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1. Introduction

Optimality conditions and duality in multiobjective fractional programming have
been of much interest in the recent past. There are a large number of articles on
optimality conditions for fractional programs. Liang et al. [12] derived sufficient op-
timality conditions and duality for single fractional programming problems. Kuk
et al. [11] established necessary and sufficient optimality conditions for nonsmooth
multiobjective fractional programming problems with inequality constraints via the
Clarke subdifferentiabls. Gadhi [4] derived optimality conditions for fractional mul-
tiobjective problems involving inequality constraints in terms of convexificators. Re-
cently, Chuong et al. [2] established optimality conditions for nonsmooth fractional
multiobjective optimization problems with inequality constraints, while Hong et al.
[8] derived optimality conditions for nonsmooth fractional robust multiobjective op-
timization problems.
This paper derives necessary and sufficient conditions for weak quasi- efficiency
in multiobjective fractional problems with equality, inequality and set constraints.
∗ Corresponding author.
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Studying the approximate solutions is useful, because in algorithms for solving opti-
mization problems after a finite number of steps one gets only approximate solutions.
The notion of approximate efficient solutions may be given flexible by making the
error dependency on the decision variables. In [6], Golestani et al. established Kuhn-
Tucker and strong Kuhn-Tucker necessary optimality conditions for weak quasi- ef-
ficiency via Clarke subdifferentials. Capǎtǎ [1] established necessary and sufficient
conditions for a point to be an ϵ-quasi solution of a scalar optimization problem via
ϵ-convexificators.
In recent years, many authors have studied optimality conditions for vector opti-
mization problems and obtained Kuhn-Tucker optimality conditions via Lagrange
multipliers rules (see, e.g., [1]–[5], [7], [11]–[19]). The notion of nonconvex closed
convexificator by Jeyakumar-Luc [10] is a generalization of some notions of known
subdifferentials such as the subdifferentials of Clarke [3], Michel-Penot [17], Mor-
dukhovich [18]. It has provided good calculus rules for establishing necessary ef-
ficiency conditions in nonsmooth optimization. Necessary conditions for efficiency
via convexificators may be sharper than those expressed in terms of known subdif-
ferentials as the Clarke, Michel-Penot subdifferentials.
The paper is organized as follows. Section 2 gives some notions and preliminaries.
Section 3 is devoted to derive Fritz John necessary optimality conditions for frac-
tional multiobjective problems involving equality, inequality and set constraints via
convexificators. Section 4 deals with Kuhn-Tucker necessary conditions for weak
quasi-efficiency under a constraint qualification of Mangasarian-Fromovitz type. In
Section 5, under assumptions on asymptotic pseudoconvexity of the objective and
asymptotic quasiconvexity of constraint functions, sufficient optimality conditions
are given as well. Section 6 gives theorems of weak duality, strong duality, and
inverse duality of Wolfe and Mond-Weir types.

2. Preliminaries

Given a Banach space X, we denote by X∗ its topological dual with the canonical
dual pairing ⟨., .⟩, and w∗ denotes the weak* topology on the dual space X∗. For an
extended-real-valued function f : X → R ∪ {+∞}, the expressions

f−(x; υ) = lim inf
t↓0

f(x+tυ)−f(x)

t
and f+(x; υ) = lim sup

t↓0

f(x+tυ)−f(x)

t
.

stand for the lower and upper Dini directional derivatives of f at x in the direction
of v, respectively.
Consider the following multiobjective fractional optimization problem:

(MFP)


min

(f1(x)
g1(x)

, ...,
fp(x)

gp(x)

)
, subject to

hj(x) 6 0, j ∈ I := {1, ...,m},
ℓk(x) = 0, k ∈ L := {1, ...r}, x ∈ D,

where D is a closed subset of X, fi, gi, hj and ℓk are continous functions defined on
X such that gi(x) > 0 for all i = 1, . . . , p and x ∈ X.
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Denote by M the feasible set of (MFP)

M :=

{
x ∈ D :

hj(x) ≤ 0 for all j = 1, ...,m, and
ℓk(x) = 0 for all k = 1, . . . , r

}
,

and for x ∈ M , I(x) := {j ∈ I : hj(x) = 0}. We set

ϕ(x) :=
(f1(x)
g1(x)

, ... ,
fp(x)

gp(x)

)
.

A point x ∈ M is said to be a local efficient (resp., local weak efficient) solution for
(MFP) if there exists a neighborhood V of x such that there is no x∈V ∩M with

ϕi(x) 6 ϕi(x) (i = 1, . . . , p),

ϕs(x) < ϕs(x) at least one s ∈ {1, . . . , p},
(resp., ϕi(x) < ϕi(x) (i = 1, . . . , p)).

In case V = X we obtain the notions of efficient and weak efficient solutions.
Recall [6] that a point x ∈ M is said to be a local quasi-efficient (resp., local weak
quasi efficient) solution for (MFP) if there exist a number α := (α1, . . . , αp) ∈ Rp

++

and a neighborhood V of x such that there is no x ∈ V ∩M satisfying

ϕi(x) 6 ϕi(x)− αi||x− x|| (i = 1, . . . , p),

ϕs(x) < ϕs(x)− αs||x− x|| at least one s ∈ {1, . . . , p}
(resp., ϕi(x) < ϕi(x)− αi||x− x|| (i = 1, . . . , p)).

where R++ = intR+. In case V = X we obtain the notions of efficient and weak
quasi-efficient solutions.
Note that a local efficient (local weak efficient) solution is also a local quasi-efficient
(local weak quasi efficient) solution, but the converse relation is not true in general.
Recall [9] that a point x is said to be a regular point in the sense of Ioffe for ℓ relative
to D if there exist numbers K > 0 and δ > 0 such that for all x ∈ D ∩B(x; δ),

d(x,Q) 6 K||ℓ(x)− ℓ(x)||,

where Q = {x ∈ D : ℓ(x) = ℓ(x)}, d(x,Q) denotes the distance from x to Q, B(x; δ)
stands for the open ball of radius δ around x (see [16]). Note that for problem
(MFP) without equality constraint, a local weak efficient solution of (MFP) is also
a regular point in the sense of Ioffe.
Recall [10] that the function f : X → R ∪ {+∞} is said to have a convexificator
∂∗f(x) at x if ∂∗f(x) (⊂ X∗) is weak* closed, and for each v ∈ X,

f−(x, v) 6 sup
x∗∈∂∗f(x)

⟨x∗, v⟩, and f+(x, v) > inf
x∗∈∂∗f(x)

⟨x∗, v⟩.

Note that convexificators are not necessarily weak* compact or convex. These re-
laxations allow applications to a large class of nonsmooth continuous functions.
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For instance, the function f : R → R defined by

f(x) =

{√
x, if x > 0,

−
√
−x, if x < 0,

admits noncompact convexificators at 0 of the form [α,∞) with α ∈ R .
Remark 2.1. The convex hull of a convexificator of a locally Lipschitz function
may be strictly contained in both the Clarke and Michel-Penot subdifferentials (see
[10]). Hence, necessary optimality conditions that are expressed in terms of ∂∗f(x)
may provide sharp conditions even for locally Lipschitz functions. For example,

f(x) =

{
x2 sin 1

x
, if x ̸= 0,

0, if x = 0.

Then ∂Cf(0) = ∂MPf(0) = [−1, 1] (Example 2.2.3 in [3]), where ∂C and ∂MP

indicate the Clarke and Michel-Penot subdifferentials, respectively. The set {−1; 1}
is a convexificator of f at x = 0. Then, {−1; 1} $ [−1, 1].

