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In this paper, we consider an eigenvalue problem for a class of nonlinear operators containing p(·)-Laplacian 
and mean curvature operator with mixed boundary conditions. More precisely, we are concerned with the 
problem with the Dirichlet condition on a part of the boundary and the Steklov boundary condition on an 
another part of the boundary. We show that the eigenvalue problem has an infinitely many eigenpairs by 
using the Ljusternik-Schnirelmann principle of the calculus of variation. Moreover, in a variable exponent 
Sobolev space, we derive some sufficient conditions that the infimum of all eigenvalues is equal to zero and 
remains to positive, respectively.
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1.  Introduction

In this paper, we consider the following eigenvalue problem with mixed boundary conditions:

	

) λ Ω− ∇ Γ
 ⋅ ∇ Γ

1

2

in div ( ( )) ( ( ))
( ) 0 on 
( ) ( ( )) 0 on 

,x, u x = f x,u x
u x = ,
n x x, u x = .

a

a
	 (1.1)

Here Ω is a bounded domain of RN (N ≥ 2) with a Lipschitz-continuous (C0,1 for short) 
boundary Γ satisfying that

	 Γ1 and Γ2 are disjoint open subsets of Γ such that 1 2 =Γ ∪Γ Γ  and Γ1 ≠ ∅,	 (1.2)

and the vector field n denotes the unit, outer, normal vector to Γ. The function a(x, ξ) is a 
Carathéodory function on Ω×RN satisfying some structure conditions associated with an 
anisotropic exponent function p(x). Here we say that a(x, ξ) is a Carathéodory function 
on Ω × RN, if for a.e. x ∈ Ω, the map RN ∋ ξ ↦ a(x, ξ) is continuous and for every ξ ∈ RN, 
the map Ω ∋ x ