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In this paper, we consider an eigenvalue problem for a class of nonlinear operators containing p(-)-Laplacian
and mean curvature operator with mixed boundary conditions. More precisely, we are concerned with the
problem with the Dirichlet condition on a part of the boundary and the Steklov boundary condition on an
another part of the boundary. We show that the eigenvalue problem has an infinitely many eigenpairs by
using the Ljusternik-Schnirelmann principle of the calculus of variation. Moreover, in a variable exponent
Sobolev space, we derive some sufficient conditions that the infimum of all eigenvalues is equal to zero and
remains to positive, respectively.
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1. Introduction

In this paper, we consider the following eigenvalue problem with mixed boundary conditions:

—divl:a(x,Vu(x))) =Af(xu(x)) in€,
u(x)=0 onl, (1.1)
n(x)-a(x,Vu(x))=0 onl,.

Here Q) is a bounded domain of RY (N > 2) with a Lipschitz-continuous (C*' for short)
boundary I satistying that

I, and I, are disjoint open subsets of I' such that l?1 UF_2 =[andl' 20, (1.2)

and the vector field n denotes the unit, outer, normal vector to I'. The function a(x, &) is a
Carathéodory function on QxR satisfying some structure conditions associated with an
anisotropic exponent function p(x). Here we say that a(x, &) is a Carathéodory function
on Q x RY, if for a.e. x € Q, the map RV 3 & - a(x, &) is continuous and for every & € RV,
the map Q 3 x — a(x, &) is measurable on Q. The operator u — div [a(x, Vu(x))] is more
general than the p(-)-Laplacian A (x)u(x) = div [|Vu(x)|®2Vu(x)] and the mean curva-
ture operator div [(1 +|Vu(x)|2)‘P("§7‘2V2Vu(x)]. This generality brings about difficulties and
requires some conditions.
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2 J. Aramaki / Eigenvalue Problem

We impose the mixed boundary conditions, that is, the Dirichlet condition on T', and
the Steklov condition on I',. The given function f: QxR — R is a Carath’eodory function
satisfying some structure conditions and A is a real number.

The study of differential equations with p(-)-growth conditions is a very interesting
topic recently. Studying such problem stimulated its application in mathematical physics,
in particular, in elastic mechanics (Zhikov [34]), in electrorheological fluids (Diening [11],
Halsey [20], Mihadilescu and Radulescu [26], RuzZicka [30]).

However, since we find a few papers associate with the problem with the mixed
boundary condition in variable exponent Sobolev space as in (1.1) (for example, Aramaki
[3, 4]). We are convinced of the reason for existence of this paper.

The purpose of this paper is to solve eigenvalue problem (1.1) for a class of operators
containing p(-)-Laplacian and the mean curvature operator. According to some assump-
tions on f, we use the Ljusternik-Schnirelmann principle in the constrained variational
method. See Ljusternik and Schnirelmann [23] and Szulkin [31].

When p(x) = p = const., there are many articles for the p-Laplacian. For example, see
Lé [22], Anane [2], Friedlander [19]. For the p-Laplacian Dirichlet eigenvalue problem:

—A u(x) = 4| u(x) [P u(x) in€,
u(x)=0 onT,

the following properties are well-known.

(1) There exists a nondecreasing sequence of positive eigenvalues {A } tending to
00 as 11> oo,

(2) The first eigenvalue A, is simple and only eigenfunctions associated with A, do not
change sign.

(3) The set of eigenvalues is closed.

(4) The first eigenvalue A is isolated.

On the contrary, recently many authors study the eigenvalue problem for the p(-)-
Laplacian. In particular, Fan [14] has studied the eigenvalue problem for the p(-)-Laplacian
with zero Neumann boundary condition in a bounded domain, and Fan et. al. [17] has
studied the eigenvalue problem for the p(-)-Laplacian Dirichlet problem:

_Ap(x)”(x) =2 u(x) "7 u(x) inQ,
u(x)=0 onl,

(1.3)

where p(x) is a continuous function on Q such that inf_ p > 1. The authors of [17] derived
that the infimum A of all eigenvalue of (1.3) is equal to zero or remains positive, accord-
ing to the properties of exponent p(-), respectively. Moreover, for the case A+ = 0, they
proved an important theorem [17, Theorem 3.3] which will be used in this paper. The case
Ax > 0 was investigated not only in [17], but also in Allegretto [1], Mihailescu et. al. [25],
Mihailescu et al. [28].

Mihailescu and Radulescu [27] have studied nonhomogeneous quasilinear eigenvalue
problem with variable exponent:

—Ap(x)u(x) = A|u(x) |q(x)72 u(x) in€,
u(x)=0 onl,

(1.4)
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where p(x) and g(x) are continuous functions on Qsuch that 1 < inf_ g < inf_ p < sup g,
sup,p < N, and q(x) < Np(x)/(N - p(x)) for all x € Q. The authors established that under
some condition, there exists A* > 0 such that for any A € (0, 1*) is an eigenvalue of (1.4), so
A+ =0. See also Deng [10] and the previous paper Aramaki [8].

In this paper, we will deal with the mixed boundary value eigenvalue problem (1.1) for
a class of operators involving the p(-)-Laplacian and the mean curvature operator which
is a new topic. Problem (1.3) is a special case of problem (1.1) as a(x, &) = |&r®2& and
I', = @. We will show that for the problem (1.1), there exist infinitely many positive eigen-
values {A }~ tending to oo as n -> o for any fixed a > 0. Moreover, we will derive that
under some condition, the infimum A, is equal to zero, so there does not exist a principal
eigenvalue and the set of eigenvalues is not closed. We also show that in the case where
p(-) = p = const., A, is positive, and in the case where p(-) is a variable exponent satisfying
some condition, and the given function fis of special type, A, is also positive. We also give
a sufficient condition for A, = 0 in a case where p(-) # const..

The paper is organized as follows. In Section 2, we recall some results on variable expo-
nent Lebesgue-Sobolev spaces. In Section 3, we give the setting of the problem (1.1) rigor-
ously and a main theorem (Theorems 3.21) on the eigenvalue problem (1.1). In Section 4,
we present some sufficient conditions for A, > 0 and A, = 0, respectively.

2. Preliminaries

Throughout this paper, let Q be a bounded domain in RY (N > 2) with a C*'-boundary
I' and Q) is locally on the same side of I'. Moreover, we assume that I satisfies (1.2).

In the present paper, we only consider vector spaces of real valued functions over R.
For any space B, we denote B" by the boldface character B. Hereafter, we use this character
to denote vectors and vector-valued functions, and we denote the standard inner product
of vectorsE= (£, ..., & )andy=(y,...,n,)inRVby&.n= 3" &y and |&| = (§- &)
Furthermore, we denote the dual space of B by B*and the duality bracket by (., -) .. ,.

