product (., .). For u € X we denote by u™ € X*

and U € X the corresponding summands so that v = ut + u. We may assume
(u,u) = ||ul||* for any v € Xt and |[ul|* = ||u"||* + ||u||*>. The topology 7 on X is
defined as the product of the norm topology in Xt and the weak topology in X.
Thus u,, T uis equivalent to v} — u™ and u,, — .

Let J be a functional on X of the form
1 ~ -
)= LT foru=ut bie X0 X

Theset M:={ue X: J(u)|g =0} ={ue X : Z'(u)|§ =0} obviously contains
all critical points of J. Suppose the following assumptions hold.
1) ZeCYX,R)and Z(u) >Z(0) =0 for any u € X.

12) 7 is T-sequentially lower semicontinuous: w, Ty u = liminfZ (un) > Z(u).

4) |lut||+Z(u) — oo as ||ul| — oc.
I5) If u e M then Z(u) < Z(u+ v) for every v € X \ {0}.

Clearly, if a strictly convex functional Z satisfies (I4), then (I2) and (I5) hold. Note
that for any v € X+ we find m(u) € M which is the unique global maximizer
of J|,,5- Note that M need not be a differentiable manifold because Z' is only
required to be continuous. In order to apply classical critical point theory like the
mountain pass theorem to J om : X+t — R we need some additional assumptions.
(I6) There exists > 0 such that a :== inf  J(u) > 0.

weX T ||u||=r

(
(
(I3) If u, T, wand Z(un) — Z(u), then u, — u.
(
(

(I7) Z(t,u,)/t2 — oo if t, = oo and u — u™ # 0 as n — oco.

According to [5, Theorem 4.4], if (I1)—(I7) hold and

cm = inf sup J(y(t)),
V€L 40,1
where T':= {y € C([0,1], M) : v(0) = 0, ||v(1)*]| > r, and J(7(1)) < 0}, then
cm > a > 0 and J has a (PS).,,-sequence (u,) in M, ie., J'(u,) — 0 and
J (uyn) = cpqg. If,) in addition, J satisfies a variant of the Palais—Smale condition in
M., then ¢y is achieved by a critical point of J. Since we look for solutions to (1)
in R3 and not in a bounded domain as in [5], this condition is no longer satisfied.
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We consider the set
N ={ueX\X: T ()| guex = 0} = {fue M\ X : J'(u)u] =0} c M

and we require the following condition on Z:

(18)  E51T(w)[u] + Z(u) — Z(tu+v) = 5517 () [u] +7 (u) [v] + Z(u) — Z(tu+v) < 0
for every u e N, t >0, v e X.

In [4, 5], it was additionally assumed that strict inequality holds provided u # tu+wv.
This stronger variant of (I8) implies that for any u* € X* \ {0} the functional J
has a unique critical point n(u™) on the half-space R*u* + X. Moreover, n(u") is

the global maximizer of 7 on this half-space, the map
n: SXt={ute Xt |jut| =1} = N

is a homeomorphism, the set A is a topological manifold, and it is enough to look
for critical points of J on. N is called the Nehari-Pankov manifold. This is the
approach of [42]. However, if the weaker condition (I8) holds, this procedure cannot
be repeated. In particular, N needs not be a manifold.

Let u € N. In view of (I8) we get by explicit computation

2 —1
2

j(tu—irv)zj(tu—l—v)—j'(u)[ u+tv}§j(u)
forany t > 0 and v € X. Hence, u is a (not necessarily unique) maximizer of J on
Rtu + X. Let

T =TJom: XT >R

Before stating the main results of this section, we recall the following properties

(i)-(iv) taken from [5, Proof of Theorem 4.4]. Note that (I8) has not been used

there.

(i) Foreach u™ € X there exists a unique % € X such that m(u™) := ut 4+ € M.
This m(u") is the minimizer of Z on u* + X.

(i) m: X* — M is a homeomorphism with the inverse M > u — ut € XT.

(ili) J = J om € CY(XH,R).

(iv) J'(u") = T (m@u™))|x+: X+ — R for every ut € XT.