The chain rule for composite functions in [10] is needed in the following.
Proposition 2.2. Let f = (f1, ..., fn) be a continuous function from X to Rn , and
let g be continuous function from Rn to R. Suppose that, for each i = 1, . . . , n, fi
admits a bounded convexificator ∂∗fi(x) at x and that g admits a bounded convexifi-
cator ∂∗g(f(x)) at f(x). For each i = 1, ..., n, if ∂∗fi is upper semicontinuous at x
and ∂∗g is upper semicontinuous at f(x), then the set

∂∗g(f(x))(∂∗f1(x), ..., ∂
∗fn(x))

is a convexificator of g ◦ f at x.

From Proposition 2.2, we obtain the following
Proposition 2.3. Let f, g be continuous functions defined on a setD ⊂ X, g(x) > 0
(∀x ∈ D). Assume that f , g admit bounded convexificators ∂∗f(x), ∂∗g(x) at x ∈ D,
respectively; ∂∗f, ∂∗g are upper semicontinuous at x. Then the set

g(x)∂∗f(x)− f(x)∂∗g(x)

g2(x)

is a convexificator of f/g at x.

Proof. We define the functions F : X → R2, G : R2 → R as follows:

G(u1, u2) =
u1

u2

, F (x) = (f(x), g(x)).

Then f/g = G ◦ F . Taking account of Proposition 2.2, we deduce that the set

g(x)∂∗f(x)− f(x)∂∗g(x)

g2(x)

is a convexificator of f/g at x.
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For a set D ⊂ X, the Clarke tangent cone to D at x is defined as

T (D;x) =

{
v ∈ X :

∀xn ∈ D, xn → x, ∀tn ↓ 0, ∃vn → v

such that xn + tnvn ∈ D, ∀n

}
.

The Clarke normal cone to D at x is

N(D;x) =
{
ξ ∈ X∗ : ⟨ξ, v⟩ 6 0,∀v ∈ T (D;x)

}
.

3. Fritz John necessary efficient conditions

To derive Kuhn-Tucker necessary optimality conditions in terms of convexificators
for (MFP), we first begin with establishing a Fritz John necessary efficiency condition
for (MFP).
Theorem 3.1. Let x ∈ M be a local weak quasi-efficient solution with respect to
α := (α1, . . . , αp) ∈ R++ of (MFP). Suppose that x is a regular point in the sense
of Ioffe for ℓ relative to D. Assume that fi, gi, hj, ℓk are continuous and admit
convexificators ∂∗fi(x), ∂∗gi(x), ∂∗hj(x), ∂∗ℓk(x) at x near x, respectively. They
admit bounded convexificators ∂∗fi(x), ∂∗gi(x), ∂∗hj(x), ∂∗ℓk(x) at x, where the
|ℓk| (k ∈ L) are regular in the sense of Clarke. Moreover, ∂∗fi, ∂∗gi,∂∗hj, ∂∗ℓk
are upper semicontinuous at x. Then there exists vector (θ∗1, ..., θ

∗
p) ∈ Rp

+ \ {0},
(µ∗

0, µ
∗
1, ..., µ

∗
m) ∈ Rm+1

+ , and (ν∗
1 , ..., ν

∗
r ) ∈ Rr such that

0 ∈ cl
(
µ∗
0

p∑
i=1

θ∗i (conv ∂∗fi(x)− ϕi(x)conv ∂∗gi(x) + αigi(x)B)

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
, (1)

µ∗
0 +

m∑
j=1

µ∗
j = 1, µ∗

jhj(x) = 0, j = 1, ...,m, (2)

where B is closed unit ball in X, cl indicates the weak* closure, conv stands for the
convex hull.

Proof. Since x ∈ M is a local weak quasi-efficient solution of (MFP), there exists
a neighborhood U of x such that

ϕ(x)− ϕ(x) + α||x− x|| ∈ Rp\ − Rp
++, (3)

for all x ∈ U ∩M . Then x is a local weak minimal solution of the following problem:

(P1)

 min (ϕ̃1(x), ..., ϕ̃p(x)|,

subject to x ∈ M,
(4)

where ϕ̃i(x) =
fi(x)
gi(x)

+ αi||x− x|| (i = 1, . . . , p).
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Applying the scalarization theorem by Gong ([7], Theorem 3.1) to Problem (P1)
yields the existence of a continuous positively homogeneous subadditive function Λ
on X satisfying

y2 − y1 ∈ Rp
++ =⇒ Λ(y1) < Λ(y2),

and Λ(ϕ̃(x)− ϕ̃(x)) > 0 (∀x ∈ U ∩M),

where ϕ̃(x) := (ϕ̃1(x), . . . , ϕ̃p(x)). Hence,

Λ(ϕ̃(x)− ϕ̃(x)) > 0 = Λ(ϕ̃(x)− ϕ̃(x)) (∀x ∈ U ∩M). (5)

It follows from (5) that x is a local minimal solution of the following scalar problem:

(P2)
{
minimize Λ(ϕ1(x)− ϕ1(x) + α1||x− x||, ..., ϕp(x)− ϕp(x) + αp||x− x||),
subject to x ∈ M.

By assumption, all hypotheses of Theorem 6.4 [16] hold. We invoke Theorem 6.4
[16] to deduce the existence of µ∗

0 > 0, µ∗
j > 0, j = 1, ...,m, ν∗

k ∈ R, k = 1, ..., r with

µ∗
0 +

m∑
i=1

µ∗
j = 1, and

0 ∈ cl
(
µ∗
0conv ∂∗Λ(ϕ1()− ϕ1(x) + α1||.− x||, ..., ϕp(.)− ϕp(x) + αp||.− x||)(x)

+
∑
j∈I(x)

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
,

which is equivalent to

0 ∈ cl
(
µ∗
0conv ∂∗Λ(ϕ1(.)− ϕ1(x) + α1||.− x||, ..., ϕp(.)− ϕp(x) + αp||.− x||)(x)

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
, µ∗

jhj(x) = 0, (6)

where j = 1, . . . ,m. Note that Λ is a continuous convex function on Rp, and so, it is
locally Lipschitz on Rp. Therefore, we can choose the convex subdifferential ∂Λ(0)
as a convexificator of Λ at

(ϕ1(x)− ϕ1(x) + α1||x− x||, . . . , φp(x− x) + αp||x− x||) = (0, . . . , 0).

Then ∂Λ(0) is a bounded convexificator of Λ at (0, . . . , 0). Moreover, the mapping
∂Λ is upper semicontinuous at (0, . . . , 0), since Λ is locally Lipschitz on Rp. Observe
that the function αi||. − x|| is Lipschitz, and its Clarke subdifferential at x is αiB,
and thus a its convexificator can be taken as αiB. Taking account of Proposition
2.2 to the composite function

Λ(ϕ1(.)− ϕ1(x) + α1||.− x||, . . . , ϕp(.)− ϕp(x) + αp||.− x||)(.),

one gets that ∂Λ(0)(∂∗ϕ1(x) + α1B, ..., ∂∗ϕp(x) + αpB) is a convexificator of

Λ(ϕ1(.)− ϕ1(x) + α1||.− x||, . . . , ϕp(.)− ϕp(x) + αp||.− x||)(.)

at x, where ∂Λ(0) is the convex subdifferential of Λ at 0.
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We show that the set

gi(x)∂
∗fi(x)− ϕi(x)∂

∗gi(x)

g2i (x)
+ αiB

is a convexificator of the function fi(.)
gi(.)

+ α1||. − x|| at x (i = 1, . . . , p). In fact, for
i = 1, . . . , p, we set

G(ui, vi, wi) :=
ui

vi
+ αiwi, and F (x) :=

(
fi(x), gi(x), ||x− x||

)
.

Then fi(x)
gi(x)

= (G ◦ F )(x). Taking account of Proposition 2.3, it follows that the
following set is a convexificator of G ◦ F at x:

gi(x)∂
∗fi(x)− ϕi(x)∂

∗gi(x))

g2i (x)
+ αiB .

In view of (6), one gets

0 ∈ cl
(
µ∗
0 ∂Λ(0)(

1

g1(x)
conv ∂∗f1(x)−

ϕ1(x)

g1(x)
conv∂∗g1(x) + α1B, ... ,

1

gp(x)
conv∂∗fp(x)−

ϕp(x)

gp(x)
conv∂∗gp(x) + αpB) +

m∑
j=1

µ∗
j conv ∂∗hj(x)

+
r∑

k=1

ν∗
k conv ∂∗ℓk(x) +N(D;x)

)
,

which implies that there exists a sequence

θn ∈ µ∗
0 ∂Λ(0)(

1

g1(x)
conv ∂∗f1(x)−

ϕ1(x)

g1(x)
conv∂∗g1(x) + α1B, . . . ,

1

gp(x)
conv ∂∗fp(x)−

ϕp(x)

gp(x)
conv∂∗gp(x) + αpB) +

m∑
j=1

µ∗
jconv ∂∗hj(x)

+
r∑

k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x).

such that lim
n→∞

θn = 0. The latter implies that there exists a sequence {λn} ⊂ ∂Λ(0)

such that

θn ∈ µ∗
0λn(

1

g1(x)
conv∂∗f1(x)−

ϕ1(x)

g1(x)
conv∂∗g1(x) + α1B, . . . ,

1

gp(x)
conv∂∗fp(x)−

ϕp(x)

gp(x)
conv∂∗gp(x) + αpB) +

m∑
j=1

µ∗
jconv ∂∗hj(x)

+
r∑

k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x).

Since ∂Λ(0) is a compact set in Rp, without loss of generality, we can suppose that
λn → λ∗ ∈ ∂Λ(0).
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By letting n → ∞, one gets

0 ∈ cl
(
µ∗
0λ

∗(
1

g1(x)
conv∂∗f1(x)−

ϕ1(x)

g1(x)
conv∂∗g1(x) + α1B, ...,

1

gp(x)
conv∂∗fp(x)

− ϕp(x)

gp(x)
conv∂∗gp(x) + αpB)) +

m∑
j=1

µ∗
j conv ∂∗hj(x)

+
r∑

k=1

ν∗
k conv ∂∗ℓk(x) +N(D;x)

)
.

Let us see that λ∗ ∈ Rp
+ \ {0}. In fact, for y ∈ Rp

++, we can write 0− (−y) ∈ Rp
++.

Therefore,

⟨λ∗,−y⟩ = ⟨λ∗,−y − 0⟩ 6 Λ(−y)− Λ(0) = Λ(−y) < Λ(0) = 0.

Consequently, λ∗ ∈ Rp
+ \ {0}. We have λ∗ = (λ∗

1, ..., λ
∗
p) ∈ Rp

+\{0}, and

0 ∈ cl
(
µ∗
0(λ

∗
1, . . . , λ

∗
p)(

1

g1x)
(conv∂∗f1(x)−

ϕ1(x)

g1(x)
conv∂∗g1(x) + α1B, ...,

1

gp(x)
conv∂∗fp(x)−

ϕp(x)

gp(x)
conv∂∗gp(x) + αpB)) +

m∑
j=1

µ∗
jconv ∂∗hj(x)

+
r∑

k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
.

Putting θ∗i = λ∗
i /gi(x) (i = 1, . . . p), we get

0 ∈cl
(
µ∗
0

p∑
i=1

θ∗i (conv∂∗fi(x)− ϕi(x)conv∂∗gi(x) + αigi(x)B)

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
.

The proof is complete.

4. Kuhn-Tucker necessary efficiency conditions

For the purpose to derive Kuhn-Tucker necessary conditions we introduce the follow-
ing Mangasarian-Fromovitz type constraint qualification (CQ) for multiobjective
fractional programming problem (MFP): There exist v0 ∈ T (D;x) and numbers
ai > 0 (i ∈ I(x)) such that
(i) ⟨ξ, v0⟩ 6 −ai (∀ξ ∈ conv∂∗hi(x), ∀i ∈ I(x));

(ii) ⟨ηj, v0⟩ = 0 (∀ηj ∈ conv∂∗ℓ(x), ∀j ∈ {1, . . . , n}).

A Kuhn-Tucker necessary efficiency condition for (MFP) can be stated as follows.
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Theorem 4.1. Let x ∈ M be a local weak quasi-efficient solution of (MFP),
and let all hypotheses of Theorem 3.1 be fulfilled. Assume furthermore the con-
straint qualification (CQ) holds. Then, there exist vectors (τ ∗1 , ..., τ

∗
p ) ∈ Rp

+ \ {0},
(µ∗

1, ..., µ
∗
m) ∈ Rm

+ , and (ν∗
1 , ..., ν

∗
r ) ∈ Rr such that

0 ∈ cl
( p∑

i=1

τ ∗i (conv ∂∗fi(x)− ϕi(x)conv ∂∗gi(x) + αigi(x)B)

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
,

µ∗
jhj(x) = 0, j = 1, ...,m. (7)

Proof. Under Assumptions of Theorem 3.1, we claim that there exists vector
(θ∗1, ..., θ

∗
p) ∈ Rp

+ \ {0}, (µ∗
0, µ

∗
1, ..., µ

∗
m) ∈ Rm+1

+ , and (ν∗
1 , ..., ν

∗
r ) ∈ Rr such that

0 ∈ cl
(
µ∗
0

p∑
i=1

θ∗i (conv ∂∗fi(x)− ϕi(x)conv ∂∗gi(x) + αigi(x)B)

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
, (8)

µ∗
0 +

m∑
j=1

µ∗
j = 1, µ∗

jhj(x) = 0, j = 1, . . . ,m. (9)

If µ∗
0 = 0, then

∑m
j=1 µ

∗
j = 1. By virtue of (8) there exist ξ

(n)
j ∈ conv ∂∗hj(x),

η
(n)
k ∈ conv ∂∗ℓk(x) and ζ(n) ∈ N(C;x) such that

lim
n→∞

[ ∑
j∈I(x)

µ∗
jξ

(n)
j +

∑
k∈L

ν∗
kη

(n)
k + ζ(n)

]
= 0. (10)

Hence, lim
n→∞

[ ∑
j∈I(x)

µ∗
j⟨ξ

(n)
j , v0⟩+

∑
k∈L

ν∗
k⟨η

(n)
k , v0⟩+ ⟨ζ(n), v0⟩

]
= 0, (11)

where v0 ∈ T (C;x0) is available in the constraint qualification (CQ).
On the other hand, since µ∗

i > 0, i = 1, . . . ,m,
∑m

j=1 µ
∗
j = 1, we have

0 = lim
n→∞

[ ∑
j∈I(x)

µ∗
j⟨ξ

(n)
j , v0⟩+

∑
k∈L

ν∗
k⟨η

(n)
k , v0⟩+ ⟨ζ(n), v0⟩

]
6 lim

n→∞

[ ∑
j∈I(x)

µ∗
j⟨ξ

(n)
j , v0⟩+

∑
k∈L

ν∗
k⟨η

(n)
k , v0⟩

]
6 −

∑
i∈I(x)

µ∗
jaj < 0,

a contradiction(!). Hence, µ0 > 0. Putting τ ∗i = µ∗
0θ

∗
i (i = 1, . . . , p), we obtain

(τ ∗1 , . . . , τ
∗
p ) ∈ Rm

+ \ {0}, and

0 ∈ cl
( p∑

i=1

τ ∗i (conv ∂∗fi(x)− ϕi(x)conv ∂∗gi(x) + αigi(x)B(x))

+

p∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
.