We recall some well-known results on variable exponent Lebesgue and Sobolev
spaces. See Fan and Zhang [16], Kovéacik and Racosnik [21], Diening et al. [12] and refer-
ences therein for more detail. Furthermore, we consider some new properties on variable
exponent Lebesgue space. Define C(Q) = {p; p is a continuous function on Q}, and for any
p € C(Q), put

p=p(Q)= sugp(x) andp =p (Q)= irelgp(x).
For any p € C(Q) with p~ > 1 and for any measurable function u on Q, a modular Poy =
P is defined by

Py @)= [ u(x) [P dx.

The variable exponent Lebesgue space is defined by

LrO(Q) = {u; u: Q > R is a measurable function satisfying pp(‘)(u) < oo}
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equipped with the (Luxemburg) norm

. u
el ), = inf {r >0;p,, (;) < 1}.

Then LY(Q)) is a Banach space. We also define the Sobolev space
W O(Q) = {u € '(Q); |[Vu| € LPO(Q)},
where V is a gradient operator, that is, Vu = (d,u, . . ., d,, u), 0, = 9/dx, endowed with the
norm
il ey = Nt gy + 17100

and [Vl o0, = 1VUlll 00
The following three propositions are well known (see [17], Fan and Zhao [18], Zhao
et al. [33]).

Proposition 2.1. Let p € C(Q) with p~ > 1, and let u, u € L’'(Q) (n=1, 2, ...). Then we
have the following properties.
(i) ||u||Lp(,)(m<1(=1,>1)@pp(_)(u) <1(=1,>1).

) 11|y, > 1= el < 2y Sl

Lp()(Q) ')(Q)'

(i) 112ell oy o <12 M2l S P @ Slulfyy

(iv) lim __ ||u, — = 0= lim, ,, p,,(u, —u)=0.

u ||Lp(>(Q
) || u, ||LP(.)(Q)—> 0 asn— o< p o (u,)—> 0 as n— .
The following proposition is a generalized Holder inequality.

Proposition 2.2. Let p € C+((_2), where C+(Q) ={pe C(Q);p >1}. For any u € 1’(Q)
and v € LP'9(Q), we have

1 1
Q

Here and from now on, for any p € C(Q), p'(-) denotes the conjugate exponent of p(-), that
is, p'(x) =p(x)/(1)(x) - 1) forxeQ
For p € C (), define
Np(x) if p(x) <N,

N - p(x)
0 if p(x) > N.

pr(x)=
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Proposition 2.3. Let Q be a bounded domain of R with C*'-boundary and let p € C (€.
Then we have the following properties.

(i) The spaces LPY(Q) and W'Y(Q) are separable, reflexive and uniformly convex
Banach spaces.

(ii) If q(-) € C(Q) with g~ > 1 satisfies q(x) < p(x) for all x € Q, then W»O(Q) & Whi0)
(Q) where < means that the embedding is continuous.

(iii) If g(x) € C(Q) with g~ > 1 satisfies that q(x) < p*(x) for all x € Q, then the embed-
ding W P0(Q) & L1(Q) is compact.

Next we consider the trace (cf. Fan [15]). Let Q) be a bounded domain of RY with a
C*'-boundary I and p € C(Q) with p~ > 1. Since W "*V(Q) C W *(Q), the trace y(u) = u|,
to T of any function u in W>0(Q) is well defined as a function in L(T). We define

Tr(W'O(Q)) = (TrWO)(T) = {f; fis the trace to I of a function F € W*0(Q)}

equipped with the norm

|| f ||(TrWl’p('))(F): lnf{” F ||W1-P(')(Q);F € WLP(') (Q) SatISfylng P |]“: f}

for fe (TrW'*9)(T), Where the infimum can be achieved. Then we can see that (TrW '?0)
(T') is a Banach space. In the later, we also write F|. = g by F = g on I". Moreover, for i = 1,
2, we denote

(TeWPO)T) ={f | : f € (TrWHO)(D)}

equipped with the norm
|| g ||(TrW1 p( )(r ) 1nf{|| f || TrWlP (r f € (TrWl i ))(F) Satleylngf |l"

where the infimum can also be achieved, so for any g € (TrWl’P(‘))(Fi), there exists F €
WhrO(Q)) such that F |r gand “ ”Wlp()(Q) || 4 |I(TrW1P<>) r)’

Now we consider the weighted variable exponent Lebesgue space. Let p € C(€}) with
p~ =1 and let a(x) be a measurable function on Q with a(x) > 0 a.e. x € Q. We define a
modular

p(P('))a(.))(u) = Ia(x) | u(x) |p(x) dx for any measurable function u in Q.
Q

Then the weighted Lebesgue space is defined by

LP( )

v () ={w;u is a measurable function on € satisfying p(p(_)’u(_))(u) < oo}

p(x)
dx <1¢.
Then L‘;E:;(Q) is a Banach space.
We have the following proposition (cf. Fan [13, Proposition 2.5]).

equipped with the norm

u(x)

T

lull,, _1nf{r>0 [ato|==
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Proposition 2.4. Let p € C(Q) with p~> 1. Foru, u_€ 129(€Y), we have the following.
. u
(i) For u#0, || u ||L£E:;(Q)= T <<= p(p(.),a(.)) (?j =1
(i) [ u ||L‘;EI§(Q>< 1EL>1D = Py 00 () 1(=L>1).
p+

(111) || u ||Lﬁg))(Q)> 1= || u ||i£2))(Q)S p(p(),a())(u) S|| u ||Lﬁ§;(Q).

(i) []u]]

(v) lim __ ||u,—ul

<1=||lu

I A
s b= P @ <l lly g

0= 0 S M, P00 (4, — ) =0.

(vi) [|u, ], ,(u,) —> 00 as n— o,

> P S >0 S Py,

a(-)

The author of [13] also derived the following proposition (cf. [13, Theorem 2.1]).

Proposition 2.5. Let Q) be a bounded domain of RY with a C*'-boundary and p € C.(Q).
Moreover, let a € L*V(Q) satisfy a(x) >0 a.e. x € Q and « € C (Q). If g € C(C) satisfies

a(x)-1

1<q(x) < p*(x) for allx e Q,

then the embedding WY (Q) & LZ((j))(Q) is compact.

Now we consider the Nemytskii operator.
Proposition 2.6. Let g € C(Q) with ¢~ > 1 and a be a measurable function with a(x) > 0 for
a.e. x € Q. Assume that

(F.1) A function F (x, t) is a Carathéodory function on Q x R.

