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1. Introduction

Let #H be a real Hilbert space with inner product (-, -) and norm || - [|. We consider
in H the nonlinear equation of the form
Lz=N(z2), z#0, (1)

where L : (H,(-,-)) — (H,(-,-)) is an invertible continuous self-adjoint linear ope-
rator and N is a superlinear potential operator with potential ¥, that is, N = V.
Let o(L) denote the spectrum of L. We set H' and H~ the invariant subspaces of
L corresponding to o(L) N (0,400) and o(L) N (—o0,0), respectively, and assume
that there exists 0 > 0 such that

(Lz,2) 2 0l|z])*, VzeH? (2)
and (Lz,z) < —6||z||>, VzeH . (3)

Here, we call L strongly indefinite if both the dimensions of H* are infinite. Formally,
(1) is the Euler-Lagrange equation of the functional

B(2) = 5 (L2,2) — U(2), ()
where z varies in H. Then ® is neither bounded from above nor below. Such problem
arise for example in the study of periodic solutions of Hamiltonian systems of ODEs,
in the study of stationary solutions of Schrédinger type equations, in the study of
strongly coupled elliptic systems, in the existence theory for geometric equations
involving Dirac-type operators, etc.

The basic common structure of these aforementioned problems has been previously
emphasized, among others, by Amann [2] and Benci-Rabinowitz [5]. Since these
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problems have been the target of investigation for decades and it is not our intention
to give a complete bibliography, we shall refer the interested reader to the basic
references [11, 16, 17, 22].

Motivated by the study of a spinorial analogue of the Brezis-Nirenberg problem in
[15], where a priori estimate of minimax levels of a strongly indefinite functional is
involved, we are especially interested in the construction of a refined local energy
estimate for the functional ® in (4) near its lowest/smallest minimax level. More
precisely, in contrast with the dual variational method in [15], we intend to establish
a new kind of approximate calculation for the smallest minimax level of ® so that
one can insert test elements to obtain an accurate upper bound estimate. This is
established in Section 2 (see Theorem 2.7) in an abstract setting. Then, in Section
3, we give applications of the abstract result to the following two representative
nonlinear problems:

(A) Singularly perturbed Hamiltonian elliptic system on Riemannian
manifolds

Let (M, g) be a smooth closed Riemannian m-manifold, m > 3. We consider the
singularly perturbed nonlinear elliptic problem

_ 2A +v=
52 2 +v= fi(u), on M
—e*Agu+u = fo(v), (5)
u,v > 0,
where Ay = div,V, is the Laplace-Beltrami operator on (M, g) and fi, f> fall into a
typical class of superlinear functions. Beside the existence of a solution for a fixed
value of €, we are interested in the blow-up profile (the asymptotic behavior) of
these solutions as € goes to zero. Particularly, we are looking for a local geometric
quantity of (M, g) which affects the location of a global maximum point of a solution
of eq. (5) as € \, 0.
(B) Spinorial Brezis-Nirenberg problem
Let (M, g,0) be an m-dimensional closed spin manifold, m > 2, where g is a Rie-
mannian metric and o : Pgy;n, (M) — Pso(M) is a spin structure on M. We denote
S(M) = Pspin(M) x,S,, = M the spinor bundle. It is a complex vector bundle
associated to Psy;, (M) — M via the spin representation p : Spin(m) — Aut(S,,).
The Dirac operator D, : C*°(M,S(M)) — C*(M,S(M)) is defined by
D, :=MoV : C=(M,S(M)) % C(M,T*M @ S(M))
~ C®(M, TM ®@ S(M)) = (M, S(M))

where V is the canonical lift of the Levi-Civita connection on Pso (M) via the double
covering Pgpin (M) — Pso(M) and 9 is the Clifford multiplication.

We consider the spinorial Brezis-Nirenberg problem of the following form
Dgp = M+ [0 2y on M, (6)
where 2* = 2™ X\ € R and ¢ € C'(M,S(M)) is a spinor.
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The main characteristic of the problem is that the exponent 2* is critical in the sense
1

of the Sobolev embedding H2(M,S(M)) — LU(M,S(M)) for 1 < ¢ < 2*, which is

compact precisely if ¢ < 2*.

Partial existence results for eq. (6) were previously established in [15] for some posi-
tive values of A\. And recently [4] considered a more generalized situation. However,
the problem remains widely open.

Both of the just mentioned problems are of strongly indefinite type. And from the
viewpoint of analysis, the main difficulties in them are to deal with blow-up profiles
appearing in the variational framework.

For the first application, we mention that the study of existence of solutions to the
Hamiltonian elliptic systems has been of great interest in recent years. For this type
of result see, among others, the survey papers [6] and [12]. Under the variational
framework in [6, 12], for a fixed & > 0, it is not difficult to see the existence result for
eq. (5) via standard variational argument (particularly for subcritical nonlinearities).
When the parameter ¢ is varying, it is a classical problem to localize the peak of
a solution as € goes to 0. Generally speaking, as ¢ — 0, the solution exhibits a
spike layer and the blow-up profile localizes the asymptotic behavior of the spike
layer. In order to characterize the specific asymptotic behavior one needs a delicate
description of the min-max levels in the variational procedure in terms of local
geometric quantities of the background Riemannian manifold (M, g). One of our
main results is Theorem 3.7 which says that the ground-state solution of (5) blows
up around a maximum point of the scalar curvature Scal, on M as ¢ — 0. This is
a new result in the study of Hamiltonian elliptic systems.

Our second application in Section 3 concerns the eq. (6). Here we report one of the
existence results obtained in [4] to show the broad applicability of our abstract result.
Analogous to its counterpart of elliptic type, the criticality of the nonlinearity causes
the so-called bubbling-phenomenon, that is, energy concentration associated to the
appearance of blow-up profiles. In [15] Isobe characterized the behavior of a generic
Palais-Smale sequence for (6). In general, when the bubbling-phenomenon occurs
for a Palais-Smale sequence, the bubbles are in a finite number (since one can prove
a uniform lower bound for their energies). This implies that we have compactness
only in a suitable energy range and it gives a threshold value for the appearance of
bubbles in the min-max methods. In our approach, we are able to complement the
result in [15] where a same problem was studied. The result in [15] provides the
existence of a solution to (6) for m >4, A > 0 and X\ & Spec(D,) (Spec(D,) is the
spectrum of D,). Here, our main result is Theorem 3.11, which states that eq. (6)
possesses at least one non-trivial solution for all A > 0 and dimension m > 2.

From a variational point of view, the problem (A), as well as the problem (B), is
typically solved by minimizing an associated constrained problem. This formulation
was developed by Szulkin and Weth [23]. The advantage of this kind of approach
is to give the most simplified characterization of the critical values for a indefinite
functional. As the corresponding functionals of problems (A) and (B) are of strongly
indefinite type, the direct method of the calculus of variation fails, but the reduction
techniques and Nehari manifold techniques typically work. Hence these problems
share many similarities.
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However, only a few statements can be proven simultaneously for both of the two
problems. First of all, let us mention that both problems (A) and (B) concern with a
family of differential equations (parameterized by € > 0in (A) and by A € Rin (B)).
In our applications in Section 3, for a fixed € > 0, the functional associated to eq. (5)
satisfies the Palais-Smale condition. By employing the Nehari manifold technique
in [23], one does not need to worry about the existence of a least energy solution. In
this regard, the main target is to study the limiting behavior of the solutions and the
corresponding energies as ¢ — 0. Since the least energy solution of eq. (5) cannot be
explicitly formulated, one possible way to characterize the qualitative properties of
the limiting behavior is to compute approximations of those least energies by using
some suitable test functions. These test functions are varying synchronously with
e. Being differently, the analysis in (B) is more involved due to the appearance of
the critical nonlinearity in eq. (6) and the number one issue is to show the existence
result. Standard methods developed in [11, 16, 17, 22, 23] etc. do not apply here
due to the lack of compactness. To attack this problem, it is sufficient to deal with
only one functional (i.e. A is fixed) and, as mentioned before, the main ingredient
here is to establish a priori energy estimate for the associated functional and to
show the lowest minimax level stays below the threshold for noncompactness. As in
(A), the energy estimate is based on a careful choice of some test functions. Since
A is fixed, the test functions should be constructed independently. Because of these
differences, most analytical properties have to be proven for each problem separately.
We consider it hence as remarkable that our abstract result on the energy estimate
can be extended to all such problems.