As usual, (u,) € XT will be called a Cerami sequence for J at the level ¢ if
(14 |Jun|) T (un) — 0 and J (un) — c. In view of (I4), it is clear that if (uy) is a

bounded Cerami sequence for J, then (m(uy,)) C M is a bounded Cerami sequence

for J.
Theorem 3.1. ([26]) Suppose J € C'(X,R) satisfies (11)—(17). Then:
(a) ey >a >0 and J has a Cerami sequence (uy,) at the level cay.

(b) If J satisfies also (18), then cp = ¢ := infyr T and N is bounded away from
X (hence closed in X).



J. Mederski, J. Schino / Nonlinear Curl-Curl Problems ... 353

For a topological group acting on X, denote the orbit of u € X by G * u, i.e.,
Gxu:={gu:ge G}

A set A C X is called G-invariant if gA C A for all g € G. J: X — R is called

G-invariant and T: X — X* G-equivariant if J(gu) = J(u) and T'(gu) = g7 (u)

forallg e G, u e X.

In order to deal with multiplicity of critical points, assume that G is a topological

group such that

(G) G acts on X by isometries and discretely in the sense that for each u # 0,
(G u) \ {u} is bounded away from u. Moreover, J is G-invariant and X+, X
are G-invariant.

Observe that M is G-invariant and m: X+t — M is G-equivariant. In our applica-

tion to (1) we have G = Z3 acting by translations, see Theorem 1.1. Since all the

nontrivial critical points u of J are in NV, it follows from Theorem 3.1 that \7 (u) >a

for all such w.

We discuss the following variant of the Cerami condition between the levels o, S €R.

(M)? (a) Let o < 8. There exists M such that limsup,, . ||u.|| < MP for every
(un) C X satisfying o < liminf, s J (un) < limsup, .. J (u,) < 8
and (1 + |lu,||) T’ (u,) — O.

(b) Suppose in addition that the number of critical orbits in 72 is finite.
Then there exists m2 > 0 such that if (u,), (v,) are two sequences as
above and |[u, —v,|| < m?2 for all n large, then liminf,, . ||, — v, || = 0.

Note that if J is even, then m is odd (hence J is even) and M is symmetric, i.e.,
M = —M. Note also that (M)? is a condition on J and not on J. Our main

(03
multiplicity result reads as follows.

Theorem 3.2. ([26]) Suppose J € C'(X,R) satisfies (11)—(I8) and dim(XT) = cc.

(a) If (M)M™° holds for some € > 0, then either cpq is attained by a critical point
or there exists a sequence of critical values ¢, such that ¢, > capq and ¢, — cpm
as n — oo.

(b) [f(M)g holds for every 8 > 0 and J is even, then J has infinitely many distinct
critical orbits.

4. Properties of the functional J for curl-curl

Recall our earlier assumption that (N1), (N2’), (N3) and (F1)—(F4) hold. We will
check that assumptions (I1)—(I8) are satisfied and we want to apply Theorems 3.1
and 3.2. Define the manifold

M :={(v,w) eV xW: T (v,w)[(0,4)] =0 for any ¢p € W}
and the Nehari-Pankov set for J

u#0, J'(v,w)[(v,w)] =0, and }c M.

N = {(v,w) EVXW: T (v, w)[(0,7)] = 0 for any 1 € W
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Observe that u = v + w € Ng if and only if (v,w) € N (Ng is defined in (12)).
Moreover, N contains all nontrivial critical points of 7. In general Ng, N/, and M
are not C!-manifolds.

Proposition 4.1. If (v,w) € V x W then
-1 -1
2 2

J(tv,tw + ) — T (v, w) [(
forany € W andt > 0.
Proof. Let (v,w) € V x W, ¢ € W, t > 0. We define
D(t,¢) :=

2 2
Fltv,tw-+ ) = Tw.w) = T o0 [ (v e+ )] - 5 [VlwPde

w—l—twﬂ < J(v,w)

and observe that
2

D(t,¢) = /Rs<f(x,v+w), 5 (v 4+ w) + tY) dx

+/RgF(;p,v+w)—F(x,t(v+w)+¢)dx.