_(F.2) The growth condition holds: there exist ¢ € L1O(Q) with ¢(x) 20 a.e. x € Q, q, €
C(Q) with q; > 1, and a constant c, > 0 such that

|F (x, £)] < c(x) + c,a(x)"1@|t|1Va for a.e. x € Q and all t € R

Then the Nemytskii operator NF:L‘i((',)) (Q)>um> F(xu(x)) e qu(')(Q) is continuous and there
exists a constant C > 0 such that

Py N () S C(p, () + Py a0y (W) for all u € L ().

In particular, if q (x) = 1, then N : LZ((j))(Q) < LY(Q) is continuous.
For the proof, see Aramaki [7, Proposition 7].

Remark 2.7. This proposition is an extension of [4, Proposition 2.12].

Define a space by
X={ve W"O(Q);v=00nT }. (2.1)

Then it is clear to see that X is a closed subspace of W'*9(Q), so X is a reflexive and sep-
arable Banach space. We can see the following Poincaré-type inequality (cf. Ciarlet and
Dinca [9]).
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Proposition 2.8. Let Q) be a bounded domain of RY with a C*'-boundary and let p € C (€.
Then there exists a constant C = C(Q), N, p) > 0 such that

el oS CI VUl 0 g, for all ue X.

(')(Q)

In particular, ||Vul| is equivalent to ||u||W1,p(,)(Q)for ueX.

Lp(')(Q)
For the direct proof, see [3, Lemma 2.5].
Thus we can define the norm on X so that

||V||X:||VV||LP(')(Q) forVEX’ (22)

which is equivalent to ||v|| w0 from Proposition 2.8.

3. Assumptions and the main theorem

In this section, we state the rigorous set-up of the problem (1.1), the assumptions and
main theorem according to the Ljusternik-Schnirelmann theory.

Let p € C,(Q) be fixed. Assume that the following (A.0)-(A.5) hold.

(A.0) A: QxRN — R is a function satisfying that for a.e. x € (), the function A(x, -) :
RN & A(x, &) is of C'-class, and for all £ € RV, the function A(,, &) : Q2 x> A(x, &) is
measurable. Moreover, suppose that A(x, 0) = 0 and put a(x, §) =V EA(x, &). Then

a(x, &) is a Carathéodory function.

In the following (A.1)-(A.3), ¢, k, k, > 0 denote some constants, a function h € L*'(:)
(Q) is non-negative and h € L (Q2) with h (x) > 1 for a.e. x € Q.

(A.1) |a(x, &)] < c(h(x) + h (x)|&[P@) for all £ € RN and a.e. x € Q.

(A.2) A is p(-)-uniformly convex, that is,

A(x,§;”j+klhl(x) |E—n |P(x)£ %A(x,§)+%A(x,n) for all £,y e RVand a.e. x e Q.

(A.3) kh (0)|E[PY < a(x, &) - E< p(x)A(x, &) forall § € RV and a.e. x € Q.
(A4) (a(x, &) —a(x, 1)) - (§—n) >0forall § n € R¥with £ # yand a.e. x € Q.
(A.5) A(x, =€) = A(x, &) forallE e RV and a.e. x € Q.

Remark 3.1. (i) The condition (A.1) is more general than that of Mashiyev et al. [24] who
considered the case h (x) = 1. In our case, to overcome this we have to consider the space
Y defined by (3.1) later as a basic space rather than the space X defined by (2.1).

(ii) (A.3) implies that A is p(-)-sub-homogeneous, that is,

A(x, s&) < A(x, E)s"™ forany E€ RY, a.e.x€ Qands> 1. (3.1)
For the proof, see Aramaki [5, (4.14)].
Example 3.2. (i) A(x,&) = % | €Y withp >2,h e L} (Q) satisfying h(x) > 1 a.e. x € Q.
Px)
(ii) A(x,&) = %((H |EF )"‘ " 1) with p~ > 2, h € I’0(Q) satisfying h(x) = 1 a.e. x € Q.
plx

Then A(x, &) and a(x, &) = VEA(x, &) of (i) and (ii) satisfy (A.0)-(A.5).
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Remark 3.3. In Example 3.2, when h(x) = 1, (i) corresponds to the p(-)-Laplacian and
(ii) corresponds to the prescribed mean curvature operator for nonparametric surface.
For the function h, € L} () with h,(x) > 1 for a.e. x € Q, we define a modular on X by

Piporon (V) = jh (x) | Vv(x)"Vdx for v e X,

where the space X is defined by (2.1). Define our basic space
Y ={v € X5 P (V) <0}

. . v
[|v]],= 1nf{r > 0; Pl (;j < 1}.

equipped with the norm

Proposition 3.4. The space (Y, || - ||, ) is a separable and reflexive Banach space.

For the proof, see Aramaki [6, Proposition 3.4].
We note that C*(Q) C Y. Since h (x) > 1 a.e. x € Q, it follows that

Pporin (V) = Py (hll/p(')v") 2 p,,(Vv) forvey,

and so

VI, = 12OV o g 2 VYo = VI for v e Y.

From (3.3) and Proposition 2.1, we have the following proposition.

(3.2)

(3.3)

Proposition 3.5. Let p € C (Q) and let u, u, € Y (n =1, 2, . ...). Then the following proper-

ties hold.
(i) Y & X and lull, < llul,
@ii) [Jull, > 1(=1, < 1) @ﬁ(P(‘))hl(.))(u) >1(=1,<1).
(i) lull, > 1= Null < By 0 < Nl
(i) llull, < 1= Hlullg< o () <
W) lim__ [lu -ul|l,=0< hmn_mp(P o4, —u)=0.
(vi) |lu ||, = o0 asn — oo c)p”(p(_),hl(_))(un —> 00 s N —> oo,

We assume the following (£.0)-(f.2) on the function fin (1.1).

(£0) f (x, t) is a Carathéodory function on Q x R and there exist 1 < a € L*Y(Q) with

aE C+(£_)) and g € C+((_2) satisfying
a(x)_lp*(x) forallx e Q
a(x)

q(x) <

such that
If (x, £)] < d(1 + a(x)[t]19") fora.e.x€ Qand t€ R

for some constant d > 0.
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(£1) For x € Q, f (x, t) is an odd function with respect to t € R.
(£2) 0 < f(x, t)t = q(x)F (x, t) for a.e. x € Q and t > 0, where

F(x,t)= jf(x,s)ds forae.xeQandteR.
0

We note that from (f.1) and (f.2), we obtain the homogeneity of F with respect to t,
that is,

F(x, t) = F (x, 1)|¢]1%. (3.4)
Indeed, from (f.2), we have % = M for a.e. x € Q and s > 0. Taking that F (x, t) is
X,$ s

an even function with respect to t into consideration, for t > 0, if we integrate this equality
from 1 to t, we easily get (3.4).

For example, a function f (x, t) = a(x)|t|1®t, where a is a function as in (f.0), satisfies
(£0)-(f.2).