This completes the proof.
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Remark 4.2. When D = X, problem (MFP) reduces to problem (UP) which has
been examined in [8] by a different approach using the Mordukhovich subdifferential.
Since problem (MFP) is more general than the one in [8], and the Mordukhovich
subdifferential is a convexificator also, it follows that Theorem 4.1 recovers Theorem
3.2 in [8].

Theorem 4.1 is illustrated by the following example
Example 4.3. Let D = [0, 1], α = (1, 1), and x = 0. We consider the following
functions:

f1(x) :=

{
x2| cos π

x
|, if x ̸= 0,

0, if x = 0
, f2(x) :=

{
1

1+e
1
x
, if x ̸= 0,

0, if x = 0.
,

ℓ(x) :=

{√
x2+x3

x
, if x < 0,

0, if x > 0.

g1(x) = |x|+ 1, g2(x) = x2 + 2, h(x) := x2 − x.

Consider the following multiobjective fractional programming problem:

(P3)

 min
(f1(x)
g1(x)

,
f2(x)

g2(x)

)
,

subject to h(x) 6 0, ℓ(x) = 0, x ∈ D.

The feasible set of (P3) is M = {x ∈ D : h(x) 6 0, ℓ(x) = 0} = [0, 1].
It can be seen that ϕ1(x) = 0, ϕ2(x) = 0, and for all x ∈ (0, 1],

ϕ1(x) ≮ ϕ(0)− x and ϕ2(x) ≮ ϕ(0)− x.

Hence, x = 0 is a quasi efficient solution of (P3). It can be seen that

∂∗f1(0) = {−π; π}, ∂∗g1(0) = {−1; 1}, ∂∗f2(0) = {0},
∂∗g2(0) = {0}, ∂∗h(0) = {−1}, ∂∗ℓ(0) = {(−1/2, 1/2)}.

One has T (D;x) = R+, N(D;x) = R−. The constraint qualification (CQ) is satisfied
with v0 = 1 ∈ R = T (D;x). Thus all hypotheses of Theorem 4.1 are fulfilled, and
the Kuhn-Tucker necessary condition (7) holds with τ ∗1 = τ ∗2 = 1, α∗

1 = 1, α∗
2 = 1/2,

µ∗ = 1, ν∗ = 1.

5. Sufficient optimality conditions

To derive sufficient optimality conditions, we need some assumptions on the gen-
eralized convexity. Adapting to the definitions of asymptotic pseudoconvex and
quasiconvex functions in [16], we introduce the following definitions.
Definition 5.1. Let f : X → R be a function which admits a convexificator
∂∗f(x) ⊂ X∗.
(1) We say that f is asymptotic pseudoconvex at x on D if for every x ∈ D, for

some x∗
n ∈ conv ∂∗f(x), limn→∞⟨x∗

n, x− x)⟩ > 0 =⇒ f(x) > f(x).
(2) We say that f is asymptotic strict pseudoconvex at x if for every x ∈ D, x ̸= x,

for some x∗
n ∈ conv ∂∗f(x), limn→∞⟨x∗

n, x− x)⟩ > 0 =⇒ f(x) > f(x).
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(3) The function f is called asymptotic quasiconvex at x on D if for all x ∈ D,
f(x) 6 f(x) =⇒ for any x∗

n ∈ conv ∂∗f(x), limn→∞⟨x∗
n, x− x⟩ 6 0.

Remark 5.2. If we assume that ∂∗(f1 + f2)(x) = ∂∗f1(x) + ∂∗f2(x), and f1, f2 are
asymptotic pseudoconvex (asymptotic quasiconvex, asymptotic strict pseudoconvex)
at x, then f1 + f2 is also asymptotic pseudoconvex (resp. asymptotic quasiconvex,
asymptotic strict pseudoconvex) at x.

We now strengthen necessary condition (7) and get the following sufficient condition
for weak efficiency of (MFP).
Theorem 5.3. Let x ∈ E. Assume that for i = 1, . . . , p, fi, gi admits bounded con-
vexificators ∂∗fi(x), ∂

∗gi(x) at x, the mappings ∂∗fi, ∂
∗gi are upper semicontinuous

at x; |ℓk|(k ∈ L) are regular in the sense of Clarke. Suppose also that
(i) There exist (τ ∗1 , ..., τ ∗p ) ∈ Rp

+ \ {0}, (µ∗
0, µ

∗
1, ..., µ

∗
m) ∈ Rm+1

+ , and (ν∗
1 , ..., ν

∗
r ) ∈ Rr

such that
0 ∈ cl

( p∑
i=1

τ ∗i (conv ∂∗fi(x)− ϕi(x)conv ∂∗gi(x) + αig
∗
iB) ,

+
m∑
j=1

µ∗
jconv ∂∗hj(x) +

r∑
k=1

ν∗
kconv ∂∗ℓk(x) +N(D;x)

)
, (12)

where g∗i = infx∈D gi(x) (i = 1, . . . , p).
(ii) The function

∑p
i=1 α

∗
i (fi(x) − ϕi(x)gi(x)) is asymptotic pseudoconvex at x on

D; the function hj are asymptotic quasiconvex at x on D for all j = 1, ...,m; the
functions ±ℓk are asymptotic quasiconvex at xon D for all k = 1, ..., r.
Then x is a weakly quasi-efficient solution of (MFP).

Proof. By contradiction, suppose that x is not a weakly quasi-efficient solution of
(MFP ). By an argument analogous to that used for the proof of Theorem 3.1, we
deduce that x is not a weakly efficient solution of (P1). Then, there exists a sequence
xn → x such that

(τ ∗1 (f1(xn)− ϕ1(x)g1(xn) + α1g
∗
1||xn − x||, ..., τ ∗p (fp(xn)− ϕp(x))gp(xn)

+αpg
∗
p||x− x|| ∈ −intRp

+,

hj(xn) 6 0 for all j = 1, ...,m, ℓk(xn) = 0 for all k = 1, ..., r, xn ∈ D.

Let us see that
∑p

i=1 τ
∗
i (∂

∗fi(x) − ϕi(x)∂
∗gi(x) + αig

∗
iB) is a convexificator of the

function
∑p

i=1 τ
∗
i (fi − ϕi(x)gi + αig

∗
i ||x− x||) at x. In fact, we set

G((u1, v1, w1), . . . , (up, vp, wp))

:=
(
τ ∗1 (u1 − ϕ1(x)v1 + α1g

∗
1w1), . . . , τ

∗
p (up − ϕp(x)vp + αpg

∗
pwp)

)
,

F (x) :=
(
(f1(x), g1(x), ||x− x||), . . . , (fp(x), gp(x), ||x− x||)

)
.

