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This paper deals with a Dirichlet problem on a bounded domain Ω ⊂ RN for an equation which is
doubly nonlocal: it is driven by the (negative) s-fractional (p, q)-Laplacian for s ∈ (0, 1) and 1 < q <
p < ∞ and has as reaction term a nonlinearity with an incorporated convolution. Such a problem is
considered for the first time. Another major feature concerns the correct formulation for the notion
of s-fractional (p, q)-Laplacian. The stated problem is studied through two different approaches:
limit process via finite dimensional approximations and sub-supersolution in the nonlocal setting.
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1. Introduction

Nonlinear differential equations driven by fractional operators of p-Laplacian type
arise in various models describing nonlocal phenomena related to surface diffusion,
phase transition, statistical mechanics, material sciences, image processing, pop-
ulation dynamics, game strategies. Such fractional operators permit to describe
diffusion within Lévi type random motion with jumps, which is more accurate com-
pared to Brownian processes. A comprehensive discussion of corresponding kernels
with integral diffusion that lead to nonlinear nonlocal equations can be found in [4].
The present paper deals with equations that are governed by the fractional (p, q)-
Laplacian, which is a nonlocal operator that can be introduced by means of the
fractional p-Laplacian and the fractional q-Laplacian. In the well-established local
case, the (p, q)-Laplacian ∆p+∆q has significant qualitative differences with respect
to the the p-Laplacian ∆p, mainly coming from the fact that ∆p+∆q is a nonhomo-
geneous operator contrary to ∆p (see, e.g., [15]). A fundamentally different behavior
of the fractional (p, q)-Laplacian versus the fractional p-Laplacian occurs too. In this
direction, some aspects are pointed out in Section 2.
The aim of this paper is to study a class of equations driven by the s-fractional (p, q)-
Laplacian and exhibiting a nonlinearity expressed through a convolution term, which
makes the problem nonvariational. Such an equation is doubly nonlocal due to the
fractional operator and the convolution. It is for the first time when this type of
problems is investigated.
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Fix real numbers s, p, q with s ∈ (0, 1) and 1 < q < p < ∞. On a bounded domain
Ω ⊂ RN with Lipschitz boundary and N > ps we state the nonlocal nonlinear
problem

(−∆)spu+ (−∆)squ = f(x, u, ρ ∗ u) in Ω (1)

u = 0 in Ωc, (2)

where Ωc := RN \ Ω. In the left-hand side of the equation in (1) there are the
(negative) s-fractional p-Laplacian (−∆)sp acting on the space W s,p

0 (Ω) and the
(negative) s-fractional q-Laplacian (−∆)sq defined on the space W s,q

0 (Ω). The sum
(−∆)sp+(−∆)sq is the s-fractional analog of the (negative) (p, q)-Laplacian −∆p−∆q,
so it is natural to be called the (negative) s-fractional (p, q)-Laplacian. The operator
(−∆)sp +(−∆)sq cannot be defined on the space W s,p

0 (Ω) despite the fact that q < p,
thus contrasting to the classical case of −∆p − ∆q defined on W 1,p

0 (Ω). As shown
in [12], it is never true that W s,p(Ω) is contained in W s,q(Ω) whatever domain Ω is
taken. Furthermore, there exist compactly supported functions in W s,p(Ω) that are
not in W s,q(Ω).
The essential fact that W s,p(Ω) 6⊂ W s,q(Ω) prevents to have the (negative) s-
fractional (p, q)-Laplacian (−∆)sp + (−∆)sq defined on W s,p

0 (Ω) as incorrectly stated
in certain publications [1, 21]. For instance, Lemma 2.2 in [1] is false. We also
mention that the operator (−∆)s1p + (−∆)s2q with 0 < s2 < s1 < 1 termed in [8] to
be the fractional (p, q)-Laplacian, which is defined on W s1,p(Ω) (due to the contin-
uous embedding W s1,p(Ω) ⊂ W s2,p(Ω), see [7, Proposition 2.1]), by its expression is
not an operator like (−∆)sp + (−∆)sq entering (1). In Section 2 we indicate a direct
way to study the (negative) s-fractional (p, q)-Laplacian (−∆)sp+(−∆)sq taking into
account both spaces W s,p

0 (Ω) and W s,q
0 (Ω).

The nonlinearity in the right-hand side of the equation in (1) is nonlocal too, and
in addition is nonvariational. It is the composition of a Carathéodory function
f : Ω× R× R → R (i.e., f(x, t, ξ) is measurable in x ∈ Ω for all (t, ξ) ∈ R× R and
is continuous in (t, ξ) ∈ R × R for a.e. x ∈ Ω) and the convolution ρ ∗ u of some
ρ ∈ L1(RN) and the solution u : RN → R,

ρ ∗ u(x) =
∫
RN

ρ(x− y)u(y) dy for a.e. x ∈ RN .