Now we can argue as in [26, Proof of Proposition 4.1] and show that

2 —
(f(z,v+w), 5 (v+w)+th) + Flr,v+w) — Fx, t(v+w) +¢) <0
for all t > 0, ¢ € R® and a.e. x € R? where (F4) plays a crucial role. Since
V(z) <0, we conclude. O

Consider for (v, w) € L?* x W the functionals I: L* — R and Z: L® x W — R given
by

I(v,w) = I(v+w) ::/ —%V(a:)]v—l—w\z—l—F(x,ijw) dx (15)

R3
and recall that I and Z are of class C'. Under the assumptions of Theorem 1.1, I
and Z are strictly convex. Moreover, the following property holds.

Lemma 4.2. Ifu, — u in L* and I(u,) — I(u), then u, — u in L.
Proof. We show that (up to a subsequence) u,(z) — u(x) a.e. on R3. Since
I(u,) — I(u), we have
lim [ V()[unf? de :/ V(@)|ul? da.
R3

n—oo R3

and lim F(z,u,)dx = / F(z,u)dz. (16)
n—oo R3 R3

If (V) holds, then passing to a subsequence lim,, o [gs V(2)|t, — u(z)|* dz = 0 and

un(z) — u(r) a.e. on R If V = 0, then by the strict convexity we infer that for

any 0 <r < R,

1
meri= inf = (F(z,u)+ F(z,u)) — F(x, il u2) > 0.
z,u1,u2€R3 2 2
r<|ui—us|,

lu1,|uz| <R
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Observe that by (16) and convexity of F,

Uy, + U

1
0< limsup/ é(F(a:,un) + F(z,u)) — F <x,
R3

n—o0

)dxg().

Therefore, setting Q, := {z € R®: |u, —u| >, |u,| <R, |u| < R}, we obtain

1 n
|2, |myr < / —(F(z,u,) + F(z,u)) — F (:r, u —l—u) dz,
R3 2 2

and thus |Q,| — 0 as n — oco. Since 0 < r < R are arbitrarily chosen, we deduce
u, — u a.e. on R3.

In view of a variant of the Brezis-Lieb result [26, Lemma 4.3], we obtain

/F(:L‘,un)dx—/ F(z,u, —u)de — | F(z,u)dz
R3 R3

R3

and hence / F(z,u, —u)dr — 0.
R3

By (F2) and Lemma 2.1 (iii) we get |u, — ule — O. O

Lemma 4.3. Let (v,,w,) CVXW,0#4v eV, and (t,) C (0,00) such that v, — v
D and t, — oo asn — oco. Then

1
lim —/ O (t,|v, + wy|) de = co.
2 Jrs

n—oo

Proof. We argue as in proof of [26, Proposition 4.4]. Take Ry > 0 such that v # 0
in B(0, Ry). In view of (N3) we find C' > 0 such that C®(¢) > ¢* for ¢t > 1. Then

/ ]vn—i—wn\degC/ @(tnlvn—l—wn\)/tidaﬁ—l—/ v, + W, | d
B(O,R) R3 B(0,R)N{|vn+uwn|<1}

and the statement is true provided v, + w, is unbounded in L?(B(0, R),R?) for
some R > Ry. Now, suppose that v, + w, is bounded in L*(B(0, R),R?) for any
R > Ry. We may assume passing to a subsequence that v, — v a.e. and w, — w
in L? (R? R?) for some w. Given € > 0, let

loc
Q, = {x € R® : |u,(2) + wy(z)| > e} (17)

We claim that there exists € > 0 such that lim, . |2,| > 0, possibly after passing
to a subsequence. Arguing indirectly, suppose this limit is 0 for each €. Then
v, + w, — 0 in measure, so up to a subsequence v,, + w, — 0 a.e., hence w,, - —v
a.e. and w, — —v in L} (R3 R3). Since V x w,, = 0 in the distributional sense,
the same is true of v. Thus there is £ € H} (R?) such that v = V¢, see [19, Lemma
1.1(1)]. As div(V¢€) = dive = 0, it follows that &, and therefore v, is harmonic.

Recalling that v € D, we obtain v = 0. This is a contradiction.
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Taking ¢ in (17) such that lim,_, |2,| > 0, we obtain

[ Mol gy [ Sl g,
R3 R

t2 s 2|vn 4+ wy|?

