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We establish various extensions of the convexity Dines theorem for a (joint-range) pair of
inhomogeneous quadratic functions. If convexity fails we describe those rays for which the
sum of the joint-range and the ray is convex. Afterwards, we derive a characterization of the
convexity of the joint-range itself. The convexity Dines theorem for a pair of homogeneous
quadratic functions and its extension for inhomogenous functions due to Polyak are re-obtained
as consequences. These results are suitable for dealing nonconvex inhomogeneous quadratic
optimization problems under one quadratic equality or inequality constraint. As applications
of our main results, different sufficient conditions for the validity of S-lemma (a nonstrict version
of Finsler’s theorem) for inhomogeneous quadratic functions, are presented, as well as a new
characterization of strong duality (which is a minimax-type result) under Slater-type condition
is established.
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1. Introduction

Quadratic functions have proved to be very important in mathematics because
of their consequences in various subjects like calculus of variations, mathematical
programming, matrix theory (related to matrix pencil), geometry and special
relativity [24, 21, 42, 22, 20, 26, 4, 15], among others, and applications in Applied
sciences: telecommunications, robust control, [33], trust region problems [19, 40].
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The lack of convexity always offers a nice challenge in mathematics, but some-
times, as occurs in the quadratic world, hidden convexity is present. It seems to
be that one of the first results for quadratic forms is due to Finsler [16], known as
(strict) Finsler’s theorem, which refers to positive definiteness of a matrix pen-
cil. The same result was proved, independently, by the Chicago’s School under
the guidance of Bliss. We quote Albert [1], Reid, [39], Dines [14], Calabi [11],
Hestenes [23].

Perhaps the first beautiful results for a pair of quadratic forms are due to Dines
[14] and Brickman [10], proving the convexity, respectively, of

{((Az,z), (Bx,z)) € R*: 2 € R"}, (1)

{((Az,z),(Bx,z)) € R?: (x,2) =1, 2 € R"} (n >3), (2)

provided A and B are real symmetric matrices. Actually Dines, motivated by
the above result due to Finsler, searched the convexity in (1). This convex-
ity property inspired many researchers for searching hidden convexity in the
quadratic framework. Generalizations to more than two matrices were developed
in [4, 37, 21, 25, 13, 36|, and references therein, without being completed. It is
well known that, in general, (f, ¢)(R™) is nonconvex if f and g are inhomogeneous
quadratic functions.

In the next paragraph we highlight briefly the main contributions in the paper.

Precisely, our interest is to consider a pair of inhomogeneous quadratic functions
f and g, and to characterize the convexity of (f,¢)(R") (Theorem 4.16), and
that of (f,g)(R") + R, d (Theorem 4.14), given d € R?, d # 0. As a byproduct
we obtain the convexity of (f,¢)(R") + int P (Theorem 4.19), or equivalently
of (f,g9)(R") + P, for every convex cone P C R? with non empty interior (for
instance P = R%). Hence, Theorem 2.2 in [37] due to Polyak (a non-homogeneous
case) and the Dines convexity theorem are recovered. Finally, looking at the
proofs about the nonconvexity of (f, g)(R")+Rd, we realize that our method is
constructive and therefore may be used to describe completely such a property,
see for instance Remark 4.17.

We point out that the convexity of C' = (f, g)(R") + R2 was stated in Corollary
10 of [44], but its proof is not correct since the set C' is not closed in general:
Examples 3.5 and 5.15 show this fact. On the other hand, we mention the re-
cent paper [29] where it is proved, under suitable assumptions, the convexity of
(f, g0, Py - - B ) (RM) + R with f being any quadratic function, gy (quadratic)
strictly convex and all the other functions h; affine linear. Another joint-range
convexity result involving Z-matrices may be found in [28].

Additionally, by exploiting the algebraic characterization of the convexity of
(f,9)(R™) + R, (1,0), we derive some (new) sufficient conditions for the valid-
ity of an S-lemma with an equality constraint (a nonstrict version of Finsler’s
theorem for inhomogeneous quadratic functions). These conditions are expressed
in a different way than that established in [47], where the fulfillment of such an



F. Flores-Bazdn, F. Opazo / Characterizing the Convezity of Joint-Range ... 259

S-lemma is algebraically characterized. This characterization is applied to pro-
vide necessary and sufficient conditions for the the convexity of (f,g)(R™), in
the special case when g is affine by using a completely different approach. The
S-lemma just mentioned is suitable for dealing with the problem

inf{f(z): g(x) =0, z € R"}, (3)

and it is also useful for dealing with bounded generalized trust region subprob-
lems, that is, with constraints [ < g(x) < u, as shown in [47].

We also provide a new characterization of strong duality for (3) under a Slater-
type condition, see Corollary 5.6.

A complete description (besides the convexity) of the set

cone((f, g)(R") — pu(1,0) + RY),
where

p=inf{f(z): g(z) <0, z € R"}, (4)

for any pair of inhomogeneous quadratic functions f and g, is given in [17] by
assuming p to be finite. When f and ¢ are any real-valued functions, strong
duality for (4) implies the convexity of cone((f, ¢)(R™) — u(1,0) + R?%) as shown
in [18]. In case an equality instead of inequality in (4) is considered, we refer to
the recent work [12].

It is worthwhile mentioning that the existence of solution for (4) was fully ana-
lyzed in [5] under simultaneous diagonalization (SD).

Apart from the characterizations of strong duality, several sufficient conditions of
the zero duality gap for convex programs have been established in the literature,
see [2, 3,51, 7,8,9, 43, 35].

The paper is structured as follows. Section 2 provides the necessary notations,
definitions and some preliminaries to be used throughout the paper: in particular,
the Dines theorem is recalled. Some characterizations of bi-dimensional Simul-
taneous Diagonalization (SD) and Non Degenerate (ND) properties for a pair of
matrices are established in Section 3. Section 4 contains our main results: firstly,
given d € R?, d # 0, it is characterized the nonconvexity of (f, g)(R™) +R,d, and
secondly, necessary and sufficient conditions for the convexity of (f,g)(R") are
also established. Thus, the Dines convexity theorem for homogeneous functions is
recovered, as well as Theorem 2.2 in [37] for inhomogeneous functions. An appli-
cation to characterize the validity of strong duality, under a Slater condition, of
nonconvex quadratic optimization under a single equality constraint is presented
in Section 5 (Corollary 5.6). Finally, Section 6 presents, for reader’s convenience,
a brief historical note about the appearance, in a chronological order, of the
several properties arising in the study of quadratic forms. Some relationships
between those properties are also outlined.
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2. Basic notations and some preliminaries

In this section we introduce the basic definitions, notations and some preliminary
results.

Given any nonempty set K C R, its closure is denoted by K; its convex hull by
co(K') which is the smallest convex set containing K; its topological interior by
int K, whereas its relative interior by ri K, it is the interior with respect to its
affine set; the (topological) boundary of K is denoted by bd K. We denote the

complement of K by C(K). We set cone(K) = UtK , being the smallest cone
>0
containing K, and cone(K) = UtK. In case K = {u}, we denote cone K = R u
0
and Ru = {tu : t € R}, where Ry = [0, +00[; thus R, u stands for the ray starting

at the origin along the direction u. Furthermore, K* stands for the (non-negative)
polar cone of K which is defined by

K*={£e€R": (¢,a) >0 Vac K},

where (-, -) means the scalar or inner product in R™, whose elements are considered
column vectors. Thus, (a,b) = a'b for all a,b € R*. By K+ we mean the
ortogonal subspace to K, given by K+ = {u € R" : (u,v) =0 Vv € K}; in case
K = {u}, we simply put u. We say P is a cone if tP C P for all t > 0, and it
is pointed if P N (—P) = {0} whenever P is convex.

Throughout this paper the matrices are always with real entries. Given any
matrix A or order m x n, A" stands for the transpose of A; whereas if A is a
symmetric square matrix of order n, we say it is positive semidefinite, denoted
by A =0, if (Az,z) > 0 for all x € R"; it is positive definite, denoted by A > 0 if
(Az,z) > 0 for all z € R™, x # 0. The set of symmetric square matrices of order
n is denoted by S”.

Given any quadratic function

f(x) = (A, x) + (a, x) + ki,
for some A € 8", a € R" and k; € R, we set
fu(w) = (Az, z),  fu(z) = (a,z).
If we are given another quadratic function
g(x) = (Bzx,x) + (b,x) + ko,
for some B € 8", b € R" and ky € R. Set

= ()« Ful = (1), o)

An important property in matrix analyis and in the study of nonconvex quadratic
programming, is that of Simultaneous Diagonalization. We say that any two
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matrices A, B in 8™ have the Simultaneous Diagonalization (SD) property, simple
simultaneous diagonalizable, if there exists a nonsingular matrix C' such that both
CTAC and CTBC are diagonal [26, Section 7.6], that is, if there are linearly
independent (LI) vectors u; € R", i = 1,...,n, such that z,,,, =0, i# j. Such
an assumption, for instance, allowed the authors in [6] to re-write the original
problem in a more tractable one. The symbol LD stands for linear dependence.

It is said that A and B are Non Degenerate (ND) if
(Au,u) =0 = (Bu,u) = u=0. (6)

One of the most important results concerning quadratic functions refers to Dine’s
theorem [14], it perhaps motivated by Finsler’s theorem [16].