The local elliptic equations involving convolution were first considered in [16].
By a (weak) solution to problem (1)–(2) we mean any u ∈ W s,p

0 (Ω) ∩W s,q
0 (Ω) such

that f(x, u, ρ ∗ u) ∈ Lr(Ω) for some r > Np/(Np−N + sp) and

〈(−∆)sp(u), v〉W s,p
0 (Ω) + 〈(−∆)sq(u), v〉W s,q

0 (Ω) =

∫
Ω

f(x, u, ρ ∗ u)vdx (3)

for all v ∈ W s,p
0 (Ω) ∩ W s,q

0 (Ω). In the present paper we set forth two different
approaches for studying the existence of solutions to problem (1)–(2) that are here
initiated.
The first approach describes the construction of a solution to (1)–(2) through an ap-
proximation process using approximating solutions on finite dimensional spaces. The
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finite dimensional approximating problems are resolved by applying a consequence
of Brouwer’s fixed point theorem. The approximation is carried out by assuming
the growth condition

|f(x, s, ξ)| ≤ θ(x) + a1|s|α + a2|ξ|β (4)

for a.e.x∈Ω, all (s, ξ)∈R×R, with a function θ∈Lγ(Ω) with γ>Np/(Np−N+sp)
and constants a1, a2 ≥ 0 and α, β ∈ [0, p−1). Notice that, under hypothesis (4), the
integral in the right-hand side of (3) exists. The main result of this part is Theorem
3.4 in Section 3.
Our second approach consists in finding a solution u ∈ W s,p

0 (Ω)∩W s,q
0 (Ω) to (1)–(2)

within the ordered interval u ≤ u determined by a subsolution u and a supersolution
u. The location u(x) ≤ u(x) ≤ u(x) for x ∈ Ω almost everywhere is achieved on
the basis of comparison arguments assuming that ρ(x) ≥ 0 for a.e. x ∈ Ω (note
that then ρ ∗ u ≤ ρ ∗ u a.e.). We assume a growth condition for f(x, s, ξ) that fits
precisely the prescribed sub-supersolution u ≤ u, namely

|f(x, t, ξ)| ≤ σ(x) for a.e x ∈ Ω, all t ∈ [u(x), u(x)], ξ ∈ [ρ ∗ u(x), ρ ∗ u(x)], (5)

with σ ∈ Lr(Ω) for some r > Np/(Np−N + sp). Notice that the growth condition
(4) implies the growth in (5). The existence and enclosure result involving a sub-
supersolution is the object of Theorem 4.2 in Section 4.
The rest of the paper is organized as follows. Section 2 contains preliminary material
on the s-fractional (p, q)-Laplacian. Section 3 provides the existence and approx-
imation of a solution to problem (1)–(2). Section 4 establishes the existence of a
solution to problem (1)–(2) located by a sub-supersolution.

2. Preliminaries on the s-fractional (p, q)-Laplacian

In the sequel norm convergence is denoted by → and weak convergence by ⇀. The
duality pairing between a Banach space X and its dual X∗ is denoted by 〈·, ·〉X .
Given s ∈ (0, 1) and p ∈ (1,+∞), the Gagliardo seminorm of a measurable function
u : RN → R is defined by

[u]s,p :=

(∫
RN×RN

|u(x)− u(y)|p

|x− y|N+ps
dxdy

)1/p

.

The s-fractional Sobolev space

W s,p(RN) :=
{
u ∈ Lp(RN) : [u]s,p < ∞

}
is endowed with the norm

‖u‖W s,p(RN ) := (‖u‖p
Lp(RN )

+ [u]ps,p)
1/p.

For a bounded domain Ω ⊂ RN , the closed linear subspace of W s,p(RN) defined by

W s,p
0 (Ω) := {u ∈ W s,p(RN) : u = 0 a.e. in Ωc}

can be endowed with the equivalent norm ‖ · ‖W s,p
0 (Ω) = [·]s,p becoming a uniformly

convex and separable Banach space.
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For the characteristic function χΩ of Ω we have χΩ 6∈ W s,p
0 (Ω) due to the divergent

integral ∫
RN×RN

|χΩ(x)− χΩ(y)|p

|x− y|N+ps
dxdy = 2

∫
Ω

∫
Ωc

1

|x− y|N+ps
dxdy.

The dual of W s,p
0 (Ω) is denoted W−s,p′(Ω), with p′ = p/(p − 1). The embedding

W s,p
0 (Ω) ⊂ Lr(Ω) is continuous if 1 ≤ r ≤ p∗s, and compact if 1 ≤ r < p∗s, where

p∗s = Np/(N−sp) stands for the critical fractional Sobolev exponent. Note that the
Hölder conjugate of p∗s is Np/(Np−N +sp), which explains the choice of exponents
in (4) and (5). More details on the space W s,p

0 (Ω) can be found in [7, 14].
The variational definition of the (negative) s-fractional p-Laplacian

(−∆)sp : W
s,p
0 (Ω) → W−s,p′(Ω)

is given by 〈(−∆)sp(u), v〉W s,p
0 (Ω) (6)

:=

∫
RN×RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

for all u, v ∈ W s,p
0 (Ω). We refer to [2, 9, 10, 11, 13, 14] for equations in variational

form driven by the s-fractional p-Laplacian. The nonlocal character of (−∆)sp is
apparent in (6) observing that are involved not only the points in Ω but in the
entire space RN . This makes natural the Dirichlet boundary condition in (2) posed
on Ωc. The same principle is adopted in [18] for the Neumann boundary condition.
A powerful reason for the definition in (6) is the fact that (−∆)sp represents the
gradient of the continuously differentiable functional J : W s,p

0 (Ω) → R given by

J(u) =
1

p

∫
RN×RN

|u(x)− u(y)|p

|x− y|N+ps
dxdy, ∀u ∈ W s,p

0 (Ω).

