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1. Introduction

Multi-composed scalar optimization problems were first introduced and examined by
Wanka et al. [18, 8]. In fact, this new model can also be defined in the context of vec-
tor optimization because it is possible to write certain problems as multi-composed
vector optimization problems (see the last section) such as, but not limited to, mul-
tiobjective minimax location problems with infimal distances [16], multiobjective
bilevel programming problems with extremal-value function [15], etc.

In the literature, several works have investigated vector optimization problems from
a duality point of view under certain qualification conditions like generalized Slater
condition (see, for instance, the book [4]). However, in the optimization framework,
it is well-known that vector as well as scalar optimization problems may not satisfy
any qualification condition.

To avoid imposing a qualification condition, several authors [3, 10, 12, 13, 14] have
developed an alternative approach called sequential approach that consists in deriv-
ing optimality conditions in terms of nets or sequences of subdifferentials at nearby
points. To our knowledge, this approach was initiated by Thibault [13, 14]. The
latter author has derived sequential optimality conditions for convex scalar opti-
mization problems without any qualification condition through sequential calculus
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rules for the Brgndsted-Rockafellar subdifferential of the sum and the composition
of convex and lower semicontinuous functions. In vector optimization, Laghdir et al.
[10] have obtained sequential optimality conditions for weakly and properly efficient
solutions of composed convex vector optimization problems via sequential formulae
for the weak and proper Pareto subdifferential of composed convex vector mappings.

In order to deal with multi-composed vector optimization problems from a sequen-
tial point of view, the aim of this work is to extend the results of Laghdir et al. [10]
by deriving a sequential formula more general for the weak/proper Pareto subdif-
ferential of multi-composed convex vector mappings in the setting of Banach spaces
and in the absence of any qualification condition. To do this, we will employ two
interesting theorems established by El Maghri and Laghdir [7] and Laghdir et al.
[9]. The first one characterizes scalarly the weak/proper Pareto subdifferential of
convex vector mappings, while the second one gives a sequential formula for the
Brondsted-Rockafellar subdifferential of a finite sum of proper, convex and lower
semicontinuous functions, without any qualification condition. As an application
of our main result, we propose deriving, in the absence of any qualification condi-
tion, sequential optimality conditions for weak/proper efficiency to multiobjective
minimax location problems with infimal distances and to multiobjective bilevel pro-
gramming problems with an extremal value function.

The paper is organized as follows. In section 2, we recall some definitions and give
some preliminary results. Section 3 is devoted to providing a sequential formula for
the weak/proper Pareto subdifferential of multi-composed convex vector mappings
in the absence of any qualification condition. In section 4, we derive sequential
optimality conditions characterizing weakly /properly efficient solutions of multiob-
jective minimax location problems with infimal distances, without any qualification
condition. Furthermore, we present another multiobjective optimization problem
dealing with bilevel programming problems to illustrate our main result.

2. Preliminaries

In this section, we give some basic definitions and results. Let X,Y and Z be real
Hausdorff topological vector spaces with duality pairing denoting by (.,.) and X*,
Y* and Z* their topological dual spaces, respectively. The topological dual spaces
X* and Y* are endowed with the weak-star topology denoted by w(X*, X) and
w(Y™*,Y), respectively. Consider a nonempty convex cone Q C Z with int@Q # ()
(i.e. the topological interior of @ is nonempty). The cone @ is called pointed when
its lineality [(Q) := —@QNQ is null. On Z, we define the following ordering relations

21 é@ 2o < 29 — 21 € Q,
21 <Q % <= 22— 21 C int Q,
21 gQ 2o <= 29— 21 € Q\l(@)

To Z, we attach an abstract maximal element with respect to ” <¢ ”, denoted by
+00z. Besides, on ZU{+00z} we consider the following operations and conventions:

2z Sg 400z, 24 (+00z) = (+00z) + 2 := 00z, Vz € ZU {+00z},

a - (+o0yz) == +00z, Va > 0.
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The dual cone Q* and the strict polar cone (Q*)° of ) are defined respectively as
Q"=+ € 2" Q) CR.)

and Q) = {=" € Z*: #(Q\UQ)) TR, \ {0}}.

By convention, (z*,4+00z) := 400 for all 2* € Q.

Definition 2.1. Let f: X — Z U {400z} be a vector mapping. Then, f is called

o proper if its effective domain
domf :={re X: f(x)e Z} #0,
o Q-conver if for all A € [0,1] and all 21,29 € X
FOz+ (1= A)xs) S Af (1) + (1 = A) f(2),
o (-epi closed if its epigraph
epif :={(z,2) € X x Z: f(x) g =} is closed.

Let < be a partial order on Y induced by a nonempty convex cone K C Y.

Definition 2.2. Let g: Y — Z U {+00z} be a vector mapping. Then, we say that
g is (K, Q)-nondecreasing on M C Y if for all y;,y2 € M, we have

Y1 Sk Y2 = 9(y1) =g 9(y2)-
When Z =R and @ = R, we call it K-nondecreasing on M.

Definition 2.3. Let h: X — Y U{+ooy} and g:Y — Z U {400z} be two vector
mappings, then the composed vector mapping goh: X — ZU{+00z} is defined by

h(z)), if x € domh,
gon@) = {1 T

+00z, otherwise.

Proposition 2.4. Leth: X — Y U{+ooy} and g:Y — ZU{+ooz} be two vector
mappings. If g is (K, Q)-nondecreasing on domg and Q-convex, and h is proper and
K -convex with h(domh) C domg, then go h is Q-convet.

Proof. The proof is straightforward. [

The following definition of the lower semicontinuity of a vector mapping can be
found for instance in [11].

Definition 2.5. Let f : X — ZU{+00z} be a vector mapping. Then, we say that
f is lower semicontinuous at T € domf if for any neighborhood V' of f(z) in Z,
there exists a neighborhood U of T such that

fU) S (V+Q)U {400z} (1)

If f(Z) = 400z, then f is called lower semicontinuous at T if for any z € Z,
any neighborhood V' of z, there exists a neighborhood U of T such that (1) is
satisfied. When f is lower semicontinuous at every point of X, then it is called
lower semicontinuous.
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Proposition 2.6. Let f : X — Z U {400z} be a proper , Q-conver and lower
semicontinuous vector mapping. Then for all z* € Q* \ {0}, the function z* o f is
proper, convexr and lower semicontinuous.

Proof. Let z* € Q*\ {0}. Tt is easy to prove that z* o f is proper and convex. For
the lower semicontinuity of z* o f, it suffices to apply Proposition 1.1 in [11]. O]

Now, we consider the following vector optimization problem

(P) v-min f(z)

reX
where f: X — Z U {400z} is a vector mapping.
Definition 2.7. Let T € domf, then 7 is called

e weakly efficient (w-efficient for short) solution of (P) if Pz € X, f(z) < f(7),

o properly efficient (p-gﬁ‘icz’ent for short) solution of (P) if EIQ C Z convex cone
with Q \ [(Q) C int @ such that Az € X, f(z) <o f(@).

These latter definitions enable us to define two kinds of Pareto subdifferentials of a
given vector mapping f: X — ZU {400z} at & € domf (see [7])

e weak Pareto subdifferential of f at x

"f(@) ={AcL(X,Z): fre X, f(z)— f(T) <q Az —7)},

e proper Pareto subdifferential of f at &

o f(T) = {A e L(X,Z) : 3Q C Z convex cone with @ \ [(Q) C int Q }’

such that 3z € X, f(z) — f(7) <o Alz —7)

where L(X, Z) denotes the space of linear continuous operators from X to Z. When
f is a real valued function (Z = R and @ = R,), the latter sets coincide with the
subdifferential of convex analysis denoted by df and defined as follows

of(@):={z" e X*: f(x) > f(&)+ (2", 2 — ), Vo € X}
={e" e X7 [1(@") + [(7) = (2", )},
where the function f*: X* — R := RU {£o0} is defined by

f(@%) = sup{(z”, ) — f(x)}

rzeX

and called the conjugate function of f. For simplicity, we unify in one notation
o-efficient solution and 07 f for o € {w, p} and put

Q*\ {0}, if 0 = w,
(Q*)°, if o =p.

g .