@ tn n n
262/ (le +w|>dx—>oo. O
Q tn|v7’l+wn|2

Proposition 4.4. The conditions (I11)—(I8) are satisfied and there is a Cerami
sequence (v,) CV for J om at the level cyr, which means that J om(v,) — cx and
(14 |vallp)(T 0 m) (v,) = 0 as n — oo, where ¢y = inf(, yyen J (v, w) > 0.

Proof. Setting X := VxW, X := Vx{0} and X := {0} xV we check assumptions
(I1)—(I8) for the functional J: X — R given by

1
j(U,'lU) = QHUH% _I(U’w)

(cf. (14) and (15)). Recall [|(v,w)]| := (|[v[|% + |w|é)%, where [|v||p = [Vv)a.
Convexity and differentiability of Z, (F2), and Lemma 4.2 yield:

(I1) Zlysxw € C*(V x W, R) and Z(v,w) > Z(0,0) = 0 for any (v,w) € V x W.
(I2) Ifv, —»vinV, w, = win W, then liggioI.}fI(vn,wn) > Z(v,w).

(I3) Ifv, »vinV,w, = win W and Z(v,, w,) — Z(v,w), then (v,, w,) — (u,w).
Moreover,

(I6) There exists 7 > 0 such that inf),,= J(v,0) > 0.

Take v € V and observe that

1

T) > -/ |V><v|2—|—V(x)|v|2dx—c/ o] da
2 R3 R3

L -1 2 a3 2 . \?
> (1= VIS [ IV xoPde—es7( [ Voltdr)
2 2 R3 R3

l(1—\V|35_1)/ |V><U|2dx—cS_3< |va[2d$>3
2 2 R3 R3

Hence, the inequality |V s < S implies that there is 7 > 0 such that (I6) is satisfied.
It is easy to verify using (F2) and (v) of Lemma 2.1 that

(I4) |jv]lp + Z(v,w) — oo as ||(v,w)|| — oc.

Hence also

(I5) If (v,w) € M, then Z(v,w) < Z(v,w + ¢) for any ¢» € W\ {0}
holds by strict convexity of u +— [, —V|u|* + F(x,u) dz. Next we prove

(I7)  Z(tn(vn,wy))/t2 — oo if t,, — oo and v,, — v for some v # 0 as n — oo.

Observe that from (F2)

Z(tn(vp, wy, 1 _1
M > / F (2, ty(vn + wy)) dlEZC2t2/ O(t, v, + wy|) dz,  (18)
n JR3

2 = 12
2 2 Jro
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so the statement follows from Lemma 4.3. Finally, Proposition 4.1 and a simple
computation show that

(I8) t22_1I’(v,w)[(v,w)] + tZ' (v, w)[(0,¢)] + Z(v,w) — Z(tv,tw + 1) < 0 for any

t>0,veVand w,p € W.

Recall that if (v,) is a bounded Cerami sequence for 7, then (m(u,)) C M is a
bounded Cerami sequence for J. Therefore applying Theorem 3.1 we obtain the
last conclusion. ]

Lemma 4.5. ([26]) (a) For any v € L?® there is a unique w(v) € W such that
Z(v,w(v)) :u%gvl(v,w).
Moreover, w: L® — W is continuous.

(b) w maps bounded sets into bounded sets and w(0) = 0.

5. Proof of Theorem 1.1

In this Section we assume that (N2) is satisfied. Since there is no compact embedding
of V into L?, we cannot expect that the Palais-Smale or Cerami condition is satisfied.
However, in view of [25, Lemma 1.5] the following variant of Lions’ lemma holds.

Lemma 5.1. Suppose that (v,) C D is bounded and for some v > /3

sup / lv,?dr — 0 asn — co. (19)
y€Z3 J B(y,r)
Then / O(|vp])dr — 0 asn — oco.
R3

Let m(v) := (v,w(v)) € M for v € V. Then in view of Lemma 4.5(a), m: ¥V — M
is continuous. The following lemma implies that any Cerami sequence of J in M
and any Cerami sequence of 7 o m are bounded.