Here we introduce the notions of a weak solution and an eigenfunction for the
problem (1.1).

Definition 3.6. (i) We say that a pair (4, A) € Y x R is a weak solution of (1.1), if
Ia(x,Vu(x)) -Vv(x)dx = /”t_[f(x,u(x))v(x)dx forallveY. (3.5)
Q

Q

(ii) Such a pair (4, A) € Y x R with u # 0 is called an eigenpair, A is called an eigen-
value and u is called an associated eigenfunction.

Define functionals on Y by
D(u) = IA(x,Vu(x))dx, J(u) = jF(x,u(x))dx forueY. (3.6)
Q Q

It follows from (A.5) and (f.1) that @ and J are even functionals, that is, ®(-u) = ®(u) and
J(~u)=J(u)forallueyY.

Lemma 3.7. (i) We have
k. . -
p_ipp«o,hl(‘))(”) SO(w)<c(2||hy ||LP'<->(Q)|| Vu ||L"(‘)(Q) +Pp0p ) ()

foru €Y, where c and k, are the constants in (A.1) and (A.3).
(il) We have

u+v - 1 1
(I)( 5 ]+ klp@(.),hl(.))(u —p) < EQ)(u) +ECD(V)

forallu, v € Y, where k, is the constant in (A.2), in particular, ® is convex, that is, ®((1 - 1)
u+ ) <(1-17)0(w) +7PW) forallu,ve Yand 7 € [0, 1].

Proof. (i) easily follows from (A.3) and the Holder inequality (Proposition 2.2). (ii) easily
follows from (A.2) and the continuity of A(x, &) with respect to &.
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Proposition 3.8. (i) © is coercive, that is, ®(u) > oo as ||u|, > .
(ii) @ is sequentially weakly lower-semicontinuous on Y.
(iii) ® € C(Y; R) and we have

<CD'(u)—v>Y*)Y = J.a(x,Vu(x))-Vv(x)dxfor u,veY. (3.7)

Proof. (i) follows from Lemma 3.7 (i) and Proposition 3.5 (vi). (ii) follows from
[5, Proposition 4.4 (iii)]. (iii) follows from [5, Proposition 4.1].

Proposition 3.9. If u — u weakly in Y and ®(u ) — ®(u) as n — oo, then we have

u —u
@( ”2 j—)O as n - oo, 80 u — u strongly in Y.

Proof. Assume that the conclusion is false. Then there exists & > 0 and a subsequence {u }
u,—u

of {u } such that @ > g, for all n’. From Lemma 3.7 (i), there exists a constant

C(e,) = C(e, p) > 0 such that

+

B P I
u,—u

2

n

2

+
Y

u,—u
80 Sq)( ”2 jsc ||h0 ||Lp’(')(Q)

Y Y

. ]
v VAT =ull).

SZ—°+C(8O)(||un, —u

Here and from now on, av b = max{a, b} and a A b = min{a, b} for real numbers a and
b. Hence C(g,) ||u, —u|ll Vv||u, —ul|l}">¢,/2, so by Lemma 3.7 (v), there exists a subse-
quence of {u } (still denoted by {u }) and ¢, > 0 such that k (u, —u)>c,.

1'5}7('),}11(0
Hence it follows from Lemma 3.7 (ii) that

u.+u 1 1
b = +¢, £=D(u,)+—D(u).
( 5 j 1< (u,) 5 (u)

Since (u, + u)/2 — u weakly in Y and @ is sequencially weakly lower semi-continuous,
we have

u,tu

D)+, < liminfd{ j+cl < %liminf@(un,ﬂ%db(u) - o (u).

This is a contradiction. Thus ®((u, — u)/2) > 0 as n > co. By Lemma 3.7 (i),

u —u
Pl ) (”T] — 0 as n > oo, Thus from Proposition 3.5 (v), u, — u strongly in Y.

Proposition 3.10. (i) ® € W, , that is, if u — u weakly in Y as n — o and lim inf | ®(u )

< @(u), then there exists a subsequence {u } of {u } such that u , — u strongly in Y as n’ — o,
(ii) @ is bounded on every bounded subset of Y .

Proof. (i) Let u, — u weakly in Y as n — o and lim inf | ®(u ) < ®(u). Since ®

is sequentially weakly lower semi-continuous from Proposition 3.8 (ii), we have
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O(u) <lim inf |_®(u ), so lim inf |_®(u ) = ®(u). Hence there exists a subsequence {u }
of {u } such thatlim ,  _ ®(u )= ®(u). By Proposition 3.9, u , — u strongly in Y.
(ii) easily follows from Lemma 3.7 (i).

Proposition 3.11. (i) @’ is strictly monotone in Y, that is,

(D' (u) —D'(v), u— V)Y,,,Y >0 forallu, ve Y withu#v.

Moreover, @ is bounded on every bounded subset of Y and coercive in the sense that

<(D'(u)’u>y*,Y _

i [lull,

(i) @ is of (S,)-type, that is, if u_— u weakly in Y and
<0,

YhYy —

lim sup <(D'(un),un - u>

n—o0

then u - u strongly in Y.
(iii) The mapping @' : Y > Y* is a homeomorphism.

For the proof, see [7, Proposition 21].
For the functional ] defined by (3.6), we have the following proposition.

Proposition 3.12. Under the hypotheses (£.0), we have the following.
(i) Je CY(Y, R) and

<]'(u),v>Y*’Y = If(x,u(x))v(x)dx foru,veY. (3.8)

(ii) J is sequentially weakly continuous in Y.
(iii) J' : Y — Y*is weakly-strongly continuous, that is, if u_— u weakly in Y as n > oo,
then J'(u ) — J'(u) strongly in Y* as n — oo,

Proof. Since (i) and (ii) follows from Aramaki [5, Proposition 4.2, Proposition 4.4], we
only derive (iii). Let u, — u weakly in Y. Then

(7', =J'w),v),., = [(fCou,(x) = fesu(x))v(x)dx for veY.

From Proposition 2.5 and (f0), the embedding W"*"(Q) < Lq;(;))(rz) is compact. Since
Y o X o WEPO(Q)), there exists a constant C > 0 such that

||V||an<(1;(r2)£C||v||Y forallveY.

By the Holder inequality (Proposition 2.2), for any v € Y,
(7' @,) =T @), 1< [aG)™ | fxu,(0)— fxulx)] ax)" ™ |v(x) | do,

Q

<2[]a()™ | £, () = FGu) o g 12" VO,

I () (Q) :
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Since

[|a""v() ||Lq<-)(Q):“ v ”LZ(('.))(Q)S Clivil,

we have

1771,) =760 [y £ 2C a7 | £ (s10,00) = £ GO o -

We want to show that ||J'(u ) — J'(u)||,. = 0 as n — . By Proposition 2.1 (iv) and the
above inequality, it suffices to show that

Py (@ 1A, ()) = al)Of (- u())) > 0 as n > o, (3.9)

We can see that
qu(,)(afuq(')f Gu,()—a™"" f(,u())
= J.a(x)’q,(x)/q(x) | fxu, (x)— f(xu(x)) |q,(") dx.