Theorem 2.1. [14, Theorem 1,Theorem 2| [23, Theorem 2] The set Fr(R™) is
a convex cone. In addition, if (6) holds then either Fy(R") = R? or Fy(R") is
closed and pointed.

The convexity may fail for F(R") if F(z) = (f(z),g(x)) with f, g being not
necessarily homogeneous quadratic functions, as the next example shows.

Example 2.2. Consider f(x1, %) = 21429 — 25 —25—2111, g(21, 22) = 23 +23+

22115 — 1, and define the set M = {(f(x1,22),g(71,22)) € R? : (21, 79) € R?}.
Clearly (an) = (f(071)ag(0a1)) € M and (_270) = (f(_170)>g(_170)) S M>
but (—1,0) = 3(0,0) + 1(—2,0) ¢ F(R?). One can actually see that

Fi(R?) =R, (—1,1), and F(R?) = {(t —t*¢* —1): t € R}.

Another instance is Example 4.3, where
F(R?) = {(0,0} U[R*\ (R x {0})], Fu(R?) =R x {0}.

Notice that F'(R?) + R, d still remains nonconvex whenever —d € bd Fy(R?) =
Fy(R?).

We now state a simple result which will be used in the next sections. For any
u = (uy,u) € R? set u; = (—ug,uy), so that |lul| = ||ur] and (u,,u) = 0.

Proposition 2.3. Let u,v € R%. The following hold

()  (vL,u) =—(uL,v);
(b)  (vi,u) # 0 <= {u,v} is LI
(¢)  Assume that {u,v} is LI. Then
(cl) h=tiu+tav, ty >0 (resp. to > 0) <= (uy,v){ug,h) >0
(resp. > 0);
(2) h=tiu+tv,t; > 0,ts >0 <= (us,v){u,,h) >0 and
(v, uy{vy, h) > 0.

Finally, the next lemma which is important by itself will play an important role
in the subsequent sections.
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Lemma 2.4. Let X C R" be a nonempty subset of R™ and h # 0, hy, be any
elements in R? such that

F(X)+Rh+Rih C F(R"). (7)
Then F(R™) is convex under any of the following circumstances:

(a) {h'la h} 18 LI and 7 = R”’
(b)  {hi,h} is LD and X = R".

Proof. Let 0 <t < 1 and z,y € R with F(x) # F(y). The desired result is
obtained by showing that f, = tF(z) + (1 —t)F(y) € F(R™).

(a): By assumption (h,,hi) # 0, and therefore, from (7) and Proposition 2.3 one
gets, for all o € X,

H(xo) ={u: (hy,hi){(hi,u— F(x9)) >0} C F(R"). (8)
The desired result is obtained by showing that f; = tF'(z)+ (1 —t)F(y) € H(xo)
for some zy € X. We distinguish two cases.

(al): (hy,hi)(hy, F(y) — F(x)) > 0 (the case “<” is entirely similar). Since
(hi,hi)(hy, f — F(x)) >0,

by densedness and continuity, we get Z € X close to = such that f, € H(z), and
so f € F(R™) by (8).

(a2): (hy,hi){(h., F(y) — F(x)) = 0. Let us consider the functions ¢; : R — R?
and ¢ : R — R defined by

@A) = FQAz+ (1= A)y), ¢(A) = (he, hi)(he, a(A) = F(x)).

Clearly ¢ is quadratic satisfying ¢(0) = ¢(1) = 0. Let us consider first that ¢ = 0.
Due to continuity ¢;([0,1]) is a connected set contained in the line F(z) + Rh
passing through F'(z) and F(y). Thus, f; € ¢:([0,1]) C F(R").

We now consider ¢ # 0. Then there exists A\; € R satisfying ¢(A\;) <0, i. e,

(hi, hi)(hy, F(Mz+(1=X)y)—f) = (ho, h)(hy, F(Mz+(1=X\)y)—F(z)) < 0.
Hence by taking € X near A\yz+(1—X\;)y, we obtain (h, hi)(h., fi—F(Z)) > 0,
and so f; € F(R") by (8).
(b): As {hy,h} is LD, then (7) means that for all zy € X,

Hy(z0) = {u € R*: (hy,u— F(z)) =0} C F(R").

Let g(A) = (hy, F(Ax + (1 — N)y) — fi). Then ¢ is continuous and ¢(0) =
t(hy, F(y) — F(x)), q(1) = (1 —t)(h,, F(z) — F(y)). We observe that either
q(0) = 0 = ¢(1) or ¢(0)g(1) < 0. In the first case g(A\) = 0 for all A € R, and
so f; € F(R™). In case of opposite sign, we get A\g € |0, 1] such that g(Ag) = 0,
which implies that f; € Ho(Aoz + (1 — Ao)y) C F(R"). O
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3. Characterizing SD and ND in two dimensional spaces

This section is devoted to characterizing the simultaneous diagonalization and
non degenerate properties for a pair of matrices in terms of its homogeneous
quadratic forms. As one may found in the literature, the study in R? deserves
a special treatment from R"”, n > 3, and to the best knowledge of these authors
the following characterizations are new. As said before, here A, B € S§%.

We start by a simple proposition appearing elsewhere whose proof is presented
here just for reader’s convenience.

Proposition 3.1. Let us consider the assertions:

(a) Fu(R?)=R%

(b) ND holds for A and B;

() Fu(R?) is closed.

Then (a) = (b) = (c).

Proof. (a) = (b): Let u € R? satisfying Fy(u) = 0. If on the contrary u # 0,
then by taking v € R? such that {u,v} is linearly independent, we obtain for

«, B € Rv
Fy(au+ Bv) = &*Fy(u) + B2Fu(v) + 2082,y

Thus Fy(R?) C R, Fy(v) + Rz,,, which is impossible if Fy(R?) = R
(b) = (c): Let Fy(xr) be a sequence such that Fy(zy) — 2. In case ||z is
bounded, there is nothing to do. If [|a|| is unbounded, up to a subsequence, we

may suppose that ||zx|| = +o00 and Tk, 4. Thus |lul]] =1 and

[z |
(e = Fa(-) 5 Fy(u) = 0,
[k ? [z |
which yields, by assumption, v = 0, a contradiction. O

Example 3.2 below shows that (a) = (b) may fail in higher dimension. However,
for n > 3, one obtains that (a) implies the existence of u € R, u # 0, such that
Fy(u) =0, as Corollary in [23, p. 401] shows. We also point out that the proof
for proving (b) implies (¢) remains valid for any dimension, see also Theorem 6
in [23].

Example 3.2. Take

0
0
-1

0
0
—1

10 00
A= 0 0 5 B = 0 1 )
0 0 00

Then, Fy(R3) = R?, but ND does not hold for A and B.

The next result provides a new characterization for SD in two dimension.
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Theorem 3.3. The following statements are equivalent:

(a) SD holds for A and B;
(b)  Fu,v € R? such that Fy(R?*) = Ryu+ Ry v;
()  Fg(R?) is closed and Fi(R?) # R2.

Proof. (a) = (b): By assumption, there exist LI vectors =,y € R?, such that
Zay = 0. Thus, Fyg(R?*) = {Fy(axz + By) : o, 8 € R}. From the equality
Fy(az + By) = o®Fy(x) + *Fg(y) the desired conclusion is obtained.

(b) = (c): is straightforward.

(¢) = (a): We already know that Fj(R?) is a convex cone. We first check that
Fy(R?) cannot be a halfspace. Indeed, suppose that Fir(R?) = {y € R? : (p,y) >
0} for some p € R?, p # 0. Then there exist u,v € R? such that Fg(u) = p, and
Fg(v) = —py, which imply that {u,v} is LI. Since Fg(au + Bv) = o*Fg(u) +
B%Fy(v) + 2af2,, for all a, B € R, we get 2a3(p, 2,,,) > 0 for all a, 8 € R.
Hence (p, z,,,) = 0, and therefore Fiy(R?*) = {y € R? : (p,y) = 0}. Thus, the set
Fy(R?) may be (i) the origin {0}; (i) a ray; (iii) a pointed cone, (iv) a straight
line.

(7): We simply take any two LI vectors u and v. Indeed, since F(u) = Fy(v) =
Fy(u+v) =0, we obtain z,, = 0.

(ii): Assume that Fy(R?*) = R,p, and take u € R? such that Fy(u) = p, and
choose v € R? so that {u,v} is L. In case 2,, # 0, we proceed as follows. Since
Fy(u+v) = Fy(u) + Fy(v) + 22,,, we obtain 0 = (p,, 2,,), which implies that
Zup = Ap for some A € R. It follows that z,,_y, = 0 with {u,v — Au} being LI,
and therefore SD holds.

(731): We have, for some LI vectors p, g (see Proposition 2.3)

FH(RQ) =Rip+Rig={z¢€ R? : (pL,q){pL,2) =20, (qu,p){qL,z) >0}, (9)

with the property (p.,q) = —(qu,p) # 0. Take u,v in R? satisfying Fy(u) = p,
Fy(v) = q. It follows that v and v are LI. From (9), we get in particular,
(P, q)(pL, Fu(tu +v)) > 0, for all t € R. This implies that (p,,2,.,) = 0.
Similarly one obtains (g, zy,) = 0. Thus z,, = 0, which is the desired result.