Lemma 5.2. Let § > 0. There exists Mz > 0 with the property that, if (v,) C V
is such that (J om)(v,) < B and (1 + [[v,]|)(T o m) (v,) — 0 as n — oo, then
limsup, .. lonll < My.

Proof. If no finite bound My exists, then we find a sequence (v,) C V such that
|vn]| = o0 as n — oo, (J om)(v,) < B, and (1 + ||v,||)(T om)'(v,) — 0 as n — 0.
Since w, = w(vy), ||(vn, w,)|| = oo if and only if ||v,||p — co. Let 0, := v,/ ||vallD
and W, := w,/||v,||p. Assume

lim sup / |0, |? dx = 0
B(yr)

n—oo yEZS

for some fixed r > /3. By Lemma 5.1 we have lim, o [ps ®(|0,]) dz = 0, and
arguing similarly as in [26], we obtain a contradiction. More precisely, recalling
J' (Un, wy,)[(0,w,,)] = 0, Proposition 4.1 with ¢, = s/||v,||p and 1, = —t,,w,, implies
that for every s > 0,
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f > limsup J (v, wy,)

n—o0
t2—1 2 +1
> limsup J (s0,,0) — lim T (vy,, w,) [( L Up, — 2 + wn>]
n—o00 n—oo 2 2
(F2) g2 52
= limsup J(s9,,,0) > — — lim cl/ O (s|v,]) de = —
n—00 2 n—00 R3 2

which is impossible. Hence we have lim inf,, ., f Blynr) |0, |> dz > 0 for some sequence

(yn) C Z? and, up to a subsequence, we may assume that
/ U (2 + yn)|*dz > ¢ >0
B(0,r)

for some constant ¢. This implies that up to a subsequence, v, (- 4+ y,) — v # 0 in
D, 0,(-+yn) — vin L2 (R* R?), and 0,(- +y,) — 0 a.e. in R? for some v € D. By
(F3) we obtain

2T (Vs W) =T (0, W) [(Vn, w3)] = /((f(x,vn~|—wn),vn+wn>—2F(a:,vn+wn)) dr >0,

s0 J (v, wy,) is bounded below and

ns n 1 —_ (b n n
T (U, wy,) < §||Un||2D_CQ/ (|vn + wp)) i

= Tl fonls
1 (. - 1

=5 —ca [ @ (ol L) L g
) E [

for some constant « (cf. (18) for the second inequality) and the integral on the
right-hand side above tends to oo due to Lemma 4.3, a contradiction. L

Now we show the weak-to-weak* convergence in M.

Proposition 5.3. If v, — v in D, then w(v,) — w(v) in W and, after passing to
a subsequence, w(v,) — w(v) a.e. in R3.

Proof. Define F(x,u) = —2V(z)|ul* + F(z,u) and fz,u) == =V(z)u+ f(z,u)
and observe that we can apply arguments of [26, Proposition 5.2] to Fand f. O

In general J' is not (sequentially) weak-to-weak* continuous, however we show the
weak-to-weak* continuity of 7' for sequences on the topological manifold M. Ob-
viously, the same regularity holds for & and Mg.

Corollary 5.4. If (v,,w,) € M and (v,, w,) — (v, wp) in V x W then we have
T (Un, wy,) = T (vg, wp), i.e.,

T (0n, wa)[(¢,9)] = T (vo, wo)[(¢, )]
for any (p,1) € YV x W.
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Proof. From Lemma 4.5(a) we get w, = w(v,), while in view of Proposition 5.3
we may assume v, + w, — vy + wy a.e. in R® (where wy = w(vg)). For any
(p,1) €V x W we have

T (0 ) (6 0)) — T (w0, wo)[(6,9)] = / (Von — Voo, V) , de

R3

—I—/ V(z)(vy + wy, — vo — wo, ¢ + ) da
R3

_ /Rs<f(x,vn +wn) — f(@, v + wo), & + ¥ da.