I Dali et al. / Sequential Pareto Subdifferential ... 135

Let C' C X, then we denote by 0% : X — ZU {400z} the vector indicator mapping
of C defined by

§ 0, ifx e C,
0 (x) = .
400y, otherwise,
and by Ne(@) ={z* e X" : (2", 2 —T) <0, Vo € C},

the normal cone of C' at T € . When Z = R and ) = R, the vector indicator
mapping d¢ is nothing else than the well-known scalar indicator function which will
be denoted by d¢. It is worth noting that the vector indicator mapping ¢ possesses
properties like the scalar one dc (see [7]). Moreover, we point out the relation
between d¢ and d¢

2¥ 004 =0c, V25 € Q.

In case (X, ||.||x) is a Banach space and (X*, w(X*, X)) its topological dual space,

. Rl w(X*, X
the notation r; — x (resp. z% —>( ) x*) means that the net {z;},c; converges
! jes I e 0

tox € X in (X, ||.|lx) (resp. {x}}es converges to z* € X* in (X*, w(X*, X))).
The following theorems are the key tools for deriving our main result, so they will

be needed in the next section.

Theorem 2.8. (El Maghri and Laghdir [7]) Let X, Z be two Hausdor{f topological
vector spaces and f : X — Z U {400z} be a Q-convex vector mapping. Let T € X
and o € {w, p} with Q is pointed as o = p. Then

f@ = |J{AeLX, 2): 2" 0 Acd(z" o f)(T)}.
z2*eQ°

Theorem 2.9. (Laghdir et al. [9]) Let (X, |.|[x) be a Banach space and the maps

fiyes fn : X = R, m > 2, be proper, convex and lower semicontinuous functions.
Assume that T € (;-, domf;, then z* € 8(221 fl> (%) if and only if there exist
nets {w;;}jes C domf; and {x},}jes € X*, i =1,...,m, satisfying

I-llx — w(X™,X)
I:’j € afi(l‘i,j), X 5 —)X Z, Y, ——= "

jeJ p b e
and filwiz) — fi(®) — (2], 255 — T) = 0.

3. A sequential formula for the weak/proper Pareto subdifferential of
multi-composed convex vector mappings

In what follows (X, ||.|x) and (Yj, ||.[|y,) are Banach spaces, Z is a real Hausdorff
topological vector space and (X*, w(X*, X)), (Y;*,w(Y;*,Y;)) and Z* their respective
topological duals paired in duality by (.,.) with ¢ € {0, ..., m} and m > 2. We assume
that Y; and Z are partially ordered by nonempty convex cones K; C Y; and () C Z
with int @ # 0 and ¢ € {0, ...,m}. Moreover, we use on X x [[;, Y} the following
norm

m
||(x,yo,y1, "'7ym)||X><HL":0 Y, = ||x||§( + Z ||yk‘||%/]C
k=0
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Our aim in this section is to give a sequential formula for the weak/proper Pareto
subdifferential of the multi-composed vector mapping f+@oy +gohyohyo...0h,,
where

o [:X = ZU{+o0z} is proper, Q-convex and lower semicontinuous,

¢ : Yy —= ZU{+o0z} is proper, Q-convex, (Kj, Q)-nondecreasing on domyp and

lower semicontinuous with ¢(+o00y,) = 400z,

e ¢ : X — YyU{+ooy,} is proper, Kj-convex and Ky-epi closed with 1(domi))
C domp,

e g:Y1 = ZU{+4o00z} is proper, Q-convex, (K7, Q)-nondecreasing on domg and
lower semicontinuous with g(4o0oy,) = 400z,

o hy:Ys— YU {400y, } is proper, Kj-convex, (K, K7)-nondecreasing on domh
and K-epi closed with hy(domh;) C domg and h;(+00y,) = +00y;,

e h; @ Yy — Y; U {+ooy,} is proper, K;-convex, (K;;1,K;)-nondecreasing on
domh; and K;-epi closed with h;(domh;) € domh,_; and h;(+ooy,,,) = +00y;,
i=2,..,m—1,

o hy o X — Y, U{+ooy,} is proper, K,,-convex and K,-epi closed satisfying
hm(domh,,) C domh,, 1,

e domf Ny (domp) Ndomey N (h,toh,

m

' o..oh;')(domg) Ndomh,, # 0.

Remark 3.1. Let us point out that we do not need the following assumptions
hi(domh;) C domg and ¢ (domtp) C domep when g : Y] — Z U {+ooz} is (K1,Q)-
nondecreasing on Y; and ¢ : Yy — Z U {400z} is (K, Q)-nondecreasing on Y,. [

Remark 3.2. By Proposition 2.4, f + oot + go hyohyo..oh, is a Q-convex
vector mapping. O

Let us consider the following vector mappings

F: Xx[LLyYis —ZU{+o0z}, ®: XxI[[L.YVix — ZU{+ocoz}

<$7y07y1,--~7ym) — f(l’) (x7y07y17”'7ym) _>90(y0)
v )()(1_[?:01/]c %ZU{—H)Oz} , G : )()(1_[21:03/]C —)ZU{—F()Oz}
(x7y07y17"'7ym) _>5gpiw(x7y0) (xhyoaylu“wym) _>g(y1>

Hi: Xx[[Lt,Y» —ZU{+o00z} (i=1,...,m—1)
(Y0, Y1, -5 Ym) = Sepin, (Yit1, Yi)
and Hy,: Xx[[Ys — ZU{+o0z}
(T,Y0, Y1, s Ym) = Oepin,, (T5 Ym)-

The following lemmas will be needed in this section.

Lemma 3.3. Assume that

7 € domf Ny~ (domep) Ndomyy N (k' okt o...ohit)(domg) N domh,y,,
Ym = hm(f), Um-1 = hm—l(@m)? Y = hl@Q)a Yo = @Z)(f)

and o € {w, p} with Q is pointed as o = p.

Let Ac L(X,Z) and T € L(X x [[,o Y&, Z) defined by T(z,yo, Y1, ... Ym) = A(x),

for all (z,y0, y1, -, Ym) € X X [} V-
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Then we have Aecd(f+pop+gohiohyo..ohy,)(T)

< TE80<F+®+W+G+ZHZ><T7yOJy177§m)
i=1

Proof. Let us prove the lemma for o = w.
(=) We proceed by contradiction. Let A € 0“(f + ¢ o +gohyohgo...ohy,)(T)

and suppose that T' ¢ 9% <F+ P+TU+G+D ", HZ») (T, ¥o>Y1, -, Upm)- Then, there
exists (2, Yo, Y1, s Ym) € X X [[1 Yi such that
(F+(I>+\I/+G+ZHZ)(%?J07?J17»ym>
i=1
—(F4+ @+ U +G+ Y H) T, s Um) <@ Az — ).

i=1

This yields

(2)

z € domf, yo € domey, (z,y0) € epiyy, y1 € domg,

{(m,ym) € epihp,, (Yi+1,y:) € epih;, i =1,...,m —1,

and f(@) +¢yo) + 9(y1) — f(T) = (W) — 9(11) <@ Alx — 7). (3)
From (2) and by using the monotonicity of ¢, g and hy, ..., hy,_1, it follows that

(pod)(z) Zq ¢(yo) and (go by o hyo ..o hp)(x) Zq 9(y1)- (4)

Hence, by taking into account that @) is a convex cone and @ + int@) C intQ), we
deduce from (3) and (4) that

(f+@otv+gohiohgo...ohy)(x)—(f+potp+gohiohgo...0oh,)(T) <g A(r —T)

which contradicts A € 0¥(f + ot +gohiohyo...0hy)(T).
(<) This is also obvious by contradiction too.

the case 0 = p is obtained similarly as ¢ = w in which it is recommended to take

into account that int @ € Q\1(Q) and Q\1(Q) + Q\I(Q) C Q\I(Q), for all convex
cone Q C Z that satisfies Q \ {0} C int Q. O

Lemma 3.4. (1) Let i € {1,....m—1} and (Z,Yy,Yys -, Up,) € domH,.
Then, for all z* € Q* we have
(@, Y0, Y15 -+ Ym) € O(2" 0 Hi) (T, Y0, U1y -3 Uin)
" =0,y =0, ke {0,...mp\{i,i+ 1},
= -y € K7 and (—y;,¥; — hi(Yip1)) = 0,

Yiy1 € d(—y; o hi)@u-l)-
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(2) Let (T,Yg,Yys -+ Upy) € domH,,. Then, for all z* € Q* we have
(@90, Y1 s Y) € O(2" 0 Hin) (T, 50, Y15 -+ Ui
Y =0, k=0,....,m—1,
= Y € K5 and (=45, Y, — hin(T)) = 0,

x* € O(—yk, o hy)(T).