(iv): This case is similar to (7). Take u,v € R? such that Fg(u) = py, Fg(v) =
—p,, which imply that {u, v} is LI. Hence {u,v — Au} is LI for some A € R and
Zupv—Au — 0. ]

The next example illustrates that u and v need not to be LI in the previous
theorem; Example 3.2 shows that (a) does not imply (b) in higher dimension,
since we get R? = F(R?) = Ry (1,0) + R.(0,1) + R, (—1,—1), and clearly SD
holds for A and B; whereas Example 3.5 exhibits an instance where without the
closedness of F(R?) the implication (¢) = (a) may fail.
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Example 3.4. Take

0 1 1 1
(D) s e( ).

After some computations, we get that C'T AC' is diagonal. It is easy to see that
Fy(R*) =R, (1,0) + R, (—1,0) = R x {0}.
Example 3.5. Consider

() )
Fp(wy, ) = (21 + 22)*(1,0) + (21 — 23)(0, 1),

one obtains F(R?) = (R, x R)U{(0,0)}, which is not closed and clearly SD
does not hold for A and B.

Then, even if

We are now in a position to establish a new characterization for ND in R2.

Theorem 3.6. The following assertions are equivalent:

(a) ND holds for A and B;
()  ker Anker B = {0} and Fy(R?) is a closed set different from a line.

Proof. (a) = (b): The first part of (b) is straightforward, and the closedness of
Fy(R?) is a consequence of Proposition 3.1. It remains only to prove that Fi(R?)
is different from a line. In case Fy(R?) = R? we are done; thus suppose that
Fy(R?) # R% By Theorem 3.3, we have SD, that is, there exist u,v € R?, LI, such
that z,, = 0. This means Fy(au + fv) = o*Fg(u) + B2Fg(v) for all o, 8 € R.
Obviously Fy(u) # 0 # Fy(v), and if Fg(u) = —A2Fy(v) for some A # 0, then
Fy(u+ Av) = 0. This implies that u + Av = 0 which is impossible, therefore
Fy(u) # —N*Fg(v) for all A # 0. Thus Fy(R?) = {o*Fg(u) + 8*Fu(v) 1 o, €
R} is not a line.

(b) = (a): Since Fy(R?) is closed, by Theorem 3.3, either Fy(R?) = R? or SD
holds. In the first case, Proposition 3.1 implies that (a) is satisfied. Assume that
SD holds, as before, there exist u,v € R?, LI, such that z,, = 0. Let w € R?
satisfying Fg(w) = 0, we claim that w = 0. By writing w = A\ju + Ayv for some
N €R, i =1,2, we get Fy(w) = M Fg(u) + A\3Fg(v). We distinguish various
situations. If Fy(u) = 0 (resp. Fy(v) = 0), then (Au,u) = 0 and (Bu,u) = 0
(resp. (Av,v) and (Bv,v) = 0), which along with (Au,v) = 0 and (Bu,v) = 0,
allow us to infer Au =0 = Bu (resp. Av =0 = Bwv). It follows that u = 0 (resp.
v = 0), which is impossible.

We now consider Fy(u) # 0 # Fy(v). Suppose, on the contrary, that \; # 0
for i = 1,2. Then, from Fy(w) = AN Fy(u) + A3Fx(v) = 0, we obtain F(u) =
—\Fy(v) for some A > 0. This yields that Fi;(R?) = {o?Fy (u)+B*Fy(v) : o, €
R} is a line, a contradiction. Hence A\; = 0 for i = 1,2, and so w = 0, completing
the proof. O
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The same proof of the previous theorem allows us to obtain the next result which
establishes a relationship between ND and SD.

Corollary 3.7. The following assertions are equivalent:

(a) Fg(R?*) #R? and ND holds;
(b)  ker ANker B = {0}, Fg(R?) is different from a line and SD holds;
() 3 (A1, A2) € R? such that A A+ X\B = 0.

Proof. (a) = (b) follows from Theorems 3.3 and 3.6; whereas the reverse im-
plication is derived from the proof of the previous theorem. The equivalence
between (a) and (c) is Corollary 1 in [14, page 498], valid for all n > 2. O

4. Dines-type theorem for inhomogeneous quadratic functions and
relatives

This section is devoted to proving a generalization of Dines theorem for inhomo-
geneous quadratic functions, see Theorem 4.16. Set

f(z) = (Az,z) + (a,z), g(z) = (Bx,x) + (b, x), (10)

and, as before F'(x) = (f(z), g(x)), so that F(0) = (0,0).

We first deal with the one-dimensional case and afterward the general situation.

4.1. The case of one-dimension
We begin with the following useful simple result.
Proposition 4.1. Let u € R, u # 0. Then

(a) F(Ru)={a*Fg(u) +aF(u): a€R};
(b) co F(Ru) = F(Ru)+ R, Fy(u).

Proof. (a) is straightforward and (b) is a consequence of the following equalities:

tF(au) + (1 —t)F(Bu) = [ta® + (1 — t) % Fy(u) + [ta + (1 — ) 8] F(u)
= [(ta + (1= )8)* + (t = *)(a — B)*|Fur(u) + [ta + (1 — ) B FL.(u)
= Fl(ta+ (L )8)u) + (t — £)(a — 5)*Fia(u). ()

Hence, the proof is complete. O

The one-dimensional version of (inhomogeneous) Dines-type theorem is expressed
in the following

Lemma 4.2. Let u € R, u # 0 and 0 # d € R2. The following hold:

(a)  Assume that {Fy(u), Fr(u)} is LD then F(Ru) is conver.
(b)  Assume that {Fg(u), Fr(u)} is LI. Then
(b1) if d = Fg(u) one has F(Ru) + Ryd = co F(Ru) + R d = co F(Ru);
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(02) if d = —Fy(u) then
F(Ru)4+R,d = F(Ru)UC(co F(Ru)) = C(co F(Ru)) # co F(Ru)+R.d;
(03) if {d, Fy(u)} is LI, one has F(Ru) + Ryd = co F(Ru) + R,d #
co F(Ru).
Similar results hold for the set F(x + Ru) + Ryd for any fivzed v € R™ since

Fla + tu) = £ Fy (u) + ¢ ( g‘éﬂ‘g Zi ) + F(z).

Proof. We write F(tu) = t?Fy(u) + tFp(u).
(a): In this case the set F(Ru) is either a point or ray or a line, so convex.

(b1): From Proposition 4.1, we obtain

co(F(Ru) +Rid) = co F(Ru) + Ryd = F(Ru) + Ry F(u) + R, d, (12)
from which the convexity of F(Ru) + R..d follows if d = Fg(u).
(b2): We obtain the following equalities, thanks to the LI of {Fp(u), Fr(u)}:

3 3
co F(Ru) = {ZAiF(aiu) Y N =L A0, a€ ]R}
i=1 i=1
3 3 3
i=1 i=1 i=1
= {aFy(u) + BFL(u): a>pB% a, B R} (13)
Thus

C(co F(Ru)) = {aFy(u) + BFL(u) : a < B a, BER}, andso

C(co F(Ru)) = {aFy(u)+BFL(u): a<pB? a, B€R}=FRu)+R,d,
since F'(Ru) +Ryd = {(8* — t)Fy(u) + BFp(u) : B €R, t > 0} by Propos. 4.1.

(b3): We write Fp(u) = A\ Fg(u) + Aod with Ay # 0. By virtue of (12), we need
to check that F'(Ru) + Ry Fy(u) + Ryd € F(Ru) + R, d. This requires to solve
a quadratic equation, which is always possible. Indeed, take a € R, A\, > 0,
v+ > 0, we must find S € R and r; > 0 such that

g+ AL = Bha+ 1o, a4 ad +94 = B2+ B (14)

We can solve this system by substituting § from the first equation of (14) into
the second one, proving the convexity of F(Ru) + R, d.

Let us check the last assertion. By assumption, we can write d = o1 Fy(u) +
09Fy(u) with o9 # 0. From (13), z € co F(Ru) if and only if x = o?Fg(u) +
BFy(u) with o > 2. By taking v > 0 sufficiently large such that y = F(tu) +
vd = [+o1yug+[t + ooy ug with 24017 < (t + 097), we get y € F(Ru)+R,.d
and y & co F(Ru). O
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The next example shows that in fact F'(Ru) may be nonconvex for some u, but
it becomes convex once a particular direction is added.

Example 4.3. Take
01 1
=(00)0-0)

with all other data vanishing. Let u = (uy,us), ujug # 0. Then, Fy(u) =
2

(2uyus,0), Fr(u) = (0,u1) and F(Ru) = {(z,y) € R? : x = ﬂy2} is monconvez,
Uy

but certainly, F'(Ru) 4+ R,d is convex if, and only, if d # (—2ujus,0). Here,

F(R?) ={(0,0} U [R*\ (R x {0})], Fu(R*) =R x {0}.

We note that, due to convexity,

Fy(R") = R? <= Fy(R") = R? <= int Fy(R") = R* (15)

As a consequence of the previous lemma we get the characterization of convexity.
Theorem 4.4. Let u € R", u # 0, and f,g as above. Then,

(a) F(Ru) is conver <= {Fy(u), Fr(u)} is LD;

(b) in case {Fy(u), Fr(u)} is LI and d # 0, one has

F(Ru) +Ryd is convex <= —d &R, Fy(u).

4.2. The case of higher dimension

We first recall the following result due to Polyak:

Theorem 4.5. [37, Theorem 2.2] If n > 2 and there exist o, € R such that
aA+ BB =0, then F(R") is convex (also closed).

