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We consider a multiobjective mathematical programming problem with inequality and equality
constraints, where all functions are locally Lipschitz. An approximate strong Karush-Kuhn-Tucker
(ASKKT for short) condition is defined and we show that every local efficient solution is an ASKKT
point without any additional condition. Then a nonsmooth version of cone-continuity regularity is
defined for this kind of problem. It is revealed that every ASKKT point under the cone-continuity
regularity is a strong Karush-Kuhn-Tucker (SKKT for short) point. Correspondingly, the ASKKTs
and the cone-continuity property are defined and the relations between them are investigated.
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1. Introductino

It is well-known that the Karush-Kuhn-Tucker (KKT for short) condition is one of
the most important results in the nonlinear optimization, in both scalar and mul-
tiobjective optimization (see [4, 5, 14] and the references therein). True utilizing
the KKT condition, in an optimization problem, the multiplier associated with the
objective function will be nonzero, satisfying that the objective function plays an
active role in the optimization. Many researches have been carried out in regard
to the KKT condition in both smooth and nonsmooth cases. In the multiobjec-
tive programming problems, the KKT condition will be satisfied, provided that the
corresponding multiplier of the objective function is nonzero. The condition, which
implies that all the objective function components play a role in the optimization,
is known as a strong KKT (SKKT for short) condition (see [12] and the references
therein).

On the other hand, there are several approaches to solving multiobjective problems,
for example, scalarization methods, descent methods and metaheuristics. In the
most practical cases, we should use algorithms. Algorithms always produce approx-
imate solutions. Hence, it is important to use an appropriate notion of approximate
solutions. There are several notions for the approximate solution in the literature;
for example, Loridan has defined six kinds of approximate solutions [13]. Andreani
et al. [1] defined the notion of the approzimate KKT (AKKT for short) condition.
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They proved that every local minimum point of the smooth constraint optimization
satisfies the AKKT conditions. This notion has to do with practical algorithms
applications, including the SQP method [16], the interior-point method [7], and the
augmented Lagrangian algorithms [6].

We can derive the KKT condition from the AKKT condition, by using a constraint
qualification (CQ for short). This kind of CQs is known as strict constraint qualifi-
cation (SCQ for short). Andreani et al. [2] showed that the cone-continuity property
(CCP for short) is the weakest SCQ under which the AKKT condition implies the
KKT condition. They revealed that the CCP implies Abadie’s CQ. In a general
case, the SCQs are different from the CQs.

In recent years, Giorgi et al. [11] have extended the AKKT condition to the smooth
multiobjective optimization problems. They proved that such conditions are neces-
sary for a weakly efficient solution and under the quasi-normality constraint quali-
fication (QNCQ for short), the KKT condition holds. Tuyen et al. [19] extended
the results of Giorgi et al. [11] to the nonsmooth case, by using the limiting sub-
differntial. They defined the nonsmooth version of the AKKT condition of Giorgi
et al. [11]. They proved that every local weak efficient solution satisfies the AKKT
condition and that the limit point of an AKKT sequence, under the QNCQ), is a
KKT point. The approximate version of the SKKT condition was introduced by
Feng et al. [9]. They showed that every local efficient point, for a smooth multiob-
jective mathematical problem with inequality constraints, satisfies such optimality
conditions and that the limit point of an ASKKT sequence, under cone-continuity
reqularity (CCR for short), is an SKKT point.

In this paper, a multiobjective mathematical programming problem with inequality
and equality constraints, where all functions are locally Lipschitz, has been taken
into consideration. Besides, it has been revealed that every local efficient solution
satisfies the ASKKT condition, without any additional condition. Also, a nons-
mooth version of the CCR has been defined for such a multiobjective mathematical
programming problem. Additionally, it has been shown that every limit point of an
ASKKT, under the CCR, is an SKKT point. Moreover, the relation between the
CCR and the CCP has been investigated and it has been verified that every limit
point of an AKKT sequence, under the CCP, is a KKT point. Furthermore, in this
investigation it has been demonstrated that CCP is the weakest condition that is
necessary to derive the KKT condition from the AKKT condition.