In particular, the continuity of (−∆)sp : W
s,p
0 (Ω) → W−s,p′(Ω) holds. As is often the

case, we have dropped in (6) the normalizing constant CN,p,s that appears in some
works [7, 13, 20]. This constant is only needed to recover from (−∆)sp the (negative)
p-Laplacian −∆p as s ↑ 1.
It is readily seen from (6) that (−∆)sp is strictly monotone on W s,p

0 (Ω), that is,

〈(−∆)spu− (−∆)spv, u− v〉 > 0, ∀u, v ∈ W s,p
0 (Ω), u 6= v. (7)

Moreover, we have

〈(−∆)sp(u), u〉W s,p
0 (Ω) = ‖u‖p

W s,p
0 (Ω)

and ‖(−∆)sp(u)‖W−s,p′ (Ω) = ‖u‖p−1
W s,p

0 (Ω)
(8)

for all u ∈ W s,p
0 (Ω).

Fix real numbers s ∈ (0, 1) and 1 < q < p < ∞. The continuous embedding
W p

0 (Ω) ⊂ W q
0 (Ω) allows that the (negative) (p, q)-Laplacian −∆p − ∆q be well

defined on W p
0 (Ω) (see [15, 17] for the study of −∆p −∆q including its spectrum).

As already said, such an embedding is no longer valid in the nonlocal setting. It
is shown in [12] that there always holds W s,p

0 (Ω) 6⊂ W s,q
0 (Ω) despite the fact that

1 < q < p < ∞, so the operator (−∆)sp + (−∆)sq does not exist on W s,p
0 (Ω) (neither

on W s,q
0 (Ω)).
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In order to overcome this issue, we set

W s,p,q
0 (Ω) := W s,p

0 (Ω) ∩W s,q
0 (Ω)

obtaining quite a large space that contains W p
0 (Ω).

Proposition 2.1. The space W s,p,q
0 (Ω) endowed with the norm

‖u‖W s,p,q
0 (Ω) := [u]s,p + [u]s,q

is a reflexive and separable Banach space.

Proof. Let {un}n≥1 be a Cauchy sequence in W s,p,q
0 (Ω). Hence there is a u ∈ Lr(RN)

with un → u in Lr(RN) and by Fatou’s lemma,∫
RN×RN

|u(x)− u(y)|r

|x− y|N+ps
dxdy ≤ lim inf

n→∞

∫
RN×RN

|un(x)− un(y)|r

|x− y|N+ps
dxdy

for r = p, q. This establishes that u ∈ W s,p,q
0 (Ω). The completeness of W s,p,q

0 (Ω)
follows from that of W s,p

0 (Ω) and W s,q
0 (Ω). The map

u ∈ W s,p,q
0 (Ω) 7→ (u, u) ∈ W s,p

0 (Ω)×W s,q
0 (Ω)

is an isometrical isomorphism on its range. Since W s,p
0 (Ω)×W s,q

0 (Ω) is reflexive and
separable, the same is true for W s,p,q

0 (Ω).

We define the s-fractional (p, q)-Laplacian (−∆)sp+(−∆)sq : W
s,p,q
0 (Ω) → (W s,p,q

0 (Ω))∗

for all u, v ∈ W s,p,q
0 (Ω) by

〈((−∆)sp + (−∆)sq)(u), v〉W s,p,q
0 (Ω) = 〈(−∆)spu, v〉W s,p

0 (Ω) + 〈(−∆)squ, v〉W s,q
0 (Ω) (9)

The (S+)-property holds true for the operator introduced in (9).

Proposition 2.2. Any sequence {un}n≥1 satisfying un ⇀ u in W s,p,q
0 (Ω) and

lim sup
n→∞

〈((−∆)sp + (−∆)sq))(un), un − u〉W s,p,q
0 (Ω) ≤ 0, (10)

for some in u ∈ W s,p,q
0 (Ω), is strongly convergent to u in W s,p,q

0 (Ω).