2. The abstract results

We suppose that there is ¥ € C?(H,R) satisfying

(H1) N(z) = V¥(2) and there is a continuous map g : [0,00) — [0, 00) such that
IIVN(2)|| < of||z]]), where [||-|| denotes the operator norm for continuous
linear operators on (H, (-, -)).

(H2) lim ¥(z)/[|z|| = 0 and there exists p > 2 such that (N(z),z) > p¥(z) for

lI=[—=0

all z € H.
(H3) W #0 on H and is convex.

(H4) There exist K > 0 and p € (3,1) such that [|[N(2)|| < K (N(z), 2)" 4+ pd| 2|
for all z € ‘H, where 6 > 0 is the constant in (2) and (3).

(H5) There exists k > 1 such that, for arbitrary z,w € H,
(VN(z)[z 4+ w],z +w) —2(N(z),w) > k(N(z),2).
(H6) If there is a bounded sequence {z;} C H such that
Lz; —N(z;) =0 and liminf (N(z;),z;) >0,
then there exists z # 0 with Lz = N(z) i;i??lo.
It can be seen from (H2) that U(0) = 0 and the function ¥(tz)/t?, ¢t > 0, is

nondecreasing in ¢ for all z € H. Combined with the convexity in (H3), it follows
that ¥ > 0 (i.e. 0 is the global minimum of V) and

U(z) =0= ¥(tz) =0 forall t € [0,1].
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Furthermore, from (H4) and the obvious inequality
ab < uai +(1— M)bﬁ, for a,b >0

we deduce that ||[N(2)]| < eul|N(2)|| + Ce(1 — N)KﬁHzHﬁ + pdl|z|| where e > 0
is arbitrary and C, > 0 is a constant depending only on €. If € is fixed small, then
we have the following boundedness of N:

C.(1— K™% u 5
| < CUZWRTR e 0

1—eu 1—eu

IV (2)

|||, forall z € H. (7)

Beyond the positiveness and the convexity of ¥, (H5) implies that VN(z) # 0
when ¥(z) > 0. And finally, it is clear that if N : H — H is compact then (H6)
holds. We emphasize here that the sequence {z;} in (H6) may not be compact
in general. Actually such sequence can even converge weakly to 0 in H, and then
a concentration-compactness type argument can be employed (see for instance [1,
7, 11, 12, 16] and references therein, where some semilinear problems on RY are
considered).

In what follows, we intend to characterize qualitative properties of critical values of
the functional
1
O(2) = 5 (Lz,z) —VU(z), z€H.

Under the hypotheses imposed above, the functional ® is a well-defined C?-functional
on H. Recall that 0 lies in a gap of the spectrum of L : H — H, the spectral theory
asserts that the L-invariant subspaces H* associated to the positive and negative
components of o(L) are orthogonal with respect to the scalar product (-,-). Par-
ticularly, H = H'T @ H~ and each element z € H possesses the representation
2z =2t + 27, where 2 € H*. And we easily see that, for z,w,p € H,

P(z) = % (Lz*,2%) + % (Lz=,27) = U(z2), (V®(2),w)=(Lz— N(z),w),

and (VE0(2)[g], w) = (L — VN(2)[g], w)

2.1. Variational formulation

The first step is a generalized version of the Lyapunov-Schmidt reduction procedure,
developed for strongly indefinite functionals. This allows to study an equivalent
reduced functional whose critical points are in one-to-one correspondence with those
of ®. This idea can be traced back to [2, 9], and was also used in [1, 7, 23]. Here, in
the hypotheses (H1)-(H6) above, we allow the nonlinearity ¥ to vanish on certain
part of H, and this is not the case in [1, 2, 7, 9, 23].

We begin with the following result concerning the boundedness of a Palais-Smale
sequence of ®.

Lemma 2.1. Let {z,} C H and R > 0 such that sup,, ®(z,) < R and V®(z,) — 0.
Then, for large n, ||z,|| is bounded by a constant depending only on R.
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Proof. For sufficient large n, we have
(N(2n), 2n) = (Lzp, 2n) — (VO(21), 2) = 2®(2,) + 2¥(25,) + 0, (1)]| 2]l

2
< 2R+ 5 (N(2n), zn) + 0n(1)[|2n]-

Hence (N(z),z,) < 17%2(2}% + 0,(1)]|2,]|) and so, by (H4),

6l znll < |L2n|l < [[VO(20)[] + [N (20)
< on(1) + K (N(zn), Zn># + pd ||z ||

n
<on(l)+ K u<2R+0n(1)Hzn”)u+M5||Zn||-

_r
(r=2)
Since pu < 1, this implies the boundedness of ||z,||. O

By taking the advantage of the positiveness and convexity of W, together with (3),
we have a very good geometric behavior of the functional ® in the following sense:
(i) Since W is non-negative, for a given ¢ € H™', the functional ®¢ defined on H~

¥ (w) = 5 (Lp, ) + % (Lw,wy = ¥(p+w), weH

is anti-coercive, i.e., ¥ (w) — —oo as ||w|| — oo.

(ii) Since ¥ is convex, ®¥ is strictly concave, in other words, the quadratic form
<V2<I>@(w)[~], > H-xH =R

is negative definite.

Combining the above two properties, for each ¢ € H*™ \ {0}, we get a chance to
maximize the functional ® on Rty @ H~, where RT = (0,00). Remark that ¢ is
varying in the space H* \ {0}. Therefore we can restrict ourselves to the choice
peSti={peH: || =1} without changing the maxima of ® on Rt & H".
By virtue of (7) in which we can fix € < 1 — u, we deduce from the second part of

(H2) that )

p
for all z € H, where C' > 0 is a constant. Indeed, this is a direct consequence of
Tra < 1% < 1. And so, by (2) and the fact ﬁ > 2, we have the existence of 7 > 0
such that

U(z) < LN (), 2 < gnzu? e Elis (®)

p—2
2p

> >
B, D) 2 e @(te) =

5t? — Ctﬁ> >7 forallpe St. (9)
Therefore, we have found a candidate min-max scheme for ®: first maximize the
functional ® on RT¢ @ H~ and then minimize with respect to ¢ € S™. Specifically,
let P:H — H* denote the orthogonal projection onto H*, we have the following
variational formulation.
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Proposition 2.2. (1)  There exists x € CY(HT,H™) such that for p € HT

weH, w#x(p) = Plp+w) <P+ x(¥)),

that is x(p) is the unique mazimizer of ®# on H~ and hence

L(x(¢)) = (I = P)N(¢+ x(¥)); (10)

furthermore, for ¢ € HT,
we have Ix(@)II” < < W(p) (11)

and V() < % VN (e + x(@)l- (12)

SR

(2)  If {pn} C HT is a Palais-Smale sequence for the reduced functional
JiHT =R, J(p) = e+ x(p)),

then {pn+ Xx(pn)} is a Palais-Smale sequence for @, and in particular we have
IVI(@)] = IVO(p + x(9))| for all o € HT.

Proof. For a given p € H*, due to the anti-coerciveness and the strictly concavity
of ®¥, we have the existence of a unique maximizer y(¢) € H~ for ®*. Since x ()
is a critical point of ®¥, it satisfies (V®?(x(¢)),w) = 0 for all w € H ™, that is, x(¢)
is the unique element in H~ such that

L(x(¢)) = (1= P)N(¢+ x(¢)) = 0.