(3) Let (T, Yo, Uyy--s Uyy) € domW. Then, for all z* € Q* we have
(€% Y0, Y15 -+ Y) € (2" 0 )T, H0s Y, Uin)
=0 k=1..m,
— { i € K and (~y, 50 — v(@) = 0,
z* € 0=y © ¥)(T).
(4) Let (T,Yo, Yy --» Upy) € domF. Then, for all z* € Q* we have
(2" o F)(Z, Yo, U1y -y Um) = 0(2" 0 f)(T) x {0} x ... x {0}.

(5) Let (T,Yo, Yyy --» Upy) € domG. Then, for all z* € Q* we have

9(z" 0 G)(T, Yo, Ur» -+ Uim) = {0} x {0} x 0(2" 0 g) (1) x {0} x ... x {0}

(6) Let (T,YUgs Yy -+ Upn) € domP. Then, for all z* € Q* we have
0= 0 B)(F,TosTs s Tr) = 10} X D" 0 0)(F) x {0} x .. x {0},
Proof. We prove (1), since the proof of (2)—(6) is similar to (1).
(=) Letie{l,...m—1} (Z,¥o, Y1, -, Ypn) € domH; and 2* € Q*. Since
(2" 0 Hi)(@, Yo, Y1, -+, Ym) = (27 0 Oepin, ) (Y15 Yi) = Oepin, (Yir1, Yi),
for all (@, Yo, Y1, s Ym) € X X [[1eo Ye, and (¥;41,7;) € epihy, it follows that

(X Y5, Yty ey Uny) € O(2" 0 Hi) (T, Yoy Uy ooy Upn)

NE

5epihi (yi—&-l, yz) 2 <(L’*, T — j> +

T

0 k=0

Set yr := 7, in (5), k =0, ..., m, then we have for all x € X

0> (" (x+7)—7)= (2" x) and 0> (2", (-2 +7T) —T) = —(z", z).

<y27yk_yk>7 v(xay()?yla 7ym)EXXHYk

Thus, we deduce that (z*, ) =0 for all x € X, i.e. * = 0. Similarly, we can prove

that y; = 0 for all k € {0,...,m}\{i,7+ 1}. As a consequence, (5) becomes

Oepiny (Yir1,¥i) = Wis ¥ — ) + Wit1s Yie1 — Yi1)s VWi, Yig1) € Yi X Vi,

By taking y;41 := ¥, in (6), we obtain that

0>y, (yi +9:) —¥i) = (Wi vi), Yyi € K.

(6)
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This inequality implies —y; € K.
Now we prove that (—y;,7;—hi(¥,,1)) = 0. By setting y;11 := ¥, and y; := hi(¥;41)
in (6), one can see easily that

(=45, — hi(iy1)) < 0. (7)

On the other hand, we have

(=yi ¥ — hi(Yia)) = 0, (8)
since —y; € K and §; — hi(¥,,,) € K;. Hence, from (7) and (8), we deduce that
(=450 — hi(Fis1)) = 0.
To complete the proof of the right implication, it remains to show that we have
Yl € 0(—yf o hi)(Ysyy), that is
(=i 0 hi)(y) = (=i 0 hi)(ira) + Wi ¥ = Yisa), Yy € Yiga. (9)

If y ¢ domh; then (9) is obvious. Suppose that y € domh;, then by setting y; 11 ==y
and y; := h;(y) in (6), we obtain that

(—yf o hi)(y) > — Wi Ts) + Wi ¥ — Tiga)-

Since (—y;,¥; — hi(Y; 1)) = 0, it follows that (—y} o h;)(Y;,1) = — (¥, y;) and hence

(=4 0 ha)(y) 2 (=4i © h) Fis1) + (Y15 ¥ = Visr)-
Thus, we conclude that v € O(—y; o h;)(Y;41)-
(<) This is obvious. O

Now, we can state and prove our main result.

Theorem 3.5. Let
7 € domf Ny~ (domyp) Ndomey N (ko h 't o...0ohi')(domg) Ndomh,y,,

Um = hn(@), et = hn1(Upn), U1 = P1(¥s), Yo = ¥(T) and o € {w,p}. In
addition, we assume that () is pointed as o = p. Then we have

A€ d(f+pop+gohiohyo..ohy,)(T)
if and only if there exist z* € Q7 and nets {z;}je; C domf, {yo,;}jes C domep,
{(wj, wo ) }jer C epity, {ur;}jes © domg, {(viy, ;,vi ;) ies € epihi, i=1,....,m—1,
{0, vm i) Yies € epibm, {5 }jes © X* {ui 1 }ies € Y0 {(w], wi ;) Hes © X XYY,
{ui ;}ies S Y, {05,050 ) ies CYF XYy, i =1,..,m —1, and finally the net
{(Wf, v ) Yies © X* X Y satisfying

xs € 0(2* o f)(w;), x; !—? T,

(=" 0 Nlay) = (" o N@) = (a2, =) —
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(
vy

(2" o) (yo,5) — (2" 0 9) (o) — (Y5, Yo.5 — Vo) = 0,
\

(
_wé,j € Kga <_w8,j7w0,j - 1/’(“0)) = 07

w; € O(—wg ;o ¥)(w;), w; j.ej T, Wy j€J Yo

<—w;f, w; —T) + <_w3,jvw0,j — o) —> 0,
\ JjeJ

Iy,
uy; € 9(z* 0 g)(u1;), ﬁ U1

(2" 0 g)(u1y) — ("0 g) (1) — <uf,ja urj — ;) —> 0,

\ JjeJ
fori=1,...,m—1,
( i% * ix 0 i _
—viy € K7, (=u%, 015 — hi(viy, ) =0,
. . . o ly ll-lly,
% 1% 7 i i+1
Vi1 € a(_vi,j © hi)(viﬂ,j)v Viji —— Y Vig1; — 7 Yir1s
jed jeJ
i — ix i =
<_Ui,javi,j — ;) + <_Uz'+1,ja Vit1,5 — Yir1) — 0,
\ jeJ
(
m* * mek m m _
—upt € Ky, (—va,vm’j — hm(vj )) =0,
-1l x II-1ly,
m* m* m m — m m, —
(S 8(—vm,j o hm)(vj ) VP — T, U " Yy
jeJ jeJ
mx m — m* m -
(=™ vt = T) + (—vp % o = U) — 0,
\ jeJ
and
( * *
* * mx w(X*X) * * w(Y§',Y0)
i+ w; vl ——— 2" 0 A, Y5+ wg 0,
jed eJ
w(¥y",Y1) i—1)* o w(YRY:) )
ui; + ol 0, vV ol 0, i =2, m.
L R , ]GJ ), , ]GJ

Proof. According to Lemma 3.3, A € 07(f +potp+gohiohyo...0hy,)(7) if and

OIlly if m

Te(F+o+V+G+ Y H) T T T)
i=1

where T'(x, Yo, y1, ..., Ym) := A(z), for all (x,y0,y1, .., Ym) € X X [ [}, Y. Therefore,
by Theorem 2.8, it follows that there exists z* € )7 such that

