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1. Introduction

Multi-composed scalar optimization problems were first introduced and examined by
Wanka et al. [18, 8]. In fact, this new model can also be defined in the context of vec-
tor optimization because it is possible to write certain problems as multi-composed
vector optimization problems (see the last section) such as, but not limited to, mul-
tiobjective minimax location problems with infimal distances [16], multiobjective
bilevel programming problems with extremal-value function [15], etc.
In the literature, several works have investigated vector optimization problems from
a duality point of view under certain qualification conditions like generalized Slater
condition (see, for instance, the book [4]). However, in the optimization framework,
it is well-known that vector as well as scalar optimization problems may not satisfy
any qualification condition.
To avoid imposing a qualification condition, several authors [3, 10, 12, 13, 14] have
developed an alternative approach called sequential approach that consists in deriv-
ing optimality conditions in terms of nets or sequences of subdifferentials at nearby
points. To our knowledge, this approach was initiated by Thibault [13, 14]. The
latter author has derived sequential optimality conditions for convex scalar opti-
mization problems without any qualification condition through sequential calculus
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rules for the Brøndsted-Rockafellar subdifferential of the sum and the composition
of convex and lower semicontinuous functions. In vector optimization, Laghdir et al.
[10] have obtained sequential optimality conditions for weakly and properly efficient
solutions of composed convex vector optimization problems via sequential formulae
for the weak and proper Pareto subdifferential of composed convex vector mappings.
In order to deal with multi-composed vector optimization problems from a sequen-
tial point of view, the aim of this work is to extend the results of Laghdir et al. [10]
by deriving a sequential formula more general for the weak/proper Pareto subdif-
ferential of multi-composed convex vector mappings in the setting of Banach spaces
and in the absence of any qualification condition. To do this, we will employ two
interesting theorems established by El Maghri and Laghdir [7] and Laghdir et al.
[9]. The first one characterizes scalarly the weak/proper Pareto subdifferential of
convex vector mappings, while the second one gives a sequential formula for the
Brøndsted-Rockafellar subdifferential of a finite sum of proper, convex and lower
semicontinuous functions, without any qualification condition. As an application
of our main result, we propose deriving, in the absence of any qualification condi-
tion, sequential optimality conditions for weak/proper efficiency to multiobjective
minimax location problems with infimal distances and to multiobjective bilevel pro-
gramming problems with an extremal value function.
The paper is organized as follows. In section 2, we recall some definitions and give
some preliminary results. Section 3 is devoted to providing a sequential formula for
the weak/proper Pareto subdifferential of multi-composed convex vector mappings
in the absence of any qualification condition. In section 4, we derive sequential
optimality conditions characterizing weakly/properly efficient solutions of multiob-
jective minimax location problems with infimal distances, without any qualification
condition. Furthermore, we present another multiobjective optimization problem
dealing with bilevel programming problems to illustrate our main result.

2. Preliminaries

In this section, we give some basic definitions and results. Let X,Y and Z be real
Hausdorff topological vector spaces with duality pairing denoting by ⟨., .⟩ and X∗,
Y ∗ and Z∗ their topological dual spaces, respectively. The topological dual spaces
X∗ and Y ∗ are endowed with the weak-star topology denoted by w(X∗, X) and
w(Y ∗, Y ), respectively. Consider a nonempty convex cone Q ⊆ Z with intQ ̸= ∅
(i.e. the topological interior of Q is nonempty). The cone Q is called pointed when
its lineality l(Q) := −Q∩Q is null. On Z, we define the following ordering relations

z1 5Q z2 ⇐⇒ z2 − z1 ∈ Q,

z1 <Q z2 ⇐⇒ z2 − z1 ∈ intQ,
z1 �Q z2 ⇐⇒ z2 − z1 ∈ Q\l(Q).

To Z, we attach an abstract maximal element with respect to ” 5Q ”, denoted by
+∞Z . Besides, on Z∪{+∞Z} we consider the following operations and conventions:

z 5Q +∞Z , z + (+∞Z) := (+∞Z) + z := +∞Z , ∀z ∈ Z ∪ {+∞Z},

α · (+∞Z) := +∞Z , ∀α ≥ 0.
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The dual cone Q∗ and the strict polar cone (Q∗)◦ of Q are defined respectively as

Q∗ := {z∗ ∈ Z∗ : z∗(Q) ⊆ R+}

and (Q∗)◦ := {z∗ ∈ Z∗ : z∗(Q \ l(Q)) ⊆ R+ \ {0}}.

By convention, ⟨z∗,+∞Z⟩ := +∞ for all z∗ ∈ Q∗.

Definition 2.1. Let f : X → Z ∪ {+∞Z} be a vector mapping. Then, f is called
• proper if its effective domain

domf := {x ∈ X : f(x) ∈ Z} ̸= ∅,

• Q-convex if for all λ ∈ [0, 1] and all x1, x2 ∈ X

f(λx1 + (1− λ)x2) 5Q λf(x1) + (1− λ)f(x2),

• Q-epi closed if its epigraph
epif := {(x, z) ∈ X × Z : f(x) 5Q z} is closed.

Let 5K be a partial order on Y induced by a nonempty convex cone K ⊆ Y .

Definition 2.2. Let g : Y → Z ∪ {+∞Z} be a vector mapping. Then, we say that
g is (K,Q)-nondecreasing on M ⊆ Y if for all y1, y2 ∈M , we have

y1 5K y2 =⇒ g(y1) 5Q g(y2).

When Z = R and Q = R+, we call it K-nondecreasing on M .

Definition 2.3. Let h : X → Y ∪ {+∞Y } and g : Y → Z ∪ {+∞Z} be two vector
mappings, then the composed vector mapping g ◦h :X → Z ∪{+∞Z} is defined by

(g ◦ h)(x) :=

g(h(x)), if x ∈ domh,

+∞Z , otherwise.

Proposition 2.4. Let h : X → Y ∪{+∞Y } and g : Y → Z ∪{+∞Z} be two vector
mappings. If g is (K,Q)-nondecreasing on domg and Q-convex, and h is proper and
K-convex with h(domh) ⊆ domg, then g ◦ h is Q-convex.
Proof. The proof is straightforward.

The following definition of the lower semicontinuity of a vector mapping can be
found for instance in [11].

Definition 2.5. Let f : X → Z ∪{+∞Z} be a vector mapping. Then, we say that
f is lower semicontinuous at x ∈ domf if for any neighborhood V of f(x̄) in Z,
there exists a neighborhood U of x such that

f(U) ⊆ (V +Q) ∪ {+∞Z}. (1)

If f(x̄) = +∞Z , then f is called lower semicontinuous at x if for any z ∈ Z,
any neighborhood V of z, there exists a neighborhood U of x such that (1) is
satisfied. When f is lower semicontinuous at every point of X, then it is called
lower semicontinuous.
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Proposition 2.6. Let f : X → Z ∪ {+∞Z} be a proper , Q-convex and lower
semicontinuous vector mapping. Then for all z∗ ∈ Q∗ \ {0}, the function z∗ ◦ f is
proper, convex and lower semicontinuous.

Proof. Let z∗ ∈ Q∗ \ {0}. It is easy to prove that z∗ ◦ f is proper and convex. For
the lower semicontinuity of z∗ ◦ f , it suffices to apply Proposition 1.1 in [11].

Now, we consider the following vector optimization problem

(P) v-min
x∈X

f(x)

where f : X → Z ∪ {+∞Z} is a vector mapping.

Definition 2.7. Let x ∈ domf , then x is called
• weakly efficient (w-efficient for short) solution of (P) if @x ∈ X, f(x) <Q f(x),
• properly efficient (p-efficient for short) solution of (P) if ∃Q̂ ( Z convex cone

with Q \ l(Q) ⊆ int Q̂ such that @x ∈ X, f(x) �Q̂ f(x).

These latter definitions enable us to define two kinds of Pareto subdifferentials of a
given vector mapping f : X → Z ∪ {+∞Z} at x̄ ∈ domf (see [7])
• weak Pareto subdifferential of f at x̄

∂wf(x) := {A ∈ L(X,Z) : @x ∈ X, f(x)− f(x) <Q A(x− x)},

• proper Pareto subdifferential of f at x̄

∂pf(x) :=

{
A ∈ L(X,Z) :

∃Q̂ ( Z convex cone with Q \ l(Q) ⊆ int Q̂
such that @x ∈ X, f(x)− f(x) �Q̂ A(x− x)

}
,

where L(X,Z) denotes the space of linear continuous operators from X to Z. When
f is a real valued function (Z = R and Q = R+), the latter sets coincide with the
subdifferential of convex analysis denoted by ∂f and defined as follows

∂f(x) : = {x∗ ∈ X∗ : f(x) ≥ f(x) + ⟨x∗, x− x̄⟩, ∀x ∈ X}

= {x∗ ∈ X∗ : f ∗(x∗) + f(x) = ⟨x∗, x⟩},

where the function f ∗ : X∗ → R := R ∪ {±∞} is defined by

f ∗(x∗) = sup
x∈X

{⟨x∗, x⟩ − f(x)}

and called the conjugate function of f . For simplicity, we unify in one notation
σ-efficient solution and ∂σf for σ ∈ {w, p} and put

Qσ :=

Q
∗ \ {0}, if σ = w,

(Q∗)◦, if σ = p.
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Let C ⊆ X, then we denote by δvC : X → Z ∪ {+∞Z} the vector indicator mapping
of C defined by

δvC(x) :=

0, if x ∈ C,

+∞Z , otherwise,

and by NC(x) := {x∗ ∈ X∗ : ⟨x∗, x− x⟩ ≤ 0, ∀x ∈ C},

the normal cone of C at x ∈ C. When Z = R and Q = R+, the vector indicator
mapping δvC is nothing else than the well-known scalar indicator function which will
be denoted by δC . It is worth noting that the vector indicator mapping δvC possesses
properties like the scalar one δC (see [7]). Moreover, we point out the relation
between δvC and δC

z∗ ◦ δvC = δC , ∀z∗ ∈ Q∗.

In case (X, ∥.∥X) is a Banach space and (X∗, w(X∗, X)) its topological dual space,

the notation xj
∥.∥X−−→
j∈J

x (resp. x∗j
w(X∗,X)−−−−−→
j∈J

x∗) means that the net {xj}j∈J converges

to x ∈ X in (X, ∥.∥X) (resp. {x∗j}j∈J converges to x∗ ∈ X∗ in (X∗, w(X∗, X))).
The following theorems are the key tools for deriving our main result, so they will
be needed in the next section.

Theorem 2.8. (El Maghri and Laghdir [7]) Let X, Z be two Hausdorff topological
vector spaces and f : X → Z ∪ {+∞Z} be a Q-convex vector mapping. Let x ∈ X
and σ ∈ {w, p} with Q is pointed as σ = p. Then

∂σf(x) =
⋃

z∗∈Qσ

{A ∈ L(X,Z) : z∗ ◦ A ∈ ∂(z∗ ◦ f)(x)}.