Since u, — u weakly in Y and the embedding Y < L’fl((ﬂ))(Q) is compact, we can see
that u — u strongly in Lff(‘_))(Q). From [4, Theorem A.1], there exist a subsequence
{u} of {u} and g € L1Y(Q) such that a(x)"™u (x) - a(x)"™u(x) a.e. x € Q and
la(x)"Yu , (x)| < g(x) for a.e. x € Q. Since a(x) > 0 and f is a Carathéodory function,

flx, u (x)) = flx, u(x)) a.e. x € Q. From (£.0) and a(x) > 1, we have
a(x)-q/(x)/q(x)lf(x) un,(x) —f(X, u(x))|q’(x>

< Cla(x)*q’(x)/q(X)(l + a(x)|un,(x)|q"‘)’1 + a(x)lu(x)lq(x)fl)q/(x)
< Cl(a(x)fq/(x)/q(X) + a(x)q’(X) fq’(X)/q(x)(lun/(x”q(X) + |u(x)|q(X)))
< C(1+a(x)(Ju (2|1 + |u(x)|1™))

<2C (1 + g(x)1).

The last term is an integrable function in Q) independent of . Thus by the Lebesgue dom-
inated convergence theorem, we have

P (@) Of 1 () = a()Of, u(-) = 0 asn’ — .

From the convergent principle (Zeidler [32, Proposition 10.13]), we see that (3.9) holds,
S0 /() = '), — 0 as 1 — eo.

Remark 3.13. From (3.7), (3.8) and Definition 3.6, we can see that (14, A\) € Y x R is a weak
solution of the problem (1.1) if and only if

D'(u) = AJ (u). (3.10)

In particular, we have (®'(u), u),.,, = A(J'(u), u),. . If u # 0, then it follows from (A.3) and
(f.2) that

(@ w)u),.., = At Vua)- Vs >k [1,() | Vulx) P dx

>kl Allull >0
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and

(J'w)u),., = [ feoute)ulx)dx >0,

so we have

(D (), u)y.y -0

= 3.11
<]'(u)) u>y*,y ( )

This means that any eigenvalue of the problem (1.1) is positive.

In order to solve the eigenvalue problem (3.10), we apply the constrained variational
method. We take ® as an objective functional and J as a constraint functional. For any
fixed r > 0, put

M={ueY;](u)=r} (3.12)
If u € M, then from (£.2),

J'(u),u)y., = If(x,u(x))u(x)dx > q‘IF(x,u(x))dx =q J(u)=qr>0, (3.13)

so J'(u) # 0. Hence M is a C'-submanifold of Y with codimension one. Moreover, M is
weakly closed subset of Y. Indeed, let u. € M_and u, — u weakly in Y as j — . Since ] is
sequentially weakly continuous from Proposition 3.12 (ii), r = ] (uj) — J(u),soue M. If
we denote the tangent space of M_at u € M by T M, then we can see that

TM =Ker(J'(w):={veY;{J ), V>Y‘,Y =0}.

Let P: Y — T M be the natural projection. Note that the bounded linear map J'(u) : Y —
R is surjective. We denote the restriction of ® to M, by O = 0| », and the derivative dd(u)
€ Y*of ® at u € M, can be defined by (d® (), v),., = (@'(u), Pv),.  for v € Y. We note
that (d®(w), h),.,=(D'(u), h),. foranyh € TM.

It is well known that when u € M, there exists A € R such that (1, ) € M_x R solves
(3.10) if and only if u is a critical point of ® with respect to M, that is,

(®'(u), h),.,=0forallhe TM,

(for example, see [32, Proposition 43.21]).

For u € M, put w = (®')"'(J'(u)). Then since we have (3.13), we see that J'(u) # 0.
From (A.5), the functional @ is even, so @’ is odd and so ®’(0) = 0. Since (®’')™" is injec-
tive, we have w # 0. From strict monotonicity of @ (Proposition 3.11 (i)),

T (W), W), = (), (@) (W), = (' (w), w,., > 0. (3.14)
Hence since w = (®")'(J'(u)) & T M, we can see that
Y=TM & {B(@)"'(J(w);p R}

For every v € Y, there exists unique 8 € R such that v = Pv + S(®')'(J'(u)). Since Pv €
T M, = Ker(J'(u)), we have

/W), v,y = BT W), ()T W),
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Thus from (3.14), we can write

_ J'W),V)yey
T @)@ (' @))yey

B

Now we have
(dDW),V)y., =(D'(1),P(M)),.,
J'(W);v)y.y
@D (' (U))yey
O U@
J'(),(D) " (J'(W)yy

=(Q"(W),V)y.y —<<D'(u), (@)U '(u))>

Yoy

]'(u),v> foranyveY.

Thus we have
dd(u) = @' (u) - Aw)] (),
where

(D) (@) (T @)y

Au) = a .
T @D @)y

Proposition 3.14. For any r > 0, the functional ® : M_-> R verifies (PS) -condition for
any ¢ € R, that is, if any sequence {u } C M _satisfies that ®(u ) — c and ||dCf)(un)||Y* — 0as
n — oo, then {u } contains a convergent subsequence.

Proof. Let {u } C M _satisfies that d)(un) — cand ddD(un) > 01in Y*as n > 0. Then since
from (A.3),

B(u,) =q><un>z%1 B 0| Vi, () dx%uu B Al 11
Q

{u } is bounded in Y. Since Y is a reflexive Banach space, there exist a subsequence {u } of
{u} and u € Y such that u , — u weakly in Y. By Proposition 3.12 (ii) and (iii), J'(u,,) —
J'(u,) in Y*and J (u ) — J (u,) as n > oo. Thereby, u, € M. Put w , = (®')"'(J'(u )). Since
J'(u)~> ] (u,) # 0in Y* it follows from Proposition 3.11 (iii) that w , > w # 0in Y, where
w, = (D')'(J'(u,)). Thus

T (), (@) (W )),y = (@) W), = (D (W), W)y, >0, (3.15)
On the other hand, we have

(D" (u, (D) (1)) ] = ("), w, ), | < D" ) Dlw I

Since {u }is bounded in Y, it follows from Proposition 3.11 (i) that ||®’(u )||,. is bounded.
Hence, there exists a constant ¢, > 0 such that