The next theorem is an extension of the previous result. Indeed, Corollary 1 in
[14, page 498] establishes

Ja, BER, aAd+ BB =0 <= ND holds and Fy(R") # R (16)

Observe also that in case Fiy(R™) = R? one obtains F'(R") = R? by Lemma
4.11. We present a self-contained proof of the next theorem, but another proof
is as follows. In case Fy(R") = R?, by Lemma 4.11, F(R") = R? as well; if
Fg(R™) # R?, then from (16) it follows that «A + 8B > 0 for some «, 3 € R,
and thus Theorem 4.5 implies the convexity of F'(R™).

Theorem 4.6. Assume that ND holds for A and B. Then

(a) either Fy(R?) = R? or F(R?) is conver
(b) if n >3 then F(R™) is convex.
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Proof. (a): Assume that Fy(R?) # R?% From Proposition 3.1 and Theorem
3.3, we get SD for A and B, which means that there exist {u,v} LI satisfying
Zuw = 0. Thus F(R?) = F(Ru) + F(Rv). In addition, Fy(u) # 0 # Fy(v) and
by the choice of u and v, Fy(u) # —pFy(v) for all p > 0. We claim that

co F(Ru) + F(Rv) C F(Ru) + F(Rv). (17)

By virtue of Lemma 4.2, we need only to consider {Fy(u), Fr(u)} to be LI
We can write for some p; and oy, i = 1,2, Fg(v) = p1Fu(u) + poFr(u) and
Fr(v) = 01Fg(u) + 09F(u). Take any x € co F(Ru) + F(Rv); then, by Lemma
4.1, x = F(au) + v*Fg(u) + F(Bv) for some o, 3 € R and v € R.

We search for \; € R, i = 1,2 satisfying z = F(\u) + F(Ayv). From the last two
equalities, we get

A+ M+ Aoy —a® —4° = Py — Boy =0

A1+ Mg + Aaoa — a — BPus — Bog =0

From the second equation, we obtain A\ = a+ 32us + 09 — A3y — Aa0o, which is
substituted on the left-hand side of the first equation to get a polynomial in A,
say p(A2). Our goal is to find a zero of p. Observe that Ay = [ implies \; = «
and so p(f) = —* < 0. If uy # 0, the higher degree term of p is u3\* which goes
to +00 as Ay — +o00; if jy = 0, the higher degree term of p is (03 + p1)A3, with
(1 being positive by the choice of u and v. Thus, in both cases, p(Ay) > 0 for Ay
sufficiently large. Hence, there exists p(A2) = 0, and so (17) is proved. We now
check that co F(R?) = F(R?). Indeed, it is obtained from the following chain of
equalities:

co F(R?) = co F(Ru)+ co F(Rv) = co F(Ru) + F(Rv) + Ry Fy(v)
= FRu)+ F(Rv) + R, Fy(v) = F(Ru) + co F(Rv))
C F(Ru)+ F(Rv = F(R?).

(b): We will see now how we can reduce to the case n = 2, so that (a) is applicable.
Let x,y € R™ and t € |0, 1], we have

tF(z) + (1 —t)F(y) € tF(Rx + Ry) + (1 — t)(F(Rx + Ry). (18)

Thus, it suffices to prove the convexity of F'(Rxz+Ry) whenever {z,y} is LI. Take
any \; € R, 7 =1,2, then

Fuz + Agy) = N{Az, 2) + 2\ 00 (Az, y) + A5(Ay, y) + Mia, ) + Ao(a, y)
(Az, x) <Ax,y>) ()‘1) (Al)
= A >\ .
(o %) ((Acv,y} (A, ) \ne) T (@) (am) (),
A similar expression is obtained for g. By denoting

A= () (). e = (o) (Get)
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we can write

= = () (B ) a e

= F(R?). (19)

We want to apply the result in (a) to the set on the right-hand side of (19). It
is not difficult to verify that if ND holds for A and B, then ND also holds for
A(z,y) and B(z,y) provided {z,y} is LI. Furthermore, since F(R™) # R?, we
get Fy(R2) # R2. By applying (a), we conclude that F(R?) = F(Rz + Ry) is
convex, and therefore the convexity of F(R™). O

In order to establish our second main result without ND, some preliminaries are
needed.

Proposition 4.7. Letn > 2 and 0 # v € R" such that Fg(v) = 0. The following
assertions hold:

(a) Fg(R?) # R? and {Av, Bv} is LD;

(b) if n > 3 then either Fy(R") = R? or {Av, Bv} is LD.

(¢) Theset Z ={z,,: u € R"} is a vector subspace, and if Fiy(R™) # R? then
for all w € R™ satisfying z,., # 0,

bd Fy(R") = Rz,.,. (20)

In particular, if Av # 0 and Bv = MNAv (resp. Bv # 0 and Av = A\Bv) for
some A € R, then

bd Fy(R") = R(1,)) (resp. bd Fy(R") =R(),1)). (21)

Proof. (a): The first part follows from Proposition 3.1. By assumption { Av, Bv} C
v, thus {Av, Bv} is LD.

(b): Again {Av, Bv} C vt. Let v, 2,y € R™ be LI vectors. We consider first the
case where {2, ;, 2,, } is LD. In this case there exist A1, Ay € R not both null such
that A2y + Aazyy = 0. The latter means 2, x,z41,y = 0, which implies that

{Av, Bv} C [span{v, \jz + Aoy} .

The latter subspace has dimension n — 2. If n — 2 equals 1, we are done; if
n — 2 > 2, we proceed in the same manner until reaching dimension 1, in which
case we conclude that {Av, Bv} is LD.

Now consider the case where {z, ., z,,} is LI. Take any w € R? and write w =
2y + P2y, for some a, B € R. We easily obtain for all € > 0:

1 € 1 1 € 1
FH(gzz + aiv) = gFH(:z) + azy,, FH(gy + ﬁiv) = gFH(y) + B2y y-
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By Dines theorem Fy(R™) is a convex cone, therefore

S (Fu@) + Faly)) +w € Fy(R"), V&> 0.

Letting € — +o00, we get w € Fy(R"), proving that Fr(R") = R?, and the result
follows from (15).

(¢): Obviously Z is a vector subspace. Let u € R", z,, # 0. Fy(u+£tv) =

Fy(u) + 2tz,, for all ¢ € R, which implies that +z,, € Fy(R"). Since the

latter set is a convex cone different from R?, Fy(R") is either a halfspace or the
straightline Rz, ,. In either case we obtain (20).
For the last part simply observe that z4,, = ||Av||*(1,\) # (0,0) if Av#0. O

When ND does not hold, the next result asserts the convexity of F'(R?) under
nonemptiness of the interior of the homogeneous part.

Lemma 4.8. Assume that ND does not hold. If int Fy(R?) # 0, then F(R?) is

convezr.

Proof. Let v # 0 satisfying Fg(v) = 0. Take u € R? such that {u,v} is LI. It
follows that Fir(R?) = Fy(Ru+ Rv) = R, Fy(u) + Rz,,. Since int Fg(R?) # 0,
one gets {Fy(u), 2z, } is LI. We will check that F(R?) = F(Ru + Rv) is convex.
From Theorem 2 in [38], it suffices to prove that F'(Ru + Rv) = Fy(Ru + Rv) +
F(Ru + Rv).

Let o, B, 7,0 € R and s = (sy,5,), h = (hy, h,) € R? such that Fr(u) = s,24., +
hyFr(u) and Fr(v) = 8,24, 0+ he Fr(u). We must find A = (A, \2) € R? satisfying
F(au + fv) + Fg(yu + év) = F(Au + \w). This equality along with the LI of
{Fu(u), 2y} lead to the following two equations:

2)\1)\2—2(Oé5+’)/5)+8u(>\1—Oé)+81,(>\2—ﬁ) =0
M= (B2+8)+h (M —a)+h,(A—8) = 0

If h, # 0, from the second equation we get a expression for A\; and substitutes
it into the first one. The obtained equation is polynomial of third degree in the
variable Ao, so it admits at least one real zero. Thus a solution (A1, Ay) of the
above equations is found.

Now consider the case h, = 0. The second equation is quadratic in Ay with
discriminat A = (h, + 25)2 +46% > 0. Thus the second equation always admits
a solution A\ € R. Since the first equation is linear in Ay, it will be solvable in A\;
provided its coeficient 2Ay + s, is non zero. This is satisfied if A > 0. If A =0
and the worst case 2y + s, = 0 fulfills, we easily see that the first equation is
satisfied vacuously. O

In what follows, in view of

F(R") = F((ker ANker B)*")+ Fy(ker ANker B),
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we show that there is no loss of generality in assuming ker A Nker B = {0}. In
fact, set K = ker A Nker B with dim K+ = m. Take a basis {u; : 1 <4 <m} of

K*. Thus F(K*) = F(R™) is a pair of quadratic functions having the following
data: A = ((us, Au;))ij, B = ((ug, Buy))is, @ = (la,u), ..., {a,u,)) and b =
((b,uy), ..., (b,uy)). Let us prove that K = ker ANker B = {0}. Take z € K.
Then

(i, AY zju;)) =0 and (ug, B zjuy)) =0 Vi=1,...,m.

J=1 J=1

This means szuj € K+ n K+ = {0}, and so K = {0}. This condition will
j=1

be assumed in (b) of the following lemma, which is the second main Dines-type

result without ND property.

Lemma 4.9. The set F(R™) is convex under any of the following conditions:

(a) Fr(ker Anker B) # {0}, or equivalently, {a,b} ¢ (ker ANker B)*;
(1) 0 int Fy(R") # .