Theorem 2.9. (Laghdir et al. [9]) Let (X, ∥.∥X) be a Banach space and the maps
f1, ..., fm : X → R, m ≥ 2, be proper, convex and lower semicontinuous functions.
Assume that x ∈

⋂m
i=1 domfi, then x∗ ∈ ∂

(∑m
i=1 fi

)
(x) if and only if there exist

nets {xi,j}j∈J ⊆ domfi and {x∗i,j}j∈J ⊆ X∗, i = 1, ...,m, satisfying

x∗i,j ∈ ∂fi(xi,j), xi,j
∥.∥X−−→
j∈J

x,

m∑
i=1

x∗i,j
w(X∗,X)−−−−−→
j∈J

x∗

and fi(xi,j)− fi(x)− ⟨x∗i,j, xi,j − x⟩ −−→
j∈J

0.

3. A sequential formula for the weak/proper Pareto subdifferential of
multi-composed convex vector mappings

In what follows (X, ∥.∥X) and (Yi, ∥.∥Yi) are Banach spaces, Z is a real Hausdorff
topological vector space and (X∗, w(X∗, X)), (Y ∗

i , w(Y
∗
i , Yi)) and Z∗ their respective

topological duals paired in duality by ⟨., .⟩ with i ∈ {0, ...,m} and m ≥ 2. We assume
that Yi and Z are partially ordered by nonempty convex cones Ki ⊆ Yi and Q ⊆ Z
with intQ ̸= ∅ and i ∈ {0, ...,m}. Moreover, we use on X ×

∏m
k=0 Yk the following

norm
∥(x, y0, y1, ..., ym)∥X×

∏m
k=0 Yk

:=

√√√√∥x∥2X +
m∑
k=0

∥yk∥2Yk .
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Our aim in this section is to give a sequential formula for the weak/proper Pareto
subdifferential of the multi-composed vector mapping f +φ◦ψ+g ◦h1 ◦h2 ◦ ...◦hm,
where
• f : X → Z ∪ {+∞Z} is proper, Q-convex and lower semicontinuous,
• φ : Y0 → Z ∪ {+∞Z} is proper, Q-convex, (K0, Q)-nondecreasing on domφ and

lower semicontinuous with φ(+∞Y0) = +∞Z ,
• ψ : X → Y0 ∪ {+∞Y0} is proper, K0-convex and K0-epi closed with ψ(domψ)

⊆ domφ,
• g : Y1 → Z ∪ {+∞Z} is proper, Q-convex, (K1, Q)-nondecreasing on domg and

lower semicontinuous with g(+∞Y1) = +∞Z ,
• h1 : Y2 → Y1 ∪ {+∞Y1} is proper, K1-convex, (K2, K1)-nondecreasing on domh1

and K1-epi closed with h1(domh1) ⊆ domg and h1(+∞Y2) = +∞Y1 ,
• hi : Yi+1 → Yi ∪ {+∞Yi} is proper, Ki-convex, (Ki+1, Ki)-nondecreasing on

domhi and Ki-epi closed with hi(domhi) ⊆ domhi−1 and hi(+∞Yi+1
) = +∞Yi ,

i = 2, ...,m− 1,
• hm : X → Ym ∪ {+∞Ym} is proper, Km-convex and Km-epi closed satisfying

hm(domhm) ⊆ domhm−1,
• domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1

m ◦ h−1
m−1 ◦ ... ◦ h−1

1 )(domg) ∩ domhm ̸= ∅.

Remark 3.1. Let us point out that we do not need the following assumptions
h1(domh1) ⊆ domg and ψ(domψ) ⊆ domφ when g : Y1 → Z ∪ {+∞Z} is (K1, Q)-
nondecreasing on Y1 and φ : Y0 → Z ∪ {+∞Z} is (K0, Q)-nondecreasing on Y0.

Remark 3.2. By Proposition 2.4, f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hm is a Q-convex
vector mapping.

Let us consider the following vector mappings
F : X ×

∏m
k=0 Yk → Z ∪ {+∞Z}

(x, y0, y1, ..., ym) → f(x)
, Φ : X ×

∏m
k=0 Yk → Z ∪ {+∞Z}

(x, y0, y1, ..., ym) → φ(y0)

Ψ : X ×
∏m

k=0 Yk → Z ∪ {+∞Z}
(x, y0, y1, ..., ym) → δvepiψ(x, y0)

, G : X ×
∏m

k=0 Yk → Z ∪ {+∞Z}
(x, y0, y1, ..., ym) → g(y1)

Hi : X ×
∏m

k=0 Yk → Z ∪ {+∞Z}
(x, y0, y1, ..., ym) → δvepihi(yi+1, yi)

(i = 1, ...,m− 1)

and Hm : X ×
∏m

k=0 Yk → Z ∪ {+∞Z}
(x, y0, y1, ..., ym) → δvepihm(x, ym).

The following lemmas will be needed in this section.

Lemma 3.3. Assume that
x ∈ domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1

m ◦ h−1
m−1 ◦ ... ◦ h−1

1 )(domg) ∩ domhm,
ym = hm(x), ym−1 = hm−1(ym), ..., y1 = h1(y2), y0 = ψ(x)

and σ ∈ {w, p} with Q is pointed as σ = p.
Let A ∈ L(X,Z) and T ∈ L(X×

∏m
k=0 Yk, Z) defined by T (x, y0, y1, ..., ym) := A(x),

for all (x, y0, y1, ... , ym) ∈ X ×
∏m

k=0 Yk.



I. Dali et al. / Sequential Pareto Subdifferential ... 137

Then we have A ∈ ∂σ(f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x)

⇐⇒ T ∈ ∂σ
(
F + Φ+Ψ+G+

m∑
i=1

Hi

)
(x, y0, y1, ..., ym).

Proof. Let us prove the lemma for σ = w.
(⇒) We proceed by contradiction. Let A ∈ ∂w(f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x)
and suppose that T /∈ ∂w

(
F +Φ+Ψ+G+

∑m
i=1Hi

)
(x, y0, y1, ..., ym). Then, there

exists (x, y0, y1, ..., ym) ∈ X ×
∏m

k=0 Yk such that

(F + Φ+Ψ+G+
m∑
i=1

Hi)(x, y0, y1, ..., ym)

− (F + Φ+Ψ+G+
m∑
i=1

Hi)(x, y0, y1, ..., ym) <Q A(x− x).

This yields {
x ∈ domf, y0 ∈ domφ, (x, y0) ∈ epiψ, y1 ∈ domg,
(x, ym) ∈ epihm, (yi+1, yi) ∈ epihi, i = 1, ...,m− 1,

(2)

and f(x) + φ(y0) + g(y1)− f(x)− φ(y0)− g(y1) <Q A(x− x). (3)

From (2) and by using the monotonicity of φ, g and h1, ..., hm−1, it follows that

(φ ◦ ψ)(x) 5Q φ(y0) and (g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x) 5Q g(y1). (4)

Hence, by taking into account that Q is a convex cone and Q + intQ ⊆ intQ, we
deduce from (3) and (4) that

(f +φ◦ψ+ g ◦h1 ◦h2 ◦ ...◦hm)(x)− (f +φ◦ψ+ g ◦h1 ◦h2 ◦ ...◦hm)(x) <Q A(x−x)

which contradicts A ∈ ∂w(f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x).
(⇐) This is also obvious by contradiction too.
the case σ = p is obtained similarly as σ = w in which it is recommended to take
into account that int Q̂ ⊆ Q̂\l(Q̂) and Q̂\l(Q̂) + Q̂\l(Q̂) ⊆ Q̂\l(Q̂), for all convex
cone Q̂ ( Z that satisfies Q \ {0} ⊆ int Q̂.

Lemma 3.4. (1) Let i ∈ {1, ...,m− 1} and (x, y0, y1, ..., ym) ∈ domHi.
Then, for all z∗ ∈ Q∗ we have

(x∗, y∗0, y
∗
1, ..., y

∗
m) ∈ ∂(z∗ ◦Hi)(x, y0, y1, ..., ym)

⇐⇒


x∗ = 0, y∗k = 0, k ∈ {0, ...,m}\{i, i+ 1},

−y∗i ∈ K∗
i and ⟨−y∗i , yi − hi(yi+1)⟩ = 0,

y∗i+1 ∈ ∂(−y∗i ◦ hi)(yi+1).
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(2) Let (x, y0, y1, ..., ym) ∈ domHm. Then, for all z∗ ∈ Q∗ we have

(x∗, y∗0, y
∗
1, ..., y

∗
m) ∈ ∂(z∗ ◦Hm)(x, y0, y1, ..., ym)

⇐⇒


y∗k = 0, k = 0, ...,m− 1,

−y∗m ∈ K∗
m and ⟨−y∗m, ym − hm(x)⟩ = 0,

x∗ ∈ ∂(−y∗m ◦ hm)(x).

(3) Let (x, y0, y1, ..., ym) ∈ domΨ. Then, for all z∗ ∈ Q∗ we have

(x∗, y∗0, y
∗
1, ..., y

∗
m) ∈ ∂(z∗ ◦Ψ)(x, y0, y1, ..., ym)

⇐⇒


y∗k = 0, k = 1, ...,m,

−y∗0 ∈ K∗
0 and ⟨−y∗0, y0 − ψ(x)⟩ = 0,

x∗ ∈ ∂(−y∗0 ◦ ψ)(x).

(4) Let (x, y0, y1, ..., ym) ∈ domF . Then, for all z∗ ∈ Q∗ we have
∂(z∗ ◦ F )(x, y0, y1, ..., ym) = ∂(z∗ ◦ f)(x)× {0} × ...× {0}.

(5) Let (x, y0, y1, ..., ym) ∈ domG. Then, for all z∗ ∈ Q∗ we have
∂(z∗ ◦G)(x, y0, y1, ..., ym) = {0} × {0} × ∂(z∗ ◦ g)(y1)× {0} × ...× {0}.

(6) Let (x, y0, y1, ..., ym) ∈ domΦ. Then, for all z∗ ∈ Q∗ we have
∂(z∗ ◦ Φ)(x, y0, y1, ..., ym) = {0} × ∂(z∗ ◦ φ)(y0)× {0} × ...× {0}.

Proof. We prove (1), since the proof of (2)–(6) is similar to (1).
(⇒) Let i ∈ {1, ...,m− 1}, (x, y0, y1, ..., ym) ∈ domHi and z∗ ∈ Q∗. Since

(z∗ ◦Hi)(x, y0, y1, ..., ym) = (z∗ ◦ δvepihi)(yi+1, yi) = δepihi(yi+1, yi),
for all (x, y0, y1, ..., ym) ∈ X ×

∏m
k=0 Yk, and (yi+1, yi) ∈ epihi, it follows that

(x∗, y∗0, y
∗
1, ..., y

∗
m) ∈ ∂(z∗ ◦Hi)(x, y0, y1, ..., ym) ⇐⇒

δepihi(yi+1, yi) ≥ ⟨x∗, x− x⟩+
m∑
k=0

⟨y∗k, yk−yk⟩, ∀(x, y0, y1, ..., ym)∈X×
m∏
k=0

Yk. (5)

Set yk := yk in (5), k = 0, ...,m, then we have for all x ∈ X

0 ≥ ⟨x∗, (x+ x)− x⟩ = ⟨x∗, x⟩ and 0 ≥ ⟨x∗, (−x+ x)− x⟩ = −⟨x∗, x⟩.

Thus, we deduce that ⟨x∗, x⟩ = 0 for all x ∈ X, i.e. x∗ = 0. Similarly, we can prove
that y∗k = 0 for all k ∈ {0, ...,m}\{i, i+ 1}. As a consequence, (5) becomes

δepihi(yi+1, yi) ≥ ⟨y∗i , yi − yi⟩+ ⟨y∗i+1, yi+1 − yi+1⟩, ∀(yi, yi+1) ∈ Yi × Yi+1. (6)

By taking yi+1 := yi+1 in (6), we obtain that

0 ≥ ⟨y∗i , (yi + yi)− yi⟩ = ⟨y∗i , yi⟩,∀yi ∈ Ki.
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This inequality implies −y∗i ∈ K∗
i .

Now we prove that ⟨−y∗i , yi−hi(yi+1)⟩ = 0. By setting yi+1 := yi+1 and yi := hi(yi+1)
in (6), one can see easily that

⟨−y∗i , yi − hi(yi+1)⟩ ≤ 0. (7)

On the other hand, we have

⟨−y∗i , yi − hi(yi+1)⟩ ≥ 0, (8)

since −y∗i ∈ K∗
i and yi − hi(yi+1) ∈ Ki. Hence, from (7) and (8), we deduce that

⟨−y∗i , yi − hi(yi+1)⟩ = 0.

To complete the proof of the right implication, it remains to show that we have
y∗i+1 ∈ ∂(−y∗i ◦ hi)(yi+1), that is

(−y∗i ◦ hi)(y) ≥ (−y∗i ◦ hi)(yi+1) + ⟨y∗i+1, y − yi+1⟩, ∀y ∈ Yi+1. (9)

If y /∈ domhi then (9) is obvious. Suppose that y ∈ domhi, then by setting yi+1 := y
and yi := hi(y) in (6), we obtain that

(−y∗i ◦ hi)(y) ≥ −⟨y∗i , yi⟩+ ⟨y∗i+1, y − yi+1⟩.

Since ⟨−y∗i , yi− hi(yi+1)⟩ = 0, it follows that (−y∗i ◦ hi)(yi+1) = −⟨y∗i , yi⟩ and hence

(−y∗i ◦ hi)(y) ≥ (−y∗i ◦ hi)(yi+1) + ⟨y∗i+1, y − yi+1⟩.

Thus, we conclude that y∗i+1 ∈ ∂(−y∗i ◦ hi)(yi+1).
(⇐) This is obvious.

Now, we can state and prove our main result.

Theorem 3.5. Let
x ∈ domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1

m ◦ h−1
m−1 ◦ ... ◦ h−1

1 )(domg) ∩domhm,
ym = hm(x), ym−1 = hm−1(ym), ..., y1 = h1(y2), y0 = ψ(x) and σ ∈ {w, p}. In
addition, we assume that Q is pointed as σ = p. Then we have

A ∈ ∂σ(f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x)
if and only if there exist z∗ ∈ Qσ and nets {xj}j∈J ⊆ domf , {y0,j}j∈J ⊆ domφ,
{(wj, w0,j)}j∈J ⊆ epiψ, {u1,j}j∈J ⊆ domg, {(vii+1,j, v

i
i,j)}j∈J ⊆ epihi, i = 1, ...,m−1,

{(vmj , vmm,j)}j∈J ⊆ epihm, {x∗j}j∈J ⊆ X∗, {y∗0,j}j∈J ⊆ Y ∗
0 , {(w∗

j , w
∗
0,j)}j∈J ⊆ X∗×Y ∗

0 ,
{u∗1,j}j∈J ⊆ Y ∗

1 , {(vi∗i,j, vi∗i+1,j)}j∈J ⊆ Y ∗
i × Y ∗

i+1, i = 1, ...,m − 1, and finally the net
{(vm∗

j , vm∗
m,j)}j∈J ⊆ X∗ × Y ∗

m satisfying
x∗j ∈ ∂(z∗ ◦ f)(xj), xj

∥.∥X−−→
j∈J

x,

(z∗ ◦ f)(xj)− (z∗ ◦ f)(x)− ⟨x∗j , xj − x⟩ −−→
j∈J

0,
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y∗0,j ∈ ∂(z∗ ◦ φ)(y0,j), y0,j

∥.∥Y0−−−→
j∈J

y0,

(z∗ ◦ φ)(y0,j)− (z∗ ◦ φ)(y0)− ⟨y∗0,j, y0,j − y0⟩ −−→
j∈J

0,

−w∗
0,j ∈ K∗

0 , ⟨−w∗
0,j, w0,j − ψ(wj)⟩ = 0,

w∗
j ∈ ∂(−w∗

0,j ◦ ψ)(wj), wj
∥.∥X−−→
j∈J

x, w0,j

∥.∥Y0−−−→
j∈J

y0,

⟨−w∗
j , wj − x⟩+ ⟨−w∗

0,j, w0,j − y0⟩ −−→
j∈J

0,
u∗1,j ∈ ∂(z∗ ◦ g)(u1,j), u1,j

∥.∥Y1−−−→
j∈J

y1,

(z∗ ◦ g)(u1,j)− (z∗ ◦ g)(y1)− ⟨u∗1,j, u1,j − y1⟩ −−→
j∈J

0,

for i = 1, ...,m− 1,

−vi∗i,j ∈ K∗
i , ⟨−vi∗i,j, vii,j − hi(v

i
i+1,j)⟩ = 0,

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j), v
i
i,j

∥.∥Yi−−−→
j∈J

yi, v
i
i+1,j

∥.∥Yi+1−−−−→
j∈J

yi+1,

⟨−vi∗i,j, vii,j − yi⟩+ ⟨−vi∗i+1,j, v
i
i+1,j − yi+1⟩ −−→

j∈J
0,

−vm∗
m,j ∈ K∗

m, ⟨−vm∗
m,j, v

m
m,j − hm(v

m
j )⟩ = 0,

vm∗
j ∈ ∂(−vm∗

m,j ◦ hm)(vmj ), vmj
∥.∥X−−→
j∈J

x, vmm,j
∥.∥Ym−−−→
j∈J

ym,

⟨−vm∗
j , vmj − x⟩+ ⟨−vm∗

m,j, v
m
m,j − ym⟩ −−→

j∈J
0,

and 
x∗j + w∗

j + vm∗
j

w(X∗,X)−−−−−→
j∈J

z∗ ◦ A, y∗0,j + w∗
0,j

w(Y ∗
0 ,Y0)−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y ∗

1 ,Y1)−−−−−→
j∈J

0, v
(i−1)∗
i,j + vi∗i,j

w(Y ∗
i ,Yi)−−−−−→
j∈J

0, i = 2, ...,m.

Proof. According to Lemma 3.3, A ∈ ∂σ(f +φ ◦ψ+ g ◦ h1 ◦ h2 ◦ ... ◦ hm)(x) if and
only if

T ∈ ∂σ
(
F + Φ+Ψ+G+

m∑
i=1

Hi

)
(x, y0, y1, ..., ym),

where T (x, y0, y1, ..., ym) := A(x), for all (x, y0, y1, ..., ym) ∈ X×
∏m

k=0 Yk. Therefore,
by Theorem 2.8, it follows that there exists z∗ ∈ Qσ such that

z∗ ◦ T ∈ ∂
(
z∗ ◦ F + z∗ ◦ Φ + z∗ ◦Ψ+ z∗ ◦G+

m∑
i=1

z∗ ◦Hi

)
(x, y0, y1, ..., ym)

and as can be seen easily this assertion is equivalent to

(z∗ ◦A, 0, 0, ..., 0) ∈ ∂
(
z∗ ◦F + z∗ ◦Φ+ z∗ ◦Ψ+ z∗ ◦G+

m∑
i=1

z∗ ◦Hi

)
(x, y0, y1, ..., ym).
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By Proposition 2.6, the functions z∗ ◦F , z∗ ◦Φ, z∗ ◦Ψ, z∗ ◦G and z∗ ◦H1, ..., z
∗ ◦Hm

are all proper, convex and lower semicontinuous since F , Φ, Ψ, G and H1, ..., Hm are
proper, Q-convex and lower semicontinuous and z∗ ∈ Qσ. Therefore, by applying
Theorem 2.9, we assert that there exist nets

{(xj, x0,j, x1,j, ..., xm,j)}j∈J ⊆ dom(z∗ ◦ F ) = domf ×
m∏
k=0

Yk,

{(x∗j , x∗0,j, x∗1,j, ..., x∗m,j)}j∈J ⊆ X∗ ×
m∏
k=0

Y ∗
k ,

{(yj, y0,j, y1,j, ..., ym,j)}j∈J ⊆ dom(z∗ ◦ Φ) = X × domφ×
m∏
k=1

Yk,

{(y∗j , y∗0,j, y∗1,j, ..., y∗m,j)}j∈J ⊆ X∗ ×
m∏
k=0

Y ∗
k ,

{(wj, w0,j, w1,j, ..., wm,j)}j∈J ⊆ dom(z∗ ◦Ψ)(
i.e. {wj}j∈J ⊆ X and {wk,j}j∈J ⊆ Yk, k = 0, ...,m, with {(wj, w0,j)}j∈J ⊆ epiψ

)
,

{(w∗
j , w

∗
0,j, w

∗
1,j, ..., w

∗
m,j)}j∈J ⊆ X∗ ×

m∏
k=0

Y ∗
k ,

{(uj, u0,j, u1,j, ..., um,j)}j∈J ⊆ dom(z∗ ◦G) = X × Y0 × domg ×
m∏
k=2

Yk,

{(u∗j , u∗0,j, u∗1,j, ..., u∗m,j)}j∈J ⊆ X∗ ×
m∏
k=0

Y ∗
k ,

{(vij, vi0,j, vi1,j, ..., vim,j)}j∈J ⊆ dom(z∗ ◦Hi), i = 1, ...,m− 1(
i.e. for i = 1, ...,m − 1, {vij}j∈J ⊆ X and {vik,j}j∈J ⊆ Yk, k = 0, ...,m, with
{(vii+1,j, v

i
i,j)}j∈J ⊆ epihi

)
,

{(vi∗j , vi∗0,j, vi∗1,j, ..., vi∗m,j)}j∈J ⊆ X∗ ×
m∏
k=0

Y ∗
k , i = 1, ...,m− 1,

{(vmj , vm0,j, vm1,j, ..., vmm,j)}j∈J ⊆ dom(z∗ ◦Hm)(
i.e. {vmj }j∈J ⊆ X and {vmk,j}j∈J ⊆ Yk, k = 0, ...,m, with {(vmj , vmm,j)}j∈J ⊆ epihm

)
,

{(vm∗
j , vm∗

0,j , v
m∗
1,j , ..., v

m∗
m,j)}j∈J ⊆ X∗ ×

m∏
k=0

Y ∗
k

satisfying 

(x∗j , x
∗
0,j, x

∗
1,j, ..., x

∗
m,j) ∈ ∂(z∗ ◦ F )(xj, x0,j, x1,j, ..., xm,j),

(xj, x0,j, x1,j, ..., xm,j)
∥.∥X×

∏m
k=0

Yk−−−−−−−−→
j∈J

(x, y0, y1, ..., ym),

(z∗ ◦ F )(xj, x0,j, x1,j, ..., xm,j)− (z∗ ◦ F )(x, y0, y1, ..., ym)

−⟨x∗j , xj − x⟩ −
∑m

k=0⟨x∗k,j, xk,j − yk⟩ −−→
j∈J

0,

(10)
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(y∗j , y
∗
0,j, y

∗
1,j, ..., y

∗
m,j) ∈ ∂(z∗ ◦ Φ)(yj, y0,j, y1,j, ..., ym,j),

(yj, y0,j, y1,j, ..., ym,j)
∥.∥X×

∏m
k=0

Yk−−−−−−−−→
j∈J

(x, y0, y1, ..., ym),

(z∗ ◦ Φ)(yj, y0,j, y1,j, ..., ym,j)− (z∗ ◦ Φ)(x, y0, y1, ..., ym)

−⟨y∗j , yj − x⟩ −
m∑
k=0

⟨y∗k,j, yk,j − yk⟩ −−→
j∈J

0,

(11)



(w∗
j , w

∗
0,j, w

∗
1,j, ..., w

∗
m,j) ∈ ∂(z∗ ◦Ψ)(wj, w0,j, w1,j, ..., wm,j),

(wj, w0,j, w1,j, ..., wm,j)
∥.∥X×

∏m
k=0

Yk−−−−−−−−→
j∈J

(x, y0, y1, ..., ym),

(z∗ ◦Ψ)(wj, w0,j, w1,j, ..., wm,j)− (z∗ ◦Ψ)(x, y0, y1, ..., ym)

−⟨w∗
j , wj − x⟩ −

m∑
k=0

⟨w∗
k,j, wk,j − yk⟩ −−→

j∈J
0,

(12)



(u∗j , u
∗
0,j, u

∗
1,j, ..., u

∗
m,j) ∈ ∂(z∗ ◦G)(uj, u0,j, u1,j, ..., um,j),

(uj, u0,j, u1,j, ..., um,j)
∥.∥X×

∏m
k=0

Yk−−−−−−−−→
j∈J

(x, y0, y1, ..., ym),

(z∗ ◦G)(uj, u0,j, u1,j, ..., um,j)− (z∗ ◦G)(x, y0, y1, ..., ym)

−⟨u∗j , uj − x⟩ −
m∑
k=0

⟨u∗k,j, uk,j − yk⟩ −−→
j∈J

0,

(13)

for i = 1, ...,m− 1,

(vi∗j , v
i∗
0,j, v

i∗
1,j, ..., v

i∗
m,j) ∈ ∂(z∗ ◦Hi)(v

i
j, v

i
0,j, v

i
1,j, ..., v

i
m,j),

(vij, v
i
0,j, v

i
1,j, ..., v

i
m,j)

∥.∥X×
∏m

k=0
Yk−−−−−−−−→

j∈J
(x, y0, y1, ..., ym),

(z∗ ◦Hi)(v
i
j, v

i
0,j, v

i
1,j, ..., v

i
m,j)− (z∗ ◦Hi)(x, y0, y1, ..., ym)

−⟨vi∗j , vij − x⟩ −
m∑
k=0

⟨vi∗k,j, vik,j − yk⟩ −−→
j∈J

0,

(14)



(vm∗
j , vm∗

0,j , v
m∗
1,j , ..., v

m∗
m,j) ∈ ∂(z∗ ◦Hm)(v

m
j , v

m
0,j, v

m
1,j, ..., v

m
m,j),

(vmj , v
m
0,j, v

m
1,j, ..., v

m
m,j)

∥.∥X×
∏m

k=0
Yk−−−−−−−−→

j∈J
(x, y0, y1, ..., ym),

(z∗ ◦Hm)(v
m
j , v

m
0,j, v

m
1,j, ..., v

m
m,j)− (z∗ ◦Hm)(x, y0, y1, ..., ym)

−⟨vm∗
j , vmj − x⟩ −

m∑
k=0

⟨vm∗
k,j , v

m
k,j − yk⟩ −−→

j∈J
0,

(15)

and 
x∗j + y∗j + w∗

j + u∗j +
m∑
k=1

vk∗j
w(X∗,X)−−−−−→
j∈J

z∗ ◦ A,

x∗i,j + y∗i,j + w∗
i,j + u∗i,j +

m∑
k=1

vk∗i,j
w(Y ∗

i ,Yi)−−−−−→
j∈J

0, i = 0, ...,m.

(16)
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By Lemma 3.4, (10)–(15) are equivalent respectively tox
∗
j ∈ ∂(z∗ ◦ f)(xj), xj

∥.∥X−−→
j∈J

x, xk,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

(z∗ ◦ f)(xj)− (z∗ ◦ f)(x)− ⟨x∗j , xj − x⟩ −−→
j∈J

0,

y
∗
0,j ∈ ∂(z∗ ◦ φ)(y0,j), yj

∥.∥X−−→
j∈J

x, yk,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

(z∗ ◦ φ)(y0,j)− (z∗ ◦ φ)(y0)− ⟨y∗0,j, y0,j − y0⟩ −−→
j∈J

0,
−w∗

0,j ∈ K∗
0 , ⟨−w∗

0,j, w0,j − ψ(wj)⟩ = 0,

w∗
j ∈ ∂(−w∗

0,j ◦ ψ)(wj), wj
∥.∥X−−→
j∈J

x, wk,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

⟨−w∗
j , wj − x⟩+ ⟨−w∗

0,j, w0,j − y0⟩ −−→
j∈J

0,u
∗
1,j ∈ ∂(z∗ ◦ g)(u1,j), uj

∥.∥X−−→
j∈J

x, uk,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

(z∗ ◦ g)(u1,j)− (z∗ ◦ g)(y1)− ⟨u∗1,j, u1,j − y1⟩ −−→
j∈J

0,

for i = 1, ...,m− 1,
−vi∗i,j ∈ K∗

i , ⟨−vi∗i,j, vii,j − hi(v
i
i+1,j)⟩ = 0,

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j), v
i
j

∥.∥X−−→
j∈J

x, vik,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

⟨−vi∗i,j, vii,j − yi⟩+ ⟨−vi∗i+1,j, v
i
i+1,j − yi+1⟩ −−→

j∈J
0,

and 
−vm∗

m,j ∈ K∗
m, ⟨−vm∗

m,j, v
m
m,j − hm(v

m
j )⟩ = 0,

vm∗
j ∈ ∂(−vm∗

m,j ◦ hm)(vmj ), vmj
∥.∥X−−→
j∈J

x, vmk,j
∥.∥Yk−−−→
j∈J

yk, k = 0, ...,m,

⟨−vm∗
j , vmj − x⟩+ ⟨−vm∗

m,j, v
m
m,j − ym⟩ −−→

j∈J
0,

with 
x∗k,j = 0, k = 0, ...,m, y∗j = 0, y∗k,j = 0, k = 1, ...,m,

w∗
k,j = 0, k = 1, ...,m, u∗j = 0, u∗0,j = 0, u∗k,j = 0, k = 2, ...,m,

vi∗j = 0, vi∗k,j = 0, k ∈ {0, ...,m}\{i, i+ 1}, i = 1, ...,m− 1,

vm∗
k,j = 0, k = 0, ...,m− 1.

(17)

Taking (17) into account, then we deduce that

(16) ⇐⇒


x∗j + w∗

j + vm∗
j

w(X∗,X)−−−−−→
j∈J

z∗ ◦ A, y∗0,j + w∗
0,j

w(Y ∗
0 ,Y0)−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y ∗

1 ,Y1)−−−−−→
j∈J

0, v
(i−1)∗
i,j + vi∗i,j

w(Y ∗
i ,Yi)−−−−−→
j∈J

0, i = 2, ...,m.
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Therefore the proof is complete since {xk,j}j∈J , k = 0, ...,m, {yj}j∈J , {yk,j}j∈J ,
k = 1, ...,m, {wk,j}j∈J , k = 1, ...,m, {uj}j∈J , {u0,j}j∈J , {uk,j}j∈J , k = 2, ...,m,
{vij}j∈J , {vik,j}j∈J , k ∈ {0, ...,m}\{i, i + 1}, i = 1, ...,m − 1, and {vmk,j}j∈J ,
k = 0, ...,m− 1, are superfluous nets.

As a particular case of Theorem 3.5, we get the following corollary when g ≡ 0,
hi ≡ 0 and K0 = Y0, ..., Km = Ym (see the reflexive case in [10]).

Corollary 3.6. Let x ∈ domf ∩ ψ−1(domφ) ∩ domψ, y0 = ψ(x) and σ ∈ {w, p}.
In addition we assume that Q is pointed as σ = p. Then, A ∈ ∂σ(f + φ ◦ ψ)(x)
if and only if there exist z∗ ∈ Qσ and nets {xj}j∈J ⊆ domf , {y0,j}j∈J ⊆ domφ,
{(wj, w0,j)}j∈J ⊆ epiψ, {x∗j}j∈J ⊆ X∗, {y∗0,j}j∈J ⊆ Y ∗

0 and {(w∗
j , w

∗
0,j)}j∈J ⊆ X∗×Y ∗

0

satisfying 
x∗j ∈ ∂(z∗ ◦ f)(xj), xj

∥.∥X−−→
j∈J

x,

(z∗ ◦ f)(xj)− (z∗ ◦ f)(x)− ⟨x∗j , xj − x⟩ −−→
j∈J

0,y
∗
0,j ∈ ∂(z∗ ◦ φ)(y0,j), y0,j

∥.∥Y0−−−→
j∈J

y0,

(z∗ ◦ φ)(y0,j)− (z∗ ◦ φ)(y0)− ⟨y∗0,j, y0,j − y0⟩ −−→
j∈J

0,
−w∗

0,j ∈ K∗
0 , ⟨−w∗

0,j, w0,j − ψ(wj)⟩ = 0,

w∗
j ∈ ∂(−w∗

0,j ◦ ψ)(wj), wj
∥.∥X−−→
j∈J

x, w0,j

∥.∥Y0−−−→
j∈J

y0,

⟨−w∗
j , wj − x⟩+ ⟨−w∗

0,j, w0,j − y0⟩ −−→
j∈J

0,

and x∗j + w∗
j

w(X∗,X)−−−−−→
j∈J

z∗ ◦ A, y∗0,j + w∗
0,j

w(Y ∗
0 ,Y0)−−−−−→
j∈J

0.

4. Applications

In this section, we present two multiobjective optimization problems to illustrate our
main result. The first is a multiobjective minimax problem with infimal distances
and the second is a multiobjective bilevel programming problem with extremal value
function.