(D' (u,), (@) (,)))yy] <€, (3.16)
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From (3.15) and (3.16), {A(u )} is bounded in R. Passing to a subsequence, we may assume
that AM(u ) — A for some A, € R. Since d®(u ) — 0 in Y*, we see that ®"(u ) — A(u )]'(u,)
— 0 as n’ > c. Hence, since J'(u, ) > J'(u,) in Y*,

®'(u )= (P (u,)—Mu)(u,))+Au)](u,)—>AJ(u)inY*asn — oo,

Therefore, using again Proposition 3.11 (iii), we can see that u , — (®")"'(A J'(,)) strongly
in Yasn' > oo,

Here we recall the notion of “genus” which is introduced in Rabinowitz [29, Chapter
7] or [32, Section 44.3]. Let E be a real Banach space and let € denote the family of sub-
sets A C E \ {0} such that A is closed in E and symmetric with respect to 0, that is, x € A
implies —x € A. For @ # A € &, define the genus of A to be n > 1 (denoted by y(A) = n) if
there is a map ¢ € C(A, R"\ {0}) with ¢ odd and 7 is the smallest integer with this prop-
erty. When there does not exist a finite such , set y(A) = oo. Finally set y(@) = 0.

The main properties of genus are listed in the next proposition.

Proposition 3.15. Let A, B € €. Then the following properties hold.

(i) If there exists an odd map f € C(A, B), then y(A) < y(B).

(ii) If A C B, then y(A) < y(B).

(iii) y(A U B) < y(A) + y(B).

(iv) If A is compact, then y(A) < oo and there exists § > 0 such that if we put N(A) =
{x € E |lx - Al := inf{||lx — y|l; y € A} < 8}, then N(A) € € and y(N,(A)) = y(A).

(v) If Q) is a bounded neighborhood of 0 in R", and there exists a mapping h € C(A, 0Q2)
with h an odd homeomorphism, then y(A) = n.

For the proof, see [29, Lemma 7.5 and Proposition 7.7] or [31, Proposition 2.3]. We note
that it can be easily seen that when A € €, A # @ if and only if y(A) > 1.

Let £ = {H C M; H is compact and symmetric}, y(H) be the genus of H € X, and
define

inf  sup®(u) (n=1,2,...). (3.17)

C =
(n.r) HeZX,,y(H)2n ueH

The following proposition is due to [31, Corollary 4.3].

Proposition 3.16 (Ljusternik-Schnirelmann principle). Assume that M is a closed sym-
metric C'-submanifold of a real Banach space B and 0 & M. Let f € C'(M, R) be an even
functional and bounded from below. Define

inf sup f (u),

HEF/‘ ueH

¢; =
where
F], ={H < M;H is compact, symmetric and y(H) = j}.

IfT, # & for some k 2 1 and f satisfies (PS) -condition forc=c,j=m, ..., kwith1 <m <k,
then f has at least k — m + 1 distinct pairs of critical points.
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Since Y is a separable reflexive Banach space, it is well known that there exist {e }* C
Yand {f}7 C Y*suchthat(f, e )., =9, ,whered istheKroneckerdeltaand

Y =spanfe,e,,...} and Y* =span{f,, f,,...}.

Define spaces

Y, =spane }.Z, = @Y, W, = @Y,
j=1

j=n

If we apply Proposition 3.16 with B=Y, M =M and f = ®, then we obtain the following
lemma. We note that @ is bounded from below on M_and satisfies (PS) -condition for any
¢ € R by Proposition 3.14.

Lemma 3.17. For any m € N, we have T, # @. Thus we see that all ¢, , defined by (3.17) are
critical values of ® with respect to M_and

—o0 < € , < oo for every n € N.

<
(n,r) — C(n+1,r

Proof. For any m € N, we claim that Z N M_is bounded and symmetric. In fact, if u €
Z N M, then from (3.4) we can see that

r=]J(u)= J.F(x,u(x))dx = '[F(x,l) | () ' dx.

If we define
pu) = J.F(x,u(x))dx forueZz, ,
Q

then p is a modular on Z and ||u ||::inf{z' >O;b(ﬂj£1} is a norm on Z . From
T

Proposition 2.5 and (£.0), we have [|u]|%* Alju||* < p(u) = r forall u € Z N M.Since Z is
of finitely dimensional, all the norms are equivalent, so there exists a constant C > 0 such
that ||u||, < Cforallu € Z N M. Clearly Z N M is symmetric and closed. Since Z N
M is bounded and closed subset in a finitely dimensional space Z ,we see that Z NM is
compact. Let G={u=ue +---+u e €Z ;] (u)<r} Then G can be identified with an
open neighborhood of 0 in R™ by a trivial odd homeomorphism. Since the identity map:
Z N M — dG is an odd homeomorphism, from Proposition 3.15 (v), we have y(Z N
M,) =m,sol = @.By the definition of ¢, , it is clear that —eo < ¢ <¢ < oo

(n,r (n+1,r)

It follows that the following lemma holds.

Lemma 3.18. Assume that a functional ¥ : Y — R is sequentially weakly continuous and
satisfies ¥(0) = 0. Then for any fixed s > 0,

lim sup |W¥(u)|=0. (3.18)

"% W, ully <s

Proof. Put d = sup _,, )”u”YSS|‘I’(u)|. Then there exists u €W, with ||uj||Y < s such that
limj_m|‘1’(uj)| =d . Since Y is a reflexive Banach space, there exist a subsequence {uj,} of {uj}
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and u™ € Y such that u, > u weakly in Y. Hence [[u]|, < lim infj,_mll uj,|| , <. Since W,
is a closed subspace of Y, W is weakly closed, so u™” € W . Since ¥ is sequentially weakly
continuous, we have [¥(u,)| — [¥(u")] as j' — . Thereby [¥(u")| = d,. Since clearly
d  <d,weseethatlim d =d >0 exists. Since {u} satisfies ||u™||, < s, there exists a
subsequence {u} of {u”} and u, € Y such that 4’ - u  weakly in Y. So ||u||, < s. Since
again ¥ is sequentially weakly continuous, |¥(u")| =d - [¥(u,)| = d,. Since Y is reflex-
ive, we can look upon u; € Y** = Y. Therefore, for any f, € Y*, since u™ e W ,we have

oo [ yene = Fypthgdyey = i (£, =0,
Thus we have u,=0,s0 d0 =0, that is, (3.18) holds.

Proposition 3.19. We havelim __inf a, Nl = oo

Proof. Suppose that the conclusion is false. Then there exist ¢, > 0 and a sequence {u } C
W N M such that |[u ||, < c, forall n € N. Then
sup | J(w) |2 J(u,)=r.
ueW, |lully <,

Therefore,
lim sup |J(u)}limJ(u,)=r>0.