Proof. By (7) and (10) we derive

lim
n→∞

〈(−∆)sp(un) + (−∆)sq(un)− (−∆)sp(u)− (−∆)sq(u), un − u〉W s,p,q
0 (Ω) = 0, (11)

whereas (8) and (9) yield

〈(−∆)sp(un) + (−∆)sq(un)− (−∆)sp(u)− (−∆)sq(u), un − u〉W s,p,q
0 (Ω)

≥ (‖un‖W s,p
0 (Ω) − ‖u‖W s,p

0 (Ω))(‖un‖p−1
W s,p

0 (Ω)
− ‖u‖p−1

W s,p
0 (Ω)

)

+ (‖un‖W s,q
0 (Ω) − ‖u‖W s,q

0 (Ω))(‖un‖q−1
W s,q

0 (Ω)
− ‖u‖q−1

W s,q
0 (Ω)

) ≥ 0.

Then (11) entails
lim

n→+∞
‖un‖W s,p

0 (Ω) = ‖u‖W s,p
0 (Ω) and lim

n→+∞
‖un‖W s,q

0 (Ω) = ‖u‖W s,q
0 (Ω).

Since the spaces W s,p
0 (Ω) and W s,q

0 (Ω) are uniformly convex, we conclude that we
have un → u in W s,p,q

0 (Ω).
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3. Existence and approximation

Throughout this section we assume that condition (4) is fulfilled. The definition of
a (weak) solution u ∈ W s,p,q

0 (Ω) to problem (1) given in (3) says that

〈((−∆)sp + (−∆)sq)(u), v〉W s,p,q
0 (Ω) =

∫
Ω

f(x, u, ρ ∗ u)vdx, ∀v ∈ W s,p,q
0 (Ω).

Our finite-dimensional approximation makes use of a Galerkin basis of the space
W s,p,q

0 (Ω), which exists because W s,p,q
0 (Ω) is separable as known from Proposition 2.1.

Let {Xn}n≥1 be a Galerkin basis of W s,p,q
0 (Ω), that is, Xn is a finite-dimensional

subspace of W s,p,q
0 (Ω) with Xn ⊂ Xn+1 for all n and

∞⋃
n=1

Xn = W s,p,q
0 (Ω). (12)

We formulate an approximating problem on Xn: find un ∈ Xn such that

〈((−∆)sp+(−∆)sq)(un), v〉W s,p,q
0 (Ω)−

∫
Ω

f(x, un, ρ∗un(x))v(x)dx = 0, ∀v ∈ Xn. (13)

Lemma 3.1. For each n ≥ 1 there exists a solution un ∈ Xn to problem (13).

Proof. We introduce the map An : Xn → X∗
n by

〈An(u), v〉Xn := 〈((−∆)sp + (−∆)sq)u, v〉W s,p,q
0 (Ω) −

∫
Ω

f(x, u(x), ρ ∗ u(x))v(x)dx

for all u, v ∈ Xn. Due to hypothesis (4), the map An is well defined. By (9), (8),
(4), and Hölder’s inequality, we note that

〈An(v), v〉Xn = ‖v‖p
W s,p

0 (Ω)
+ ‖v‖q

W s,q
0 (Ω)

−
∫
Ω

f(x, v, ρ ∗ v)vdx

≥ ‖v‖p
W s,p

0 (Ω)
+ ‖v‖q

W s,q
0 (Ω)

− ‖θ‖Lγ(Ω)‖v‖Lγ/(γ−1)(Ω)

− a1‖v‖α+1
Lα+1(Ω) − a2‖ρ ∗ v‖βLβ+1(RN )

‖v‖Lβ+1(Ω), ∀v ∈ Xn.

Recall the Young’s inequality for convolution (see, e.g., [3, p. 104])

‖ρ ∗ u‖Lβ+1(RN ) ≤ ‖ρ‖L1(RN )‖u‖Lβ+1(RN ), ∀u ∈ Lβ+1(RN). (14)

By (14), in conjunction with the continuous embeddings of W s,p
0 (Ω) into the spaces

Lγ/(γ−1)(Ω), Lα+1(Ω) and Lβ+1(Ω), we find the estimate

〈An(v), v〉Xn ≥ ‖v‖p
W s,p

0 (Ω)
+‖v‖q

W s,q
0 (Ω)

−c1(‖v‖W s,p
0 (Ω)+‖v‖α+1

W s,p
0 (Ω)

+‖v‖β+1
W s,p

0 (Ω)
) (15)

for all v ∈ Xn, with a constant c1 > 0.
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Since on the finite-dimensional space Xn all the norms are equivalent, we infer from
(15) that a constant c0 = c0(n) > 0 exists such that, for all v ∈ Xn,

〈An(v), v〉Xn ≥ c0‖v‖pW s,p,q
0 (Ω)

− c1(‖v‖W s,p,q
0 (Ω) + ‖v‖α+1

W s,p,q
0 (Ω)

+ ‖v‖β+1
W s,p,q

0 (Ω)
).

Thanks to p > max{α + 1, β + 1}, it turns out that

〈An(v), v〉Xn ≥ 0 for all v ∈ Xn with ‖v‖W s,p,q
0 (Ω) = R

provided R > 0 is sufficiently large. Then a well-known consequence of Brouwer’s
fixed point theorem (see, e.g., [19, Proposition 2.1]) guarantees the existence of
un ∈ Xn for which An(un) = 0, thereby (13) is achieved.
Next we focus on the sequence of approximate solutions un.