Then, G is Fréchet differentiable at x, and
p∑

i=1

τ ∗i (fi(x)− ϕi(x)gi(x) + αig
∗
i ||x− x||) = (G ◦ F )(x).
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Moreover,
∂∗G(F (x)) =

{
∇G(F (x))

}
=

{(
τ ∗1 (1,−ϕ1(x), α1g

∗
1), . . . , τ

∗
p (1,−ϕp(x), αpg

∗
p))

)}
.

Taking account of Proposition 2.2, we conclude that the following set is a convexi-
ficator of G ◦ F at x(

(τ ∗1 (1,−ϕ1(x), α1g
∗
1), . . . , τ

∗
p (1,−ϕp(x), αpg

∗
p)
)(
(∂∗f1(x), ∂

∗g1(x),B), . . . ,

(∂∗fp(x), ∂
∗gp(x),B)

)
=

p∑
i=1

τ ∗i (∂
∗fi(x)− ϕi(x)∂

∗gi(x) + αig
∗
iB).

It is a consequence of the Kuhn-Tucker conditon (12) that there exist a(n)i ∈ ∂∗fi(x),
b
(n)
j ∈ ∂∗gi(x), c(n)i ∈ B, d(n)j ∈ ∂∗hj(x), e(n)k ∈ ∂∗ℓk(x), σ(n) ∈ N(D;x) such that

lim
n→∞

( p∑
i=1

τ ∗i (a
(n)
i + ϕi(x)b

(n)
i + αig

∗
i c

(n)
i ) +

∑
j∈I(x)

µ∗
jd

(n)
j +

r∑
k=1

ν∗
ke

(n)
k + σ(n)

)
= 0.

Hence,

lim
n→∞

( p∑
i=1

τ ∗i ⟨a
(n)
i + ϕi(x)b

(n)
i + αig

∗
i c

(n)
i , xn − x)⟩+

∑
j∈I(x)

µ∗
j⟨d

(n)
j , xn − x)⟩

+
r∑

k=1

ν∗
k⟨e

(n)
k , xn − x)⟩+ ⟨σ(n), xn − x)⟩

)
= 0. (13)

For xn ∈ M , one has hj(xn) 6 0 = hj(x) (∀j ∈ I(x)). By virtue of the asymptotic
quasiconvexity of hj, it follows that

lim
n→∞

⟨d(n)j , xn − x)⟩ 6 0. (14)

For each k = 1, . . . , r, we have ℓk(xn) = 0 = ℓk(x) (∀k ∈ L). In view of the
asymptotic quasiconvexity of ±ℓk, it results that

lim
n→∞

⟨e(n)k , xn − x)⟩ = 0. (15)

Since xn ∈ D and d(n) ∈ N(D;x) we have lim
n→∞

⟨d(n), xn − x)⟩ 6 0. (16)

Combining (13)–(16) yields

lim
n→∞

⟨
p∑

i=1

τ ∗i (a
(n)
i + ϕi(x)b

(n)
i + αig

∗
i c

(n)
i ), xn − x)⟩ > 0. (17)

By virtue of Remark 5.2, since the functions
∑p

i=1 τ
∗
i (fi−ϕi(x)gi and αig

∗
i ||x−x|| are

asymptotic pseudoconvex at x, so is the function
∑p

i=1 τ
∗
i (fi−ϕi(x)gi+αig

∗
i ||x−x||).

By the asymptotic pseudoconvexity of
∑p

i=1 τ
∗
i (fi−ϕi(x)gi+αig

∗
i ||x−x||), it follows

that for all x ∈ M ,
p∑

i=1

τ ∗i (fi(x)− ϕi(x)gi(x)) + αig
∗
i ||x− x||)

>
p∑

i=1

τ ∗i (fi(x)− ϕi(x)gi(x) + αi||x− x||) = 0. (18)
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Let us see that x is a weakly quasi-efficient solution of (MFP). In fact, if it is were
not so there would exist x1 ∈ M such that

fi(x1)

gi(x1)
− fi(x)

gi(x)
+ αi||x1 − x|| < 0, i = 1, . . . , p.

whence, 1

gi(x1)
(fi(x1)− ϕi(x)gi(x1) + αigi(x1)||x1 − x|| < 0, i = 1, . . . , p.

Therefore, fi(x1)− ϕi(x)gi(x1) + αig
∗
i ||x1 − x||

6 fi(x1)− ϕi(x)gi(x1) + αigi(x1)||x1 − x|| < 0, i = 1, . . . , p.

Since (τ ∗1 , . . . , τ
∗
p ) ̸= 0 we conclude that

p∑
i=1

τ ∗i (fi(x1)− ϕi(x)gi(x1) + αig
∗
i ||x1 − x||) < 0.

But this is in conflict with (18). Hence, x is a quasi efficient solution of (P1), and
the proof is complete.
Remark 5.4. Golestani et al. [6] established sufficient conditions for quasi-efficient
under assumptions on some generalized convexity but different here. They study
multiobjective optimization problems which are KT- approximate pseudoconvex-
affine at the considering point.

6. Duality

We now consider the following dual problem of Mond-Weir type for problem (MFP):

(MWDP)



maxϕ(u) :=
(f1(u)
g1(u)

, ...,
fp(u)

gp(u)

)
,

s.t. 0 ∈ cl
( p∑

i=1

τi (conv ∂∗fi(u)− ϕi(u)conv ∂∗gi(u) + αig
∗
iB)

+
m∑
j=1

µjconv ∂∗hj(u) +
r∑

k=1

νkconv ∂∗ℓk(u) +N(D;u)
)
,

µjhj(u) > 0 (i ∈ I(u)), νkℓk(u) = 0 (k = 1, . . . , L), u ∈ D,

(τ1, . . . , τp) ∈ Rp
+ \ {0}, µi > 0 (i ∈ I(u)), µr = 0 (r /∈ I(u)),

νk ∈ R (k ∈ L).

Denote by M1 the feasible set of problem (MWDP). We define τ := (τ1, . . . , τp),
µ := (µi)i∈I , ν := (νk)k∈L. Recall that x is called a local weak efficient maximum of
(MWDP) if there exists a number δ > 0 such that for all x ∈ M1 ∩B(x, δ),

ϕ(x)− ϕ(x)− α||x− x|| /∈ R++.

A weak duality theorem for the primal problem (FMP) and the dual problem
(MWDP) can be stated as follows.
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Theorem 6.1. (Weak duality) Let x and (u, τ, µ, ν) be the feasible points of (MFP)
and (MWDP), respectively. Assume that
(i) fi, gi, ℓk are continuous and admit convexificators ∂∗fi(x), ∂

∗gi(x), at x near x,
respectively. They admit bounded convexificators ∂∗fi(x), ∂∗gi(x) at x. Moreover,
∂∗fi, ∂

∗gi are upper semicontinuous at x.
(ii) The function

∑p
i=1 α

∗
i (fi−ϕi(u)gi is asymptotic pseudoconvex at u; the function

µjhj are asymptotic quasiconvex at u for all j = 1, . . . ,m; the function ±νkℓk are
asymptotic quasiconvex at u for all k = 1, . . . , r.
Then ϕ(x) + α||x− u|| ≮ ϕ(u). (19)

Proof. Due to (u, λ, µ, γ) ∈ M1, there exist ξ
(n)
i ∈ conv ∂∗fi(u) (i = 1, . . . , p),

η
(n)
i ∈ conv ∂∗gi(u) (i = 1, . . . , p), θ(n)i ∈ αig

∗
iB, ζ

(n)
j ∈ conv ∂∗(µjhj)(u) (j ∈ I),

χ
(n)
k ∈ conv∂∗(νkℓk)(u) (k ∈ L), σ(n) ∈ N(D, u) such that

0 = lim
n→∞

[ p∑
i=1

τi(ξ
(n)
i − ϕi(u)η

(n)
i + θ

(n)
i ) +

∑
j∈I(u)

ζ
(n)
j +

∑
k∈L

χ
(n)
k + σ(n)

]
.