4.1. Sequential σ-efficient optimality conditions for multiobjective
minimax problems with infimal distances

In order to illustrate the main result of this work, we propose deriving, in the
absence of any qualification condition, sequential optimality conditions for σ-efficient
solutions of a multiobjective minimax problem with infimal distances. To do this,
we will first write the considered problem as a multi-composed vector optimization
problem.
We consider the following multiobjective minimax problem with infimal distances
treated (from a duality point of view) in [16]

(MMP) v-min
x∈X

(
max
1≤i≤q

w1
i dAi

(x), ..., max
1≤i≤q

wαi dAi
(x)

)
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where A1, ..., Aq are nonempty convex subsets of a reflexive Banach space X with
∩qi=1clAi = ∅ (here clAi stands for the closure of Ai, i = 1, ..., q), wki > 0, i = 1, ..., q,
k = 1, ..., α, are positive weights and dA1 , ..., dAq : X → R are distance functions
defined by

dAi
(x) := inf

ai∈Ai

γi(x− ai), ∀x ∈ X, i = 1, ..., q,

with γ1, ..., γq are continuous norms on X.
To apply our main result, we define Z := Rα, Q := Rα

+, Y2 := Rq, K2 := Rq
+,

Y1 := (Rq)α := Rq × ...× Rq︸ ︷︷ ︸
α−times

and K1 := (Rq
+)

α := Rq
+ × ...× Rq

+︸ ︷︷ ︸
α−times

with

∥(x11, ..., x1q, ..., xα1 , ..., xαq )∥(Rq)α :=

√√√√ α∑
k=1

∥(xk1, ..., xkq)∥2Rq .

Besides, we introduce the following vector functions
• g : (Rq)α → Rα defined by

g(x11, ..., x
1
q, ..., x

α
1 , ..., x

α
q ) :=

(
l+1 (x

1
1, ..., x

1
q), ..., l

+
α (x

α
1 , ..., x

α
q )
)

,

where l+k (x
k
1, ..., x

k
q) := lk

(
(xk1)

+, ..., (xkq)
+
)
:= max1≤i≤q

∣∣∣(xki )+∣∣∣, k = 1, ..., α,
(xki )

+ := max{0, xki }, i = 1, ..., q, k = 1, ..., α, l+k (+∞Rq) = +∞, k = 1, ..., α,

• h1 : Rq → (Rq)α ∪ {+∞(Rq)α} defined by

h1(x1, ..., xq) :=

{
(w1

1x1, ..., w
1
qxq, ..., w

α
1 x1, ..., w

α
q xq), if (x1, ..., xq) ∈ Rq

+,

+∞(Rq)α , otherwise,
and

• h2 : X → Rq defined by h2(x) := (dA1(x), ..., dAq(x)), x ∈ X.
From here it follows that the problem (MMP) can equivalently be written as a
multi-composed vector optimization problem

(MMP) v-min
x∈X

(g ◦ h1 ◦ h2)(x).

Clearly the map g : (Rq)α → Rα is proper, Rα
+-convex, ((Rq

+)
α,Rα

+)-nondecreasing
on domg = (Rq)α and lower semicontinuous, since l+k , k = 1, ..., α, are convex, con-
tinuous and Rq

+-nondecreasing on Rq with doml+k = Rq, k = 1, ..., α (see [17]).
Moreover, it is easy to observe that h1 : Rq → (Rq)α ∪ {+∞(Rq)α} is proper,
(Rq

+)
α-convex, (Rq

+, (R
q
+)

α)-nondecreasing on domh1 = Rq
+ and (Rq

+)
α-epi closed

with h1(domh1) ⊆ (Rq
+)

α ⊆ domg. As dA1 , ..., dAq are convex and continuous with
domdAi

= X, i = 1, ..., q, it follows that h2 : X → Rq is proper, Rq
+-convex and

Rq
+-epi closed with domh2 = X and h2(dom(h2)) ⊆ Rq

+ = domh1.

Remark 4.1. Let us note that

• (Rα
+)

σ =

Rα
+ \ {0}, if σ = w,

intRα
+, if σ = p,
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• epih1 = E1 :=
{
(x1, ..., xq, y

1
1, ..., y

1
q , ..., y

α
1 , ..., y

α
q ) ∈ Rq

+ × (Rq
+)

α :

wki xi ≤ yki , i = 1, ..., q, k = 1, ..., α
}

,

• epih2 = E2 :=
{
(x, y1, ..., yq) ∈ X × Rq

+ : dAi
(x) ≤ yi, i = 1, ..., q

}
.

The following lemma will be needed.

Lemma 4.2. (1) Let (x11, ..., x1q, ..., xα1 , ..., xαq ) ∈ (Rq)α and (z∗1 , ..., z
∗
α) ∈ (Rα

+)
σ.

Then we have

∂l+k (x
k
1, ..., x

k
q) =

(xk∗1 , ..., x
k∗
q ) ∈ Rq

+ :

q∑
i=1

xk∗i ≤ 1 and

max
1≤i≤q

(xki )
+ =

q∑
i=1

xk∗i x
k
i

 , k = 1, ..., α,

and ∂
(
(z∗1 , ..., z

∗
α) ◦ g

)
(x11, ..., x

1
q, ..., x

α
1 , ..., x

α
q ) =

α∏
k=1

z∗k∂l
+
k (x

k
1, ..., x

k
q).

(2) Let (x1, ..., xq) ∈ Rq
+ and (y11, ..., y

1
q , ..., y

α
1 , ..., y

α
q ) ∈ (Rq

+)
α. Then we have

(x∗1, ..., x
∗
q) ∈ ∂

(
(y11, ..., y

1
q , ..., y

α
1 , ..., y

α
q ) ◦ h1

)
(x1, ..., xq)

⇐⇒ x∗i ∈S1

( α∑
k=1

wki y
k
i , xi

)
:=

x∈R :

x−
α∑
k=1

wki y
k
i ≤ 0 and

xi

(
x−

α∑
k=1

wki y
k
i

)
= 0

 , i = 1, ..., q.

(3) Let x ∈ X and (y1, ..., yq) ∈ Rq
+. Then, we have

∂
(
(y1, ..., yq) ◦ h2

)
(x) = S2(y1, ..., yq, x) := y1∂dA1(x) + ...+ yq∂dAq(x).

Proof. (1) Let (x11, ..., x
1
q, ..., x

α
1 , ..., x

α
q ) ∈ (Rq)α and (z∗1 , ..., z

∗
α) ∈ (Rα

+)
σ. To com-

pute the subdifferential of l+k at (xk1, ..., x
k
q) ∈ Rq, k = 1, ..., α, it suffices to see by

Proposition 4.2 in [17] that

(
l+k

)∗
(xk∗1 , ..., x

k∗
q ) =

0, if (xk∗1 , ..., xk∗q ) ∈ Rq
+ and

q∑
i=1

|xk∗i | ≤ 1,

+∞, otherwise,

for all (xk∗1 , ..., xk∗q ) ∈ Rq, k = 1, ..., α. On the other hand, since l+k is finite, convex
and continuous at (xk1, ..., x

k
q) ∈ Rq, k = 1, ..., α, and also the fact that

(
(z∗1 , ..., z

∗
α) ◦ g

)
(t11, ..., t

1
q, ..., t

α
1 , ..., t

α
q ) =

α∑
k=1

z∗kl
+
k (t

k
1, ..., t

k
q),

for all (t11, ..., t
1
q, ..., t

α
1 , ..., t

α
q ) ∈ (Rq)α.
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It results by Corollary 2.4.5 in [19] that

∂
(
(z∗1 , ..., z

∗
α) ◦ g

)
(x11, ..., x

1
q, ..., x

α
1 , ..., x

α
q ) =

α∏
k=1

∂(z∗kl
+
k )(x

k
1, ..., x

k
q)

=
α∏
k=1

z∗k∂l
+
k (x

k
1, ..., x

k
q).

(2) Let (x1, ..., xq) ∈ Rq
+ and (y11, ..., y

1
q , ..., y

α
1 , ..., y

α
q ) ∈ Rq

+. Then, we have

(x∗1, ..., x
∗
q) ∈ ∂

(
(y11, ..., y

1
q , ..., y

α
1 , ..., y

α
q ) ◦ h1

)
(x1, ..., xq)

⇐⇒
q∑
i=1

ti

( α∑
k=1

wki y
k
i

)
≥

q∑
i=1

xi

( α∑
k=1

wki y
k
i

)
+

q∑
i=1

x∗i (ti−xi), ∀(t1, ..., tq)∈Rq
+

⇐⇒ ti

( α∑
k=1

wki y
k
i

)
≥ xi

( α∑
k=1

wki y
k
i

)
+ x∗i (ti − xi), ∀ti ≥ 0, i = 1, ..., q

⇐⇒ x∗i −
α∑
k=1

wki y
k
i ∈ NR+(xi), i = 1, ..., q

⇐⇒ x∗i −
α∑
k=1

wki y
k
i ≤ 0 and xi

(
x∗i −

α∑
k=1

wki y
k
i

)
= 0, i = 1, ..., q.

(3) The proof is immediate because the finite functions dA1 , ..., dAq are convex and
continuous on X.

We are now ready to state sequential σ-efficient optimality conditions for the problem
(MMP).

Theorem 4.3. x ∈ X is a σ-efficient solution of the problem (MMP) if and only if
there exist (z∗1 , ..., z∗α) ∈ (Rα

+)
σ and sequences {(xk1,n, ..., xkq,n)}n∈N ⊆ Rq, k = 1, ..., α,

{(t1,n, ..., tq,n, r11,n, ..., r1q,n, ..., rα1,n, ..., rαq,n)}n∈N ⊆ E1, {(xn, s1,n, ..., sq,n)}n∈N ⊆ E2,
{(xk∗1,n, ..., xk∗q,n)}n∈N ⊆ Rq

+, k = 1, ..., α, {(t∗1,n, ..., t∗q,n)}n∈N ⊆ Rq, {(rk∗1,n, ..., rk∗q,n)}n∈N
⊆ Rq

+, k = 1, ..., α, {x∗n}n∈N ⊆ X∗, {(s∗1,n, ..., s∗q,n)}n∈N ⊆ Rq
+ satisfying



q∑
i=1

xk∗i,n ≤ 1, max
1≤i≤q

(xki,n)
+ =

q∑
i=1

xk∗i,nx
k
i,n, k = 1, ..., α,

(xk1,n, ..., x
k
q,n)

∥.∥Rq−−−−→
n→+∞

(wk1dA1(x), ..., w
k
qdAq(x)), k = 1, ..., α,

z∗k

( q∑
i=1

xk∗i,nw
k
i dAi

(x)
)
−−−−→
n→+∞

z∗k max
1≤i≤q

wki dAi
(x), k = 1, ..., α,
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t∗i,n ∈ S1

( α∑
k=1

wki r
k
i,n, ti,n

)
, i = 1, ..., q,

rk∗i,n(r
k
i,n − wki ti,n) = 0, i = 1, ..., q, k = 1, ..., α,

(t1,n, ..., tq,n)
∥.∥Rq−−−−→
n→+∞

(dA1(x), ..., dAq(x)),

(rk1,n, ..., r
k
q,n)

∥.∥Rq−−−−→
n→+∞

(wk1dA1(x), ..., w
k
qdAq(x)), k = 1, ..., α,

α∑
k=1

q∑
i=1

rk∗i,n(r
k
i,n − wki dAi

(x))−
q∑
i=1

t∗i,n(ti,n − dAi
(x)) −−−−→

n→+∞
0,



x∗n ∈ S2(s
∗
1,n, ..., s

∗
q,n, xn),

s∗i,n(si,n − dAi
(xn)) = 0, i = 1, ..., q,

xn
∥.∥X−−−−→
n→+∞

x, (s1,n, ..., sq,n)
∥.∥Rq−−−−→
n→+∞

(dA1(x), ..., dAq(x)),
q∑
i=1

s∗i,n(si,n − dAi
(x))− ⟨x∗n, xn − x⟩ −−−−→

n→+∞
0,

and



x∗n
∥.∥X∗−−−−→
n→+∞

0,

(z∗kx
k∗
1,n − rk∗1,n, ..., z

∗
kx

k∗
q,n − rk∗q,n)

∥.∥Rq−−−−→
n→+∞

(0, ..., 0), k = 1, ..., α,

(t∗1,n − s∗1,n, ..., t
∗
q,n − s∗q,n)

∥.∥Rq−−−−→
n→+∞

(0, ..., 0).