For 2 C R® measurable, in view of Lemma 2.1 (iii) we have

/Q|<f(w,vn+wn)—f(w,w)+wo),¢+¢>| dr < [f (2, vntwn) = f (2, uotwo) lw|d+¢| L2(q)

and using (F2) and Lemma 2.5, (| f(z, v, +w,) — f(z,up +wo)|w) is bounded. Since
the norm | - | is absolutely continuous (cf. [30, Definition I11.4.2, Corollary I11.4.5
and Theorem I11.4.14]) and [, ®(|¢ + ¢|)dz — 0 as @ = R*\ B(0,n) and n — oo,
we infer that (f(z, v, +w,)— f(z,uo+wp), ¢+ 1) is uniformly integrable and tight;
likewise for V (v, + w,, — vo — wy, ¢ + 1), but using Lemma 2.4 (iii) instead. In view
of the Vitali convergence theorem we obtain

j/(vna WN)[(Cba @Zj)] - j/(on wo)[(¢, 7,0)] — 0. O

Proof of Theorem 1.1 (a). The existence of a Cerami sequence (v, w,) C M at
the level ¢y follows from Proposition 4.4, and this sequence is bounded by Lemma
5.2.

Suppose that V' = 0. If |v,|e — 0, then by (F2) and Lemma 5.2, we have

lonlld = () (0, 0)] + /

R

(F (2, m(on)), ) di < o(1) + / 1 (0,)) o] de
<o(l) + o / & ([m(vn)) o] d < 0(1) + 1@ (jm(va) N wlenls — 0

which gives v, — 0. This is impossible because J(m(v,)) — cy > 0. Hence by
Lemma 5.1 supyezs [, [vnl* dz is bounded away from 0 and we find translations

(yn) C Z such that
[ e (20)
B(0,R)

for some € > 0. We find v € V' \ {0} such that (v,(- + yn), wn(- + y»)) — (v, w) and
(U (- + Yn), W (- +yn)) — (v,w) a.e. in R? along a subsequence. Then by Fatou’s
lemma and (F3),

ey = lim J(vp,w,) = lim <j(Un(' + Yn), Wa -+ Yn))

n—oo n—oo

5Tl )+ )0+ ).+ 30))

v

T(o,) = 57 0,0)[(0,w0)] = T(0,10),
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Since (v,w) € N, J(v,w) = ¢y and u = v + w solves (1).

Now suppose that (V') holds. Let Jy, Mo, No, cn;, and mg denote the energy func-
tional, the manifolds M and N/, the ground state energy, and the homeomorphism
Y — M in the case V = 0. Let up be the ground state obtained above. Observe
that

Ny = Joluo) = Jo(m(ue)) > T (m(uo)) = cx (21)

Suppose that passing to a subsequence v, — 0 and a.e. on R3. Then mg(v,) — 0
and for every R > 0 there holds

/R3 V(:c)|m0(vn)\2da::/B(OR)V(x)|m0(vn)|2dx+/ V() [mo(v,)|? dz

R3\ B(0,R)

with lim, [p, g V(@)|mo(vs)[? dz = 0 because, from [26, Lemma 5.1] and (N3), D
embeds compactly in L (R? R?) — L2 (R3 R3). We want to prove that

loc loc

/ V(x)|mo(vn)|* dr — 0 uniformly in n as R — oo.
R3\B(0,R)

From Lemma 2.1 (iii) and since mq(v,) is bounded in L%, there exists C' > 0 such
that for every n

[ V@) Pde < CVmoe)xss ol
R3\B(0,R)
Again from Lemma 2.1, it suffices to prove that

lim U (|V (x)mo(vs)|Xr:\B(0,r)) dx = 0 uniformly in n.

R—o0 R3

Arguing as in Lemma 2.4, there exists C' > 0 such that for every n
[ ¥V @mote e som) de < CWV s s sy
R

and, since (@ o U™1)* € Ay, limp_,o0 |V Xr2\B(0,R)|(@0w-1)- = 0 from the dominated
convergence theorem. Hence

1
T () 2 T mafun)) = Tulmo(ua) ~ 5 [ V(@mafun) P 2 exg +o(1),
R
which contradicts (21). Therefore (v,,w,) — (v,w) and a.e. on R? along a subse-
quence and v # 0. Arguing as above we obtain that J(v,w) = ¢y and u = v + w
solves (1). O

Now we sketch the approach of [26] and we apply Theorem 3.2 (b). Recall that
the group G := Z3 acts isometrically by translations on X = V x W and J is
Z3-invariant. Let

K:={veV:(Jom)(u) =0}
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and suppose that K consists of a finite number of distinct orbits. It is clear that Z3
acts discretely and hence satisfies the condition (G) in Section 3. Then, it is easy
to see that

k= inf {|Jv = [|p : T'(m(v)) = T (m(v')) = 0,0 #v'} > 0.
We recall [26, Lemma 6.1].