This paper has been organized as follows. In Section 1, some preliminaries and
notations, which are used in the sequel, have been introduced. Section 2 pertains to
the AKKT condition and the ASKKT condition, as well as to their relations with
the KKT condition and the SKKT condition.

2. Notations and preliminaries

In this paper, we have utilized the finite dimensional Euclidean space with the usual
scalar product and Euclidean norm.

Let x = (x1,...,2¢) and y = (yi,...,y¢) be two vectors in R®. Tt is helpful to use
the following notations:
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x=y, ifz;=1y;, foralli,

x vy, ifwx;<wy; foralli,

r<vy, ifx;<wy;, forallz,

r<y, ifzxlyandz#y.
Let S be a subset of R’. Here and subsequently, cl S and co.S denote the closure
and the convex hull of S, respectively. We denote a4 := max{a,0} and a2 := (a4 )?
for a € R and R and Rﬁ . are the nonnegatlve orthant and positive orthant in R,

respectively. From now onward, 5, % stands for 2 — 2 and 2 € S and Bs(z) is
the ball in the center z with the radius 9.

Suppose that ¢ : R — R := RU {400} is an extended real-valued function. The
epigraph and the domain of ¢ are, respectively, defined by
epig = {(z,0) ER* xR : a > ¢(z)},
dom ¢ := {x € R : |p(x)| < +o0},

and ¢ will be called proper if dom ¢ # ().

Suppose that ® : R = R” is a set-valued map. The sequential Painlevé-Kuratowski
outer limit of ® as x — T is defined by

Limsup ®(z) := {y e R” : 32F — &,3y* — ysuch that y* € d(2F), Vk € N} )

T—T

and the sequential Painlevé-Kuratowski inner limit by

Liminf ®(x) := {y e R” : VaF — &,3y* — ysuch thaty* € ®(z*), Vk € N} :

T—T

® will be called outer semicontinuous at z if Limsup ®(z) C ®(z), and inner semi-
T—T

continuous at T if ®(z) C Liminf ®(x).
T—T

If ® is both outer semicontinuous and inner semicontinuous at z, we will say that
® is continuous at .

Definition 2.1. Suppose that S is a nonempty set of R and 7 € S.
(i) Let e >0, the e-normal cone to S at T is defined by

N.(z;8) = {5 cR" : limsmpM < 5}.

N (|

When € = 0, the elements of the above relation are called the Fréchet normals
and their collection, denoted by N(z;.S), is the prenormal cone to S at x.

If z ¢ S, we will put N.(z;5) := 0 for all £ > 0.
(ii))  The basic/limiting normal to S at Z, is denoted by N(z;.S) and defined by
N(z;S) := Limsup N.(z; 5).

T—T
el0
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Let ¢ : R — R be a proper function and Z € dom . The Mordukhovich/limiting
subdifferential of ¢ at T has been denoted by df(z) and defined by

0p(7) = {E €R" : (£, ~1) € N((Z,0(Z)); epig)}.

Proposition 2.2. Let ¢, : R® — R be locally Lipschitz functions near T. Then,
the following statements will be true. The limiting subdifferential has the following
properties:

(1) 9p(Z) is a nonempty and compact subset of R,

(2) Let ¢ be Lipschitz of the rank k. Then ||&|| < k, for all £ € 0p(ZT).
(3) Let ¢ be strictly differentiable at T. Then 0f(z) = {Vp(Z)}.

(4) For any scalar X > 0, 0 p(Z) = A0p(Z).

(

5) @ and ¢ are two locally Lipschitz functions, (¢ + 1) (z) C dp(x) + 0 (x) and
equality when functions are convex.

(6) The set-valued function x = dp(x) is closed.

)
)
)
)

Proposition 2.3. Let ¢ : R — R be a proper function. If ¢ has a local minimum
at T, then 0 € Jp(Z).