Proof. (a) Let u € ker ANker B and set 0 # h = Fp(u). Then, for all z € R",
F(x +tu) = F(z) +th € F(R"). Lemma 2.4 yields the desired result.

(b): We apply the procedure as above to consider F(K*) = F(R™) and F(R") =

F(R™) 4 Fy(K) with K = ker ANker B. Obviously dim K+ = m > 2 since
0 # int Fy(R™) = int Fy(R™). Then, if ND holds for A and B, by Lemma 4.6,

F(R™) is convex, and so F(R™) as well. In case ND does not hold, we proceed
on F', by assuming now that ker A Nker B = {0}.

Let v # 0 satistying Fiy(v) = 0. It is not difficult to check that {z,,: v € R"}is
contained in a line passing through the origin; actually it is the entire line since
Zoyy = —2yp and ker ANker B = {0}. Thus, {z,,: u € R"} = Rr with 7 # 0.
Let us define

Xy ={ueR": 2z,,#0}, YV,={ueR": Fy(u) € Rr},
and consider C, = X, NY,. Besides X, is nonempty since ker A Nker B = {0},

1
it is also dense (uy € X, implies u + Euo € X, for any u € R" and k£ € N); Y,

is nonempty in view of () # int Fy(R™), and open by continuity. It is also dense
(take ug € Y, and note that for every u ¢ Y, one has

1 2 1

(1, F(u+ Euo» = E<m’ Zuug) T ﬁ(WJ_aFH(UO» # 0

1
for all k£ € N sufficiently large, implying u + Euo €Y, for all k£ € N) sufficiently

large. Consequently, C, is nonempty and dense since it is the intersection of two
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dense sets being one of them open. Notice that for all u € C,, {u,v} is LI and
therefore F'(Ru + Rv) satisfies all the assumptions of Lemma 4.8, so it is convex.
Moreover

Fy(Ru+Rv) = {0}JU{Ra+R,  Fir(u)} = {0}U{h € R? : (7, Fy(u))(m,h) > 0},

where the second equality follows from Proposition 2.3. On the other hand, all
the elements of the form (r,, Fy(u)) have the same sign since Fy(R") # R2.
Hence, by using Theorem 2 in [38], we obtain

F(R") D F(Ru+Rv)=F(Ru+ Rv)+ Fy(Ru+ Ro)
O F(Ru+Rv)+Rr+ Ry Fu(u)
= FRu+Rv)+{hcR*: r(r., h) >0}
with Fy(u) € Rr for all u € C, and some constant r # 0. Thus, by Lemma 2.4
(with X = RC, + Ruv), F(R") is convex. O

Remark 4.10. Observe that Example 3.5 provides an instance where

0 # int Fy(R?) # R

The next lemma is also new in the literature.

Lemma 4.11. Assume that Fg(R") = R%. Thenn > 2 and F(R") = R2.
Proof. The fact that n > 2 is obvious. Consider first n = 2 and let L; € R? be
any non-zero vector. Take u and v satisfying Fy(u) = —Fy(v) = Ly. Thus {u,v}
is LI. Since Fy(R™) = R? {2,.,, L1} is LI. Set Ly = 2,,. Then, there exist o;,

pi, © = 1,2, such that Fy(u) = 201L1 4+ p1 Ly and Fp(v) = —209L; + paLs. Given
any = € R?, we will find \; € R, i = 1,2, satisfying

x=F((A —o)u+ (A — 02)v). (22)
On the other hand, we obtain
F(()\l—Ul)U—F()\Q—Ug)'U) = [)\%—)\S]Ll—i-[?)\l)\g—l—(pl—0'2))\1—{—(,02—0'1))\2]L2—C,

with C' = (62 — 02) Ly + (01p1 + 02p2)La. By writing z = 2Ly + 2oLy — C' and
setting m = py — 09, M = ps — 01, (22) yields

Ir = >\% — >\§, T = 2)\1)\2 + 7T1>\1 + 7T2>\2. (23)

We distinguish two cases.

Suppose first that the set {(2,m), (72, —x2)} is LD. Then, there exists ¢, such
that to(2,7m) = (me, —x3). Thus, the second equation in (23) reduces to 0 =
(M +t0)(2Ag+m1). If 0 = Ay +1tg then z; = 2 — A2 for any Ay € R; if 0 = 2X\y + 7

then xy = \? — (%)2 for any A; € R. From this we infer that the first equation

in (23) is always satisfied as well.
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Suppose now that the set {(2,m), (w2, —x2)} is LI, which is equivalent to 2z +
mme # 0 by Proposition 2.3. From the second equation in (23), we obtain, by
assuming additionally 2y + 71 # 0 (since otherwise we are done)

A — ) —7T2)\2 o Yy 4 2LU2+7T17T2
P4 m 2 2@+ m)

Thus,

2x + T 2 .
= >\2 — >\2 = —@ 27 - >\2 == )\ .
T 1 2 ( 9 +2(2)\2+7T1) 2 P( 2)

. T 7r
Since p( —o0, ~ 1) =R = p( - 2,
a solution, proving that F(R?) = R2.

+00]), we conclude that system (23) admits

We consider now that n > 3. Take any u and v satisfying Fy(u) = (1,0) and
Fy(v) = (0,1). Then R? C Fy(Ru + Rv), which implies int Fy(Ru + Rv) # 0.
In case Fgy(Ru + Rv) = R? we apply the above result to conclude that R? =
F(Ru + Rv) and therefore F(R") = R2. If on the contrary, Fg(Ru + Rv) # R?,
from Lemma 4.9, we get the convexity of F(Ru + Rv)). By Theorem 2 in [38],
R? C F(Ru+ Rv) 4+ Fy(Ru + Rv) = F(Ru+ Rv) C F(R"). Similarly, we also
get the sets —R?, Ry x R_ and R_ x R, are contained in F(R"), and therefore
F(R") = R2. O

By using the previous two lemmas and Theorem 4.6, the following theorem is
obtained.

Theorem 4.12. Let n > 2. If either int Fy(R™) = () or ND holds for A and B
then F(R™) is conver.

We now describe a procedure to find a suitable change of variable to be used
presently.

Lemma 4.13. Let d = (dy,dy) # 0, and consider F as in (10) with A = di1
and B = dol with I being the identity matriz of order n and a,b any vectors in
R™. Then, there exist to > 0, k € R?, # € R? and a square matriz C satisfying
CTC = I such that, if v = Cy — T one obtains
(a) F(z) = F(y)—k where F is defined in terms of A = A, B = B, @ = —dytoer,
b= dytoe; with e = (1,0,...,0) € R™;
(b) ifn>2 then F(R") = F(Rey) +Ryd—k = co F(Rey) —k, and there exists
§ € R with Fy(§) = d and Fy.(j) = 0;
(¢)  the following statements are equivalent (or both fail if n > 2) :
(c1) {d, Fp(x)} is LI for all v € F;;*(d);

(¢2) {d, FL(y)} is LI for all y € Fy;*(d).

Proof. (a): As d and d, are LI, there exist z, y € R" satisfying
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for all i. For any x € R", we write

F(x) = (r,z)d+2(z,x)d + (y,x)d,
= (x+Z, 2+ ) d+ (g,x+x)d, — (Z,2)d — (T,y)d, .

If y = 0, we choose to = 0, C' = I and the conclusion follows; otherwise take
xr+x = Cy with C = ( ﬁ 14 ) where W is any matrix having as columns

a ortonormal basis of §1. Clearly CTC = I and, by choosing ty = |||, we get

F(z)=F(y) =k, F(y) = (y.9)d+toprds, k=|z[°d+ (@ g)dr.  (24)

(b): From the last equality, we obtain

F(z) = yid+ ||gllyid. + dny —k,

1>2

which implies that F(R™) = F(Re;) +R;d — k; the second equality in (b) follows
from Proposition 4.1 since Fy(e;) = d. In addition, we obtain Fy(es) = d and
FL(62) =0.

(c1) = (¢2): From above we deduce
F(z) = F(Cy — ) = F(Cy) + F(=) = 2z0y: = F(y) — k,

with k = —F(-2), ﬁH(y) = Fu(y) = Fu(Cy) and Fy(y) = F(Cy) — 220y Let
y € Ff}l(d). Then Fy(Cy) = d, and by (cl) {F.(Cy),d} is LI. Thus {Fy(y), d} is

LI as well, since Fy(y) = F(Cy) — 220y 7 and 2oy z = < é;’ ggZi ) = (z,Cy)d.

(c2) = (cl): it is similar.

In case n > 2, both expressions (cl) and (¢2) fail in view of (b). O

Next theorem characterizes those directions d under which F'(R") 4+ Rd is non-
Convex.

Theorem 4.14. Let f,g be any quadratic functions as above and d = (dy,ds) €
R2, d # 0. The following assertions are equivalent:

(a)  F(R™) 4 R.id is nonconvex;

(b)  The following hold:
b1) {a,b} C (ker ANker B)*;

(
(b3) —d € Fy(R™);
(b4) [(Au,u) = —dy, (Bu,u) = —ds] = dy(b,u) # da{a,u).
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Proof. (a) = (b): From Lemma 4.9, we get I (ker Anker B) = {0} and so (b1)
holds, and additionally int Fi;(R™) = (. We now introduce the function F which
has the same form as F, but on R™™, with F(0) = 0 and data

(325 (38) () (3)

Then, we get F(R™!) = F(R") + R,d and F(R") = Fy(R") + R,d. Since
(b2) holds if and only if Fi(R™) C Rd, one gets int F(R™1) #£ () if Fy(R") € Rd.