Lemma 3.2. The sequence {un}n≥1 with un ∈ Xn constructed in Lemma 3.1 is
bounded in W s,p,q

0 (Ω).

Proof. Choose v = un as test function in (13), which gives

‖un‖pW s,p
0 (Ω)

+ ‖un‖qW s,q
0 (Ω)

=

∫
Ω

f(x, un, ρ ∗ un)undx. (16)

We derive from (16), hypothesis (4), Hölder’s inequality, (14) with un in place of u,
and the continuous embeddings of W s,p

0 (Ω) into Lγ/(γ−1)(Ω), Lα+1(Ω) and Lβ+1(Ω)
that

‖un‖pW s,p
0 (Ω)

≤ c2(‖un‖W s,p
0 (Ω) + ‖un‖α+1

W s,p
0 (Ω)

+ ‖un‖β+1
W s,p

0 (Ω)
),

with a constant c2 > 0. Since p > max{α+1, β+1}, the boundedness of {un}n≥1 in
W s,p

0 (Ω) follows. Going back to (16), we note that the sequence {un}n≥1 is bounded
in W s,q

0 (Ω), too. We conclude that {un}n≥1 is bounded in W s,p,q
0 (Ω).

Lemma 3.3. The sequence {un}n≥1 constructed in Lemma 3.1 fulfills

((−∆)sp + (−∆)sq)un − f(·, un, ρ ∗ un) ⇀ 0 in (W s,p,q
0 (Ω))∗ as n → ∞. (17)

Proof. Lemma 3.2 ensures that the sequence {un}n≥1 is bounded in W s,p,q
0 (Ω). By

(8) we find that the sequence {((−∆)sp + (−∆)sq)un}n≥1 is bounded in (W s,p,q
0 (Ω))∗.

We also observe that (4), (14) and Hölder’s inequality entail

‖f(·, un, ρ ∗ un)‖(W s,p,q
0 (Ω))∗ ≤ c3(‖θ‖Lγ(Ω) + a1‖un‖α+1

Lα+1(Ω) + a2‖un‖βLβ+1(Ω
),

with a constant c3 > 0, thus we can infer that {f(·, un, ρ ∗ un)}n≥1 is bounded in
(W s,p,q

0 (Ω))∗. In view of the reflexivity of the space (W s,p,q
0 (Ω))∗ demonstrated in

Proposition 2.1, along a subsequence there holds

((−∆)sp + (−∆)sq)un − f(·, un, ρ ∗ un) ⇀ ξ in (W s,p,q
0 (Ω))∗ (18)

for some ξ ∈ (W s,p,q
0 (Ω))∗.
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We are going to show that ξ = 0. Let v ∈
⋃

n≥1Xn and choose an integer m ≥ 1
such that v ∈ Xm. The definition of Galerkin basis postulates that Xm ⊂ Xn for
all n ≥ m. Letting n → ∞ in (13) we obtain from (18) that 〈ξ, v〉W s,p,q

0 (Ω) = 0. The
density of

⋃
n≥1Xn in W s,p,q

0 (Ω) according to (12) renders ξ = 0. Invoking (18), the
proof of (17) is achieved upon the entire sequence because the reasoning runs for
every subsequence of {un}n≥1.
The main result of this section reads as follows.

Theorem 3.4. Under assumption (4) there exists a (weak) solution u ∈ W s,p,q
0 (Ω)

to problem (1)–(2) in the sense of (3) which is the limit in W s,p,q
0 (Ω) of a strongly

convergent sequence {un}n≥1 with un solution of (13).

Proof. Consider the sequence {un}n≥1 constructed in Lemma 3.1. We shall prove
that there is a subsequence converging strongly in W s,p,q

0 (Ω) to a weak solution
of problem (1)–(2). Proposition 2.1 shows that the space W s,p,q

0 (Ω) is reflexive,
whereas Lemma 3.2 asserts that the sequence {un}n≥1 is bounded. In consequence,
along a relabeled subsequence we have un ⇀ u in W 1,p,q

0 (Ω) as n → ∞, with some
u ∈ W 1,p,q

0 (Ω).
In view of the compact embeddings of W s,p

0 (Ω) into Lα+1(Ω) and Lβ+1(RN), we infer
that un → u in Lα+1(Ω) and Lβ+1(RN). Moreover, thanks to (14), we have that
ρ ∗ un → ρ ∗ u in Lβ+1(Ω). As a result, hypothesis (4) enables to apply Lebesgue’s
dominated convergence theorem leading to

f(·, un, ρ ∗ un) ⇀ f(·, u, ρ ∗ u) in (W s,p,q
0 (Ω))∗ as n → ∞ (19)

and lim
n→∞

∫
Ω

f(x, un, ρ ∗ un)undx =

∫
Ω

f(x, u, ρ ∗ u)udx. (20)

Combining (19) and Lemma 3.3 confirms that

((−∆)sp + (−∆)sq)un ⇀ f(·, u, ρ ∗ u) in (W s,p,q
0 (Ω))∗ as n → ∞. (21)

Let us note from (8) and (13) that

〈((−∆)sp + (−∆)sq))(un), un − u〉W s,p,q
0 (Ω) =

∫
Ω

f(x, un, ρ ∗ un)undx

−
(
〈((−∆)sp + (−∆)sq)(un), u〉W s,p,q

0 (Ω) −
∫
Ω

f(x, un, ρ ∗ un)udx
)

−
∫
Ω

f(x, un, ρ ∗ un)udx.