Proposition 2.4. Let ¢ : Rt — RY and ¢ : R — R be locally Lipschitz. Then

dpov)@c |J )@,
£€0(p(¥(2)))

Proposition 2.5. Assume that @1, : RE — R are Lipschitz at . We define
() == max{p1(2), p2(x)}.

o Ifp(T) = 1(E) = a(T), then dp() C | {10r(Z) + (1 — N)Dpa(T)}.
0<A<1

o Ifp(z) =p1(T), then 0p(T) = Op:1(Z).

Example 2.6. Let ¢(z) = |z|. Then dp(0) = [-1,1].

Example 2.7. Let ¢(z) = —|z|. Then d¢(0) = {—1,1}.

For more information about nonsmooth analysis (see [3, 8, 15, 17, 18]).

In this paper we discuss the following multiobjective programming problem:

(MOP) min f@) = (filz),..., fm(@)),
8.t. 9(@) = (91(@), -, ga(2)) = 0,
hz) = (hy(@), ... hy(z)) = 0,

where f;, i€ I ={1,...,m}, g5, 7€ J={1,...,n}and hy, k € K = {1,...,p},
are the real-valued locally Lipschitz functions defined on R¥.
S denotes the feasible region of (MOP), namely,

S = {a: e R’ : g(z) £ 0,h(z) = o},

and J(z) represents the active index set of the inequality constraints at x.
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In vector optimization, objectives tend to often conflict with each other. In this
regard the concepts of efficient and weak efficient solutions are widely used.

Definition 2.8. The feasible point ¥ is said to be

(1) a local efficient (or efficient) solution if there exists a neighbourhood U of
such that for any x € UNS (or z € S) the following inequality does not hold:

flz) < f(2).

(2) a local weak efficient (or weak efficient) solution if there exists a neighbourhood
U of Z such that for any z € UNS (or x € S) the following inequality does not
hold:

fz) < f(2).

Definition 2.9. We say that z € S satisfies the strong Karush-Kuhn-Tucker (SKKT
for short) condition if there exists (X, u,v) € RT, x R} x RP such that

p

0e Z O fi(E) + Z p0gi(7) + Y vil0(—h:) (&) U 0hy ()] (1)

=1

Z)\i =1,  g(z)=0, Vi€l (2)

Remark 2.10. In Definition 2.9 interchanging A € R', and A € R, we arrive at
the Karush-Kuhn-Tucker (KKT for short) condition. It is obvious that every SKKT
point, yet is also a KKT point but the converse is not true in the general.

Remark 2.11. In Definition 2.9, if we replace the limiting subdifferential with the
Clark subdifferential in view of Proposition 2.2, we will arrive at the SKKT condi-
tion, which has been mentioned in [12].

Lemma 2.12. In Definition 2.9 we can say that * € S will satisfy the SKKT
condition if and only if there exists (A, p,v) € RT_ x R} x R? such that

oezwﬁ +Zulagl +Zuz ) U Ohy(7)) (3)
)\i > 1, Vi € I, ,uzg,(:i) = 0, Vi e J. (4)

Proof. Suppose that the conditions of Definition 2.9 are satisfied. We put

1
e:max{)\—i ; iEI},

and define (X, fr,v) = e(X\, u,v), thus completing the first part of the proof.

To prove the opposite implication, it is sufficient to suppose that e = Y A; and
to put (A, 1, v) = 2(A, p,v), O
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3. Necessary condition

Definition 3.1. We say that the approximate strong Karush-Kuhn-Tucker (ASKKT

for short) condition is satisfied at the feasible point Z if there exist sequences

{2*} C R (which is called an ASKKT sequence) and {(A*, pu* v%)} € R™ xR? x R?

such that

(1) limk_mo QTk = Zf

(i) S AReE 4+ Skt 4+ P vkCE — 0, for some &F € Ofi(aF), i € I,
nk € 0gi(x¥), i € J, ¢F € [0(—h;)(z*) U Ohi(2%)], i € K for each k € N,

(iii) A¥ >1for alli € I and for each k € N,

(iv) if for some i € J we have g;(z) < 0, then for k large enough we will have
k
pi = 0.