Hence, if (h2) does not hold F(R™?) is convex by Lemma 4.9, that is, F(R™)+R, d
is convex, proving (a) implies (b2).

(b3): We now check that Fj;'(—d) # (. If on the contrary —d ¢ Fy(R"), we
get Fy(R") € Ryd by (b2). Thus, either Fy(R") = {0} or Fg(R") = R d.
In the first case A = 0 and B = 0, implying the convexity of F(R"), which is
not possible if (a) is assumed. The second case is also impossible due to (¢) of
Proposition 4.7, proving the desired result.

(b4): Take u € R"™ such that Fy(u) = —d and Fp(u) = Aod for some Ay € R.
From (b2) for all x € R, z,, € Rd. This along with the fact that F(z + tu) =
F(z) + 224, — t2d + thod, yield F(z) + Rd € F(R") for all x € R™. Thus, the
convexity of F(R™) follows from Lemma 2.4, which contradicts (a).

(b) = (a): By a spectral theorem, we can find a non singular matrix D satisfying

I 0
T _ my
D AD—d1< 0 -1,
view of (b1) we may ignore the null eigenvalues if any), and ms > 1 by (b3). From
(b2), we also get DTBD = d, ( ["O“ _? )
ma

We apply the preceding lemma to both blocks corresponding to the matrices A
and B. Thus, we obtain ms = 1 since otherwise (b3) would be impossible by
virtue of (¢) in Lemma 4.13. Hence we may assume from now on m; = m and
me = 1. From Lemma 4.13, there exist 0 < t1, to, k¥ € R%2, 7 € R™ and a

), where [; denotes the identity matrix or order [ (in

square matrix C' = ( CS“ c ) such that CTC = I, and if x = Cy — 7, one
ma

obtains F(z) = F(y) — k, where F is as F with data A = DTAD, B = DTBD,

a= —d2t161 — d2t26m+1, and g = d1t1€1 + d1t26m+1.

By (b3), {d, F1(y)} is LI for all y € F;;'(—d). This last expression means Fy (i) =
Oo y? —y2 o )d = —d, which reduces to y2,,;, =1+ > " yi.

On the other hand, Fy(y) = (t1y1 4 tayms1)do. Then {d, F(y)} is LI if and only
if t1y1 + toYme1 # 0.

Let us show that F(R") 4+ R.,d is nonconvex. First, observe that F(dyem 1) =
—v2d £ ytid,, so that —y*d + ~vt1d; — k € F(R") for all v > 0. We now check
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that for all v > 0,

—72d+’7t1dl—]€—’}/2d—’}/t1dl—]€
2

=k = ¢ FR"),
which turn out that —y?d — k ¢ F(R") +R_d for all v sufficiently large. Assume
that there exists y € R™™ such that —2d = F(y). But

ﬁ(y) = (ny - yr2n+1> d+ (tiyr + toymr1)do,
1=1

SO

Vor =7+ >yl and tiys + by = 0. (25)
i=1

This yields a contradiction, since the second equality implies that

f(%y) = fﬂ(%y) = —d

~ 1
and therefore {d, F;,(—y)} must be LI, that is, see above, t1y; + toyms1 # 0. O
Y

From the preceding result the following theorem follows.

Theorem 4.15. Let n > 1 and f,g be any quadratic functions as above. If
F(R™) +R,d is convex for all d € R?, d # 0, then F(R"™) is convexz.

Proof. If F(R") is nonconvex then Fiy(R") # {0}, and by Lemma 4.9, Fy (ker AN
ker B) = {0} and int Fy(R") = (). From the latter condition, Fy(R™) C Rd for
some d € R?, which is equivalent, as seen in the proof of the previous theorem, to
dyA = dy B. Actually either Fig(R") = Rd or Fg(R") =R dor Fg(R") = —R.d.
In case Fj;'(—d) # 0, we proceed as follows. By Theorem 4.14, {d, Fy,(u)} is LD
for some (all) u € Fy;*(—d). Then, for such u, Fy(u) = vd for some v € R. On
the other hand, for all z € R", all t € R, assuming dy # 0, one has

F(z+datu) = F(x) —d3t*d+~dotd+2tdo 2, = F(x) — d3t*d+~ydotd + 2t (Bx, u)d

(In case d; # 0, one has F(x + dijtu) = F(x) — d?t*d + yditd + 2t(Az, u)d).
From this, we infer F(R") — R d C F(R"). If Fg'(—d) = 0 but F;'(d) # 0,
we work with d = —d to conclude with the same equality as above, implying
F(R") —R,d C F(R"). Thus F(R") + R,d C F(R"). The previous reasoning
proves, in any of the three situations for Fiy(R™), that F(R")+ Fg(R™) C F(R").
Hence, F(R™) is convex as a consequence of Theorem 2 in [38], so a contradiction
is reached, establishing that in fact F'(R™) is convex. O

By combining the last two theorems, we obtain the next result which characterizes
the convexity of joint-range for a pair of quadratic functions, and contains the
Dines theorem, [14] (a = b= 0).
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Theorem 4.16. Let n > 1 and f,g be any quadratic functions as above. Then,
F(R™) is convex if, and only if for all d € R*, d # 0, any of the following

conditions hold:

(C1) Fp(ker ANker B) # {0};
(C4)

C4) Fu € Fyt(—d): dy{b,u) = dy(a,u).

——>c

Figure 4.1: n — 1 > 2

-——>c

Figure 4.2: n—1>3

Remark 4.17. (The nonconvexity of the joint-range set: a complete description)
If F(R™) is not convex then Theorems 4.15 and 4.14, and its proof, imply the
existence of d = (dy, ds) # (0,0), a change of variable x = Cy—7 and k € R? such

that for all z € R™, one has F(z) = F(y) — k with Fy(y) = <Zy22 — yr2n+1) d
i=1

and F} (y) = (tiy1 + tayms1) d1, where m may possibly be zero; moreover, there
it holds

y?n.}_l =1+ Z?J? = ty1 + t2Yms1 # 0. (26)
i=1

In particular from (26) it follows (using y,+1 = 1 and y; = 0,7 # m + 1)
that ¢ty # 0. Furthermore, if 2 > t2, setting t3 = \/t? — {2 > 0, the vector y

t t
whose components are y; = t_z’ Ymal = _t_l and y; = 0,7 # 1, m + 1, yields a
3 3

contradiction with (26); proving that ¢3 < ¢3 # 0. Thus, two possibilities arise:

e 12 = tZ, in which case, two sets come out as shown in Figures 4.1 and 4.2, up
to translations and/or rotations. Consider [ = dim(ker A Nker B).

e t? < {2, in which case we may assume ¢; = 0 up to the change of variables

ot ot t ot

Yy = t_yljut_ymH, Yyl = t_y1+t_2ym+1’ t3 = \/t3 — t23; thus the set may have
3 3 3 3
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two possible forms as well, see Figures 4.3 and 4.4, up to translations and/or
rotations.

e => <
——>c

-->1

Figure 4.3: n—1=1 Figure 4.4: n —1> 2

Remark 4.18. Assume that F'(R™) + R, d is nonconvex for some d # 0. Then,
by Theorems 4.12 and 4.14 one concludes that int Fiy(R™) = (), ND does not hold
for A and B (so Proposition 4.7 is applicable), and —d € Fg(R™). Consequently,
there are at most two directions d, —d € bd Fy(R"), for which F(R") 4+ R,d is
nonconvex.

From the previous description, we immediately obtain (a) of the next theorem.
From (b) one concludes, in particular, that C' = F(R") + R? is convex. Such
a result was asserted in Corollary 10 of [44], but unfortunately the proof is not
correct, since C' is not closed in general, as Examples 3.5 and 5.15 show.

Theorem 4.19. Let f, g be any quadratic functions as above. Then,

(a) F(R") + Ry.d is convex for all non-null directions d except possibly for
—d € bd Fy(R");

(b)  F(R™) + Q is convex for all convex cone with nonempty interior Q C R?.
Consequently F(R™) + int @ is also conver.

Proof. (a): It is a consequence of the preceding remark and the following equal-
ities:

F(R") +Ripd=F([R") + (Ryd+ Riyd) = (F(R") + Ryd) + Ryid.

(b): Since int @) # (), we can choose d € @ such that F(R")+R,d is convex. The
result follows by noting that

FRY+Q=FR")+ Rd+Q)=(FR")+R.:d) + Q.

Thus, int(F(R") + Q) = F(R") + int @ is also convex. O
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Theorem 4.20. Let d € R?, d # 0. Then either d = (dy,ds) ¢ —bd Fy(R™) or
dyA — dy B is semidefinite (positive or negative).