1 ueW, lully <¢;

If we apply Lemma 3.18 with ¥ =, this is a contradiction.

Proposition 3.20. For any fixed r > 0, we have

limc,, , =o0. (3.19)

n—oo

Proof. By Proposition 3.19, for any ¢ > 1, there exists n, € N such that for any n > n and u
€ W N M, |lull, >c. Forany H € X, we have y(HN Z ) < n — 1. On the other hand, we
have codim W < n - 1. Hence for H € £ _with y(H) > n, H N W is non-empty. Indeed,
since H=(HNZ ) U(HN W), it follows from Proposition 3.15 (iii) that

n<yH)<yHNZ )+yHNW)<n-1+y(HNW),
soy(HNW)>1.Hence HN W # . For n > n, we have

oy = inf supd)(u)

HeX,,y(H)2n ueH
= inf max sup  D(u), sup D(u)
Hez,y(H)zn ueHN(Y\Z,_) ueHNZ,

> inf sup D(u)

Hexy(H)2n yegm(v\z, )

HeZ,.y(H)zn ueHN(Y\Z,  \W, ueHAW,

= inf max{ sup D(u), sup (i)(u)}

> inf sup D(u)

HeX,,y(H)zn ueHAW,

> ; P> P
2 Hesz;(fH)ZnuesIggwn ko llug [ly = ko™

Thus we have lim ¢ =0

(nr)
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We are in a position to state the main theorem.

Theorem 3.21. Assume that (A.0)-(A.5) and (£.0)-(£.2) hold and fix r > 0. Then for every
n€N, ¢, defined by (3.17) is a critical value of ® with respect to the submanifold M such
that

O0<c . <c
n,r)

<ocoandc, . >ooasn-> oo,
( (nr)

(n+1,r)

Moreover, the problem (1.1) has infinitely many eigenpair sequence {(u,

J (£u

Proof. Taking Proposition 3.16, (3.11) and Proposition 3.20 into consideration, it suffices
to derive that )LW) > o0 as n > oo, It follows from (f.2) that

/\(W))} such that

)’

)) =1, CD(iu(m)) = Coun and 0 < )LW) — 00 as N — oo,

(n,r

<]/(u(n>r))’ u(n,r)>Y*,Y = q+] (u(n,r)) - q+1'.
Hence

' '
_ <CD (u(n,r))’u(n,r)>Y*,Y > <CD (u(n,r))’u(n,r)>Y*,Y

(nr) —
" <],(u(n,r) ): u(n,r)>Y*,Y q+7’

(3.20)

Assume that /\(n ,SM for all n € N. Then by (3.20), (CD’(uW)), u

o " ’ y S Mg'r=:c,. From
.3), we have

(n,r)>Y*,

C

1
~ _ )
Poor oy Winry) = .[hl(x) |V, [ dx < 3 (D () s Uy ey < k2 :
Q 0 0

In particular, ||u < ¢, for some constant ¢, > 0. Then from Lemma 3.7 (i),

(n,r) ” Y

C(n,r) = CI)(u(n,r)) < C(z || hO ||LPV(')(Q)|| u(n,r) ||Y +ﬁ(p(.),hl(.)) (u(n,r))) < C4
for some constant ¢, > 0. This contradicts Proposition 3.20.

Remark 3.22. We do not know whether the problem (1.1) only has eigenvalue sequence
of the form {)LW)}.

Remark 3.23. We assume the following more restrictive condition (A.3’) instead of (A.3).
(A.3") kb, (x0)|€]PY < a(x, §) - &= p(x)A(x, &) for a.e. x € Q and all § € RM.

We note that (i) in Example 3.2 satisfies this condition, but (ii) does not satisty this
condition. Under the hypotheses (A.1)-(A.2), (A.3"), (A.4)-(A.5) and (£.0)-(f.2), we have

Ay 2 2L forn=1.2,.. (3.21)

(n+lr) = _+ +

Pq

In particular, if p(x) = p = const. and q(x) = g = const,, then it follows that 4 , <A
forn=1,2,...

(n+1,r)
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Proof. Let u_ be the eigenfunction of the problem (1.1) associated with )LW) (n=1,2,...).
From (A.3’), (f.2) and Theorem 3.21, we have
Dy )ty ) 806V, (0)- Vi, ()dx
T ) ey [ fGou, (O, (x)dx

L POOACY (DY i, p o

(n+l,r) — 4 (n.r)*

[ a@F(eu,,(Ddx — q)(w,,) q'r qr

On the other hand, from (f.2) we have

D(u,) J.QA(x,Vun(x))dx
=r

Jw,) | F(xu,(x)dx

. JAQﬁa(x,Vun(x))-Vun (x)dx g q*i<q),’(un),un>y*’y _ q;r Jo
[ feuu,dx— p T @)u)y,  p"

q(x)

Conry = O(u,)=r

Thus we have the conclusive estimate (3.21).

4. The infimum of all the eigenvalues

In this section, we consider the infimum of all the eigenvalues of the problem (1.1). We
show that there exist two cases where the infimum is equal to zero or positive according to
the hypoetheses on the variable exponent.

For a subset A C O and § > 0, put B(A, ) = {x € RY; dist(x, A) < §}. In particular, for
x, € Q, if A = {x}, then we write B({x}, §) by simply B(x,, 0).

Put A = {A; A is an eigenvalue of the problem (1.1)} and A_ = inf A.

Lemma 4.1. For r > 0, the following inequality holds.

B, = 1nf o ) (@) >0,

where ﬁ(p<.>,h1(')) is defined by (3.2).

Proof. Arguing by contradiction, assume that 3 = 0. Then there exist {u } C M_such that
p(p(~),h1(~))(un) — 0 as n - . Hence by Proposition 3.5 (v), u, — 0 in Yasn > .

On the other hand, J (# ) = r > 0, and since J is continuous in Y, J (u ) = r — ] (0) = 0.
This is a contradiction.

Lemma 4.2. For r > 0, let u, be an eigenfunction of the problem (1.1) associated with A ,
defined in Theorem 3.21. Then

O(u,) = Con = inf{®(u); u € M }.
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Proof. Put b_= inf{®(u); u € M}. Since Cop = inf, S21SUP ey CD(u) if u € H with

He X and y(H) > 1, then we have ®(u) = CD(u) >b fromu € M, so Con 2 >b.

On the other hand, by the definition of b, there exists a sequence {u }C M such that
b =lim __®(u ). Forlarge n, b, + 1> ®(u ) > kollw |12 A Jlull 2~ . Thus {un} is bounded in
Y. So there exist a subsequence {u } of {u } and u_ € Y such that u , — u_weakly in Y.
Thereby, ®(u ) < lim inf,  ®(u ) = b. Since M, is a weakly closed subset of Y, u, € M,
so ®(u,) > b. Thus we have ®(u ) = b. By (A.5), O(+u ) =b.Let H = {+u },then H € X
and y(H ) = 1. Therefore, Ly SSUP, O(u) = D(+u,) =b,

Thus we have ¢ b

From now on, we suppose that more restrictive assumptions on the function fin (1.1).