Ae=1,

i=1"%

Remark 3.2. If in Definition 3.1 we replace \¥ > 1 for all i € I with "
we will arrive at the approzimate KKT (AKKT for short) condition.
Remark 3.3. In Definition 3.1, if we put

(N B 7)) o= oy (O )
) ) N Zm Ak Y Y

i=1 "%

we can see that if the ASKKT condition is satisfied at z, the AKKT condition
will also be satisfied at this point. Yet even in the differentiable case, the AKKT
condition does not imply the ASKKT condition (for a differentable case example,
see [9, Example 3.2]).

Theorem 3.4. If & € S is a local efficient solution for (MOP), there will be se-
quences {z,} and {(A*, u* v*)} € R™ x R x RP, satisfying the ASKKT condition
in Definition 3.1 at z.

Proof. Let Z be a local efficient solution for (MOP). By [20, Theorem 1], Z is a

local solution to the following scalar problem

min if,-(x), s.t. filx) < fi(z), iel, xz€S8.
i=1

Hence, there will exist 0 > 0 such that

m

Zfi(:i) < Zfi(x), z € cl Bs(z)N S.

Therefore, z is the unique global solution to the following problem
O Lo N _
manfi(a;)+§|]x—x|] . file) < filz), i=1,...,p, x€S, z€clBs(z)NS.
i=1

For each k € N, we have defined

o) 3 o -l (3201 R+ )43 o).

=1
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Consider the following problem:
min pg(z), s.t.x € clBs(T).

In view of the fact that for each k € N the ¢ (+) is a continuous function and that
cl B5(Z) is a compact set, by the Weierstrass the ¢y (+) will have a solution called z*.

Accordingly, by Proposition 2.3: 0 € Opy(2*).
On the other hand, by Propositions 2.2 and 2.4, we have

Do (z") C Zafz (2% — 7)
+ g (Z 0 (fi(z*) - fz(i'))i + Z Ogi(x*)3 + Z@hf(m’ﬂ)
< Zafl (=" - 2) (Za (fia") = fi(@)+(fi() = fil@))](=")

)1 i(- +Z@2|h ()@ ))

— fi(2))+]0fi(z") + (2" — 7)

+Zazg,
Zl+k¢ (filx

+k<zgz )2 (e + 3 ><xk>uahz-<x’“>1)

For each k € N, by setting

Af = [1 + k(fz(xk) - fl(j))-l—]v (NS Iv (5)
i = kgi(a") i€, (6)
= |hs(2M)], i €K,

we have

0¢€ Zkfﬁfi(xk) (% — 7) <Z pEg;(2*) + Z v ) U Oh;(x )])

i=1

For each k € N, suppose & € Ofi(a*) for i € I, nf € dg;(2*) for i € J, and
CF € O(—h;)(z*) U Ohi(2*) for i € K, such that

P
Z)\kf + (2F -z +Zumz +Zuf§f =0.
i=1
Therefore,

ZA’% +me +> Vi = (=" —2). (7)
=1
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By [10, Theorem 9], we have ¥ — z. Therefore, the right side of (7) will tend
toward zero. Hence, the first and second parts of Definition 3.1 will be satisfied.

As can be seen, by (5), the third part of Definition 3.1 is also true.

To see the last part of Definition 3.1, suppose that ¢;(Z) < 0, for some ¢ € J. By
using the continuity of g; for k to be sufficiently large, we have g;(z*) < 0. Thus,
(gi(z%))x = 0 for k to be sufficiently large, and (6) implies p¥ = 0, for k to be
sufficiently large. ]

Corollary 3.5. If Z is a local efficient solution for (MOP), the AKKT condition is
satisfied at x.

Proof. Using Theorem 3.4 and Remark 3.3 the statement follows directly. L

Remark 3.6. In the above theorem, without particular changes in the procedure
of the proof, we can replace k with p* where limy_,., pr = +00. This signifies that
we have an extended version of [9, Theorem 3.1].