Proof. Assume that dy A—d; B is not semidefinite, that is, there exist zq, x5 € R"
such that (d,, Fy(x1)) <0< (dy, Fg(z2)). Then, it is not difficult to check that

either —d € int Fg(R") or —d & Fg(R"), which mean —d ¢ bd Fg(R™). O

5. Nonconvex quadratic programming with one single inequality or
equality constraint

In this section we are concerned with the following quadratic minimization prob-
lem:

p=inf{f(z): g(z) e —P, zeR"}, (27)
where P is either R, or {0}, and f, ¢ : R™ — R are any quadratic functions given
by

f(z) = %(A:E, x) + (a,z) + k1; g(z) = %(BZL’, x) + (b, x) + ko, (28)

with A, B € 8", a, b € R" and kq, ky € R.
The (Lagrangian) dual problem associated to (27) is defined by

v = sup inf {f(z)+ Ag(x)}. (29)
Aep* TER™
Clearly we obtain
inf{f(z) +Ag(x)} < p, VA e P (30)

It is said that (27) has the strong duality property, or simply that strong duality
holds for (27), if 4 = v and problem (29) admits any solution.

Thus, in case p = —oo, there is no duality gap since v = —oo as well, and from
(30), we conclude that any element in P* is a solution for the problem (29).
Hence, strong duality always holds for (27) provided p = —cc.

Setting F' = (f,g), 1 € R means
[F(R") = u(1,0)] NV =Ry x P) =0, (31)
or equivalently,
[F(R") + (Ry x P) = (1,0 N =(Ryy x {0}) = 0. (32)
Hence, in case of one inequality constraint, i. e., P = R,, (32) becomes
[F(R") + B2 — 1(1,0)] 1 —(Roy x {0}) = 0

whereas in case P = {0}, that is, under one single equality constraint, (32)
reduces to

[F(R") + R (1,0) — u(1,0)] N —=(Ryy x {0}) = 0.

Thus, we are interested only in the convexity of F'(R")+R, (1,0) since F(R")+R?
is always convex by Theorem 4.19.

By particularizing d = (1,0) in Theorem 4.14, it yields the following corollary.
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Corollary 5.1. Let f,g be quadratic functions as in (28). Then,
(@) F(R™) 4+R.(1,0) is nonconvez if and only if
B =0, {a,b} C (ker A)- = AR"), A%0, and
(Au,u) < 0= (b,u) # 0; (33)

(b) if F(R™) 4+ R, (1,0) is nonconvez, one obtains
(b1) A (N p) € R?, f(z) + Ng(x) > p, ¥V x € R™ and therefore

inf [f(x) + Mg(x)] = o0, ¥ A € B
zeR™
(02) ;€ R, i =1,2, g(z1) <0 < g(x2).

Proof. (a) follows from Theorem 4.14 with d = (1,0).
Assume now that (b1) does not hold, then A = 0, contradicting (a). Then, the

second part immediately follows.
(b2) It follows from (33). O

Remark 5.2. As a counterpart to the preceding corollary we deduce that F'(R™)+
R, (1,0) is convex if, and only if any of the following conditions is satisfied:

(C1) B=0and 3 u € ker A such that either (a,u) # 0 or (b, u) # 0;

(C2) B #0;
(C3) B=0and A 3= 0;
(C4) B=0and Ju € R™ (Au,u) <0 and (b,u) = 0.

The latter condition implies y = —oo, provided (27) is feasible for P = {0}.

5.1. Characterizing the strong duality under Slater condition

We now characterize the validity of strong duality of problem (27) under a Slater-
type condition. This will be a consequence of an important result well-known as
S-lemma or (non-strict) Finsler theorem. The validity of S-lemma with equality
(P = {0}) is characterized in Theorems 1 and 3 in [47] by a completely different
approach. Our purpose here is to provide some sufficient conditions for that
validity as a consequence of our results from Section 4. These conditions will be
expressed in a different way than that in [47].

The case P = R, already appears in [48, 49] known as the S-procedure, see also
[41, Corollary 5], [32, Proposition 3.1], [36, Theorem 2.2], [28, Corollary 3.7],
and a slight variant in [17, Theorem 3.4]. Some extensions of the S-procedure in
a different direction may be found in [13].

We now establish some sufficient conditions for the validity of S-lemma for inho-
mogeneous quadratic functions. Set Kp = {x € R": g(z) € —P}.

Theorem 5.3. (S-lemma) Let P be either Ry or {0}, Kp # 0 and f,g : R* - R
be any quadratic functions as in (28), satisfying 0 € ri(g(R™) + P). In case
P = {0}, assume additionally that g # 0 and that any of the conditions (C'),
i =1,2,3, holds. Then, (a) and (b) are equivalent:
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(@) zeR™ g(x)e —P = f(x) >0.
(b)  There is X\ € P* such that f(x) + Ag(z) >0, V x € R™

Proof. Obviously (b) = (a) always holds. Assume therefore that (a) is satis-

fied. This means that 0 < pu = (i)nf R f(x). It follows that (32) holds. By our
g(x)e—

previous discussion F'(R™) 4+ (R, x P) is convex, and so by a separation theorem,
there exist (y,A) € R?\ {(0,0)} and o € R such that

Y(f(x) =p+p) +Xg(x)+q) >a>qu, Ve eR" VpeRy, Vge P, Vu<0.

This yields & > 0, v > 0 and A € P*, which imply v(f(z) —p)+Ag(x) >0, Vz €
R™, that is, vf(x) + A\g(z) > yu >0, V x € R". The Slater-type condition gives
~v > 0, completing the proof of the theorem. O

Remark 5.4. (Comparison with the S-lemma with equality given in [41, 32, 36])
Here, our discussion refers to P = {0}. The S-lemma in [41, Corollary 6], see
also [32, Proposition 3.2, or [36, Proposition 3.1], asserts that (a) and (b) are
equivalent under the assumptions (¢) and (i7) :

(1) g is strictly convex (or strictly concave) and
(i7) there exist x; € R", i = 1,2 such that g(z;) < 0 < g(x2).

We first observe that such a result cannot be applied to homogeneous quadratic
functions (which only requires (i7), see [34, Theorem 2.3] or [21]), as one can
notice it directly. On the contrary, our S-lemma recovers that result, since ()
implies (C3): indeed (Bu,u) = 0 implies u = 0, and so F;;'(—1,0) = 0. Secondly,
it is easy to check that (iz) is equivalent to:

(17') 0 € ri g(R™) and ¢ # 0.

On the other hand, our Theorem 5.3 applies to Example 5.15 but Proposition 3.1
in [36] does not, since g in this case is neither strictly convex nor strictly concave.

A characterization of the validity of the S-lemma, with P = R, for each quadratic
function f, for fixed g, is given in [27, Theorem 3.1]; contrary to our purpose which
looks for conditions on the pair f and g jointly. When P = {0}, the next result
is new.

Theorem 5.5. Let P be either Ry or {0}; f,g : R" — R be any quadratic
functions, as above, satisfying 0 € ri(g(R") + P) with p € R. In case P = {0},
assume additionally that g Z 0 and that any of the conditions (Ci), i = 1,2, 3,
holds. Then, strong duality holds for the problem (27).

Proof. From pu € R, we infer that there is no z € R"™ such that f(z) — pu <
0, g(x) € —P. Then, we apply Theorem 5.3 to conclude with the proof. O

We single out the case P = {0} to obtain a new characterization of the valid-
ity of strong duality for inhomogenoeus quadratic functions under Slater-type
condition. Its proof follows from the previous theorem and Corollary 5.1.
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Corollary 5.6. Let P = {0} in problem (27); f,g : R" — R be as above satis-
fying g(x1) < 0 < g(xs) for some x1,x5 € R™. Assume that p € R. Then, the
following are equivalent:

(a)  strong duality holds for (27);
(b)  any of the conditions below holds:
(C1) B=0 and 3 u € ker A such that either (a,u) # 0 or (b,u) # 0

(C2) B #0;
(C3) B=0and A= 0

In case we have strong duality with ;1 = —oo it is possible that F(R") + R, (1,0)
may be nonconvex. The following example shows this fact.

Example 5.7. Take f(z1,,25) = :51:)32, g(z1,29) = 1 + 1. Then p = —o0.
Moreover, since (—1,2) = F(1,—1), (=1,0) = F(=1,1) but (-1,1) ¢ F(R™) +
R, (1,0), the latter set is nonconvex.

In connection to the previous result, we must point out that when F(R") +
R4 (1,0) is not convex, then g(z1) < 0 < g(z3) for some z1, 25 € R” and v = —c0
by Corollary 5.1.

The next example shows that a Slater-type condition is necessary.

Example 5.8. Let P be either R, or {0} and consider f(z1,22) = x1 + 22,
g(x1,23) = (71 + 22)% One can deduce that there is no duality gap. It is easy to
get

Fuy(R?) =R, (0,1), F(R? ={(u,v) e R?*: v=1u?}, g(R*) =R,.

Thus F;'(—=1,0) = 0 (implying that F(R?) + R,(1,0) is convex), but 0 ¢
ri(g(R?) + P). Moreover, the strong duality does not hold, since for any A € R,
the inequality

Ty 4 22 + Az +22)2 >0, V (21,72) € R?,
is impossible.

Strong duality results (with P = R, ) were also derived in [27, Theorem 3.2] and
[30, Theorem 3.2], with a different perspective: in both papers it is characterized
the validity of such a result for each quadratic function f.

5.2. Characterizing minimizers

By applying Corollary 5.6, we obtain a necessary and sufficient optimality condi-
tion, which is an extension of Theorem 3.2 in [34], where the assumption B # 0
(which is our condition (C2)) is imposed when P = {0}. The case P = R, was
already considered in [31, Proposition 3.3|, [34, Theorem 3.4], [28, Theorem 3.8],
[17, Theorem 3.15].
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Corollary 5.9. Let P be either Ry or {0}, z € Kp and f,g : R" — R be any
quadratic functions, as above, satisfying 0 € ri(g(R") + P). In case P = {0},
assume additionally that g Z 0 and that any of the conditions (Ci), i = 1,2,3,
holds. Then, the following assertions are equivalent:
(a) T € argmin f;

g(z)e—P

(b) 3 X € P* such that V f(Z) + \*Vg(Z) =0, X*g(Z) =0 and A+ X\*B = 0.
Proof. It follows a standard reasoning by applying the previous corollary. O

The last corollary deserves to make some remarks.