Proof. Clearly x ∈ X is a σ-efficient solution of the problem (MMP) if and only
if 0 ∈ ∂σ(g ◦ h1 ◦ h2)(x). Therefore, by applying Theorem 3.5 and also Lemma 4.2,
we assert that there exist (z∗1 , ..., z

∗
α) ∈ (Rα

+)
σ and sequences

{(x11,n, ..., x1q,n, ..., xα1,n, ..., xαq,n)}n∈N ⊆ domg = (Rq)α,

{(t1,n, ..., tq,n, r11,n, ..., r1q,n, ..., rα1,n, ..., rαq,n)}n∈N ⊆ epih1 = E1,

{(xn, s1,n, ..., sq,n)}n∈N ⊆ epih2 = E2,
{(x1∗1,n, ..., x1∗q,n, ..., xα∗1,n, ..., xα∗q,n)}n∈N ⊆ (Rq

+)
α,

{(t∗1,n, ..., t∗q,n)}n∈N ⊆ Rq, {(r1∗1,n, ..., r1∗q,n, ..., rα∗1,n, ..., rα∗q,n)}n∈N ⊆ (Rq
+)

α,

{x∗n}n∈N ⊆ X∗, {(s∗1,n, ..., s∗q,n)}n∈N ⊆ Rq
+

satisfying 

(xk∗1,n, ..., x
k∗
q,n) ∈ ∂l+k (x

k
1,n, ..., x

k
q,n), k = 1, ..., α,

(xk1,n, ..., x
k
q,n)

∥.∥Rq−−−−→
n→+∞

(wk1dA1(x), ..., w
k
qdAq(x)), k = 1, ..., α,

α∑
k=1

z∗kl
+
k (x

k
1,n, ..., x

k
q,n)−

α∑
k=1

z∗kl
+
k (w

k
1dA1(x), ..., w

k
qdAq(x))

−
α∑
k=1

z∗k

( q∑
i=1

xk∗i,n(x
k
i,n − wki dAi

(x))
)
−−−−→
n→+∞

0,



I. Dali et al. / Sequential Pareto Subdifferential ... 149

t∗i,n ∈ S1

( α∑
k=1

wki r
k
i,n, ti,n

)
, i = 1, ..., q,

α∑
k=1

q∑
i=1

rk∗i,n(r
k
i,n − wki ti,n) = 0,

(t1,n, ..., tq,n)
∥.∥Rq−−−−→
n→+∞

(dA1(x), ..., dAq(x)),

(rk1,n, ..., r
k
q,n)

∥.∥Rq−−−−→
n→+∞

(wk1dA1(x), ..., w
k
qdAq(x)), k = 1, ..., α,

α∑
k=1

q∑
i=1

rk∗i,n(r
k
i,n − wki dAi

(x))−
q∑
i=1

t∗i,n(ti,n − dAi
(x)) −−−−→

n→+∞
0,


x∗n ∈ S2(s

∗
1,n, ..., s

∗
q,n, xn),

∑q
i=1 s

∗
i,n(si,n − dAi

(xn)) = 0,

xn
∥.∥X−−−−→
n→+∞

x, (s1,n, ..., sq,n)
∥.∥Rq−−−−→
n→+∞

(dA1(x), ..., dAq(x)),∑q
i=1 s

∗
i,n(si,n − dAi

(x))− ⟨x∗n, xn − x⟩ −−−−→
n→+∞

0,

and
x∗n

∥.∥X∗−−−−→
n→+∞

0, (z∗kx
k∗
1,n − rk∗1,n, ..., z

∗
kx

k∗
q,n − rk∗q,n)

∥.∥Rq−−−−→
n→+∞

(0, ..., 0), k = 1, ..., α,

(t∗1,n − s∗1,n, ..., t
∗
q,n − s∗q,n)

∥.∥Rq−−−−→
n→+∞

(0, ..., 0).

By Lemma 4.2, it is clear that

(xk∗1,n, ..., x
k∗
q,n) ∈ ∂l+k (x

k
1,n, ..., x

k
q,n), k = 1, ..., α

⇐⇒
q∑
i=1

xk∗i,n ≤ 1, max
1≤i≤q

(xki,n)
+ =

q∑
i=1

xk∗i,nx
k
i,n, k = 1, ..., α.

As (xk∗1,n, ..., x
k∗
q,n) ∈ ∂l+k (x

k
1,n, ..., x

k
q,n), k = 1, ..., α and (z∗1 , ..., z

∗
α) ∈ (Rα

+)
σ we have

z∗kl
+
k (w

k
1dA1(x), ..., w

k
qdAq(x))

≥ z∗kl
+
k (x

k
1,n, ..., x

k
q,n) + z∗k

( q∑
i=1

xk∗i,n(w
k
i dAi

(x)− xki,n)
)
, k = 1, ..., α, n ∈ N.

Therefore, from these inequalities, we obtain
α∑
k=1

z∗kl
+
k (x

k
1,n, ..., x

k
q,n)−

α∑
k=1

z∗kl
+
k (w

k
1dA1(x), ..., w

k
qdAq(x))

−
α∑
k=1

z∗k

( q∑
i=1

xk∗i,n(x
k
i,n − wki dAi

(x))
)
−−−−→
n→+∞

0

⇐⇒ z∗kl
+
k (x

k
1,n, ..., x

k
q,n)− z∗kl

+
k (w

k
1dA1(x), ..., w

k
qdAq(x))

− z∗k

( q∑
i=1

xk∗i,n(x
k
i,n − wki dAi

(x))
)
−−−−→
n→+∞

0, k = 1, ..., α. (18)
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Since l+k (x
k
1,n, ..., x

k
q,n) = max

1≤i≤q
(xki,n)

+ =

q∑
i=1

xk∗i,nx
k
i,n, k = 1, ..., α, n∈N, we deduce

(18) ⇐⇒ z∗k

( q∑
i=1

xk∗i,nw
k
i dAi

(x)
)
−−−−→
n→+∞

z∗k max
1≤i≤q

wki dAi
(x), k = 1, ..., α.

Finally, since rk∗i,n ≥ 0, rki,n − wki ti,n ≥ 0, s∗i,n ≥ 0, si,n − dAi
(xn) ≥ 0, i = 1, ..., q,

k = 1, ..., α, we see easily that
α∑
k=1

q∑
i=1

rk∗i,n(r
k
i,n − wki ti,n) = 0

⇐⇒ rk∗i,n(r
k
i,n − wki ti,n) = 0, i = 1, ..., q, k = 1, ..., α,

and
q∑
i=1

s∗i,n(si,n − dAi
(xn)) = 0 ⇐⇒ s∗i,n(si,n − dAi

(xn)) = 0, i = 1, ..., q.

4.2. Sequential σ-efficient optimality conditions for multiobjective
bilevel programming problems with extremal value function

In this subsection, we present an example of multiobjective programming problems
where the standard Lagrange multipliers conditions can not be derived due to the
lack of constraint qualification and the sequential conditions hold. For this, let us
consider the following multiobjective bilevel programming problem with an extremal
value function

(MBP) v-min
x∈A

(
f1(x, v(x)), ..., fq(x, v(x))

)
where A := {x ∈ A : gi(x, v(x)) ≤ 0, i = 1, ..., s} ̸= ∅, v(x) is the optimal value
function of the following problem parametrized by x

(Px) min
y∈B

F(x, y),

A is a nonempty closed convex subset of Rm, B is a nonempty compact convex
subset of Rd, F : Rm ×Rd → R is a convex function, fi : Rm+1 → R are convex and
Rm+1

+ -nondecreasing functions, i = 1, ..., q, gi : Rm+1 → R are convex and Rm+1
+ -non-

decreasing functions, i = 1, ..., s.
We note that the functions f1, ..., fq and g1, ..., gs are all continuous. Also, we point
out that the function v : Rm → R is finite, convex and continuous (see [1, Remark
3.1]). Moreover, one can see that for each x ∈ Rm, there exists y ∈ B such that
v(x) = F(x, y).
In the sequel, we derive sequential optimality conditions characterizing σ-efficient
solutions of the problem (MBP) via Theorem 3.1. For this aim, we set Z := Rq,
Q := Rq

+, X = Rm, Y2 := Rm+1, K2 := Rm+1
+ , Y1 := Rs, K1 := Rs

+, Y0 := Rm+1,
K0 := Rm+1

+ and consider the following functions
• F : Rm+1 → Rq defined by

F (x, y) := (f1(x, y), ..., fq(x, y)), (x, y) ∈ Rm × R,

• G : Rm+1 → Rs defined by
G(x, y) := (g1(x, y), ..., gs(x, y)), (x, y) ∈ Rm × R,
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• V : Rm → Rm+1 defined by V (x) = (x, v(x)), x ∈ Rm.

With these auxiliary functions we can write (MBP) as a multi-composed convex
vector optimization problem

(MBP) v-min
x∈Rm

{
δvA(x) + (F ◦ V )(x) + (δv−Rs

+
◦G ◦ V )(x)

}
. (19)

Remark 4.4. It is easy to see that
• F : Rm+1 → Rq is proper, Rq

+-convex, Rq
+-epi closed and (Rm+1

+ ,Rq
+)-nondecrea-

sing on Rm+1,
• G : Rm+1 → Rs is proper, Rs

+-convex, Rs
+-epi closed and (Rm+1

+ ,Rs
+)-nondecrea-

sing on Rm+1 with

epiG = E :=
{
(x, r1, ..., rs) ∈ Rm+1 × Rs : gi(x) ≤ ri, i = 1, ..., s

}
,

• V : Rm → Rm+1 is proper, Rm+1
+ -convex, Rm+1

+ -epi closed and V (domV ) ⊆ Rm+1

with
epiV = Ev :=

{
(x, y, r) ∈ Rm × Rm × R : x 5Rm

+
y and v(x) ≤ r

}
,

• δvA : Rm → Rq and δv−Rs
+
: Rs → Rq are proper, Rq

+-convex and lower semicontin-
uous with δv−Rs

+
is (Rs

+,R
q
+)-nondecreasing on Rs (see [7]).