Remark 3.7. Asmentioned in [9, Example 3.4], we cannot deduce that the ASKKT
condition is satisfied at a weak efficient solution, which is not an efficient solution.

Remark 3.8. If we use the Clarke subdifferential instead of the limiting subdiffe-
rential, in Definition 3.1, we can replace ¢ € [0(—h;)(z")Udh;(a*)] by ¢F € Oh;(z")
and we get Theorem 3.4 without any change.

To investigate the opposite implication of Theorem 3.4, we need a strict constraint
qualification (SCQ for short). For this purpose, we must find an equivalent form of
the SKKT condition and for the simplicity of notation, we will utilize the following
notation. Suppose x € S, we will define

de Y Nofi(x)+ Y pdg(x)+ Y vl ) U ohi(w)],

D(z):=14d: i=1 ieJ(@) j=1
NMER, Viel, ;e Ry, Vie J(x), v, eR, i€ J

Lemma 3.9. Let © € S. Then T satisfies the SKKT condition for (MOP) if and
only if for each ig € I there exists &, € 0f;, (%) such that —§;, € D(T).

Proof. Suppose that = satisfies the SKKT condition and ¢q € I. By Definition 2.9,
there exist (A, pu,v) € RT, xR} x RP, & € 0fi(x), i € I, n; € 09;(Z), @ € J, and
G € [0(—hy)(Z) UOh;(Z)], 1 € K, such that

m n p
Z A& + Zﬂmz + Z viG =0
i=1 i=1 i=1
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Therefore,

_gioz Z Sz_l'z)\ 772"_;%:0@

ie\{io} Aig
p
e Y —afl:z +Z : ZAL —h)(Z) U Ohi(7)]
iel\{io} Mig i=1
€ D(z).

For the converse, suppose that for each iy € I, there exists §;, € df;,(Z) such that
—&i, € D(Z). Thus, there exists (A, u, ") € R7 x R x R? such that

@OEZWJ% 2 () + Y v l(=ha)(7) U Oi()),

1eJ(z)

Therefore,

0€(1+A00fi(3)+ Y Aeofi(x +Z 109g;(z Z VO [0(—hy)(Z) U Ok ().

i€\{io} ieJ(z Jj=1

Since 1o € [ is arbitrary, we have

ZXafl +Zuzagz )+ > mlo(—h)(T) U Ohi(Z)],

i€J(Z j=1
where \; = > (1+ Ny ie I, i = Doy pl, i€ J(7) and ; = Doy o,
1 € K. By using Lemma 2.12 z satisfies the SKKT condition. ]

In the following, we will define the nonsmooth form of an SCQ, which is required to
prove the converse of Theorem 3.4.

Definition 3.10. We say that & € S satisfies the cone-continuity reqularity (CCR

for short) if
or short) i Limsup D(z) C D(z).

rT—T

The following theorem provides us the sufficient conditions for an ASKKT sequence
to converge to an SKKT point.

Theorem 3.11. Let & be a limit point of an ASKKT sequence {z*} of (MOP) and
the CCR 1is satisfied at T; then T is an SKKT point.

Proof. In view of Lemma 3.9, it is sufficient to show that for each ¢y € I, there exists
&, € Ofi,(T) such that —¢&;, € D(Z). Accordingly, suppose that ig € I is arbitrary.
By Definition 3.1, for each k& € N, there exist {(A", pu* v*)} € R x R? x RP,
e ofi(a®), NF > 1,0 eI, nf € dgi(a¥), i € J, and ¢F € [0(—hs)(2F) U Oh;(2*)],
i € K such that ¥ — 7 and

ZA’% +Zm + v —o0. (8)
i=1
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Since Af > 1

n P
dF—gf = (N =1+ 0 N il + > vk e D).
1 =1

€\{io} i=

On the other hand, f;, is locally Lipschitz. Hence, for £ € N sufficiently large,
Ofi,(z*) is a compact set. Thus, by using the Bolzano-Weierstrass theorem, we can
consider the subsequence, namely {z*}, convergence to z, £&f € 0 f;,(«*) and &, such
that 553 — &,- By the upper semicontinuity of subdifferentials, Proposition 2.2, we
have &;, € 0f;(Z). By using this fact, (8), and the CCR we will have