In the limit as n → ∞, (19), (20) and (21) imply

lim
n→∞

〈((−∆)sp + (−∆)sq))(un), un − u〉W s,p,q
0 (Ω) = 0.

Hence Proposition 2.2 can be applied ensuring the strong convergence un → u in
W s,p,q

0 (Ω) as n → ∞. By the continuity of the operator (−∆)sp+(−∆)sq on W s,p,q
0 (Ω)

it turns out that

((−∆)sp + (−∆)sq)un → ((−∆)sp + (−∆)sq)u in (W s,p,q
0 (Ω))∗ as n → ∞. (22)
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Finally, (21) and (22) allow us to get the equality

((−∆)sp + (−∆)sq)u = f(·, u, ρ ∗ u) in (W s,p,q
0 (Ω))∗

establishing that u ∈ W s,p,q
0 (Ω) is a (weak) solution to problem (1)–(2). The proof

is complete.

Remark 3.5. A careful reading of the preceding arguments reveals that the exis-
tence of a solution to (1)–(2) cannot be derived by applying the main theorem for
pseudomonotone operators (see, e.g., [5, Theorem 2.99])). Condition (4) does not
ensure the needed coercivity with respect to the W s,q

0 (Ω)-component of the norm on
W s,p,q

0 (Ω) (note W s,p(Ω) 6⊂ W s,q(Ω)).

4. A sub-supersolution approach

For the general method of sub-supersolution in the study of local elliptic problems
we refer to [5] (see also [6] for a recent use regarding equations with convection).
This section implements a sub-supersolution approach in the case of the nonlocal
problem (1)–(2) supposing that ρ ∈ L1(RN) verifies ρ ≥ 0 almost everywhere. We
start by defining the appropriate notions of subsolution and supersolution.
A subsolution for problem (1)–(2) is a function u ∈ W s,p(RN)∩W s,q(RN) such that
u ≤ 0 on Ωc a. e., f(·, u, ρ ∗ u) ∈ Lr1(Ω) with some r1 > Np/(Np−N + sp) and∫

RN×RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

+

∫
RN×RN

|u(x)− u(y)|q−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sq
dxdy

≤
∫
Ω

f(x, u, ρ ∗ u)vdx, ∀v ∈ W s,p,q
0 (Ω), v ≥ 0 a.e. in Ω. (23)

A supersolution for problem (1)–(2) is a function u ∈ W s,p(RN) ∩ W s,q(RN) such
that u ≥ 0 on Ωc a. e., f(·, u, ρ ∗u) ∈ Lr2(Ω) with some r2 > Np/(Np−N + sp) and∫

RN×RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

+

∫
RN×RN

|u(x)− u(y)|q−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sq
dxdy

≥
∫
Ω

f(x, u, ρ ∗ u)vdx, ∀v ∈ W s,p,q
0 (Ω), v ≥ 0 a.e. in Ω. (24)

Notice that the integrals in (23) and (24) exist.

Remark 4.1. A measurable function u on RN is a solution to problem (1)–(2) if
and only if it is simultaneously a subsolution and a supersolution.

The main result of this section is the following.
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Theorem 4.2. Assume that condition (5) holds. Then there exists a (weak) solution
u ∈ W s,p,q

0 (Ω) to problem (1)–(2) satisfying u(x) ≤ u(x) ≤ u(x) for a.e. x ∈ Ω,
where u ≤ u is the sub-supersolution postulated in assumption (5).

Proof. For each u ∈ W s,p,q(RN) and a.e. x ∈ Ω we define the truncation

(Tu)(x) =


u(x) if u(x) < u(x)

u(x) if u(x) ≤ u(x) ≤ u(x)

u(x) if u(x) > u.