2*oT € 8(2* oF+z"0d+4+2"o0VW+2z"0G+ Zz* o Hi)(f,go,yl, s Um)
i=1
and as can be seen easily this assertion is equivalent to

(2¥0 A,0,0,...,0) € 8<z*OF—i-z*oCID—i-z*o\If—i-z*oG—i-Zz*OHi)(fago,@h---»?m)-

i=1
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By Proposition 2.6, the functions z*o F', 2o ®, 2o V¥, 2* oG and z*o Hy,...,2" o H,
are all proper, convex and lower semicontinuous since F', &, ¥, G and H,, ..., H,, are
proper, (Q-convex and lower semicontinuous and z* € Q7. Therefore, by applying
Theorem 2.9, we assert that there exist nets

{(xj, 204,21y, Tmj) }jes € dom(z" o F) = domf x HYk,

m
{(x;f,xaj,a:;j, ...,x*md)}jej C X*x HYk*,
k=0

{(yjayo,j7y1,j7 "'7ym,j)}j€J g dOIl'l(Z* o CI)) =X x dOIl’lgO X HYk7
k=1

{(ijys,jayip"'7y:n,j)}j€J g X* X HYk*a
k=0

{(wj, wo 5, Wi jy ey Win ) pjes € dom(z" o W)

(1e {U}j}jej - X and {wk,j}jg - Yk, k= O, ., m, with {(wj,wgd-)}jej - epil/z),

m
{(w;,waj,w’l"j, ...,w;‘w)}jej C X*x HY,:,
k=0

m
{(uj,uo,j,um, '--7um,j)}j€J g dOHl(Z#< e} G) =X X }/0 X dOng X HYk7
m k=2
{<u;7u(§,j7ui,j7 "'7u:1,j)}j€J C X" x HY]C*’
k=0

{(v;:,vf)’j,vi’j,. i mJ)}JGJ Cdom(z*o H;), i=1,...m—1

(i.e.fori =1,...,m—1, {'U;}jej C X and {’U]i’j}jej C Yy kK =0,....,m, with
{(Ufﬂ,javf,j)}jeJ C epihi),

(65t € X [T, 1= 1,
k=0
{(U;n’vg?ﬁv?ffj” ) m,])}]EJCdom(Z oH )

(ie. {v7'}jes € X and {vf; }jes C Vi, k= 0,...,m, with {(v]*, 0]} ;) }jes C epihy,),

m
{(U;n* US??”lj?‘ ‘7Unnz:kj)}j€J C X" x Hyk*

k=0
satisfying
.
(JI;,Z‘SJ,ZL’T’J-,. 9 m]) < a(Z OF)(‘TPIOJ?:ELﬁ "'7xm7j>7
s gvie B
(75, o, T1j, o) Tinyj) JG—J> (T, Y0, T1s > Urm) (10)

(25 0 F) (5,205, X1y s Tmj) — (250 F) (T, Yoy Uty s Urm)

<$J>xj - E> - Z?:o@zm Lk — yk;> 0



142

fori=1,...,

and
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( (y;7 yf)k,jv yi]ﬁ ceey y;kn,j) € 8(2* o (p)(y]a yO,ja yl,ja ceey ym,j)a
||'||X><]_[Ln_0 Y,

(yj7y0,j7y1,ja '-'7ym7j) T (fay(]vyb "'7gm)7
(270 @) (Yj, Yo,js Y1,js s Ymj) — (27 0 )T, Yo, Uns - Ui
—W5 Y = %) = > (YrjsUkj — Uk) —z? 0,

\ k=0

(w W, Wy ey Wiy ) € O(2% 0 W) (W, Wo 5, Wiy oy Winj),

ez g v

(wjv wO,jvwl,ﬁ ceey wm,j T_) (fv gm@p --->§m)»
(2" o W) (wj, wo j, W1 jy oy Winj) — (25 0 UNT, Yo Yy oo, Ypn)
m
_<w;7wj - E> - <wl>:,jawk7j y > — 0
3 k=0 7ed

((u;‘-,uaj,uij,. Uy, i) € 0(2% 0 G)(uj, Uo j, Ut gy ooy Um,j),s

s gvie _
(ujauo,jaul,jv‘“aum,j> 7 (xvymyla"'?ym)a

eJ
(2" 0 G)(uj, uo g, sy, ---s uw]z,j) — (2" 0 G)(T, o, 1+ -+ Upm)
m
505 =71 = 3l s ) 0
m — 1,
((vé*,véfj,vifj,. LU i) € O(2% 0 Hy)(Vh, 0G4, U1y v Vs i),
(5 g thg) s (7 1 T i),
(2% 0 Hy) (0}, 0f 45 VY s ooy Vb j) — (2% 0 H)(T, T, s +os Urm)
m
\ <U]7Uj__x> ko@i&?“?j Ui >;€;’0

((v]m*,vg?;,v{’?j,. i mj) € d(z* o Hy)(v v} ,Ugfj,vfj,...,vz’j),

Il i

m ,,m m m = 77 a7 77
(Uj JUO,javl,jW"ava‘ (x7y07y17"‘7ym)7

jes
(z* o Hm)(v;l,vglj,vfj, s Uf,"{’j) — (2" o Hp) (T, Uos Uy s Upn)

m

_<U;n*7 U;'n - E) - <UZ?7 UIZL]' y > J; O
\ k=0 i€
(X*,X
i+ Y+ wi +Z ’“*—J)m*oA,
je
k=1

o w(Yy",Yi)
Ui j 5

Tty Hws+ul A+
k=1

0, 2=0,...,m.

jeJ

(11)

(12)

(13)

(14)

(15)

(16)
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By Lemma 3.4, (10)-(15) are equivalent respectively to

( Il

x; € 0(2" o f)(w;), x; M T, Tk ,—> Uy k=0,....m

(Z*Of)(xj)—(Z*Of)() (@2 =)~ 0,

\

.
-1l x II-lly,,

yé,j €0(z" o Qp)(yOJ) Yj ]T) T, Yk,j ? Up, E=0,...,m,

(250 @) (yos) — (2" 0 0)(To) — (Y5 > Yo.i — To) 0
\
wp ; € Kg, (—wg j, wo; — ¥(w;)) =0,
II-1
w; € O(—wp ;oY) (wy), w Mﬂ: (e fz@yk, k=0,..,m
<—’UJ;-<, wj — f> + <_w8,j7 wO,] - y0> ;——> 07
\

)
M _ Iy,
uiy € 0(z" 0 g)(ury), uy ——+ T, upy ——= Yps k= 0,.im
j j

(z" 0 g)(ur) — (2" 0 9) () — (uij a5 — ) ——» 0,

\

fori=1,...,m—1,

z* c K* < % Ui hi(vzi-l-l,j)) :()7

z]? 1,5

o =, MMy
H—l]ea( MOh)( ’L+1j) U;jG—J>$’ ———>yk,k’=0,...,m

<_Uzz*]a {g Y;) + <_Ui+1,j>vi+1,j —Yit1) ;;? 0,

and
o € Ko (—um, o — ha(7)) =0
U;-”* € d(—vp% 0 hy) (V) Vi %) T, v % Uy k=0,...,m,
(0" = T) (5, vy~ B 0,
with

* o x . -
;=0 k=0,...,m, y;=0,y;,=0k=1..m

* o % £ . B
wp; =0, k=1..m, u;=0,uy; =0, up; =0, k=2,....,m,

| | 17
vt =0, v, =0, k€ {0, ,mP\{i,i+ 1}, i=1,...,m—1, a7
v =0, k=0,..,m— L

Taking (17) into account, then we deduce that

w(X*,X) w(Y§,Yo)
a:*—i—w*—i—vm*%z*ofl Yo A wh s —
J J J icJ » 70, 0,5

0,

jeJ

(16) «— e
Q% w(Y;",Yi)

+u, ——

jeJ

w(Yy*,Y1) (z 1)*

—i—v%*].—>0 0,i=2,..m.
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Therefore the proof is complete since {xy ;}jes, & = 0,....m, {y;}ies, {Yr;}tjes
k - 17"'7m7 {wk,j}j6J7 k = 1a"'7ma {uj}jEJa {U'O,j}jEJ7 {uk,j}jEJ7 k = 27"'7m7
Witier, {vijtjes, kB € {0, omi\{4,3 + 1}, @ = 1,..,m — 1, and {v}’;}jer,
k=0,...,m — 1, are superfluous nets. ]

As a particular case of Theorem 3.5, we get the following corollary when g = 0,
hi =0 and Ky =Yy, ..., K, =Y, (see the reflexive case in [10]).