Lemma 5.5. Let 8 > ¢y and suppose that IC has a finite number of distinct orbits.
If (uy), (v,) CV are two Cerami sequences for J om such that

0 <liminf J (m(u,)) < limsup J (m(u,

n—0o0

) <58
0< hnn_lg}fj(m(vn)) < l1g:sip T (m(v,)) < B
and liminf, o ||u, — va||lp < K, then lim, . ||u, — v, ||p = 0.

Proof of Theorem 1.1 (b). In order to complete the proof we use directly The-
orem 3.2 (b). That (I1)(I8) are satisfied and (M)} holds for all 5 > 0 follows from
Proposition 4.4, Lemma 5.2, and Lemma 5.5. ]

6. Proof of Theorem 1.2

Recall that V' = 0, f(z,u) := |ul*u, and ®(t) = #[¢|5. In view of Proposition

4.4 there is a Cerami sequence (v,,w,) C M at the level cy, so in particular,
J'(m(v,)) = 0 as n — oc.

For s > 0, y € R3, and u: R® — R3 we denote Ty, (u) = sY2u(s - +y)). The
following lemma is a special case of [32, Theorem 1], see also [43, Lemma 5.3].

Lemma 6.1. Suppose that (v,) C D is bounded. Then v, — 0 in L5(R3 R3) if and
only if Ts, . (vn) = 0 in D for all (s,) C RT and (y,) C R3.

We recall the following properties [27]:

Lemma 6.2. T, is an isometric isomorphism of W°(curl;R®) which leaves the
functional € and the subspaces V, W invariant. In particular, w(Ts,u) = Ts w(u).

Moreover, in view of [27, Theorem 3.1] the topological manifold
M = {u e W(curl: R?) : div(|ul*u) = o}

is locally compactly embedded in LP(R3,R3) for 1 < p < 6.

Proof of Theorem 1.2. We refer the reader to [27], where the inequality Seyn > S
has been proved and cy = infy, € = 1632 i obtained. We demonstrate how the

3~ curl
previous results can be applied to show the existence of ground state solutions in

the critical case. Observe that
1, 1 1
T (m(v)) = T (m(0a)) = =7 (m(wn)) im(va)] = 59 x vals = 51Ves (22

and |V - | is an equivalent norm in V, hence (v,,) is bounded.
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In view of Lemma 4.5, (m(v,)) is bounded and since

ex < T () = T(m(wn)) = 37" (m(w) ()] = glmle)lf, (23)

|un |6 is bounded away from 0. Therefore, passing to a subsequence and using Lemma
6.1, U, := T, 4. (vn) — vo for some vy # 0, (s,) C RT, and (y,) C R3. Taking
subsequences again we also have that v,, — vy a.e. in R? and in view of the compact
embedding of M into L? (R3 R3), w(v,) — we and w(v,) — wp a.e. in R3. From
Vitali’s convergence theorem we obtain I'(vy+wy)[w] = 0 for all w € W and so, since
I is strictly convex, wy = w(vg). We set u := vg +w(vy) and by Lemma 6.2 we may
assume without loss of generality that s, = 1 and y, = 0. So if z € W(curl; R?),
then using weak and a.e. convergence,

7' (m(w)e = [

RS

(V X v,V X ¢)dx —/ {m(vy)*m(v,), @) dz — J'(u)g

]R3

for any ¢ € C°(R3 R3). Thus u is a solution to (1). To show it is a ground state,
we note that using Fatou’s lemma,

N = j(m(vn)) +o(1) = j(m(vn)) — %j'(m(vn))[m(vn)] + o(1)

= lm)lE +o(1) > Slulf +o(1) = T(w) — 57wl + o(1) = T(w) + of1).

Hence J(u) < ¢y and as a solution, u € N, and (b) is proved. O
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