(£.0") (£.0) holds with g(x) = p(x).

(£2') (£.2) holds with g(x) = p(x), that is, 0 < f (x, t)t = p(x)F (x, t) for a.e. x € Q and
allo=teR.

For example, a function f (x, t) = a(x)|¢['®-*t with a function a(x) satisfying the condi-
tion in (£.0) with q(x) = p(x) verifies (£0"), (f.1) and (f.2").

Theorem 4.3. Assume that (A.0)-(A.5), (£.0"), (f.1) and (£.2") with p(x) = p = const. for all
x € Q hold. Then we have A_ > 0.
Proof. Let u be the eigenfuction of (1.1) associated with A. Then clearly J (1) > 0. We show
that there exists ¢, > 0 such that u: = —u € M, . Indeed, since f (x, t)t = pF (x, t) fora.e. x €
Qand all t € R, we can write F(x, t) F(x, l)tP from (3.4). Hence J(u) = | JFx D|u(x)|pdo.
Thus ]( ) = t?J(u) for t > 0. Here we can see that to ](—) — 0ast— o and ](—) — oo
as t » +0. Since J (”) is continues with respect to t € (0, o), there exists ¢, > 0 such that
](—)—1 SO U, ——eM

Now since ](u ) = 1, it follows from Lemma 4.1 that we have

j ax, Vu(x)-Vu(ods  k ARSI dx K ARACIA AT
[ flrux)uCod j flou@uxdx — p[ Fletu(x)dx

Kt h(x)|Vu,(x)| dx
[ h@IVs@E dx g, BV dez 2 >0,
pt! [ Fou, (x))dx ° P

Thus we have A =ian2k7°,31 > 0.

Remark 4.4. Though this theorem is well known for p-Laplacian, our theorem also con-
tains the result for a class of operators which also contains the mean curvature operator.

Next we consider the following assumption.
(£3) f(x, t) = a(x)|t]P»?t with 1 < a € L=(Q).
Then we can derive a sufficient condition for A_ > 0 for the case p(x) # const.

Theorem 4.5. Assume that (A.0)-(A.5) and (£.3) hold. Moreover, suppose that I', = & and
there exists a vector I € RN\ {0} such that for all x € Q, the function
k:I ={tx+tle Q} >t p(x+tl)

is monotone. Then we have A, > 0.
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Proof. Since T, = @, we note that X = W0(Q). By the proof of [17, Theorem 3.3], we have
2 0 y the p

. J-Q|Vv(x) P dx
= in

c:=
vex\(0} J' |v(x) |p(x) dx
Q

Since Y & Xand h (x) > 1, forany v € Y'\ {0},
I hy (%) | V() [P dx j | Vv(x)"™) dx
: 2 2.
_[Ql v(x) |p(x) dx JQ| v(x) |p(x) dx

Let (u, A) be any eigenpair of (1.1). Then from (A.3), (£.3) and (4.1),

(4.1)

(@), | 80Vu(x)- Vu(x)dx

- J' (W), u)y.y - Igf(x,u(x))u(x)dx
k[ @) | Vu@@dxe g

> Q > 0

- ||a ||Lw(Q) Igu(x)p(X)dx - ||a ||Lw(Q)

c>0.

k, 0

Thus A, >—2—¢>0.
lall,,

Remark 4.6. This conclusion holds not only for p(-)-Laplacian, but also for mean cur-
vature operator, so this theorem is an extension of [17, Theorem 3.3].

Theorem 4.7. Let (A.0)-(A.5), (£0), (f.1) and (£.2") hold. Moreover, assume that there exist
an open subset U C Q and x, € U such that p(x) < p(x,) for all x € dU. Then we have A, = 0.

Proof. Without loss of generality, we may assume that U C (). Then there exist €y €€, >0
such that p(x) < p(x,) — 4¢, for all x € U, p(x) < p(x,) - 2¢, for all x € B(dU ¢)), B(x, €,)
C U\B(9U ¢) and |p(x)—-p(x,)| < ¢, for all x € B(x, ¢,). Choose u, € C;*(Q)) such that 0 <
u,(x) < 1forallx € Q,

1 xeU\B(U,¢),
Uy (x) =
0 xeUUB(U,g,),

and |Vu (x)| < Cforall x € Q.
For t > 0, define

h(t) = J(tuy) = [ FGotuy(x))dx = [t/ F (o u, (x))dx.

Then h is differentiable in (0, o) and

W (t) = [ PGt F(xuy(x))dx > 0 for t >0,
Q

Thus h is strictly monotone increasing in (0, o), h(t) — 0 as t — +0 and h(t) - o ast —
0. Hence for any r > 0, there exists unique #(r) > 0 such that #(r)u; € M. We note that
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t(r) — oo as r > co. Thus there exists r, > 0 such that #(r) > 1 for all r > r,. For r > r, let
(“(u)’ /\(M)) be the eigenpair of the problem (1.1). Using (A.3) and Lemma 4.2, we have

_ <q)’(u(1,r))>”(1,r)>y*,Y _ Iga(x’vu(l,r)(x))'Vu(l,r)(x)dx
Y g Dt [ f Gt (g, (x)dx
J. p(0)A(x,Vu,  (x))dx p+CD(u(1 ) _P n
[ pOF(u,, (x)dx — pr por
= p—_inf{d)(u);u eM} :p—_inf{%;u € Mr} < E% forallue M..
pr p

J(u) P J(w)

Therefore, using Remark 3.1 (ii), since #(r) > 1, we obtain
JRGOIS) p I A(x,t(r)Vu,(x))dx
/L < /1(1 r) —
p JEOuy) P [ Bl tru,(0))dx

P IB(@U P )t(r)" “ A(x, Vi, (x))dx
<4 |
IS

» j t(r)" A(x, Vi (x))dx
<—
P .[Qt(r)" Y F(x,uy(x))dx

3 P t(r)P 24 JQA(x, Vu,(x))dx

Pty Faoldx

Xg>E,

p(x)
IB( 1) FxDdx

X058,

B .[QA(x,VuO (x))dx
IB(xo’gz)F(x,l)dx

Sp—j —>0asr —>oo.
p

Thereby we havelim __ A, ,=0,s01 =0.

Remark 4.8. In particular, if p(x) has a strictly local maximum in ), then from Theorem
4.7, we see that A_= 0. Under (A.3’) instead of (A.3), if p(x) has strictly local minimum,
then we can similarly derive A_= 0.
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