Corollary 3.6. Let T € domf N~ (domyp) N domy, 3, = ¥(Z) and o € {w, p}.
In addition we assume that Q is pointed as o = p. Then, A € 9°(f + p o Y)(T)
if and only if there exist z* € Q7 and nets {x;};e; C domf, {yo;}jes C domep,
{(wj,wo ) bies C epity, {x7hjes C X*, {yg ties C Yy and {(w],wp ;) }jes € X XYy
satisfying

75 € 0(z" 0 f)(ay), a; 25 7,
(50 Play) = (=0 £)(@) — (w}oa; =) —0.

\

( v,

?/g,j € (2" o )(o;), Yo, ,—> Yo,

(2" o) (yoy) — (20 90)(.%) — (Yo, Y05 — Vo) JG_J> 0,
\

wy 5 € Ky (—wg 4, wo; — Y(wy)) =0,

I Il
w; € 3(—w5,j oY) (wy), w; ]E—j> T, Wo,; —>, . Yos

\ (—w},wj —T) + (—wj ;, wo,; — Yo) e O’

w(X*,X)

w(Y,
and x:+w —>z oA, yo;two; ———

*
J

4. Applications

In this section, we present two multiobjective optimization problems to illustrate our
main result. The first is a multiobjective minimax problem with infimal distances
and the second is a multiobjective bilevel programming problem with extremal value
function.

4.1. Sequential o-efficient optimality conditions for multiobjective
minimax problems with infimal distances

In order to illustrate the main result of this work, we propose deriving, in the
absence of any qualification condition, sequential optimality conditions for o-efficient
solutions of a multiobjective minimax problem with infimal distances. To do this,
we will first write the considered problem as a multi-composed vector optimization
problem.

We consider the following multiobjective minimax problem with infimal distances

treated (from a duality point of view) in [16]

(MMP) v-min ( max w;d 4, (), ..., max wd s, (z ))

zeX \ 1<i<q 1<z<q
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where Ay, ..., A, are nonempty convex subsets of a reflexive Banach space X with
NZ_,clA; = 0 (here clA; stands for the closure of A;, i = 1,...,q), wf > 0,i=1,...,q,
k =1,...,«a, are positive weights and dy,,...,ds, : X — R are distance functions
defined by

da, () = ai_Ielg_%-(x —a;), Ve e X, 1=1,...,q,

with 1, ..., 7, are continuous norms on X.

To apply our main result, we define Z := R®, @ := R%, Y5 := R?, K, := R%,
Y= (R)*:=R?x ... x R? and K, := (R%)*:=R% x ... x RY with
— —_———

a—times a—times

0%
(21, ...,x;, oy 5 e, g ) | (RaYe = Z (28, .o )] e -
k=1

Besides, we introduce the following vector functions
e ¢g:(R%)* — R defined by
g(xi, ..., x}l, e B, ) = (lf(x%, s a:é), e I (2§ ...,x?)),
where [ (a¥,...,2F) = lk<(x’f)+, s (a:k)+> = max; <<, (xf)Jr), k=1,..,a,

(z8)t = max{0,2F}, i =1,...,q, k=1, ...,a, [} (+o0gd) = +00, k=1, ..., a,

o hi:RT— (RY)* U {400ra)} defined by

q

(W1, oy Weg,y ooy WET, . Wiy, if (21, ..., 24) € RY,
hi(zy, ..., xq) =

+00(Ra)e, Otherwise,
and

o hy: X = R? defined by ho(z) := (da,(x),....,da, (7)), v € X.

From here it follows that the problem (MMP) can equivalently be written as a
multi-composed vector optimization problem

(MMP) V- Hél)f(l (g o hyohy)(x).

Clearly the map g : (R?)* — R® is proper, R%-convex, ((R%)*, R%)-nondecreasing
on domg = (R?)* and lower semicontinuous, since [}, k = 1, ..., «, are convex, con-
tinuous and R?-nondecreasing on R? with doml;” = R%, k=1, ..., (see [17]).
Moreover, it is easy to observe that h; : R? — (R9)* U {4+00ma} is proper,
(R%)*-convex, (R%,(R%)*)-nondecreasing on domh; = R% and (R%)*-epi closed
with hy(domh;) C (R%)* C domg. As dy,,...,da, are convex and continuous with
domdu, = X, i = 1,...,q, it follows that hy : X — R? is proper, R?-convex and
R%-epi closed with domhs = X and he(dom(hy)) C RY = domh;.

Remark 4.1. Let us note that

R%\ {0}, if 0 = w,
e R =4 "
int RY, if o = p,



146 I Dali et al. / Sequential Pareto Subdifferential ...
o epihy =& = {(x1, .2 yls s Yp YT, s ye) € RY X (RY)?

whe; <yF i=1,..,q k=1, ...,a},
o epihy =& = {(x,yl, e lg) €E X XRL : dy,(x) <y, i=1, ...,q}.

The following lemma will be needed.

Lemma 4.2. (1) Let (xy,...,x,, ..., 2%, ...,25) € (R)* and (2], ..., 2}) € (RT)".

paage’

Then we have

q
fo* <1 and
i=1

max ( g xk* k
1<z<q

Olf (o}, ..., ah) = ¢ (af, ..., 2k") e RY. -

7 q

and 8((21*,. ., a)og)(m%,...,x;,...,x?,...,a:;‘“) = HzZ@l,j(xlf,...,x’;).
(2) Let (x1,...,2q) € RY and (yf, ... Yg, -,y -, ys) € (RE)*. Then we have

(z3, ..., 1) € 8<(yi, ...,y;, e YY) O h1>(x1, ey Tg)

x—wanyOand
= 681<Zw yl,x2> =<qz€eR: h=t N ,i=1,...,q.

xl(x — wayf) =0
k=1

(3) Letx € X and (y1,...,y,) € RY. Then, we have
0((3;1, vy Yg) © h2> () = So(y1, - Ygr ) 1= 110d g, (7) + ... + y,0d 4, (7).

Proof. (1) Let (z7,...,2,, ..., 2%, ...,29) € (R)* and (z],...,2}) € (R})?. To com-
pute the subdifferential of [} at (z%, ...,:c'q“) € R k =1,...,«, it suffices to see by

Proposition 4.2 in [17] that

0, if (zf*,...,2%*) € RL and oh <,
() @t aty = O T OT Z‘ |

+00, otherwise,

for all (z}* ,...,.CEI;*) € RY k =1,...,a. On the other hand, since [} is finite, convex
and continuous at (%, ..., x’;) € RY, k=1,...,a, and also the fact that

(1 20) 0 9) (ths ot o B szﬁ (i, .

for all (t1,...,t0, ....t7, ..., t3) € (R9)*.

ERR)
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It results by Corollary 2.4.5 in [19] that
(9((2;‘,...,22)og)(xi,...,x;,..., H(‘? )(af, ..., k)
ok
H ROl (af, o af).

(2) Let (z1,...,2,) € RL and (y},...,y;, ¥, y) € RE. Then, we have

q @ q (e} q
i=1 k=1 i=1 k=1 i=1
= tz<wayf>>xi<2wfyf)+x;‘(tz ), Vt; >0,i=1,...q
k=1 k=1
— ilj’: wfyf: € NR+(’IZ)7 L= 17 4
k=1
= x—Zw <0 and :L‘Z<$ —Zw ):O,z:l, .q

k=1

(3) The proof is immediate because the finite functions d,,, ..., d, are convex and
continuous on X. O

We are now ready to state sequential o-efficient optimality conditions for the problem

(MMP).