(25)

Since u ≤ Tu ≤ u a.e. in Ω whenever u ∈ W s,p,q(RN), assumption (5) allows us to
consider the Nemytskii type operator N : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ defined by

N(u) = f(·, Tu, ρ ∗ (Tu)), ∀u ∈ W s,p,q
0 (Ω). (26)

Specifically, through assumption (5) and Hölder’s inequality, we have∣∣∣∣∫
Ω

f(x, Tu, ρ ∗ (Tu))v(x)dx
∣∣∣∣ ≤ ∫

Ω

σ(x)|v(x)|dx ≤ ‖σ‖Lr(Ω)‖v‖Lr′ (Ω)

for all u, v ∈ W s,p,q
0 (Ω). Actually, the map N : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ in (26) is

completely continuous as the composition of the continuous map
u ∈ W s,p,q

0 (Ω) 7→ f(·, Tu, ρ ∗ (Tu)) ∈ Lr(Ω)

(see (5)) and the inclusion Lr(Ω) ⊂ (W s,p,q
0 (Ω))∗ which is compact being the adjoint

of the compact embedding W s,p,q
0 (Ω) ⊂ Lr/(r−1)(Ω) (note that r/(r− 1) < p∗s due to

assumption (5)).
Let the map A : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ be defined by

A = (−∆)sp + (−∆)sq −N, (27)

where N is given in (26).
The operators (−∆)sp : W s,p

0 (Ω) → W−s,p′(Ω) and (−∆)sq : W s,q
0 (Ω) → W−s,q′(Ω)

are continuous, monotone and bounded (in the sense that they map bounded sets
to bounded sets), so the operator (−∆)sp + (−∆)sq : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ in

(9) inherits the same properties. In particular, A : W s,p,q
0 (Ω) → (W s,p,q

0 (Ω))∗ is a
bounded operator.
Next we show that the operator A : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ in (27) is pseudomono-

tone. To this end, let un ⇀ u in W s,p,q
0 (Ω) and

lim sup
n→∞

〈A(un), un − u〉W s,p,q
0 (Ω) ≤ 0. (28)

By virtue of assumption (5), the sequence {N(un)} is bounded in Lr(Ω). On the
other hand, owing to r > Np/(Np−N+sp) we have r/(r−1) < p∗s, which guarantees
the compact embedding W s,p

0 (Ω) ⊂ Lr/(r−1)(Ω), whence un → u in Lr/(r−1)(Ω) and

lim
n→∞

〈N(un), un − u〉W s,p,q
0 (Ω) = 〈N(un), un − u〉Lr(Ω) = 0.
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Consequently, (28) takes the form (10). Then the (S+)-property proven in Propo-
sition 2.2 implies the strong convergence un → u in W s,p,q

0 (Ω). The continuity
of the operator A : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ in (27) entails A(un) → A(u) in

(W s,p,q
0 (Ω))∗ and 〈A(un), un〉W s,p,q

0 (Ω) → 〈A(u), u〉W s,p,q
0 (Ω). According to the def-

inition of pseudomonote operator (see, e.g., [5, Definition 2.97]), we have that
A : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ is pseudomonotone.

We claim that the operator A : W s,p,q
0 (Ω) → (W s,p,q

0 (Ω))∗ in (27) is coercive meaning

lim
∥u∥

W
s,p,q
0 (Ω)

→+∞

〈A(u), u〉W s,p,q
0 (Ω)

‖u‖W s,p,q
0 (Ω)

= +∞. (29)

Indeed, from (27), (26), assumption (5) and Hölder’s inequality, we infer the estimate

〈〈A(u), u〉W s,p,q
0 (Ω) = ‖u‖p

W s,p
0 (Ω)

+ ‖u‖q
W s,q

0 (Ω)
−
∫
Ω

f(x, Tu, ρ ∗ (Tu))udx

≥ ‖u‖p
W s,p

0 (Ω)
+ ‖u‖q

W s,q
0 (Ω)

− C‖σ‖Lr(Ω)‖u‖W s,p
0 (Ω)

for all u ∈ W s,p,q
0 (Ω), with a constant C > 0. Since p > 1 and q > 1, the coercivity

property (29) ensues.
Summarizing, the operator A : W s,p,q

0 (Ω) → (W s,p,q
0 (Ω))∗ introduced in (27) is

bounded, pseudomonotone and coercive. This enables to apply the main theorem for
pseudomonotone operators (see, e.g., [5, Theorem 2.99])). It provides the existence
of a solution u ∈ W s,p,q

0 (Ω) of the equation A(u) = 0, that is,

〈((−∆)sp + (−∆)sq)(u), v〉W s,p,q
0 (Ω) = 〈(f(·, Tu, ρ ∗ (Tu)), v〉W s,p,q

0 (Ω) (30)

for all v ∈ W s,p,q
0 (Ω).

We will show that u∈W s,p,q
0 (Ω) found in (30) satisfies the enclosure u ≤ u ≤ u a.e.

in Ω. This will be the result of a comparison argument. For proving the inequality
u ≤ u a.e. in Ω we rely on the function (u − u)+ = max{u − u, 0}. Since u is a
supersolution, we have u ≥ 0 on Ωc, which ensures that (u−u)+ ∈ W s,p,q

0 (Ω). Hence
v = (u − u)+ can be inserted in (24) and (30). By substraction and taking into
account the definition of the truncation Tu in (25), we get

〈((−∆)sp + (−∆)sq)(u)− ((−∆)sp + (−∆)sq)(u), (u− u)+〉W s,p,q
0 (Ω)

≤ 〈f(·, Tu, ρ ∗ (Tu))− f(·, u, ρ ∗ u), (u− u)+〉W s,p,q
0 (Ω) = 0.