By taking derivative of the left hand side with respect to x(¢), we get a self-adjoint
operator on H™:

w— Lw— (1 —=P)VN(p+x(p)w], YweH . (13)
Since
(Lw — (1 = P)VN(p + x(p))[w], w) = (Lw — VN(¢ + x(¢))[w], w)

< (Lw,w) [by the convexity of ¥] < —d|jw|* [by (3)]

for all w € H~, we see that the operator in (13) is invertible and the operator
norm of its inverse is bounded by 1/d. Hence, the implicit function theorem shows
X € C*(H',H™) and

IVX(@II < 5 IVN G + x()I]
Meanwhile, since x(¢) maximize ®¥,
0 < 9(x(9)) ~ #9(0) = 3 {L(x(¥)), X(#)) — Ll + x(0)) + ()

< % (L(x(¥), x(¢)) + ¥(p) [by the non-negativeness of V]

< S+ W) Ty ()

we conclude the boundedness of ||x(¢)]||.
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Finally note that for ¢ € H,

(VO(p +x(0)), ¢) = (VO(@ + x(¢)), Po) + V(o + x (), (I = P)p)
= (VJ(p), P9)

we have [|[VJ(p)|| > [[V®(¢ + x(¢))]|. And on the other hand, we find for w € H*

(VJ(p),w) = (VO(p + x(v)), w) + (VO(p + x(¢)), Vx(p)[w])
= (Vo(p + x(p)), w)

and so |[VJ(p)|| < [|[V®(¢ + x(¢))||. This completes the proof. O

2.2. Generalized Nehari manifold

By virtue of Proposition 2.2, we are reduced to consider the critical values of the
functional J on HT. The essence of our analysis is to consider the minimax value
= inf maxJ(ty). 14

7= nt e J(te) (14)

Since J(p) > ®(p) for all ¢ € H, together with (8) and (9), we have the existence
of r > 0 such that

o] <r=J(p) >0 and [p||=r= J(p)>T.

It is clear that if there exists additionally ¢ € H*, ||¢|| > r, such that J(¢) < 0,
then the reduced functional J possesses the mountain pass geometry, and hence
v > 1 > 0 is the lowest value of J at which there exist non-trivial critical points.
This is the case when the nonlinearity W(y) vanishes if and only if ¢ = 0, see for
instance [1, 7, 23]. Unfortunately, since we allow ¥ to vanish on certain part of H,
we do not have an apparent linking structure for J. Here, our strategy consists of
finding critical point of J on its Nehari-type manifold .#" defined as

N ={p e H"\{0}: (VJ(p),p) =0}.

Different from the usual concept of Nehari manifold, we emphasize here that the set
A above is not homeomorphic to the sphere St in general. In fact, as we will see
later in Section 3, we allow that there exists ¢ € H™\ {0} such that ¥(tp) = 0 for all
t > 0. Then, by Proposition 2.2, we have x(tp) = 0, and hence J(ty) = % (Lp, p),
i.e. J(typ) is a quadratic function and has no critical points for ¢ € [0, c0) other than
t=0.

Lemma 2.3. If p € A, then ¥(p) > 0 and ¥(p + x(¢)) > 0.

Proof. Assume contrarily that W(p) = 0, then it follows that N(¢) = 0 (since 0 is
the global minimum of ¥). And from (11), we have x(¢) = 0. Hence

(VJ(p),0) = (Lp — PN(p),¢) = (Lo, ¢) >0,
which is a contradiction.

If U(p+ x(¢)) = 0, then it also follows that N(p + x(¢)) = 0. By (10) and
the invertibility of L on H~, we deduce that x(p) = 0. Thus we get a similar
contradiction as above. ]
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Let us introduce the functional K : H* — R by

K(p) =(VJ(p), ). (15)
We have K € C'(H™,R) and its derivative is given by
(VK(p),w) = (VJ(p),w) + (V2J(p)[w],¢)

for all p,w € H'. Also, we have A4 = K1 ( )\ {0}.
Lemma 2.4. For p € H™,

(VE(p), ) <2K(p) — (k= 1) (N(p + x(9)), ¢ + x(¢)),

where > 1 is the constant in (H5).

Proof. Since

(VJ(@),¢) = (Lp = PN (¢ + x(#)), 9) = (Lep, &) = (N(@ + x(¥)), &)
for all v, ¢ € HT it follows directly that

(V2I(9)[6], 0) = (L, &) — (VN(o+ x(9) [0 + Vx(9)[g]],0).  (16)

By taking derivative with respect to ¢ in the relation (10), we have

L(Vx()lgl) = (I = P)VN(p+ x(¢)) [¢ + Vx(¢)l¢]] (17)

for e HT. For ease of notation, we write z, = ¢+ x(¢) and w, = Vx(¢)[¢] — x(¢).
Then we deduce from (16) and the relations (10) and (17) that

(V2I(@)le], ) = (Lo, ) — (VN(z,)[25 + wy], ¢)
= (VJ(9), ) + (N(2,), 0) = (VN(2p)[2p + wy], )
= (VJ(9), ) = (VN (zp)[24 + wy], 2o + W) + 2 (N(2p), wy)
+ (N(2p), 20) + (Lwy, wy)
< (VI(9) ) = (k= 1) (N(2p), 2) — 0w, ||* [by (H5) and (3)]

for ¢ € H*. Hence the assertion follows. ]

It follows from the above two lemmas and the second part of (H2) that, for p € .4
VK(p) # 0. Hence .4 is locally a C'-manifold. Moreover, if o € .4 is a constrained
critical point of J, then ¢ is also a critical point of J on H™'. Indeed, according to
the Lagrange multiplier rule, we have the existence of A€R with V.J(¢) = AV ().
Note that ¢ € A", we find (VJ(p), ) = 0. Together with Lemma 2.4, this implies
A =0 and ¢ is a critical point of J on H™.

For later use, we also mention that if 4" # () then .4 is bounded away from 0, i.e.,
there exists o > 0 such that ||| > 7o for all ¢ € 4. In fact, for a given p € ST,
let us consider the function ¢t — J(tg), t > 0. Then we have

d K(te)
S I(t9) = (VI(19), ) =
and L J(tg) = (VI (1)) 0) = = ((VK(te). t) — K(tp).

),
1
dt 2
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It follows from Lemma 2.4 that if there is ¢, > 0 such that K(t,¢) = 0, ie.,
t,p € A, then C‘f—;J(tgo)‘t_t < 0. And hence ¢, is a strict local maximum point.
=ty

We actually have more. In fact, by Lemma 2.3 and 2.4, we can see that IC(tp) < 0
for all ¢t > t,. Therefore, t, should be the unique critical point of J(ty), t > 0, and
hence the global maximum point. Now, by (9), we find max;~ J(tp) > 7, and this
implies the existence of o > 0 such that ¢, > 7.

We also note that the min-max value in (14) has the following characterization

= inf J(ty) = inf [0)) = inf J . 18
! s067112\{0}%130X (te) vevﬁ\m}zem@%u— (2) by (%) (18)

Particularly, v < +oo provided that 4" # 0.

2.3. A local energy estimate

Our next step is to establish an approximate calculation for the minimax level
in (18). Particularly, this approximate calculation is based on a sequence of test
elements in H. Motivated by the applications mentioned in the Introduction, we
need to cover the case that the test elements are varying synchronously with some
parameter in the variational problem.

To this end, let us take A C R to be an open interval. For o € A, we equip H with
a scalar product (-,-), and the induced norm || - ||,. Then we consider in # the
following family of equations

Loz = Ny(2), 2z#0, a € A, (19)

where Ly : (H,(-,-),) = (H,(,-),) is of strongly indefinite type as in (2) and (3),
N, satisfies (H1)—(H5) with the function g and the positive constants ¢, p, K, u and
x independent of @ € A. We shall denote HZ the L,-invariant subspaces associated
to the positive and negative components of (L, ), which are orthogonal with respect
to the scalar product (-,-) . Then we have H = H} & H_, and each element z € H
possesses the representation z = zJ + 2z with 2 € HE. The energy functional
corresponds to eq. (19) is given by

1
D, (2) = 5 (Loz,2), — Yo(z), z€H, a€A

It is clear that, for a fixed a € A, we are dealing with only one equation and
one functional, particularly, all the results set up previously apply to ®,. In what
follows, let us consider {a,,} C A and {z,} C H such that

1 <P,(2,) <cg and ||V, (2,)]|ln — 0 asn — oo, (20)

for some fixed constants ¢y, ¢y > 0, where we write ®, = &, and || - ||, = | - |4, for
simplicity. In this setting, if o, = o € A (that is, a,, equals to a fixed value), then
{zn} is nothing but a generic Palais-Smale sequence for ®,. When «,, is varying for
different n, the situation is more involved since we have a sequence of functionals
®,, and {z,} is no longer a Palais-Smale sequence. Particularly, the boundedness of
2z, needs to be measured by || - ||,, correspondingly.
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Lemma 2.5. Under (20), we have:
(1) |lznlln is uniformly bounded in n;

(2) (I=Pp)zn=Xn(Lrzn)|ln = O(||V®,(20n)ln) as n— o0, where Py=P, :H — H}
is the orthogonal projection and x,, = Xa, € C*(HL ,H, ) is the reduction map;

(3) VJu(Przn) — 0 as n — oo, where J, = J,,, .