Theorem 4.3. T € X is a o-¢efficient solution of the problem (MMP) if and only if
E Ven CRE k=1,

{Cns oo tgms Tl s Tams s T o 7o) nen © &1y {(Tn, S1my s Sqn) Inen 52,

{($lf2""?xl;;)}n€N C R(—]&-; k=1 .. aq {( IIRCEREEE: qn)}nEN C RY, {(Tl no '77a§,*n)}n€N
CRYL, k=1,....a, {z}}neny C X¥, {(Sl,n7 85 tnen € RY satisfying

there exist (27, ..., z5) € (R})? and sequences {(x},,,...,xh

(g q

Sk < Loma (e, ) = D abhat, k- L.

i=1 i=1

ll-lra _ _
Q@ ozl ) ——— (wlda, (T), ..., whda, (T)), k=1,...,q,

zk<2xff®wfd )—>z max wida (), k=1, ..., q,

n—+o00 1<i<q
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ESI(ZwZ ’Ln7 > /[::17"'7q7
f:‘l(rfn — wftm) =0,1=1,....,q, k=1,...,«

Il llzq _
tims s tgn) ﬁ (da, (T), . .,qu(x)),

Il _ _
r’f,n, ...,r’;n) —2 (whdy, (7), ...,wgqu(ﬁ)), k=1,..,a,

<

-
~—~

n—-+00
o q q
T in wzdei (E)) - th,n(ti,n —da, (f)) — 0,
n——+0o

( k=1 i=1 i=1
(27 e Sa(87 s s Sty > Tn)

Szn(si,n - dAl([Bn)) =0,i1=1,..,q,

Ilx  — Il — —
Tp ——— T, (S10s00s Sgn) ——— (da, (T), ..., da,(T)),
n—+00 n—s+o00

a

Z Sin(Sin — da,(T)) — (23, T0 — T) o 0,
\ i=1

(o lixe

x, —— 0,

n—-+00
and q (zpafn, — i ek —rie ) LN 0,...,0), k=1,...,q,
’ n——+00
Il
(5 = ST e bl = 85) —— (0,..., 0).
\ n—r—+oo

Proof. Clearly T € X is a o-efficient solution of the problem (MMP) if and only

if 0 € 97(g o hy o hy)(T). Therefore, by applying Theorem 3.5 and also Lemma 4.2,
we assert that there exist (2], ..., a) (R )7 and sequences

{
{

(21 Lno- q,n’ oy T s oy Ty ) fnen € domg = (RY),

(Eims s g Ty -oos r;n, s Tl s Tan) tnen € epihy = &,
{(xn,sln, ceey Sqn) tnen C epihy = &y,

{(xln, qn, s X s T ) tnen € (RY),

{0 qn)}neN C R¢, {(rﬁ, ...,7";*;1, ey Ty s Tam) Fnen € (RE),

{x;kt}neN g X*7 {(Sl,rw Y qn)}nEN C R

satisfying
(x’f";, ,xf;*n) € al;(x’fjn,...,x’;n), k=1,.. 0«
(s )~ (whda, (7). oy b, (7)), k=1, 00
DAl @ ) = Y (whda, (@), wida, (7))
k=1 . k=1
—ZzZ(Zx —wde( )))mo,
\
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631(2102 kot ) i=1, .0,
ZZTzZ(rﬁn _wfti,n) =0,

k=1 i=1

(trs oo tgn) —Zs (g (T), ..y dy, (7)),

n—-+o0o

Il _ _
(r’f}m ...,7“57”) — s (whda, (T), ...,w’;qu(ac)), kE=1,.. «,

n—-+o0o
q

Za: Zq: P, — wida (@) = Yt (tin — da,(T)) —— 0,

n—-+0o0o
\ k=1 =1 i=1

x; S SQ(ST,W s Sz,nvxn>7 ;1 1 S:n(sln - dAz(xn)) =0,
Il x

_ Il _
n———T, (S1ny-s Sqn) ERIELIEN (da,(T), ..., da, (7)),
n—-+oo n—+00

;1 1 Sjn(szn - dAi(E)) — (x5, Tn — f) — 0,

n——+oo

and

I T
m 0, (2575 — T oo 25 = Taw) — (0,...,0), k=1,...,q,

(F = STt — 550) —E5 (0., 0).

n—-+400

By Lemma 4.2, it is clear that

(:B’f';l, . qn) € 81+(x1n,...,xk Y, k=1,...,«

q7n
q q
Fex kE \+ kx _k _
= E riy <1, max(x,n) = g TinTin, k=1,
— 1<i<q —
1= 1=

As (z%, xir) € O (ah ozl ), k=1, .., a and (2.

1 2h) € (RY)7 we have
2l (wde (Z), ... de( )
k 1541 3 q

> il (g <Zx (whdy, (T xfn)), k=1,..,a, n € N.

Therefore, from these inequalities, we obtain

Z l+(x1n, ...,x’;’n) — Zzil,j(w'fdAl (7), ..., deAq(E))
k=1 =1
o k
—sz(Z = wbda (@) 0
— 2 (ah o x];n) — zil (whda, (T), ..., w’q“qu (7))
a
- z;(zmﬁ;(xﬁn - wfdAi(f))> —— 0, k=10 (18)
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Z:z:k* P k=1,..,a, neN, we deduce

n ZTL’

Since If(z¥ ... 2" )= max(a¥
k( 1ny qn) i<i<q in

k _
(18) «— zk<2xmwldA (T )) I zk1n<1?<>éw Mda,(Z), k=1,..., .
Finally, since rk* >0, rf —wht;,, >0, 8in =0, Sin —da(r,) 20,0 =1,...,q,
k=1,.., «a, we see easﬂy that

T (T,n - wftz,n) = 07 2 == 1, ---,q, k == 1, ...’O{,

and Z Sin(Sim —da,(1,)) =0 = s}, (Sin —da,(7,)) =0, i=1,...,q. O

i=1

4.2. Sequential o-efficient optimality conditions for multiobjective
bilevel programming problems with extremal value function

In this subsection, we present an example of multiobjective programming problems
where the standard Lagrange multipliers conditions can not be derived due to the
lack of constraint qualification and the sequential conditions hold. For this, let us
consider the following multiobjective bilevel programming problem with an extremal
value function

(MBP) v-min (fl(x,v(x)), ...,fq(x,v(x))>

where A := {z € A : gi(z,v(x)) <0, i =1,...,s} # 0, v(x) is the optimal value
function of the following problem parametrized by x

(Pe) min F(x,y),

A is a nonempty closed convex subset of R™, B is a nonempty compact convex
subset of R?, F: R™ x R? — R is a convex function, f;: R™*! — R are convex and
RTH—nondecreasing functions, i = 1, ..., ¢, gi: R™"! — R are convex and RTH—non—
decreasing functions, i =1, ..., s.

We note that the functions fi, ..., f, and ¢1, ..., g5 are all continuous. Also, we point
out that the function v: R™ — R is finite, convex and continuous (see [1, Remark
3.1]). Moreover, one can see that for each z € R™, there exists y € B such that
v(z) = F(z,y).

In the sequel, we derive sequential optimality conditions characterizing o-efficient
solutions of the problem (MBP) via Theorem 3.1. For this aim, we set Z := RY,
Q:=RL, X =R" Y, :=R" K, =R} Y, =R, K; :=R%, Yy =R
Ky := Rt and consider the following functions

o F:R™ 4 R? defined by

F(z,y) .= (fi(z,y), ... fo(z,y)), (z,y) € R™ X R,
e G :R™ 5 RS defined by

G(z,y) = (q1(x,y), ..., 9s(z,v)), (z,y) € R™ xR,
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o V:R™— R™" defined by V(x) = (z,v(z)), z € R™.