Hence, for x ∈ M , we have

lim
n→∞

⟨
p∑

i=1

τi(ξ
(n)
i − ϕi(u)η

(n)
i + θ

(n)
i ), x− u⟩+ lim

n→∞

∑
j∈I(u)

⟨ ζ(n)j , x− u⟩

+
∑
k∈L

lim
n→∞

⟨χ(n)
k , x− u⟩+ lim

n→∞
⟨σ(n), x− u⟩ = 0. (20)

Observe that for x ∈ M, µjhj(x) 6 0µi 6 µjhj(u) (∀j ∈ I(u)). In view of the
asymptotic quasiconvexity of µjhj at u (i ∈ I(u)), we obtain

lim
n→∞

⟨ζ(n)j , x− u⟩ 6 0. (21)

Since ℓk(x) = 0 = ℓk(u), in view of the asymptotic quasilinearity of νkhk (∀k ∈ L),
for x ∈ M , we have

lim
n→∞

⟨χ(n)
k , x− u⟩ = 0. (22)

The convexity of D implies that for x ∈ M ,

lim
n→∞

⟨σ(n), x− u⟩ 6 0. (23)

Let us show that ∂∗fi(u)− ϕi(u)∂
∗gi(u) + αig

∗
iB is a convexificator of the function

fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u|| at u (i = 1, . . . , p). In fact, for i = 1, . . . , p, we set

G(v, w, z) := v − ϕi(u)w + αig
∗
i z, and F (x) :=

(
fi(x), gi(x), ||x− u||

)
||.

Then, G is Fréchet differentiable at x, and

∂∗G(.)) =
{
∇G(.)

}
=

{(
1,−ϕi(u), αig

∗
i

)}
.

Taking account of Proposition 2.2, we conclude that the following set is a convexi-
ficator of φi := G ◦ F at u:(

1,−ϕi(u), αig
∗
i )
)(
(∂∗fi(u), ∂

∗gi(u),B)
)
= ∂∗fi(u)− ϕi(u)∂

∗gi(u) + αig
∗
iB.
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Combining (20)–(23) yields

lim
n→∞

p∑
i=1

⟨τi(ξ(n)i − ϕi(u)η
(n)
i + θ

(n)
i ), x− u⟩ > 0.

We observe that ∂∗fi(u) − ϕi(u)∂
∗gi(u) + αig

∗
iB is a convexificator of the function

fi(x) − ϕi(u)gi(x) + αi||x − u|| at u. The function
∑p

i=1 τ
∗(fi(x) − ϕi(u)gi(x)) is

asymptotic pseudoconvex at u, just like the map τ ∗i (f(x)−ϕi(u)gi(x)+αig
∗
i ||x−u||).

Hence we have for every x ∈ M ,
p∑

i=1

τ ∗i (fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||)

>
p∑

i=1

τ ∗i (fi(u)− ϕi(u)gi(u) + αig
∗
i ||u− u||) = 0. (24)

Hence, ϕ(x) + α||x− u|| ≮ ϕ(u). (25)
In fact, if it were not so, there would be exists x1 ∈ M such that

ϕi(x1) + αi||x1 − u|| < ϕi(u) (i = 1, . . . , p),

which implies that
fi(x1) + αig

∗
i ||x1 − u|| − ϕi(u)gi(x1)

6 fi(x1) + αigi(x1)||x1 − u|| − ϕi(u)gi(x1) < 0, (i = 1, . . . , p).

Since (τ ∗1 , . . . , τ
∗
p ) ∈ Rp

+ \ {0}, which yields
p∑

i=1

τ ∗i (fi(x1) + αig
∗
i ||x1 − u|| − ϕi(u)gi(x1)) < 0.

Thus we arrive at a contradiction to (24). Therefore (25) holds and the proof is
complete.
In what follows, we give a strong duality theorem for (FMP) and (MWDP).
Theorem 6.2. (Strong duality) Let x be a local weak quasi-efficient efficient solu-
tion of (MFP). Assume that all hypotheses of Theorem 3.2 are fulfilled. Then there
exist τ i > 0 (i = 1, . . . , p), not all zero, µj > 0 (∀j ∈ I(x)), νk ∈ R (∀k ∈ L) such
that (x, τ , µ, ν) is a feasible point of (MWDP), and the value of the objective func-
tions of (MFP) and (MWDP) at x and (x, τ , µ, γ), respectively, are equal. Moreover,
if Assumption (ii) of Theorem 6.1 holds, then (x, τ , µ, ν) is a weakly efficient solution
of (MWDP).

Proof. Since x is a local weak quasi-efficient solution of (MFP), we can invoke
Theorem 4.1 to deduce that there exist τ i > 0 (i = 1, , . . . , p), not all zero, µj > 0
(∀i ∈ I(x)), νk ∈ R (∀k ∈ L) such that

0 ∈ cl
( p∑

i=1

τ i(conv ∂∗f(x)− ϕi(x)∂
∗gi(x) + αig

∗
iB)

+
∑
i∈I(x)

µjconv ∂∗hj(x) +
∑
k∈L

νkconv ∂∗ℓk(x) +N(D;x)
)
.
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If i /∈ I(x), we take µi = 0. Then, (x, τ , µ, γ) is a feasible point of (MWDP), and
the value of the objective functions of (MFP) and (MWDP) at x and (x, τ , µ, γ),
respectively, are equal.
If Assumption (ii) of Theorem 6.1 holds, then the hypotheses of Theorem 6.1 on
weak duality are fulfilled. By this theorem one gets that for every feasible points
(u, τ, µ, ν) of (MWDP),

F (x) + α||u− x|| ≮ F (u).

Hence, (x, τ , µ, γ) is a weakly quasi-efficient solution of (MWDP).

Theorem 6.3. (Converse duality) Let x and (u, τ , µ, ν) be the feasible points of
(MFP) and (MWDP), respectively. Assume that
(i) fi, gi, ℓk are continuous and admit convexificators ∂∗fi(u), ∂

∗gi(u) at u near u,
respectively. They admit bounded convexificators ∂∗fi(u), ∂

∗gi(u) at u. Moreover,
∂∗fi, ∂

∗gi, ∂∗hj, and ∂∗ℓk are upper semicontinuous at u.
(ii) The function

∑p
i=1 τ

∗
i (fi(x)−ϕi(u)gi(x)) is asymptotic strict pseudoconvex at u;

D is convex, the function µjhj are asymptotic quasiconvex at u for all j = 1, . . . ,m;
the function ±νkℓk are asymptotic quasiconvex at u for all k = 1, . . . , r. Suppose,
furthermore, that

p∑
i=1

τ i(fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||) 6

p∑
i=1

αi(fi(u)− ϕi(u)gi(u)). (26)

Then u = x.