Proof. By repeating the arguments in Lemma 2.1, we see the boundedness of ||z, || .-
To check (2), let us set ¢, = Pz, + Xn(Pnzn) and w,, = 2, — ¢,. Then, we have
= (I — Py)zn — Xn(Prz) € H,, . Thanks to the relation (10), we see that

0= (V®,(dn), wn), = (Lu@n, Wn),, — (Nn(bn), wn),,
where, for simplicity, we write L,, = Lq,,, Ny = Ng,, and (-, -), = (-,-), .
Since (VO,(2n), wn), = (Lnzn, wn), — (Nn(zn), Wn),,
we get (VP (2,), wn),, = (Lpwy, wy),, + (Nu(Pn), wn),, — (Nn(20), wn),, - (21)
By the convexity in (H3), we see that

(Nn(2n), wn)y, = (No(én), wn),, = (V Nu(@n + Ontwn) [wn], wn),, = 0
for some 6,, € (0,1). Together with (3) and (21), this implies

lwally < 5HV<I> (zn)ln - [[wnlln,

and hence ||wy||, = O(||VPn(2)|ln) as n — oo.

To see (3), it follows from (2) and the C*-smoothness of ®,, that |V®,(¢,)|, — 0.
Finally, since we have ||VJ,(P.zn)|ln = ||V®n(én)||n we obtain ||V J,(Pnzn)||n — 0
as n — oo. [

Let A;, = A, be the Nehari-type manifold for .J,, the next lemma guarantees that
the infimum in (18) is well-defined, i.e., 7, = Ya, < 0.

Lemma 2.6. Under (20), we have A, # O for n large. In particular, there eixsts
tn > 0 such that t, Pz, € Ay, and |t, — 1| = O(||VJ(Przn)|ln) as n — oo.

Proof. We use the same notation ¢,, = P, z, + xn(P,2,) as in the previous lemma.
Then, from (20) and Lemma 2.5 (3), it follows that

liniinf (Np(@n), n),, = Co (22)

for some constant ¢y > 0. Indeed, up to a subsequence, if (N, (¢y), ¢n), — 0 as
n — oo then

Sl pnlln < 1Ladnlln < [V Pn(dn)lln + ([N (dn)ln
< IVOu(dn)lln + K (Nu(dn), dn)y, + 16l dnlln  [by (H4)]

Since u < 1, we obtain ||¢,|l, — 0 as n — oo. This stands in contradiction to
Q,(dy) > @ (zn) > ¢ > 0 as assumed in (20).
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Let us set n, :[0,00) = R by n,(t) = K, (tP,z,), where K, = I, is defined by
(15). One easily checks that n/,(t) = (VK,(tP,25), Pozn),- And hence, by Lemma
2.4 and the Taylor’s expansion of 7, around t = 1, we get

i, (t) < 20(1) = (5 = 1) (Nu(¢n), én),, + O(It — 1)) (23)
where the O(]t — 1]) term is independent of n due to the boundedness of 7/, (¢) (a
direct consequence of Lemma 2.5 (1)).

Note that 1,,(1) = (VJ,(Pnzn), Puzn), — 0 (by Lemma 2.5 (3)), we can conclude
from (22) and (23) that there exists a small constant v > 0 such that

m(t) < —vforallt €[l —wv1+v]and n large enough.

In particular, n,(1 —v) > n,(1) +v* > 0 and 1, (1 +v) < n,(1) —v? < 0 for n large.
Then, by the Inverse Function Theorem, ¢, = 1, *(0) exists and t,P,z, € A;, for n
large enough. Furthermore, since |}, (£)~!| < L on [1 —v, 1+ ], we consequently get

_ _ 1
Now the conclusion follows from KC,,(P,2,) = O(||VJ,(Pozn)ln)- O

Combining Lemma 2.1 to 2.6, we have the next general result for the abstract
problem (19). Notice that the proofs of Lemma 2.1 to 2.6 and Proposition 2.2 do
not need the hypothesis (H6), we state our result as follows.

Theorem 2.7. Under the hypotheses (H1) to (H5), if there exist {a,} C A and
{z,} C H wverifying (20), then, for n large, the min-max value ~y, = ~,, > 0 defined
in (18) satisfies

Yo < Pp(2,) + O(|V®P,(20)]12) as n — oo.

Furthermore, if the hypothesis (H6) is satisfied, then ~, is a critical value of ®,, for
n large.

Remark 2.8. Clearly, under the hypotheses of Theorem 2.7, there is a natural up-
per bound of v, that is the constant ¢, in the assumption (20). However, this is not
enough since sometimes it is crucial to have a more explicit asymptotic characteriza-
tion for the energies (see for instance the resolution of the classical Yamabe problem
and its variations, the elliptic Brezis-Nirenberg problem, etc.). As we will see later
in the applications, the sequence {z,} in Theorem 2.7 plays the role of certain test
elements for the functionals ®,,. Our result shows a refined upper bound estimate
for the min-max value 7,, and makes it computable whenever {z,} is constructible
or is known beforehand.

Proof of Theorem 2.7. We set ¢,, = P2, + Xn(Pn2,) as before and ¢,, > 0 as was
in Lemma 2.6, we also let ¢, = ¢, Pz, + Xn(tnPnzn). It follows from Lemma 2.5
and 2.6 that

||Zn - wan < Hzn - anHn + |tn - 1|||Pnzn||n + HXH(PnZn) - Xn<tnpnzn>||n
= O([|[V®,.(2n)[[n) + O(IV Ju(Przn)lln) (24)
where we have used the inequality
IXn(Przn) = Xn(tnPazn)||n < |||vXn(9nPnZn)”|n NPrznlln - [t — 1]

for some 6,, between t,, and 1.
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Since we have ||V J,(P.zn)|ln = |[V®n(¢n)|ln (by Proposition 2.2 (2)), we can see
from Lemma 2.5 that

IV I (Pozn)lln < [IV®n(20) [0 + O(l¢n = 2znlln) = OV ®n(zn)ln)-
Together with (24), this implies ||z, — Yu|ln = O(||V®n(20)]]n)-
Now, using Taylor’s expansion, we obtain
P (20) = Pu(¥n) + (VOu(¥n), 20 — V), + Oll20 — ¥nlly)
= @u(¥n) + (VOu(¥n), 20 — Yu),, + O(IVPu(za)I[7)-
Since ¥, = t, Ppzn + Xn(tnPoz,) and t, Pz, € A, we have (by (10))

<V®N(¢n)7 Zn ¢n>n = <V(I)n(wn)7 Pn(zn - wn»n
(1 —1t,) (VJp(tnPpzyn), Pozn), = 0.

Therefore we have, as desired,

o= nf Jo(9) < Jn(tnPuzn) = Pu(¥n) = Pulz,) + O([Va(2,) 7).

PEN

Finally, for a fixed n large, let us consider a minimizing sequence {¢;} C 4, for J,.
By Lemma 2.1 and Proposition 2.2, we see that {z; := ¢; + xn(¢;)} is a bounded
Palais-Smale sequence for @, and liminf; o (N,(z;),2;), > 0 (similar to (22)).
Thus the conclusion follows from (H6). O

3. Applications

We shall now apply Theorem 2.7 to the problems (A) and (B) mentioned before. And
in order to describe our results, it is useful to recall some notations and definitions.
For a closed Riemannian m-manifold (M, g), let exp : TM — M be the exponential
map defined on the tangent bundle 7'M of M. Since we assume M to be closed, there
exists 7 > 0 such that exp, : B.(0) D R = T:M — B,(§) C M is a diffeomorphism
for any £ € M. In what follows, B,(0) will denote the ball in R™ centered at 0 with
radius r and, for £ € M, B,(£) will denote the ball in M centered at £ with respect
to the metric g. For vector fields X, Y, W, Z on M, the Riemannian curvature tensor
R is given by

R(X,Y,W,Z) = g(VNyVxW, Z) — g(VxVy W, Z) — o(Viyx W, Z)  (25)

where V is the Riemannian connection. The Ricci tensor Ric : TM x T'M — R is
defined by the trace of R, that is,

Rice(X,Y) =) Re(X,¢;,Y,¢)) (26)
j=1
where {ej,..., e} is a basis of the (Riemann) normal coordinates in T¢M. The

scalar curvature will be denoted by Scal,.
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(A) Singularly perturbed Hamiltonian elliptic system on Riemannian
manifolds

Let (M, g) be a closed Riemannian m-manifold, m > 3, we set

HY M) = {u M —R: / |V ul?® + |ul*dvol, < —{—oo}
M

g

where dvoly is the volume form on M associated to the metric g. We also set Lb(M),
p > 1, for the space of functions on (M, g) for which the p-th power of their absolute
value is integrable, and is equipped with its canonical norm. It is clear that LE(M )
is a Hilbert space.