With these auxiliary functions we can write (MBP) as a multi-composed convex
vector optimization problem

(MBP) V—mm{éA( )+ (FoV)(x)+ (0% oGoV)(x)}. (19)

reR™

Remark 4.4. It is easy to see that

e F:R™! — RYis proper, R%-convex, R%-epi closed and (R, R%)-nondecrea-
sing on R™*+1

e G:R™! — R® is proper, RS -convex, R%-epi closed and (RTH,Ri)—nondecrea—
sing on R™*! with

epiG = E := {(x,rl, oy Ts) ER™ X RS - gi(z) <10 = 1, ...,s},

e V:R™ — R™1is proper, R7-convex, R7-epi closed and V(domV) C R™+?
with

epiV =E, := {(x,y,r) ER" X R™ xR :z Sgp y and v(x) < r},
e 049:R™ — R?and 52R5+ : R® — RY are proper, R%-convex and lower semicontin-
uous with 0%, is (R?%,R% )-nondecreasing on R*® (see [7]).
Lemma 4.5. Let (z,7) € R™ x B such that v(Z) = F(z,y). Then for any y* € RT
and t > 0 we have
('t V)@ = {y'} + Sz 7)
{z* e R™ : (2*,0) € tAF(T,7) + {0} x NB(y)}, if >0,
{0}, if t=0.

Proof. Let idgm : R™ — R™ be the identity function (i.e. idgm(z) = x, for all
r € R™) and (7,7) € R™ x B such that v(Z) = F(Z,7). Since idgm and v are finite,
convex and continuous, then for any y* € R} and ¢t > 0 we have

(. nev)@

where S(T,7) = {

y* o idgm + tv)(T)

y*

I(y" o idpm )(T) + O(tv)(T) = {y"} + I(tv)(Z).

For t =0 we have 0(0.v)(Z) = {0}.
]

If £ > 0 then it follows that (see [2])
z* € 0(tv)(T) 2*,0) € O(tF + dmmxn)) (T, 7)

2*,0) € O(tF)(Z,¥) + 0owmx5)(T, )

2*,0) € toF(z,7)

2%,0) € tOF(z,Y) + Nem () x Np(y)

(2%,0) € toF(z,y) + {0} x Np(y).

Let us mention here that O(tF + dwm«p))(T,Y) = O(tF)(T,Y) + 0dwmm«p)(T,7) since

(int domF) N(R™ x B) # (). Hence the proof is complete. O
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Now, we are able to state the main result of this subsection.
Theorem 4.6. Assume T := (T1,...,Tm) €A, 7:= (T,v(T)) € R™ and finally
Z:=(91(9),...,9s(¥)) € R°. Then T is a o-efficient solution of (MBP) if and only

if there exist (27, ..., z;) € (RL)7 and sequences
{(xl,ny (X xm,na yl,nv LK) ym+1,n)}n€N gEv: {b }nEN C B
F(xl,nu s Tmons bn) - U(xl,’ru ceey CUm,n); {(xina ceey mn)}nGN C Rm;

{(?ﬁm "'7y;+1,n)}n€N - RT+17 {<a1,na m;as,n)}nEN - —R+;
{(oﬁ{’n, . a:’n)}neN CRY, {(rims o Tmttm tin, oo tsn) bnen C E,
{(rl s os Trgrn) new SR {(# 4, 0 8 ) e © RY,
{1, s W) fnen © A, {(W] 05 W) Fnen € R™,

{(Ul,n, s um-&-LTb)}nEN < Rm+1? {(ui,nv s u:n-i-l,n)}nEN CR™*!

satisfying
(
(W} s ey, ) € Na(Winy ooy Wi,
(wl,'ru ey wm,n szn wzn — _Z) - 07

n—)—i—oo n—+400

( q
(U s oy Uppy1m) € 8( Z zjf,) (Ul ooy Umnt1.0),

=1
I
(ul,na cey Um—l—l,n) )
n——+0oo
q q
D f) Ui, oo ) — Y (25 f) (@, 0(T))
=1 m =1
- Z u;n<ui7n —T;) — ujn+1,n<um+17n - 'U<f)) m 07
\ =1
( (l’in - yinv 5 Lmon ym n) Syf,”rl’n ('rl,na oy Tmyns bn);

Z YinWin = Tin) + YmgrnYmiin — 0(T1n, s Tmn)) = 0,

=1
Il llgm l-llgm+1
(xlnw" J/’mn) %_;_OJ‘T (yl’m"‘aym—l-ln) nj:_: Y,
_szn Tin — T; +Zyzn yzn_ +ym+1n(ym+1n_v<f>>—>07

n——+o0o

* . —
§ :ai,nai,n = 07 (al,na ) O-/s,n) — Z,

Za O{Zn gl y)) n—+o00 07
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(

s

(Tf,n7 ) T;knJrl,n) € a( Z t:,ngl) (Tl,n; L3 70m+1,n)7
i=1

Zt — G Tlm-'-arm—&-l,n)) :07

Il- g

1 _ . _
n
(7‘1 ooy Tt 1) —+> U, (tiny.ostsn) — Z,

n— n—-+oo
m
* —
E tzn in— 0i(¥ § :T,n Tim — _Tm+1,n(rm+1,n_v(x)) m 0,
\ =1 =1
4
4o o0t ) Llemy g o
wl,n+ L1n + 2w ,n) ( ) )7
n—-+o0o

||~H]Rm+1
* * * *
Uiy = Y1 Umgpin — ym+1,n) ; (O’ ) 0)7

(
(
(o, — 1t
(]

and o n—+o00
n 1,n7"-7a*n_t:,n) ﬁ (07"'70)7
* H-”Rm-H
\ r 1,n yl ROPRAAE m+1n ym—i—l,n) m (0770)
Proof. Assume that T := (Ty,...,T,,) € A and define 7 := (7,v(Z)) € R™ and

= (91(¥),...,9s(y)) € R°. By (19) it follows that T is a o-efficient solution of the
problem (MBP) if and only if 0 € 97(0% + F oV + 0lgs 0Go V)(Z). Therefore, by

taking into account Remark 4.4 and Remark 3.1 and by applying Theorem 3.5 to
f=0y, p:=F, g:= &Ri’ hy := G, ¥ = hy := V, one can assert that there exist
(21, 25) € (RY)7 and sequences { (21,0, s Tmns Yins - Ymt1n) fnen © epiV = E,,
{butnen € B, F(Zims o Ty 0n) = V(1m0 Tn)y (T 050 Ty ) fnen © R™
{0 U1 tnent ©RETL {(ny oy @) Fnen C domd? e = —RY,
(A7 s s @) nen © RS {71 s Tttt s tsn) Fnen € epiG = E,
{(rin? ° m+1 ) fnen C R™H, {(# Lns s sn) Fnen C RY
{1, s W) fnen € doméy = A, {(w],, "'7wm,n)}nEN C R™,

(

{(u1ms s Umg10) ey © domF = R™ {(uf ... wh 1 ,) fnen © R™H satisfying

(W] 0),) € a((zr,. 2 23) 0 84) (Wi s W),
(20)
(wLn) ceey wm,n szn wzn - _i) —_— 07

n%+oo n—+00
\

q

(UT,nJ ) m+1 n) € 8( Z Z:-ﬁ) (ul,n7 ceey um—i—l,n);
i=1

) l[-lgm+1 7,

(Ul,na coey Um41,n
n—-+0o00

q

q
Z(Z:fi)(ul,nr--;uerln Z (@, v(T
=1

i=1

— Z u;n(um — fz> - U;kn+17n<um+1,n - U(E)) n—>+oo> 0,
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(

(i[fin, ceey mn) € a((yinv RS y:(nﬁ-l,n) o V) (ajl,na XS] a:m,n)a

Z yzn(yi,n - mi,n) + y;+17n(ym+l,n - U(Il,na X) xm,n)) = 07
=1

(21)
1ny - mmn 400 y my ey Ym+1n 400 5
- : i,n i 2,Mn % m+1n r) —— 07
\ ;xz n(m —I; + ;yzn Yi —; ) + ym+1 n(y +1, (l’)) n— 400
(O{T,Tﬂ ) a:,n) S a((zfv ) Z;) © 53]1%5 ><a1,n7 HS) as,n)7
(22)
((xlm,...,asn oo ZO[ y)) m O,