Lemma 4.5. Let (x, y) ∈ Rm×B such that v(x) = F(x, y). Then for any y∗ ∈ Rm
+

and t ≥ 0 we have
∂
(
(y∗, t) ◦ V

)
(x) = {y∗}+ St(x, y)

where St(x, y) :=

{{
z∗ ∈ Rm : (z∗, 0) ∈ t∂F(x, y) + {0} ×NB(y)

}
, if t > 0,

{0}, if t = 0.

Proof. Let idRm : Rm → Rm be the identity function (i.e. idRm(x) = x, for all
x ∈ Rm) and (x, y) ∈ Rm×B such that v(x) = F(x, y). Since idRm and v are finite,
convex and continuous, then for any y∗ ∈ Rm

+ and t ≥ 0 we have

∂
(
(y∗, t) ◦ V

)
(x) = ∂(y∗ ◦ idRm + tv)(x)

= ∂(y∗ ◦ idRm)(x) + ∂(tv)(x) = {y∗}+ ∂(tv)(x).

For t = 0 we have ∂(0.v)(x) = {0}.
If t > 0 then it follows that (see [2])

z∗ ∈ ∂(tv)(x) ⇐⇒ (z∗, 0) ∈ ∂(tF + δ(Rm×B))(x, y)

⇐⇒ (z∗, 0) ∈ ∂(tF)(x, y) + ∂δ(Rm×B)(x, y)

⇐⇒ (z∗, 0) ∈ t∂F(x, y) +N(Rm×B)(x, y)

⇐⇒ (z∗, 0) ∈ t∂F(x, y) +NRm(x)×NB(y)

⇐⇒ (z∗, 0) ∈ t∂F(x, y) + {0} ×NB(y).

Let us mention here that ∂(tF + δ(Rm×B))(x, y) = ∂(tF)(x, y)+ ∂δ(Rm×B)(x, y) since
(int domF) ∩(Rm ×B) ̸= ∅. Hence the proof is complete.
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Now, we are able to state the main result of this subsection.
Theorem 4.6. Assume x := (x1, ..., xm) ∈ A, y := (x, v(x)) ∈ Rm+1 and finally
z := (g1(y), ..., gs(y)) ∈ Rs. Then x is a σ-efficient solution of (MBP) if and only
if there exist (z∗1 , ..., z∗q )∈(Rq

+)
σ and sequences

{(x1,n, ..., xm,n, y1,n, ..., ym+1,n)}n∈N ⊆Ev, {bn}n∈N ⊆ B,
F(x1,n, ..., xm,n, bn) = v(x1,n, ..., xm,n), {(x∗1,n, ..., x∗m,n)}n∈N ⊆ Rm,

{(y∗1,n, ..., y∗m+1,n)}n∈N ⊆ Rm+1
+ , {(α1,n, ..., αs,n)}n∈N ⊆ −Rs

+,
{(α∗

1,n, ..., α
∗
s,n)}n∈N ⊆ Rs

+, {(r1,n, ..., rm+1,n, t1,n, ..., ts,n)}n∈N ⊆ E,
{(r∗1,n, ..., r∗m+1,n)}n∈N ⊆ Rm+1, {(t∗1,n, ..., t∗s,n)}n∈N ⊆ Rs

+,
{(w1,n, ..., wm,n)}n∈N ⊆ A, {(w∗

1,n, ..., w
∗
m,n) }n∈N ⊆ Rm,

{(u1,n, ..., um+1,n)}n∈N ⊆ Rm+1, {(u∗1,n, ..., u∗m+1,n)}n∈N ⊆ Rm+1

satisfying
(w∗

1,n, ..., w
∗
m,n) ∈ NA(w1,n, ..., wm,n),

(w1,n, ..., wm,n)
∥.∥Rm−−−−→
n→+∞

x,
m∑
i=1

w∗
i,n(wi,n − xi) −−−−→

n→+∞
0,



(u∗1,n, ..., u
∗
m+1,n) ∈ ∂

( q∑
i=1

z∗i fi

)
(u1,n, ..., um+1,n),

(u1,n, ..., um+1,n)
∥.∥Rm+1−−−−→
n→+∞

y,
q∑
i=1

(z∗i fi)(u1,n, ..., um+1,n)−
q∑
i=1

(z∗i fi)(x, v(x))

−
m∑
i=1

u∗i,n(ui,n − xi)− u∗m+1,n(um+1,n − v(x)) −−−−→
n→+∞

0,



(x∗1,n − y∗1,n, ..., x
∗
m,n − y∗m,n) ∈ Sy∗m+1,n

(x1,n, ..., xm,n, bn),

m∑
i=1

y∗i,n(yi,n − xi,n) + y∗m+1,n(ym+1,n − v(x1,n, ..., xm,n)) = 0,

(x1,n, ..., xm,n)
∥.∥Rm−−−−→
n→+∞

x, (y1,n, ..., ym+1,n)
∥.∥Rm+1−−−−→
n→+∞

y,

−
m∑
i=1

x∗i,n(xi,n − xi) +
m∑
i=1

y∗i,n(yi,n − xi) + y∗m+1,n(ym+1,n − v(x)) −−−−→
n→+∞

0,



s∑
i=1

α∗
i,nαi,n = 0, (α1,n, ..., αs,n)

∥.∥Rs−−−−→
n→+∞

z,

s∑
i=1

α∗
i,n(αi,n − gi(y)) −−−−→

n→+∞
0,
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(r∗1,n, ..., r
∗
m+1,n) ∈ ∂

( s∑
i=1

t∗i,ngi

)
(r1,n, ..., rm+1,n),

s∑
i=1

t∗i,n(ti,n − gi(r1,n, ..., rm+1,n)) = 0,

(r1,n, ..., rm+1,n)
∥.∥Rm+1−−−−→
n→+∞

y, (t1,n, ..., ts,n)
∥.∥Rs−−−−→
n→+∞

z,
s∑
i=1

t∗i,n(ti,n − gi(y))−
m∑
i=1

r∗i,n(ri,n − xi)− r∗m+1,n(rm+1,n − v(x)) −−−−→
n→+∞

0,

and



(w∗
1,n + 2x∗1,n, ..., w

∗
m,n + 2x∗m,n)

∥.∥Rm−−−−→
n→+∞

(0, ..., 0),

(u∗1,n − y∗1,n, ..., u
∗
m+1,n − y∗m+1,n)

∥.∥Rm+1−−−−→
n→+∞

(0, ..., 0),

(α∗
1,n − t∗1,n, ..., α

∗
s,n − t∗s,n)

∥.∥Rs−−−−→
n→+∞

(0, ..., 0),

(r∗1,n − y∗1,n, ..., r
∗
m+1,n − y∗m+1,n)

∥.∥Rm+1−−−−→
n→+∞

(0, ..., 0).

Proof. Assume that x := (x1, ..., xm) ∈ A and define y := (x, v(x)) ∈ Rm+1 and
z := (g1(y), ..., gs(y)) ∈ Rs. By (19), it follows that x is a σ-efficient solution of the
problem (MBP) if and only if 0 ∈ ∂σ(δvA+F ◦ V + δv−Rs

+
◦G ◦ V )(x). Therefore, by

taking into account Remark 4.4 and Remark 3.1 and by applying Theorem 3.5 to
f := δvA, φ := F , g := δv−Rs

+
, h1 := G, ψ = h2 := V , one can assert that there exist

(z∗1 , ..., z
∗
q ) ∈ (Rq

+)
σ and sequences {(x1,n, ..., xm,n, y1,n, ..., ym+1,n)}n∈N ⊆ epiV = Ev,

{bn}n∈N ⊆ B, F(x1,n, ..., xm,n, bn) = v(x1,n, ..., xm,n), {(x∗1,n, ..., x∗m,n)}n∈N ⊆ Rm,
{(y∗1,n, ..., y∗m+1,n)}n∈N ⊆ Rm+1

+ , {(α1,n, ..., αs,n)}n∈N ⊆ domδv−Rs
+
= −Rs

+,
{(α∗

1,n, ..., α
∗
s,n)}n∈N ⊆ Rs, {(r1,n, ..., rm+1,n, t1,n, ..., ts,n)}n∈N ⊆ epiG = E,

{(r∗1,n, ..., r∗m+1,n)}n∈N ⊆ Rm+1, {(t∗1,n, ..., t∗s,n) }n∈N ⊆ Rs
+,

{(w1,n, ..., wm,n)}n∈N ⊆ domδvA = A, {(w∗
1,n, ..., w

∗
m,n)}n∈N ⊆ Rm,

{(u1,n, ..., um+1,n)}n∈N ⊆ domF = Rm+1, {(u∗1,n, ..., u∗m+1,n)}n∈N ⊆ Rm+1 satisfying
(w∗

1,n, ..., w
∗
m,n) ∈ ∂

(
(z∗1 , ..., z

∗
q ) ◦ δvA

)
(w1,n, ..., wm,n),

(w1,n, ..., wm,n)
∥.∥Rm−−−−→
n→+∞

x,

m∑
i=1

w∗
i,n(wi,n − xi) −−−−→

n→+∞
0,

(20)



(u∗1,n, ..., u
∗
m+1,n) ∈ ∂

( q∑
i=1

z∗i fi

)
(u1,n, ..., um+1,n),

(u1,n, ..., um+1,n)
∥.∥Rm+1−−−−→
n→+∞

y,

q∑
i=1

(z∗i fi)(u1,n, ..., um+1,n)−
q∑
i=1

(z∗i fi)(x, v(x))

−
m∑
i=1

u∗i,n(ui,n − xi)− u∗m+1,n(um+1,n − v(x)) −−−−→
n→+∞

0,
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(x∗1,n, ..., x
∗
m,n) ∈ ∂

(
(y∗1,n, ..., y

∗
m+1,n) ◦ V

)
(x1,n, ..., xm,n),

m∑
i=1

y∗i,n(yi,n − xi,n) + y∗m+1,n(ym+1,n − v(x1,n, ..., xm,n)) = 0,

(x1,n, ..., xm,n)
∥.∥Rm−−−−→
n→+∞

x, (y1,n, ..., ym+1,n)
∥.∥Rm+1−−−−→
n→+∞

y,

−
m∑
i=1

x∗i,n(xi,n−xi) +
m∑
i=1

y∗i,n(yi,n−xi) + y∗m+1,n(ym+1,n−v(x)) −−−−→
n→+∞

0,

(21)


(α∗

1,n, ..., α
∗
s,n) ∈ ∂

(
(z∗1 , ..., z

∗
q ) ◦ δv−Rs

+

)
(α1,n, ..., αs,n),

(α1,n, ..., αs,n)
∥.∥Rs−−−−→
n→+∞

z,
s∑
i=1

α∗
i,n(αi,n − gi(y)) −−−−→

n→+∞
0,

(22)



(r∗1,n, ..., r
∗
m+1,n) ∈ ∂

( s∑
i=1

t∗i,ngi

)
(r1,n, ..., rm+1,n),

s∑
i=1

t∗i,n(ti,n − gi(r1,n, ..., rm+1,n)) = 0,

(r1,n, ..., rm+1,n)
∥.∥Rm+1−−−−→
n→+∞

y, (t1,n, ..., ts,n)
∥.∥Rs−−−−→
n→+∞

z,

s∑
i=1

t∗i,n(ti,n − gi(y))−
m∑
i=1

r∗i,n(ri,n − xi)− r∗m+1,n(rm+1,n − v(x)) −−−−→
n→+∞

0,

and



(w∗
1,n + 2x∗1,n, ..., w

∗
m,n + 2x∗m,n)

∥.∥Rm−−−−→
n→+∞

(0, ..., 0),

(u∗1,n − y∗1,n, ..., u
∗
m+1,n − y∗m+1,n)

∥.∥Rm+1−−−−→
n→+∞

(0, ..., 0),

(α∗
1,n − t∗1,n, ..., α

∗
s,n − t∗s,n)

∥.∥Rs−−−−→
n→+∞

(0, ..., 0),

(r∗1,n − y∗1,n, ..., r
∗
m+1,n − y∗m+1,n)

∥.∥Rm+1−−−−→
n→+∞

(0, ..., 0).