Let us take the index oo = ¢ € (0, +00), and introduce the self-adjoint operator

Se:D(S.) C LA(M) x LA(M) — L2(M) x L2(M)

u —?Agu+v
defined by Se (v) = <—52Agu )
Then eq. (5) can be equivalently rewritten as
Sez = F(z) (27)

where the nonlinear part is defined by

F(z) = (;;EZD for z = (fj) € D(S.).

Associated with eq. (27), we choose the Hilbert space H = Hgl(M) X H;(M), and
equip it with a family of inner products

1 1
(21, 22), = —/ (52Vgu1 -V us + ulug)dvolg +€_m / (€2ng1 - Vgvo + vlv2)dvolg
M M

8771

for z; = <Z’) € H,i=1,2, and the induced norms || - ||..

()

We now take the operator L. : (H,(-,-).) = (H,(-,-).) by

0)-()

Then we have L. is self-adjoint, continuous, invertible and o(L.) = {1,—1}. In
particular we can split the space H with respect to L. as

H=H®H,, where HZ ={(u,tu)" :ue Hgl(M)}

It is clear that (2) and (3) are satisfied on HI and H_, respectively, with the constant
d = 1. Moreover, eq. (27) (or equivalently eq. (5)) reads as L.z = N.(z) for z € H,
where the relation between S, and L. is given by

L.=T 108, withT, = —€2Ag—|— 1:H—H"

and, similarly, N, =T o F.
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In order to study this nonlinear problem, we impose the following conditions on the
nonlinear functions f;, i = 1,2, involved in eq. (5):
(F) fi € CYR), fi(s) = 0for s <0, and there exist gy, g2 > 2 such that qil—i-q% > mT_Q
/ /
fi(s) — lim f3(s) _

and SLEOO gd1—2 s—+oo gd2—2 o (28)
Moreover, for some # > 1 and every s > 0,
0<0fi(s) < fi(s)s i=1,2 (29)

As was explained in [18, 21], we can assume Without loss of generality that the
numbers g1, g2 in (F) are such that 2 < ¢ = g2 < 5. In fact, since the solutions
we work with are of ground-state type, they are a prlorl bounded in L*-norm and
this bound keeps invariant even if we truncate f; and f; at infinity so that (F) is
satisfied for the modified functions with ¢; = g2 in (28).

Now, we denote Fji(s) = fo fi(t)dt, i = 1,2, the primitive functions of f;, and
U (H,().) —>RW1th

U (z) = — 1 /MFl( )dvol, +—/ Fy(v)dvol, for z = (Z) cH.

gm

We also equip LE(M) x LE(M), p > 1, with the norm

1 :
E- (S—W/M |Z|Pdvo1g) for » = (:j) € (M) x L2(M).

By Sobolev’s embedding theorem, we have that there exists ¢, > 0, independent of
e, such that |z],. < ¢,|z||. for each p € [2,22]. Then we verify the hypotheses
(H1) to (H6) as follows.

Lemma 3.1. Under condition (F), we have ¥. € C*(H,R) satisfies (H1)—~(H6) for
every € > 0.

Proof. Since the proof is quite standard, we will be sketchy.

The C2-smoothness follows from (28) and our choice of ¢ := q; = o € (2, 22)

' m—=2/"

Hence (H1) is verified with N, = VW.. To proceed, we mention that (29) implies

_Q/fz dt</f ttdt = fi(t)

Thus (0 + 1)Fi(s) < fi(s)s, i = 1,2, and this gives (H2). Using the positiveness of
the f/(s) in (29), the convexity follows immediately from the computation

/fz dt = fi(s)s — Fi(s).

(VN (2)[w],w), = gim/Mf{(u)ﬂZdvolg—i—gim/]\4f£(v)172dvolg >0,

where z = (5) and w = <Z) € H. Moreover, since we have f;(0) = f/(0) = 0, we

can conclude from eq. (28) that for arbitrary o > 0 there exists ¢, > 0 such that
g—1

fi(s) < os+co(fi(s)s) @ forall s> 0.
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Hence,

(Ne(2),w), = gim/Mfl(u)&dvolg—l—gim/Mfg(v)ﬁdvolg

< im (|ulal + Jvl[o])dvol, +C_:n ((f1(u)u)%|ﬂ| + (f2<U)U)%|?7|)dV019
€ JIm ™

q—1

< o|zlac|wlae + o (Ne(2),2)e” |wlge [by the Holder inequality]

which verifies (H4) by choosing ¢ small. To see (H5), we first remark that, for s > 0
and t € R,

fKSKS%—UQ—2fx®t::ﬂcﬂ<52+2<1—-éigl>ﬂ-kﬂ)

= fI(s) ((1 = féi((si)s)s + t)2 + fi(s) (1 - (1- ];72189)2) s°

> (2 _ Sits) >f,(s)s [by the positiveness of thef;(s)].

fi(s)s
And since, by (29), we have 0 < f}(—(j))s < % < 1. This, together with above estimate,

implies (H5). Finally, the hypothesis (H6) follows from the compact embedding

2m
(. I-1le) = (LUM) X LYM),|-|4e), for qe (2, m)- O
By virtue of the above lemma, we see that solutions of eq. (5) correspond to critical
points of the functional
1
D (z) = 5 (Lez,z). — We(z) for z € H and € € (0,+00).
And, in order to apply Theorem 2.7 (with the index o = ¢), one needs to find a
sequence of test functions satisfy (20) for the functionals ®.. In the sequel, the
following problem on the Euclidean space R™ will play a key role:

—A’U—i-l}:fl('U/),

on R™
— Autu=folv), (30)
u,v >0

whose energy functional is given by
d.(2) = / (Vu-Vo+uv—Fi(u) — Fy(v))dz, for z = (5) c H'(R™) x H'(R™).

Let us denote 7, the ground-state critical value of ®., that is,
Ye = inf {@c(2) : VP(2) =0, 2 #0}.

Under the same condition (F), it follows from [19, 20] that v, > 0 is attained at
some positive functions U,V which satisfy the system (30). Moreover, by elliptic
estimates, U and V' decay exponentially and they are radially symmetric with respect
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to a common point of R™ (see for instance [8]). For later use, we denote by L, the set
of all ground-state solutions (U, V) of eq. (30) satisfying U(0) = max,egm U(x) and
V(0) = maxgegm V(x). Then 1t follows that any (U,V) € L, is radially symmetric

with respect to the origin and %2 < 0, 2 ap < 0 for p=|z| > 0 (see [8, 13]).

Lemma 3.2. Let (U, V) € L. Then, for any k > 0 we have

m

/m(VU VV+UV - F(U) - FQ(V)> |z|*dx = Q;kilk) / (VU - VV)|z|*dz (31)

Proof. Since U, V are decreasing exponentially at infinity, multiplying both sides
of system (30) by the couple (|z|*z - VU, |z|*z - VV), integrating by parts on Bg(0)
and taking R — oo, we get the identity. ]

Next, we define a map S : M x L. — R by

m

1
Z RelX, €0, X, €)0,U 0,V — 5/ Rice(X, X)VU - VVdx
2,7=1
1 1
(32)
where X € TeM, X =" x;e;. Then we have the following
Proposition 3.3. Let Z = (U,V) € L.. Then we have

3 Scaly (&)

S(6.2) = _m(m +2)

/ VU - VV|z|%dz,

where Scaly(§) is the scalar curvature of M at €.