Remark 5.10. We consider P = {0}.
(1) Next example, taken from [34], shows that our set of assumptions (Ci), i =
1,2, 3 is, in some sense, optimal. Consider

min{z] — 13 : zo = 0}.

Then, Fy(R?) = R(1,0). Observe that B = 0, ker A = {(0,0)}, Fp(ker A) =
{(0,0)} F'(—1,0) # 0 and {(1,0), Fy(u)} is LI for all u € Fj;*(—1,0). Hence
(C1), (C2), (C3) and (C4) do not hold, in other words, F(R") + R, (1,0) is
nonconvex. We easily see that (b) of Corollary 5.9 does not hold at the only
optimal solution z = (0,0). In fact, the KKT conditions is satisfied at z for
A* =0, but in this case A ¥ 0.

(#7) Our Corollary 5.9 applies to situations that are not covered by Theorem 3.2
in [34]. In fact, let us consider min{z? : =y = 0}. Then Fy(R?*) = R, (1,0),
which gives F f}l(—l, 0) = (. Thus our previous corollary is applicable, but not
that in [34] since B = 0.

For completeness we establish a characterization of solutions when P = {0} and
the Slater-type condition: 0 € ri g(R™) and g #Z 0 (which is equivalent to (ii) in
Remark 5.4) fails. We only consider g(x) > 0 for all z € R", the case g(x) <0
for all x € R™ is similar. This implies that

Kp=Ky={xeR": g(x) =0} = argmin g, (34)

R
provided Kp # . It is known that

T € argmin g <= [B = 0 and Bz + b = 0]. (35)
Rn

This leads to the following corollary.

Corollary 5.11. (Slater condition fails) Let f, g be any quadratic functions and
T € Kp with P = {0}. Assume that g(x) > 0 for all x € R™. Then F(R™) +
R, (1,0) is convex, and the following statements are equivalent:

(a) 7 € argmin f;

Kp
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(b) B =0, A is positive semidefinite on ker B, and 3 v € R" such that

AZ+a+Bv=0, Bt +b=0.

5.3. The ND property and the minimization problem

Next result describes some necessary conditions for having the optimal value of
problem (27) to be finite.

Proposition 5.12. Assume that p is finite. The following assertions hold.
(a) if P=R, then

v#0, (Bv,v) <0 = (Av,v) > 0. (36)

(b) if P ={0} and there exists v € R"™ satisfying (Bv,v) =0 and (Av,v) <0,
then Bv = 0 and either

(b,v) >0 and f(x +tv) > —c0 ast— oo, VzeR"

or
(b,v) <0 and f(zr£tv) > —c0 ast — 400, VxeR"

Proof. (a) This is Proposition 3.6 in [17].

(b): We obtain, given any =z € R", f(z + tv) — —oo for all [t| - +oo0. Then
there exists ¢; > 0 such that g(x + tv) = g(z) + t(Vg(z),v) # 0 for all |[t| > ¢;.
By splitting both expressions, we obtain either

flz+tv) = —o0 ast — +oo, f(r—tv) - —o0 ast — +o0, and (Vg(x),v) > 0,
or
flz+tv) > —oc0 ast — +oo, f(x—tv) = —oc0 ast — +oo, and (Vg(z),v) <0,

from which the desired results follow. O

We have to point out that (b) of the preceding proposition could be used to avoid
some cases in the proof of the necessity part of Theorem 3 in [47].

Next result provides a description of the behaviour of minimizing sequences under
ND property, when either a single inequality or equality constraint is considered.

Theorem 5.13. Consider problem (27) and let pn € R. Assume that (6) holds
for A and B.

(a) If P ={0} then every minimizing sequence is bounded, and so argmin f is
g(x)=0
nonempty and compact.
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(b) If P =R, then argmin f is nonempty. More precisely, every unbounded

9(z)<0
x
minimizing sequence vy € Kp satisfying ||zx| — +oo, H—kH — v, yields
T
the existence of * € argmin f such that, for some ty > 0,
R?’L
T+ tv € argmin f, VY |t| > to. (37)

9(%)<0

Furthermore, Av =0 and {(a,v) = 0.

Proof. (a): Take any minimizing sequence x € Kp. Suppose that sup, ||zx|| =

x

+oo. Up to a subsequence, we may assume that ||z|| — 400 and H—kH — V.
T

From g(xy) = 0 and f(xx) — p it follows that (Bv,v) = 0 and (Av,v) = 0. By

assumption, v = 0, reaching a contradiction. Hence every minimizing sequence

is bounded.

(b): Take any minimizing sequence x, € Kp. If sup, ||zx]| < 400, we get that

every limit point of {z;} yields a solution to (27), as usual.

Take now any minimizing sequence zj such that x| — +00 and —— — w.

[l
From g(x) < 0 and f(xx) — p it follows that (Bv,v) < 0 and (Av,v) = 0. By
assumption, (Bv,v) < 0 and (Av,v) = 0.

Thus, by writing, for any = € R", g(z + tv) = g(z) + t(Vg(z),v) + 3t*(Bv,v),
we conclude that g(x + tv) < 0 for all |¢| > t;, for some ¢; depending of z, and
therefore f(x+tv) > p for all |¢t| > ¢1. Since u < f(z+tv) = f(x) +t{(V f(x),v),
we deduce that (V f(x),v) =0, and so pp < f(x +tv) = f(x) for all t € R. The
former implies Av = 0 and (a,v) = 0, and the latter gives that u = ian f(z).
reR?
Hence A = 0 and there exists z € argmin f such that Az +a = 0. Moreover,
R?’L
since f(Z+tv) = f(z) = p for all t € R, we infer that g(z+tv) < 0 for all [¢t| > £,
and so (37) is satisfied. O

Remark 5.14. Part (b) of the previous theorem provides explicit solutions to
(27). Indeed, it is well known that z € argmin f if, and only if A = 0 and

R
AZ + a = 0. By using the pseudoinverse of More-Penrose of any matrix, one
obtains that o = —Afa, with A" being such a pseudoinverse of A, is the unique

solution with minimal norm. Thus, by taking t sufficiently large, xo 4+ tv is a
solution for the problem (27).

The next instance shows that without assumption (6) the set of minima may be
empty.

Example 5.15. Let P be either {0} or R, and take

2 0 0 2 0 0
P R I s N () N () NP
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Then F(R?) = (0,1) + Fg(R?), Fy(R?) = {(0,0)} U (R, x R). In addition,
one can check that 0 = p = min{z? : 2z 25 + 1 € —P}, (6) is not satisfied and

argmin f = ().
g(z)e—P

6. Some historical notes for a pair of quadratic forms

We discuss only a pair of quadratic forms in R™, and use the notation introduced
in Section 2. It seems that the Dines convexity theorem was conceived once Dines
got aware of the following result, known as (strict) Finsler’s theorem: if

[0 # v, (Bv,v) =0] = (Av,v) >0 (38)

then
dJXeR, A+ AB > 0, (39)

and believed that convexity must be present. The previous result was proved
first, as far as we know, by Finsler in [16], and re-proved in [1, 39, 23, 21] (an
extension to more than two matrices appears in [24]). That result is a kind of
S-lemma which originally read as follows: assuming that (Bv,v) < 0 for some v,
then

(Bv,v) <0 = (Av,v) >0 (40)

is equivalent to
IA>0, A+ B = 0. (41)

This lemma was proved by Yakuvobich [48, 49]. Since then, several variants of it
and possible connections with well-known properties of matrices have appeared.
A nice survey about the S-lemma is presented in [36]; whereas the mentioned
properties treated in detail may be found, for instance, in [20, 26|, see also [46].

In what follows we list some of the main properties that are useful in the study
of quadratic forms.

(
( ) Eltl, ty € R, t1A+tQB>-0;

(¢) IteR, A+tB > 0;

(d) [0# v, (Bv,v) =0] = (Av,v) > 0;
(e) NDj;

(f) (Bv,v) =0 = (Av,v) > 0;

(9 3teR, A+tB =0

(h) Fy(R") =R2.

The relationships between these properties are given below:

e (b) = (a), see [26, Theorem 7.6.4];

o (c) < (d), see [16], also [1], [14, Corollary 2, page 498], [11, 21]; a different
proof may be found in [34, Theorem 2.2];

e (n>3)(e) = (a) it is attributed to Milnor, [20, page 256], see also [45,
Theorem 2.1J;
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[Fr(R™) # R? and (e)] <= (b), see [14, Corollary 1, page 498];
(n > 3) (h) = ND is not true, see [23, Corollary, page 401];
(n > 3) (e) <= (b), see [16], also [11];

(B indefinite) (f) <= (g), see [34, Theorem 2.3] and [21].

Finally, in [50] some relationships between (f), (d) and (e) and the Yakuvobich
S-lemma (for a pair of quadratic forms), are established. They are related to the
non-strict Finsler’s, strict Finsler’s and Finsler-Calabi’s theorem, respectively.
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