Proof. Assume to the contrary that u ̸= x. Since (u, τ , µ, ν) are the feasible points of
(MWDP), we get in consequence that there exist ξ(n)i ∈ conv ∂∗fi(u) (i = 1, . . . , p),
η
(n)
i ∈ conv ∂∗gi(u), θi ∈ αig

∗
iB (i = 1, . . . , p), ζ(n)j ∈ conv ∂∗(µjhj)(u) (j ∈ I),

χ
(n)
k ∈ ∂∗(νkℓk)(u) (k ∈ L), σ(n) ∈ N(D, u) such that

0 = lim
n→∞

[ p∑
i=1

τ i(ξ
(n)
i − ϕi(u)η

(n)
i + θ(n)) +

∑
j∈I(u)

ζ
(n)
j +

∑
k∈L

χ
(n)
k + σ(n)

]
. (27)

Observe that for x ∈ M , µjhj(x) 6 0 6 µjhj(u) (∀j ∈ I(u)). In view of the
asymptotic quasiconvexity of µjhj at u (i ∈ I(u)) we obtain

lim
n→∞

⟨ζ(n)j , x− u⟩ 6 0. (28)

Since ℓk(x) = 0 = ℓk(u), in view of the asymptotic quasiconnvex of ±νkhk (∀k ∈ L),
for x ∈ M , we have

lim
n→∞

⟨χ(n)
k , x− u⟩ = 0. (29)

The convexity of D implies that for x ∈ M ,

lim
n→∞

⟨σ(n), x− u⟩ 6 0. (30)

By an argument analogous to that used for the proof of Theorem 6.1, it follows that
∂∗fi(x)−ϕi(u)∂

∗gi(u)+αig
∗
iB is a convexificator of fi(x)−ϕi(u)gi(x)+αig

∗
i ||x−u||

at u (i = 1, . . . , p).
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Combining (27)–(30) yields

lim
n→∞

p∑
i=1

⟨τ i(ξ(n)i − ϕi(u)η
(n)
i + θi), x− u⟩ > 0.

Since the function
∑p

i=1 τ i(fi − ϕi(u)gi)) is asymptotic strict pseudoconvex at u, so
is the function

∑p
i=1 τ i(fi(x)− ϕi(u)gi(x) + αi||x− u||). Hence,

p∑
i=1

τ i(fix)− ϕi(u)gi(x) + αi||x− u||) >
p∑

i=1

τ i(fi(u)− ϕi(u)gi(u)).

But this contradicts (24). Hence, u = x. .
Now we introduce the following dual problem of Wolfe type for (FMP):

(WDP)



maxϕ(x) +
∑

j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u),

s.t. 0 ∈ cl
( p∑

i=1

τi(conv ∂∗fi(u)− ϕi(u)conv ∂∗gi(u) + αig
∗
iB)

+
∑

j∈I(u)

µiconv ∂∗hj(u) +
∑
k∈L

νkconv ∂∗ℓk(u) +N(D, u)
)
,

u ∈ D, τ ∈ Rm
+ \ {0},

m∑
i=1

τi = 1,∑
j∈I

µjhj(u) +
∑
k∈L

νkℓk(u) = 0, νk ∈ R (k ∈ L).

Denote by M2 the feasible set of (WDP).
Note that we have ϕ(u) + b = (ϕ1(u) + b, . . . , ϕp(u) + b) for b ∈ R.
A weak duality theorem for (MFP) and (WDP) can be stated as follows.

Theorem 6.4. (Weak duality) Let x and (u, τ, µ, ν) be the feasible points of (MFP)
and (WDP), respectively. Assume that
(i) fi, gi,hj, ℓk are continuous and admit convexificators ∂∗fi(v), ∂∗gi(v), ∂∗hj(v),
∂∗ℓk(v) at v near u, respectively. They admit bounded convexificators ∂∗fi(u),
∂∗gi(u), ∂∗hj(u), ∂∗ℓk(u) at u. Moreover, ∂∗fi, ∂∗gi, ∂∗hj, and ∂∗ℓk are upper
semicontinuous at u.
(ii) The map

∑p
i=1 τ

∗
i (fi(y)−ϕi(u)gi(y)+αig

∗
i ||y−u||)+

∑
j∈I(u) µjhj(y)+

∑
k∈L νkℓk(y)

is asymptotic pseudoconvex at u.
Then ϕ(x) + α||x− u|| ≮ ϕ(u).

Proof. Since (u, λ, µ, γ) ∈ M2, there exist ξ
(n)
i ∈ conv ∂∗fi(u) (k = 1, . . . , p),

η
(n)
i ∈ conv ∂∗gi(u) (i ∈ I(u)), θ

(n)
i ∈ αig

∗
iB, ζ

(n)
j ∈ ∂∗hj(u), χ

(n)
k ∈ ∂∗ℓk(u), and

σ(n)∈N(D, u) such that

0 = lim
n→∞

[
τi(ξ

(n)
i − ϕiη

(n)
i + θ

(n)
i ) +

∑
i∈I(u)

µiζ
(n)
j +

∑
j∈L

νkχ
(n)
k + σ(n)

]
.
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Hence, for x ∈ M , we have

lim
n→∞

[
⟨τi(ξ(n)i − ϕi(u)η

(n)
i + θ

(n)
i ), x− u⟩+

∑
i∈I(u)

µi⟨ζ(n)j , x− u⟩

+
∑
j∈L

νk⟨χ(n)
k , x− u⟩

]
+ lim

n→∞
⟨σ(n), x− u⟩ = 0. (31)

Since D is convex we have for x ∈ M , lim
n→∞

⟨σ(n), x− u⟩ 6 0. (32)

Combining (31) and (32) yields

lim
n→∞

[
⟨τi(ξ(n)i −ϕi(u)η

(n)
i ), x−u⟩+

∑
i∈I(u)

µi⟨ζ(n)j , x−u⟩+
∑
j∈L

νk⟨χ(n)
k , x−u⟩

]
> 0. (33)

By an argument analogous to that used in the proof of Theorem 6.1 we deduce that
the set

cl
( p∑

i=1

τi(∂
∗fi(u)− ϕi(u)∂

∗gi(u) + αig
∗
iB) +

∑
j∈I(u)

µj∂
∗hj(u) +

∑
k∈L

νk∂
∗ℓk(u)

)
is a convexificator of the following function at u:

p∑
i=1

τi(fi(y)− ϕi(u)gi(y) + αig
∗
i ||y − u||) +

∑
j∈I(u)

µjhj(y) +
∑
k∈L

νkℓk(y).

Since
∑p

i=1 τi(fi − ϕi(u)gi) +
∑

j∈I(u) µjhj +
∑

k∈L νkℓk is asymptotic pseudoconvex,
so is the function

p∑
i=1

τi(fi(y)− ϕi(x)gi(y) + αig
∗
i ||y − u||) +

∑
j∈I(u)

µjhj(y) +
∑
k∈L

νkℓk(y).

Therefore,
p∑

i=1

τi(fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||) +

∑
j∈I(u)

µjhj(x) +
∑
k∈L

νkℓk(x)

>
p∑

i=1

τi(fi(u)− ϕi(u)gi(u)) +
∑

j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u),

which implies that
p∑

i=1

τi(fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||)

>
p∑

i=1

τi(fi(u)− ϕi(u)gi(u)) +
∑

j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u)

=

p∑
i=1

τi(fi(u)− ϕi(u)gi(u)) = 0. (34)



D. V. Luu, P. T. Linh / Optimality and Duality ... 75

Then, ϕ(x) + α||x− u||) ≮ ϕ(u). (35)
Indeed, if it were not so, there would exist some x1 ∈ M such that

ϕi(x1) + αi||x1 − u||) < ϕi(u) (for i = 1, . . . , p).