Proof. Note that X = ", z;e; and Z = (U, V) is radially symmetric, it follows
from (25) and (26) that

s 0U OV
/Rg (X, e, X,e;)0,U0;Vdx = Z Z /Rg €k, €y €1, €5) xkxlix]——d:p =
., [z|* Op Op

i,0=1k,l= I]Rm

and / Rice(X, X)VU - VVdz = Z/ Rice(e;, €j)xiz; VU - VVdx

i,j=1

= Z Rice (e, ei)/ (2;)°VU - VVdx = Scaly(§)
i=1

Rm™ m

/ VU -VV|z|*dx.
In the last equality we used Scaly(§) = > 7", Rice(e;, ;). Analogously, we have

1
/ Rice (X, X)UVdg — 22 / UV|z|2dz, and
m m m

Scaly(§)

[ e X) (@) + F(v) e = 2

/m (FUU) + B(V))|a]de.

Finally, the assertion can be straightforwardly verified via Lemma 3.2. ]
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For the given Riemannian metric g, we write it locally as g = Zznjzl 9;;dx; @ dz; on

B,(£), £ € M. We also let G(&) = (g;;(€))i; and G~(§) = (¢7(£))s;. Henceforth, det
stands for the determinant. We now consider the Riemann normal coordinates on
B, (). For ease of notation, we identify z = (z1,...,2,,) € R™ with X = )" x;e; €
Te M, then it is well known (see [10]) that

1
gij(expf r) = 0ij — gRé(x7€i>$7€j> + O(’$|3)7 (33)
y 1
97 (expe ) = i + S Re(, e, 2, ¢5) + O(|z]) (34)

3
1
and Vdet Gexpr) =1 — 8 Rice(z, x) + O(|z]%), (35)

where 0;; is the Kronecker delta.

Let 0 < r < inj(M)/2 where inj(M) > 0 is the injectivity radius of M, and let
n € C*(R™, [0, 1]) be such that |Vn| < 2/r, n(x) =1 for |z| < r and n(z) = 0 for
|z| > 2r. For a ground-state solution Z = (U,V) € L., we set U.(x) = U(%) and
Ve(z) = V(£). Define W, = (nUs,nVz) and z = (ue,v:) = We o exp; .
gij\/detGﬁju), we have

Then, via the expression Aju =

1
Ny
Vdet G ; (

2
Lemma 3.4. Ase — 0, ®.(z.) = %—l—%S(f, Z)+0(e%) and |[VP.(z.)]. = O(e?),

i.e. {z.} verifies the condition (20).

Proof. Since Z = (U,V) € L. decays exponentially at infinity, by the change of
variables and (33)-(35), we see immediately that

D (z.) = i /M (52 Z gij&ueajva + uava)dvolg —Eim /M (Fl(ua) + Fg(va))dvolg
ij=1

m

1 g
= (82 > g7 (expe 2)0: (nU)d;(nVz) + 772U€V5) Vdet G(expg )da
B2r(0) ij=1

1
~ (Fi(nU.) + Fy(nVz))Vdet G(exp, x)da

Ba,(0)

2
=d.(2)+ %S({, Z) + O(%)  [by using the formulation of S in (32)]

and analogously, for arbitrary z = <Z> €EH,
1 UL
(VO (22), 2). = o / (52 Z 9" (expg ) 0ju0;v + ugv) Vdet G(expg )dx
Bar(0) * 4 j=1
1
o f2(nVe)vvdet G(expg v)dx
B3, (0)
1 o
+ o <52 Z 9" (expg 1) O;ud;v. + qu) Vdet G(expg v)dx
BQT(O)

ij=1
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b fl(nUé)u\/M(expg z)dx

m
€™ J B (0)

= O(?)||z|l., [by using the exponential decay of U and V]

hence the lemma is proved. O

Since we have checked that all the hypotheses in Theorem 2.7 hold true, we are now
ready to state

Proposition 3.5. For all small numbers € > 0, there exists a ground-state solution
Ze = (e, V) of (5) with energy evaluation

= () St S S(E2) + OE), (30

where £ € M and Z € L, are given arbitrarily. Moreover, for each ¢, there exists a
unique maximum point &, € M of u. + v. such that for some constants C,c > 0,

Ue(€) 4+ 0:(€) + |V (6)] + |V (§)| < Cem s Mhl&&) ¢ e M

where disty is the distance induced by the metric g. And, up to a subsequence, the
transformed functions U.(r) = 1. o expg_(ex) and V.(z) = v. o exp,_(ex) converge to
a ground-state solution Z = (U, V) € L. of (30) in C? -sense.

loc™

Proof. Since the existence and the energy evaluation are direct consequences of
Lemma 3.1, 3.4 and Theorem 2.7, we only need to describe the asymptotic behavior
of the solutions z. = (., ) as € — 0.

By the Sobolev embedding and the arguments in Lemma 2.1, we deduce that ||z ||,
is bounded. And by bootstrap arguments, we see also that ||u.||o and ||v.|| are
bounded. Furthermore, via the maximum principle, we have ||t + 0.||« is bounded
away from 0.

Let & € M be such that liminf, o @.(§.)+0:(&) > 0. Consider the Riemann normal

coordinates on B,.({.) C M, for 7 > 0 fixed small. Denoted by U.x) = . oexpy_(ex)
and V_(r) = v. o exp_(ex), we find

7 (expe, (ex))Vdet Glexpe, (e2))0;U.) + U. = fo(Ve),

— 8
\/detG expg er)) Z

" (expe, (ex))Vdet G(expg, (e2))0;V.) 4+ Ve = f1(U.),

— 8
\/detG (expg_(ex) Z

on B,,.(0). Then, from elliptic estimates, we deduce that U. and V. converge locally
uniformly in C2-topology to a finite energy solution Z = (U, V) of (30). Note that
®.(Z) > 7., we can conclude that there exist a non-negative integer [ and & € M
for 1 <@ <[ satisfying o

lim min,; dist(&!, &) o

e—0 £

and liminf, o u. (&) + 0.(¢Y) > 0,4 = 1,...,1. Tt also follows from the standard
comparison principle that for some constants C,c > 0

1.(6) + () + [V ()] + [Vo.(§)] < Coxp (= Zdist, (&, {€h,,€1))), €€,
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This implies that lim ionf O (Z.) > 1.
E—r

Since we have already known from Theorem 2.7 the upper energy estimate (36), we
see that [ = 1. And thus, for a unique maximum point &, € M of 4. + v., we have

1.(6) + 0:() + [V ()] + [V0.(§)] < Coxp (- Zdisty (€, &), €€ M.

and, in this way, the transformed functions U. and V. converge locally in C%-topology
to a ground-state solution Z = (U,V) € L, as € — 0. O

The next result gives a refined lower energy estimate.

Lemma 3.6. Let z. = (u.,v.), Z = (U,V) € L, and &, € M be as in Proposition
3.5. Suppose that, up to a subsequence, & — & in M (with respect to the Riemannian

metric g) as € — 0, then
2

%zvf+%8@ih+d¥)

Proof. For ¢ > 0 small, let us denote by z. = (u., 0.) the ground-state solution of
(5) as in the previous proposition and . € M be the maximum point of 4. + ..

Take . € C*(M,][0,1]) in such a way that |V,06.] < 4/r, B. = 1 on B, (&) and
supp f. C By, (&), for some r < inj(M)/2. Since 4. and 0. solves eq. (5), we have

sm

M@_I/(ﬁ%) mwﬁm+—/ ()0~ Br(0.) Jdvol,

and, multiplying both sides of (5) by (8%u., 520.) and integrating by parts, we find
62
. (B:2:) = 5_m/ ( = fi(u.)u. — F1(65ﬂ5)>dvolg

r (ﬁzfu ~ By(en) )dvoly + 5 [ 00,6
2(Ve ) Us 5(5:v:) ) dvol, + £°U:0:|V 4| “dvol, .
gm M

5m

For i =1,2 and s > 0, let us consider the function h;(t) = %f,-(s)s — Fi(ts). Tt is all
clear that h;(0) = 0 and h;(0) = hi(1) = 0. Assume t, > 0 satisfies hl(ty) = 0, then
it follows from 0 = R}(ty) = tofi(s)s — fi(tos)s and (29) that

fi(tos)

0

fi(tos)s® — fl(tes)s®> < 0 [by (29) and 6 > 1]

hi(to) = fi(s)s — fi(tos)s® = s — fl(tos)s®

<

|~

i.e., tp > 0 is a strict maximum point of h;. Hence, we must have to = 1, h;(t) is
increasing for ¢ € [0, 1] and h;(1) is the unique global maximum. Together with the
exponential decay of u. and v, on M, this implies