Since (z∗1 , ..., z
∗
q ) ◦ δvA = δA and ∂(δA)(w1,n, ..., wm,n) = NA(w1,n, ..., wm,n), we have

(20) ⇐⇒ (w∗
1,n, ..., w

∗
m,n) ∈ NA(w1,n, ..., wm,n).

By Lemma 4.5, it follows that
(21) ⇐⇒ (x∗1,n − y∗1,n, ..., x

∗
m,n − y∗m,n) ∈ Sy∗m+1,n

(x1,n, ..., xm,n, bn).

Finally, since Rs
+ is a convex cone and

∂
(
(z∗1 , ..., z

∗
q ) ◦ δv−Rs

+

)
(α1,n, ..., αs,n) = N−Rs

+
(α1,n, ..., αs,n)

we have (22) ⇐⇒ (α∗
1,n, ..., α

∗
s,n) ∈ N−Rs

+
(α1,n, ..., αs,n)

⇐⇒ (α∗
1,n, ..., α

∗
s,n) ∈ Rs

+ and
s∑
i=1

α∗
i,nαi,n = 0.

Hence the proof is complete.
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Next, we establish the standard Lagrange multipliers conditions characterizing σ-
efficient solutions of the problem (MBP) under the following Slater-type constraint
qualification
(CQ) ∃ x̂ ∈ ri A such that gi(x̂, v(x̂)) < 0, i = 1, ...., s,

where riA is the relative interior of A.

Theorem 4.7. Let (x, y) ∈ A × B such that v(x) = F(x, y) and suppose that the
Slater-type constraint qualification (CQ) is fulfilled. Then x is σ-efficient solution
of (MBP) if and only if there exist (z∗1 , ..., z

∗
q ) ∈ (Rq

+)
σ and (ξ∗1 , ..., ξ

∗
s ) ∈ Rs

+ such
that we have

0 ∈
q∑
i=1

z∗i

( ⋃
xi∗∈Rm

+ ,ti≥0

(xi∗,ti)∈∂fi(x,v(x))

{xi∗}+ Sti(x, y)
)

+
s∑
i=1

ξ∗i

( ⋃
yi∗∈Rm

+ ,ri≥0

(yi∗,ri)∈∂gi(x,v(x))

{yi∗}+ Sri(x, y)
)
+NA(x)

and ξ∗i gi(x, v(x)) = 0, i = 1, ..., s.

Proof. By [4, Proposition 2.4.18], x is σ-efficient of (MBP) if and only if there
exists (z∗1 , ..., z

∗
q ) ∈ (Rq

+)
σ such that x is an optimal solution of the following scalar

convex optimization problem

(SOP) min
x∈A

gi(V (x))≤0,i=1,...,s

{ q∑
i=1

z∗i fi(V (x))
}
.

As the Slater-type constraint qualification (CQ) holds for the problem (SOP), then
it follows by applying [6, Theorem 3.11] that there exists (ξ∗1 , ..., ξ∗s ) ∈ Rs

+ such that

0 ∈
q∑
i=1

z∗i ∂(fi ◦ V )(x) +
s∑
i=1

ξ∗i ∂(gi ◦ V )(x) +NA(x)

and ξ∗i gi(V (x)) = ξ∗i gi(x, v(x)) = 0, i = 1, ..., s. On the other hand, we have

∂(fi ◦ V )(x) =
⋃

xi∗∈Rm
+ ,ti≥0

(xi∗,ti)∈∂fi(V (x))

∂
(
(xi∗, ti) ◦ V

)
(x)

=
⋃

xi∗∈Rm
+ ,ti≥0

(xi∗,ti)∈∂fi(x,v(x))

{xi∗}+ Sti(x, y), i = 1, ..., q

and ∂(gi ◦ V )(x) =
⋃

yi∗∈Rm
+ ,ri≥0

(yi∗,ri)∈∂gi(V (x))

∂
(
(yi∗, ri) ◦ V

)
(x)

=
⋃

yi∗∈Rm
+ ,ri≥0

(yi∗,ri)∈∂gi(x,v(x))

{yi∗}+ Sri(x, y), i = 1, ..., s,

because f1, ..., fq and g1, ..., gs are all finite and continuous at V (x) = (x, v(x)) (see
[5]). Hence the proof is complete.



156 I. Dali et al. / Sequential Pareto Subdifferential ...

We close this subsection by presenting an example illustrating our sequential opti-
mality conditions given in Theorem 4.6 where the Slater-type constraint qualification
(CQ) fails.

Example 4.8. Let
• d := 1, m := 1, q := 2, s := 1, A :=

[
0, 1

2

]
, B := [0, 1],

• F : R2 → R be defined by F(x, y) := x+ y,

• f1 : R2 → R be defined by f1(x, y) :=
{
x2 + 1, if x ≥ 0

1, if x < 0

• f2 : R2 → R be defined by f2(x, y) :=
{
y2, if y ≥ 0

0, if y < 0

• g1 : R2 → R be defined by g1(x, y) := ex + ey − 2.
Then, the problem (MBP) is nothing else than

(MBP) v-min
x∈A

(
x2 + 1, x2

)
where A := {x ∈

[
0, 1

2

]
: g1(x, v(x)) = 2ex − 2 ≤ 0} ̸= ∅ and min(Px) = v(x) = x,

for all x ∈ R. Clearly, F is convex, f1 and f2 are convex and R2
+-nondecreasing

and g1 is convex and R2
+-nondecreasing. Moreover, it is easy to check that x = 0

is a σ-efficient solution of (MBP) and that the Slater-type constraint qualification
(CQ) fails, i.e.

@x̂ ∈ riA = int A =

]
0,

1

2

[
such that g1(x̂, v(x̂)) = 2ex̂ − 2 < 0.

On the other hand, we claim that the sequential optimality conditions given in
Theorem 4.6 are all satisfied. Indeed, we set y := (0, 0), z := 0, (z∗1 , z∗2) := (1, 1),
x1,n := 1

n+1
, (y1,n, y2,n) := ( 1

n+1
, 1
n+1

), bn := 0, x∗n := 1
n+1

, (y∗1,n, y
∗
2,n) := ( 1

n+1
, 0),

α1,n := 0, α∗
1,n := 1

n+1
, (r1,n, r2,n) := ( 1

n+1
, 1
n+1

), t1,n := 2e
1

n+1 −2, (r∗1,n, r∗2,n) := (0, 0),
t∗1,n := 0, w1,n = w∗

1,n := 0, (u1,n, u2,n) := ( 1
n+1

, 1
n+1

), (u∗1,n, u∗2,n) := ( 2
n+1

, 2
n+1

), for all
n ∈ N. Thus, we can see easily thatw

∗
1,n = 0 ∈ NA(0), w1,n = 0 −−−−→

n→+∞
x = 0,

w∗
1,n(w1,n − x) = 0 −−−−→

n→+∞
0,

(u∗1,n, u
∗
2,n) = ( 2

n+1
, 2
n+1

) ∈ ∂
(
z∗1f1 + z∗2f2

)
( 1
n+1

, 1
n+1

),

(u1,n, u2,n) = ( 1
n+1

, 1
n+1

)
∥.∥R2−−−−→
n→+∞

y = (0, 0),

2∑
i=1

(z∗i fi)(u1,n, u2,n)−
2∑
i=1

(z∗i fi)(x, v(x))− u∗1,n(u1,n − x)

−u∗2,n(u2,n − v(x)) = −2
(n+1)2

−−−−→
n→+∞

0,
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(x1,n, y1,n, y2,n) = ( 1
n+1

, 1
n+1

, 1
n+1

) ∈ Ev,

x∗1,n − y∗1,n = 0 ∈ S0(
1

n+1
, 0) = {0},

y∗1,n(y1,n − x1,n) + y∗2,n(y2,n − v(x1,n)) = 0,

x1,n = 1
n+1

−−−−→
n→+∞

x = 0, (y1,n, y2,n) = ( 1
n+1

, 1
n+1

)
∥.∥R2−−−−→
n→+∞

y = (0, 0),

−x∗1,n(x1,n − x) + y∗1,n(y1,n − x) + y∗2,n(y2,n − v(x)) = 0 −−−−→
n→+∞

0,
α∗
1,nα1,n = 0,

α1,n = 0 −−−−→
n→+∞

z = 0,

α∗
1,n(α1,n − g1(y)) = 0 −−−−→

n→+∞
0,



(r1,n, r2,n, t1,n) = ( 1
n+1

, 1
n+1

, 2e
1

n+1 − 2) ∈ E,

(r∗1,n, r
∗
2,n) = (0, 0) ∈ ∂

(
t∗1,ng1

)
( 1
n+1

, 1
n+1

),

t∗1,n(t1,n − g1(r1,n, r2,n)) = 0,

(r1,n, r2,n) = ( 1
n+1

, 1
n+1

)
∥.∥R2−−−−→
n→+∞

y = (0, 0), t1,n = 2e
1

n+1 − 2 −−−−→
n→+∞

z = 0,

t∗1,n(t1,n − g1(y))− r∗1,n(r1,n − x)− r∗2,n(r2,n − v(x)) = 0 −−−−→
n→+∞

0,

and



w∗
1,n + 2x∗1,n = 2

n+1
−−−−→
n→+∞

0,

(u∗1,n − y∗1,n, u
∗
2,n − y∗2,n) = ( 1

n+1
, 2
n+1

)
∥.∥R2−−−−→
n→+∞

(0, 0),

α∗
1,n − t∗1,n = 1

n+1
−−−−→
n→+∞

0,

(r∗1,n − y∗1,n, r
∗
2,n − y∗2,n) = ( −1

n+1
, 0)

∥.∥R2−−−−→
n→+∞

(0, 0).
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