Then fi(x1)

gi(x1)
+ αi||x1 − u|| − ϕi(u) < 0

Hence, fi(x1) + αig(x1)||x1 − u|| − ϕi(u)gi(x1) < 0

Since τi > 0,
∑p

i=1 τi = 1, which yields that
p∑

i=1

τi(fi(x1)− ϕi(u)gi(x1) + αig
∗
i ||x1 − u||)

6
p∑

i=1

τi(fi(x1) + αig(x1)||x1 − u|| − ϕi(u)gi(x1))

< 0 =

p∑
i=1

τi(fi(u)− ϕi(u)gi(u)).

But this is in conflict to (34). Consequently, (35) holds. This completes the proof.

A strong duality theorem for (FMP) and (WDP) can be stated as follows.

Theorem 6.5. (Strong duality) Let x ∈ M be a local weak efficient solution of
(MFP), and let all hypotheses of Theorem 4.1 be fulfilled. Then, there exist vectors
(τ 1, ..., τ p) ∈ Rp

+\{0}, (µ1, ..., µm) ∈ Rm+1
+ , and (ν1, ..., νr) ∈ Rr such that (x, λ, µ, ν)

is a feasible point of (WDP), and the value of the objective functions of (FMP) and
(WDP) at x and (x, λ, µ, ν), respectively, are equal. Moreover, if assumptions of
Theorem 6.4 hold, then (x, τ , µ, ν) is a weak efficient solution of (WDP).

Proof. As in the proof of Theorem 6.2, since x is a local weak efficient solution of
(MFP), we can invoke Theorem 4.1 to deduce that there exist (τ 1, ..., τ p)∈Rp

+ \{0},
(µ1, ..., µm) ∈ Rm+1

+ , and (ν1, ..., νr) ∈ Rr such that

0 ∈ cl
( p∑

i=1

τ i(conv ∂∗fi(u)− ϕi(u)conv ∂∗gi(u) + αig
∗
iB)

+
∑

j∈I(u)

µiconv ∂∗hj(u) +
∑
k∈L

νkconv ∂∗ℓk(u) +N(D, u)
)
,

Taking µi = 0 if i /∈ I(x), we obtain (x, τ , µ, ν) is a feasible point of (WDP), and
the value of the objective functions at x and (x, τ , µ, ν) of (MFP) and (WDP),
respectively, are equal.
If all the assumptions of Theorem 6.4 are fulfilled, since x ∈ M , we deduce that for
every feasible points (u, τ, µ, γ) of (WDP),

ϕ(x) + α||x− u|| ≮ ϕ(u).
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Hence, fi(x) + αi||x− x||+
m∑
i=1

µjhj(x) +
ℓ∑

j=1

νkℓk(x)

≮ fi(u) +
m∑
i=1

µjhj(u) +
ℓ∑

j=1

νkℓk(u).

Consequently, (x, τ , µ, γ) is a weak efficient solution of (WDP).

Theorem 6.6. (Converse duality) Let x and (u, τ , µ, ν) be the feasible points of
(MFP) and (WDP), respectively. Assume that
(i) fi, gi,hj ℓk are continuous and admit convexificators ∂∗fi(u), ∂∗gi(u), ∂∗hj(u),
∂∗ℓk(u) at u near u, respectively. They admit bounded convexificators ∂∗fi(u),
∂∗gi(u), ∂∗hj(u), ∂∗ℓk(u) at u. Moreover, ∂∗fi, ∂

∗gi, ∂∗hj, and ∂∗ℓk are upper
semicontinuous at u.
(ii) The function

∑p
i=1 τ i(fi(x) − ϕi(u)gi(x)) +

∑
j∈I(u) µjhj +

∑
k∈L νkℓk is strict

asymptotic pseudoinvex at u; C is convex. Suppose, furthermore, that
p∑

i=1

τ i(fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||) +

∑
j∈I(u)

µjhj(x) +
∑
k∈L

νkℓk(x)

6
p∑

i=1

τ i(fi(u)− ϕi(u)gi(u)) +
∑

j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u). (36)

Then u = x.

Proof. Assume the contrary, namely that u ̸= x. Since (u, τ , µ, ν) be the feasible
points of (WDP), it follows that there exist ξ

(n)
i ∈ conv ∂∗fi(u) (i = 1, . . . , p),

η
(n)
i ∈ conv ∂∗gi(u), θ(n)i ∈ αig

∗
iB (i = 1, . . . , p), ζ(n)j ∈ conv ∂∗(µjhj)(u) (j ∈ L),

χ
(n)
k ∈ conv ∂∗(νkℓk)(u) (k ∈ L), σ(n) ∈ N(D, u) such that

0 = lim
n→∞

[ p∑
i=1

τ i(ξ
(n)
i − ϕi(u)η

(n)
i + θ

(n)
i ) +

∑
j∈I(u)

ζ
(n)
j +

∑
k∈L

χ
(n)
k + σ(n)

]
. (37)

The convexity of D implies that for x ∈ M ,

lim
n→∞

⟨σ(n), x− u⟩ 6 0. (38)

By an argument of the proof of Theorem 5.1 we deduce that the set
p∑

i=1

τ i(∂
∗fi(u)− ϕi(u)∂

∗gi(u) + αig
∗
iB) +

∑
j∈I(u)

µj∂
∗hj(u) +

∑
k∈L

νk∂
∗ℓk(u) (39)

is a convexificator of the the following function at u:
p∑

i=1

τ i(fi(u)− ϕi(u)gi(u) + αig
∗
i ||u− u||) +

∑
j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u).
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Combining (37), (38) yields that

lim
n→∞

p∑
i=1

⟨τ i(ξ(n)i − ϕi(u)η
(n)
i + θ

(n)
i ), x− u⟩ > 0.

Since the function
∑p

i=1 τ i(fi(x) − ϕi(u)gi)(x)) +
∑

i∈I(u µjhj(x) +
∑

k∈L νkℓk(x) is
strict asymptotic pseudoconvex at u, so is the function

p∑
i=1

τ i(fi(x)− ϕi(u)gi)(x) + αi||x− u||) +
∑
i∈I(u

µjhj(x) +
∑
k∈L

νkℓk(x).

Consequently,
p∑

i=1

τ i(fi(x)− ϕi(u)gi(x) + αig
∗
i ||x− u||) +

∑
j∈I(u)

µjhj(x) +
∑
k∈L

νkℓk(x)

>

p∑
i=1

τ i(fi(u)− ϕi(u)gi(u)) +
∑

j∈I(u)

µjhj(u) +
∑
k∈L

νkℓk(u).

But this contradicts (36). Hence, u = x .

7. Conclusions

Using results in [16] we derive necessary and sufficient efficiency conditions via con-
vexificators for multiobjective fractional problems involving equality, inequality and
set constraints which are assumed to be continuous but not necessarily Lipschitz.
Under assumptions on the asymptotic pseudoconvexity for the objective function
and the asymptotic quasiconvexity for the constraint functions, sufficient condition
for weak efficiency are also given together with theorems of weak duality, strong
duality, inverse duality of Wolfe and Mond-Weir types. The results obtained here
include as special cases some results of [4], [8], [11], [12].
It should be noted that the necessary optimality conditions that are expressed in
terms of convexificators can be sharper than those expressed by Clarke and Michel-
Penot.
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