O (B.z.) < P(z) + i/ 0|V o Be|*dvol, = 7. + o(e?). (37)
M
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On the other hand, use the local coordinates around &, and argue similarly as in
Lemma 3.4, we can get

v.(0.2)= [ (32 Filespe, cr) B9, + 0L Vet Glesp cx)d

Baye(0) 7
_/ (F(B.0.) + Fy(B.V.)) Vet Glexp, ex)dx
BQT‘/E(O)

2
=, (W,) + S(fg, .) + o(¢?) [use the exponential deacy of U, and V]

where, for simplicity, we denote U, (x ) = U o expg (e2), Vi(x) = v, 0 expe_(ex),

Be(x) = B. o exp£ (ex) and WE (B.U., B.V.). Note that, by Proposition 3.5, W,

converges in C? -topology to Z € L.. Hence, together with & — £ in M, we have

S(&,We) = S8(6,2) + 0(1).

where 0.(1) — 0 as ¢ — 0. Note that the energy estimate in Theorem 2.7 also
applies to the functional @, (since the condition (F) guarantees the validity of (H1)
o (H5)), we have

De(Z) = 7e < Pe(W2) + O(||VO(W2)?).- (38)
where ||| is the usual norm on H'(R™) x H'(R™). Since, for arbitrary W = (U, V),

(VO (W), W)= [ (V(B.0.) VV + B.0.V — fo(B.V.)V)dx

]Rm

+ / (VU - V(B:Ve) + BUVz = f1(BU)U ) dar
/ ( Z g7 (expe, €2)0;(B.U.)0;V + B.UL. V)\/det G (expg, ex)dx
B/ (0)
_ / f2(BVo)VVdet G(expg, ex)dx
By,./c(0)

+ / < Z gij(exp& ex)0;U0;(B:V.) + BEUVS> Videt G(expg_ex)dx
BZr/e( )

ij=1

— / f(B.U)UV det G (expg, ex)dr + O |||
B?r/e( )

exp;] 3

(VOB )+ OEW] with we) = W (2

= (V®.(2), w.), + o(e?)||lwel- + O W],
and |lw.|. = O(]|W]]), we have |[V®.(W.)| = O(e?). Therefore, by (37) and (38),

we obtain, as desired,

2

o2 @) + SSE ) +ol) 2yt SSED) o). O
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Combining Proposition 3.3, 3.5 and Lemma 3.6, we are now ready to state

Theorem 3.7. Under the condition (F), for smalle > 0, there exists a ground-state
solution z. = (u., v:) of eq. (5) and a unique mazimum point . € M of u. + . such
that
(1) for some constants C,c > 0: u.(§) +v.(¢) < Cexp ( - dist, (&, §E)>;

€

(2) ll_l}é Scaly (&) = max Scaly(€);

(3) wup to a subsequence, the transformed functions U.(x) = @ o expg (ex) and
Ve(z) = 0 o expg (ex) converge to a ground-state solution Z = (U,V) of
eq. (30), where Z is selected by

max VU - VV|z|*dz, if maxScal,(¢) >0,
. Z=(UV)eLe Jgm €eM
/ VU - VV|z|*dx =

e, TV VI g Send) <0

(B) Spinorial Brezis-Nirenberg problem

Let (M, g,0) be an m-dimensional closed spin manifold, m > 2, where g is a
Riemannian metric and o : Pgp, (M) — Pso(M) is a spin structure on M. Let
p : Spin(m) — Aut(S,,) be the spin representation. Then, on the spinor bundle
S(M) : Pspin(M) X, S,, = M, we shall consider the nonlinear equation

Dy = X+ |70, 42 M — S(M) (39)
where D is the Dirac operator and A\ € R.

Since the Dirac operator is self-adjoint, solutions of eq. (39) are the critical points
of the energy functional

1 A —1 2m
Pr(Y) = §/M(D¢,¢)dvolg—§/MW\ZdVOlg—mQ—m/MW\’”‘ldVOlg

where (-, ) : S(M) xS(M) — C stands for the hermitian inner product on the spinor
bundle.

Let us introduce the functional settings of this problem: First of all, the natural
function space is the H'/2-spinors on M denoted by H'Y2(M,S(M)), that is,
H'?(M,S(M)) = {¢ € L*(M,S(M)) : |D|"?¢ € L*(M,S(M))}.
Evidently, H'/2(M,S(M)) is a Hilbert space with the following inner product
<77Z)7 QD>H1/2 = Re (|D|1/2¢7 |D|1/2Q0)L2 + Re (¢7 QO)LQ'

We also have the Sobolev embedding H'?(M,S(M)) < L4(M,S(M)) for g € [1, 22].
The embedding is compact for 1 < g < %, but not for ¢ = % Hence 2* = %
is called the critical exponent. Due to the lack of compactness of the embedding
HY2(M,S(M)) — L*(M,S(M)), the functional ®, does not satisfy the Palais-
Smale condition in the energy range (—oo, +00). The following lemma shows that
O, satisfies a local Palais-Smale condition (its proof can be found in [15, Section 5]).
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Lemma 3.8. Let veris = ﬁ(%)mwm, where w,, stands for the volume of the stan-

dard sphere S™. Then, for any X € R, the functional ®, satisfies the Palais-Smale
condition in the energy range (—o00,Yerit) in the following sense:

If ¢ < Yeris and {1} is a sequence in HY?(M,S(M)) such that ®(,) — ¢
and V®,(¢,) — 0, as n — oo, then {1, } is compact in HY2(M,S(M)).
Motivated by this lemma, our next step is to use the first part of Theorem 2.7 to

find a suitable energy estimate (which is going to stay below the threshold ~.,.;;) for
the functional ®,.

In the sequel, we denote Ay, k € Z, the eigenvalues of D and E(\) the corresponding
eigenspaces. Since {\;} C R consists of a two-sided unbounded discrete sequence of
eigenvalues with finite multiplicities (see for instance [14]), we may order the set as

e <A <A S0 A< A<

with [A\x| = oo as |k| — oco. For A € R, we denote P} : L*(M,S(M)) — E()) the
orthogonal projection, where E(\) = E(\g) if A = Ay and E(\) = {0} if A &€ {\¢}.
Then we can equip H'?(M,S(M)) with a family of inner products

(¥, ), = Re (|D = N2y, |D — N"?¢) , + Re (P, PYy) .,

and the induced norms || - ||, = (-, ->;/2, for A € R. Clearly, for a fixed A, the norm
|| - [|x is equivalent to the usual H'/2norm. Given A € R, we set

Hi=EPEN) and H; = EN), (40)
2> A<

where the closure is taken in H/2(M,S(M)). Then we have the following orthogonal
decomposition with respect to (-, -),:

H'Y2(M,S(M)) =H{ ® E(\) & H,;. (41)
To proceed, we introduce

T, L (M S(M)) » B, Ta(0) = arg min 0=

o
2"

i.e. Th(¢) is the best approximation of ¢ € L?"(M,S(M)) in E()\). This element
exists and is unique because the L? -norm is uniformly convex. Generally, T} is not
linear, and 7)\(¢) = 0 when E(\) = {0}. Since [|¢]|;2x > ||[¢v — T\(¢)]| 2+ for all
Y e L? (M,S(M)), we have

~ 1

A *
By () < BA(1) = §/M(Dw,w)dvolg—§/M\z/z|2dvolg—2—l*/M\w—TA(w)|2 dvol,

for all v € HY2(M,S(M)). Set

U0) = 5 [ W= T vl for v € HOLS(ON)

Under the decomposition (41) and the Sobolev embedding, the following lemma
holds:
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Lemma 3.9. In the case E(\) # {0}, we have
(1) Forvp e HY @Hy, ¢ € E(N) and t € R, we have Th\(t)) = tTh (),
T+ ¢) =Th(¥) + ¢ and U5(¢ + ¢) = VA ().
(2) T\ is Ct on H{ @ Hy \ {0} and VT \(¥)[Y] = Ta(¢) for ¢ # 0.
(3) Wy is C* on HY ® Hy and is convexr, moreover, PONW,(¢) = 0 for all

Y EHT DH,.
(4)  For any ¥, € HY & H, we have ;

(5)  Critical points of <T>A on HI®H, arein one-to-one correspondence with critical
points of ®5 on HY?(M,S(M)) via the injective map ¥ + ¥ — Tx(¢)) from
HE @ H, into HY2(M,S(M)).