=&y = klim (d" — &) € Limsup D(2*) C Limsup D(z) C D(z).
—00

k—o00 T—T
In view of Lemma 3.9 the proof will be completed. O

We can state and prove analogous forms of the above theorem for the AKKT and the
KKT point. First of all, let us consider the nonsmooth version of the cone-continuity
property. For this purpose, we have used the following notation. Suppose x € .S, we
will define

p

i09;(x vi[0(—h;)(x) U Ohi(z)],
K(z) = d demzmu () + 2 1D =hi) ) U Ohu(a)

w €RViel(x), veR, i e K

Definition 3.12. We say that = € S satisfies the cone-continuity property (CCP
for short) if Limsup K(x) C ().

rT—T

Remark 3.13. In relation to the CCP some remarks are adequate:

. The CCP and the CCR do not imply each other [9, Examples 4.2 and 4.3];

. Under the CCP, the ASKKT condition does not imply the SKKT condition
[9, Example 4.1]. Hence, to derive the ASKKT condition, using the CCP is
not useful.

Now we are ready to derive the converse of Corollary 3.5.

Theorem 3.14. Let T be a limit point of an AKKT sequence {z*} of (MOP) and
assume that the CCP is satisfied at ; then T is a KKT point.

Proof. Suppose that 7 is a limit point of an AKKT sequence {z*} of (MOP). By
Remark 3.2, for each k € N, there exist {(A*, ¥, v*)} C R7T xR? xRP, F € O fi(a*),
i € I, nF € 9gi(z%), i € J, and ¢ € [0(—hi)(z") U Oh;(2¥)], i € K such that
Yo M=1,2F — 7 and

m n P
d" = Z Ak + Z gl + Z ik — 0. 9)
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p
Therefore, dF Z AFel = Z pEnf + Z vECE € K(aF).
i=1

=1

Since > AF =1, there exists a subsequence, that is, {A\*} and convergences to
A € R™ such that Y7 A = 1.

On the other hand, f;, for each ¢« € I, f; is locally Lipschitz; thus, for £ € N
sufficiently large, 8f;(z*), i € I, is a compact set. Therefore, by using the Bolzano-
Weierstrass theorem, we can consider a subsequence, namely {z*}, which converges
to z, & € 9f;(2*) and &, such that £&F — &, i € I. By the upper semicontinuity
of subdifferentials, Proposition 2.2, we have §; € 0f;(z). By using this fact, (9) and
the CCP, we obtain

- Z)\ & = lim < Z Afff) € Limsup K(2*) € Limsup K(z) € K(Z).

- k—o0 T—T
=1
This relation reveals that x is a KKT point. ]

In the following theorem we have shown that the CCP is the weakest SCQ under
which the AKKT condition implies the KKT condition.

Theorem 3.15. Suppose that for every objective function the AKKT condition im-
plies the KK'T condition at . Then the CCP holds at .

Proof. Suppose d € Limsup,_,, K(z). By the definition of the outer limit, there
exist {#*} and {d*} such that 2* — 7 and d* — d, where d* € K(z*). We
define ¢(z) := —(d, z) and obtain dp(z*) = {—d}. Since d* € K(z¥), there exist,
by Remark 3.2, for each k € N, {(pu*,v%)} € R% x RP, n¥ € dg;(2*), i € J(«*), and
CF e [0(=hy)(x®) U dh;(a*)], i € K, such that

p
Z :uznz +Zyzk<zk
i=1

eJ( x)

Since —d + d* — 0, {2*} is an AKKT sequence for ¢ at Z. By hypothesis, Z is a
KKT point, which means —d € K(Z). O

Remark 3.16. Theorem 3.14 and Theorem 3.15 mean that like the differentiable
case, the CCP is the weakest condition and the AKKT condition implies the KKT
condition.
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