(

(rf,n’ ) T:;z—i—l,n) € a( Z t;k,ngl> (Tlﬁw cee rm+1,n)7

=1
Zt gz ™ na"'arerl,n)) :()7

- llgm+1 ll-lgs

(7"1’”, ---,Terl,n) _n—>+oo} Y, (tl,na "'7ts,n) n— 400 E’

thn in— 9i(Y)) — Z Tin(Tin = Ti) = g1 (Pt — 0(T)) ——— 0,
=1

n—-4o00
\ =1

Il
Wi, + 22 e Wi+ Qx;‘nm) —>n_>+oo (0,...,0),

*

[l-Ilgm+1
u ,n yl RORRARS m+1n_ym+17n) n_>+oo) (O,...,O),

(

(
and s
(Oé 1n7"'7a:,n_t:,n) — (07"'70)7
(

1n
’ n—-+o00

*

Il lgrmt1
r : — (0, ...,0).
1n yl nmoy Ty m+1n merl,n) n—s—+00 ( ) ) )

Since (27, ..., zq) 0% =04 and 9(d4) (W1, v, W) = Na(Win, .., W), we have
(20) <= (W], W) € Na(Win, oo, W)
By Lemma 4.5, it follows that

(21) — (xin - yin? s mn ymn) Sy:n+1’n(x1,n7"'axm,nubn)-

Finally, since R is a convex cone and
*
3((21, e Z5) 0 &Ri) (1w Qs ) = Nogs (Q1ny ooy Qs )
we have (22) <= (a],,-05,) € Nogs (a1, - Qs 0)
S
= (af,, ;) €RL and E a; Qi = 0.
i=1

Hence the proof is complete. ]
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Next, we establish the standard Lagrange multipliers conditions characterizing o-
efficient solutions of the problem (MBP) under the following Slater-type constraint
qualification

(CQ) 3% €ri A such that g;(z,v(2)) <0, i=1,....,s,

where 11 A is the relative interior of A.

Theorem 4.7. Let (7,7) € A X B such that v(T) = F(T,y) and suppose that the
Slater-type constraint qualification (CQ) is fulfilled. Then T is o-efficient solution
of (MBP) if and only if there exist (27, ...,2}) € (RL)7 and (&, ...,&E) € RS such

s 2
that we have

q
oy (U sy
i=1 xR, 1;>0
(% ,t;) €8 f; (T,0(T))

+le( | U {yi*}+8”(f,y)) + Nu(T)
= Yy ERT ;>0

(y¥*,1;) €094 (T, v(T))

and &fg;(ZT,v(T))=0,i=1,..,s.

Proof. By [4, Proposition 2.4.18], 7 is o-efficient of (MBP) if and only if there
exists (z7,...,2;) € (RL)7 such that T is an optimal solution of the following scalar
convex optimization problem

q
(SOP) min { Z z;‘f,(V(x))}

€A
g9;(V(2))<0,i=1,...,s =1

As the Slater-type constraint qualification (C'Q) holds for the problem (SOP), then
it follows by applying [6, Theorem 3.11] that there exists (&7, ..., &) € RS such that

q s
0€) Z0(fioV)(@)+ Y &dlgioV)(T) + Na(®)
=1 =1
and & g;(V(T)) =& g:(T,v(T)) =0, i =1,...,s. On the other hand, we have

ofovim = U o t)ev)@
@i €R™ ;>0
(@ ,t,)€0f;(V ()
= U @ +8.@n i=1..q

i* ERT ;>0
(2% ,t;) €D f; (T,v(T))

and dgovim = U o(wmev)@
Yy ERT ;>0
(y*,r;)€09;(V (@)
— U W} + 8, (T,7), i=1,..,s,
yi* ERT 1 >0
(vi*,ry) €09, (T,0 (7))
because fi, ..., f; and g1, ..., gs are all finite and continuous at V(Z) = (Z,v(T)) (see
[5]). Hence the proof is complete. O
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We close this subsection by presenting an example illustrating our sequential opti-
mality conditions given in Theorem 4.6 where the Slater-type constraint qualification
(CQ) fails.

Example 4.8. Let

o di=1,m:=1,¢q:=2,5:=1, A:=10,1], B:=[0,1],

e F:R?— R be defined by F(z,y) :=z +y,

2 +1,ifz>0

1, ifx <0

f1:R? = R be defined by fi(z,y) := {

2 ify >0
fo : R? — R be defined by fo(z,y) := y’,l v=
0, ify<0

e g1 :R? = R be defined by g;(z,y) := e + ¥ — 2.
Then, the problem (MBP) is nothing else than

(MBP) V- mm(m + 1,z )

zeA
where A := {z € [0,1] : gi(z,v(z)) = 2¢* — 2 < 0} # 0 and min(P,) = v(z) = ,
for all z € R. Clearly, F is convex, f; and f, are convex and R?-nondecreasing
and ¢, is convex and Ri—nondecreasing. Moreover, it is easy to check that x = 0
is a o-efficient solution of (MBP) and that the Slater-type constraint qualification
(CQ) fails, i.e.

ﬂiEriA:intA:}O, [Suchthatgl(x v(2)) = 2" —2 < 0.

DN |

On the other hand, we claim that the sequential optimality conditions given in
Theorem 4.6 are all satisfied. Indeed, we set y := (0,0), Z := 0, (2], 25) := (1,1),

Tin = %_,.1; (yl,nay2,n) = (%.,.17%4_1)7 bn = 0 SL’* = 7#_17 (yfnvyg,n> = (%4_17())7

Q1 =0, a7, = n+r1, (Trin,T2n) = (n_lH, n+1) tip = et =2, (17 ,,735,,) = (0,0),
tin =0, w1 = wln =0, (ul,muZH) = (n_1|_17 n_li_l)v (ul,muQ,n) = (n_2|_1> n+1) for all

n € N. Thus, we can see easily that

wi, =0€ N40), w,=0——7T=0,

n—-4o00

w (Wi —T) =0 ——0,

n—-+4o0o

(
(Wi U3) = (27, 727) € O (11 + 282 ) (7 70),

[ —
(ul,na u2,n) - (%_,_p HL—H) —R> Yy = (Oa O)a
2 2

Z(Z Ji) (10, uan) Z L)@, 0(T) — ug Ln(Uin — )

=1 i=1
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p
(Il,nyyl,n; y2,n) - (nil’ T:H’ nJrl) S E’U?
yln =0 ESO( 1) )Z {0}7

yin(yl,n — 1)+ y;,n(yQ,n - U(xl,n)) =0,

_ ll-Ig2
ml;n — TLLH m xr = 07 (yl,n,yZn) - (n_li_ly 'I’L—‘rl) ﬁ y — (070)’

—21 (10 = T) + Yt (W1n — T) + 5, (Y20 — v(T)) =0 —— 0,

n——+oo

* _
aj 01, =0,

)

ajy=0——=72=0,
n—-4o00

ain(alﬂl - gl(y)) =0 7 07
\ n—-+o0o

( (rl,na r2,nat1,n) = (n—lﬁ-17 +1726"+1 - 2) € E7

(1 e 75) = (0,0) € O(t,01 ) (7. 759):

tin@l,n — g1 (Tl,na TQ,n)) - 07
||-H]R2

— (1 1 7 —
(7“17,”,7“27”) = (n_-i-l’ n_-‘rl) m Yy = (0,0) tln = 2€n+1 -2 m zZ= 0

\tin@l,n -0 (y)) - Tin(rlﬂ - E) - 7”;7”(7“27” - U(E)) =0—- O’

n——+oo

( 2
win + 255?,71 — n+l n—)—i—oo; Oa
II-llz2
(UT,n yl o U y2 n) = (n_1|_17 %4.1) n%fo; (070)’
_ 1
a n—t?n—n—ﬂmQ
(P = Vi o = Vi) = (5.0) —5 (0,0).
L 1,n ln7 2,n n+1’ 00 ’
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