Proof. The proof of this lemma is contained in [4], moreover (1) can be straight-
forwardly verified. For the sake of completeness, we sketch the argument as follows.

To see (2), let us fix a ¢ € HI @ H; \ {0} and consider the functional WY defined
on E(\) by

1
UY(g) = — — ¢[* dvol E(N).
{0) = 5 [ o —ofawol, e B

Particularly, we only focus on the case where E(\) is non-trivial. Then we have \Illf
is C2 on E(\) and WY(¢) > = (|l 2 = [[¥ ]| z2+)* . Moreover, for ¢, p € E()), we get

(V00).¢), = ~Re [ 0= 0 2 - 6,0, and

(VBN e), = [ 10 2lob-+ 2 =2)l=0 ! Rev—6.)F [ dvol

2/M\w—¢

Hence \Ifi\b is convex. Since E()) is a finite dimensional eigenspace of the Dirac

27210 2dvol, .

operator, by the convexity and coerciveness of \I/f, we have T (1)) is the unique strict
minimum point for \Iﬂf on E()), which is also the only critical point of \Ilf By virtue
of the above observation and Bér’s theorem [3] on nodal sets of the eigenspinors, we
can see that the self-adjoint operator

o = VUUTA()]g], Ve € E(N)
is invertible. Hence, the implicit function theorem implies Ty : H{ @H; \{0} — E()\)
is of C'.
Although (1) implies that T cannot be differentiable at 0, we shall show that ¥, is
of class C?. In fact, by ¥y (0) = 0, we find that

1

).
=5 /M |t — T (t)|* dvol, = ’;— /M W — Ty ()| dvol,

Wa(t) — Wx(0)

for 1) # 0. Hence, combined with the fact that 2* > 2 we see that V¥, (0) = 0.
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For ¢ € H{ @ H; \ {0}, it follows directly that PYVW,(¢)) = 0 and that

(VUAW), 0)y = Re/M [ — Th(¥)]* (¢ — Ta(¥), ¢ — VTa (1) [g])dvol,

P72 (h — Ta(¥), ¢ — Ta(gp))dvol,

—ke [ [0-T)

P72~ Ta(®), p)dvol,

—ke [ [0-T)

for all ¢ € H} @ H,. Then we have the derivative of ¥, is continuous in 1, and
hence W, is of class C' on H} & H,; .

For the C%-smoothness, we only need to show that the second derivative of Uy is
continuous at 0. To this end, let us take again ¢y € Hy ®H, \{0} and ¢ € H ®H; .
For the second derivative at 0, we first note that

P2 — T (1), p)dvol, .

(VU (t0), 9)y = 12 Re /M W~ Ta(¢)

Since 2* > 2 and VW, (0) = 0, this implies that ¥, is twice differentiable at 0 and
V20, (0) = 0. For 1 # 0, by taking the derivative in the direction of ¢ at both sides
of PV, (1)) =0, we have PYV2W(1))[p] = 0. Hence, we see that

(VU))@)) = % /M [—T5(¥)[* ~ Re(—Tx(¥), ¢) Re(h— T (), ¢)dvol,

2*_2(¢, p)dvol,

| Re /M 6 — Ty (0)

for ¢, peHT ®H; . It follows that V2¥, is continuous, and hence Wy is of class C?.

The convexity of ¥, is an immediate consequence of the above calculation and,
furthermore,

(VAUAD) + @], 9+ @), = 2(VEAW), ),
- /M (16 = @) 2w + o - V@) + ¢l
+ (2" =2)|Y = Th(v)

4 Re (4 = Ta(8), v + 9 — VI + ¢l ] dvol,

~9Re /M [ — Ta () 2( — Ta (1), @ — VTx()[g])dvol, .

For simplicity, we denote z = ¢ — T)\(¢0) and w = ¢ — VT (¢)[¢]. Then, using the
fact VIn(¢)[y] = Ta(¢)), we can see from the above equality that

(VPUAD) [+ @], ¥+ @), —2(VEA(W), ),
:/ 1272+ wf? + (2 = 2)|5* | Re(z, 2 + w)f — 2122 Re(z, w) | dvol,
M

| Re(z, w)|?

2

_ /M |22 [W (2 — 1]z + 2(2° — 2) Re(z,w) + (2 — 2) }dvolg

2|
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| Re(z, w)|

06
. 2
> / L [(2* — D]z +2(2* — 2)Re(z,w) + (2* — 1) BE dvol,,
M

> (@ -0-222) [

where we used the fundamental inequalities

. m+3 .
> dvol,, = o /M v — T (¥)[* dvol,

| Re(z, w)? 2% — 2

2* — 1| Re(z,w)|?
e and 2| Re(z,w)| < e

2*—2 |z

w]* > |2* +
for |z| # 0. This proves (4).

Finally, to see (5), we first mention that if ¢ € H'/2(M,S(M)) is a critical point of
®, then Re [, [¢[* (¢, ¢)dvol, = 0 for all ¢ € E(X). This implies Py = —T)(¢)
and p—PYp € Hi ®H, is a critical point of ®,. On the other hand, if ¢ € H &H
is a (constrained) critical point of ®,, then ¢ — T\(¢) is an unconstrained critical
point of ®y on HY2(M,S(M)) and hence is a critical point of ®,. O

Thanks to Lemma 3.9, we can reduce the problem (39) to the search of critical points

of ®, on the subspace H, := HT @ H, € HY2(M,S(M)) with the inner product
(-,-),- Now, for a fixed A € R, we associate with D — X the operator L, defined on
H,\ by

(L, ) :Re/M(D@/J,go)dvolg —)\Re/M(@/),go)dvolg, Vb, o € Hy.

Then Ly : Hy — H, is self-adjoint, continuous and invertible. Moreover, due to the
definition in (40), we have (2) and (3) are satisfied (by taking the index a = A).
Hence we can rewrite eq. (39) in a form of (1) on (Hy,(-,-),).

Our next step is based on a suitable choice of test spinor fields {t.} to estimate D).
To begin with, we fix a constant spinor ¢y € S,, with [¢)| = m™ . Let u(z) = ﬁ
for x € R™, we consider the spinor

p(w) = p(@) % (1= ) - o

where stands for the action of Clifford multiplication on spinors. One may
compute that

o

m—1

We choose 0 < r < inj(M)/2 and let n € C*°(R™, [0, 1]) be a smooth cut-off function
satisfying n(x) = 1if |z| < r and n(z) = 0 if |z| > 2r. Then we consider the spinors
defined by

p(x)=¢""2 n(x)gp(%), for x € R™ and € > 0.

In order to transplant the above spinors onto M, we consider the Riemann normal
coordinates on a neighborhood U of a given point {§, € M. On U, we adopt the
well-known Bourguignon-Gauduchon trivialization which preserves orientation and
spin structure.
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This trivialization gives us a fiberwise isomorphism

S(R™) > S(Bay (0)) L S(U) € S(M)

Ly

R™ D By, (0) —————U C M

and, particularly, one may define on M the test spinors

V(§) = fop.o expfo(f), for E e U C M. (42)

The following evaluation is contained in [4], which is based on elementary calcula-
tions.

Lemma 3.10. If 1. is defined as in (42), then as e — 0

— AC¢|lne| + O(e) m=2,
y\(1.) < %(%)mwm"i_ —ACe+ O(e*|Ing|)  m =3,
m
— ACe + O(g?) m >4,
O(c?) m =2,
and ||V5A(¢a)||k =3 O(e] ln5|§) m = 3,
O(e) m > 4.

As an immediate consequence of Lemma 3.10 and Theorem 2.7 (by taking the index
a = \), we have

— AC¢e|lne| + O(e) m =2,
~ 1  mm
= inf su ) < —(=)"wn,+<{ — 2 4 _
W= 2¥) < 5-(5) ACe + O eld)  m =3,
— A\Ce + O(?) m > 4.

Now, combining Lemma 3.8, we can state our crucial result:

Theorem 3.11. For A > 0, the spinorial Brezis-Nirenberg problem (39) has a non-
trivial solution.

For more details on the spinorial Brezis-Nirenberg equation and some related prob-
lems, we refer to [4].
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