It follows that 〈(−∆)spu− (−∆)spu, (u− u)+〉W s,p
0 (Ω) ≤ 0, which by (6) reads as∫

RN×RN

S(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy ≤ 0, (31)

where

S(x, y) := |u(x)− u(y)|p−2(u(x)− u(y))− |u(x)− u(y)|p−2(u(x)− u(y)).

Denote D := {x ∈ RN : u(x) > u(x)}, with the Lebesgue measure |D| and its
complement Dc = RN \D. We note that Ωc ⊂ Dc.
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It is clear that ∫
Dc×Dc

S(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy = 0

and
∫
D×D

S(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy

=

∫
D×D

S(x, y)((u(x)− u(x))− (u(y)− u(y)))

|x− y|N+sp
dxdy ≥ 0

since the function t 7→ |t|p−2t is increasing on R. Then (31) yields∫
(D×Dc)∪(Dc×D)

S(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy ≤ 0. (32)

Suppose that |D| > 0. We show that a contradiction is reached. If (x, y) ∈ D×Dc,
there hold u(x) > u(x) and u(y) ≤ u(y), so u(x) − u(y) − (u(x) − u(y)) > 0. This
results in S(x, y) > 0, thus

S(x, y)((u− u)+(x)− (u− u)+(y)) = S(x, y)(u(x)− u(x)) > 0 (33)

for all (x, y) ∈ D ×Dc. If (x, y) ∈ Dc ×D, we have u(x) ≤ u(x) and u(y) > u(y),
ensuring u(x)− u(y)− (u(x)− u(y)) < 0, therefore S(x, y) < 0. It turns out that

S(x, y)((u− u)+(x)− (u− u)+(y)) = −S(x, y)(u(y)− u(y)) > 0 (34)

for all (x, y) ∈ Dc ×D. Gathering (32), (33) and (34) gives rise to a contradiction.
In this way we find that |D| = 0, which proves the inequality u ≤ u a.e. in RN .
The proof of the inequality u ≤ u a.e in RN can be carried out by means of the
function (u−u)+ = max{u−u, 0}, noticing (u−u)+ ∈ W s,p,q

0 (Ω) as seen from u ≤ 0
on Ωc. Inserting v = (u− u)+ in (23) and (30), by (25) we arrive at

〈((−∆)sp + (−∆)sq)(u)− ((−∆)sp + (−∆)sq)(u), (u− u)+〉W s,p,q
0 (Ω)

≤ 〈f(·, Tu, ρ ∗ (Tu))− f(·, u, ρ ∗ u), (u− u)+〉W s,p,q
0 (Ω) = 0.

Then we get 〈(−∆)spu− (−∆)spu, (u− u)+〉W s,p
0 (Ω) ≤ 0 or equivalently∫

RN×RN

S̃(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy ≤ 0, (35)

where

S̃(x, y) := |u(x)− u(y)|p−2(u(x)− u(y))− |u(x)− u(y)|p−2(u(x)− u(y)).

Now denote D̃ := {x ∈ RN : u(x) > u(x)}, with the Lebesgue measure |D̃| and its
complement D̃c = RN \ D̃. Notice that Ωc ⊂ D̃c. It is readily seen that∫

D̃c×D̃c

S̃(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy = 0
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and
∫
D̃×D̃

S̃(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy ≥ 0.

Then (35) implies∫
(D̃×D̃c)∪(D̃c×D̃)

S̃(x, y)((u− u)+(x)− (u− u)+(y))

|x− y|N+sp
dxdy ≤ 0, (36)

Admit that |D̃| > 0. Our aim is to reach a contradiction to (36). Let (x, y) ∈ D̃×D̃c,
that is, u(x) > u(x) and u(y) ≤ u(y), hence u(x) − u(y) − (u(x) − u(y)) > 0. It
follows that S̃(x, y) > 0, which in turn gives

S̃(x, y)((u− u)+(x)− (u− u)+(y)) = S̃(x, y)(u(x)− u(x)) > 0 (37)

for all (x, y) ∈ D×Dc. Let (x, y) ∈ D̃c × D̃. We have u(x) ≤ u(x) and u(y) > u(y)
that reflect in u(x)− u(y)− (u(x)− u(y)) < 0, and S̃(x, y) < 0. We find that

S̃(x, y)((u− u)+(x)− (u− u)+(y)) = −S̃(x, y)(u(y)− u(y)) > 0 (38)

for all (x, y) ∈ D̃c × D̃. On the basis of (36), (37) and (38), a contradiction arises.
It implies |D̃| = 0, thereby u ≤ u a.e in RN .
Altogether we have u ≤ u ≤ u a.e. in RN . Then using (25) we are able to replace
Tu by u in (30). As a result, the solution u of the auxiliary problem (30) becomes
a (weak) solution to the original problem (1)–(2) in the sense of (3). The proof is
complete.
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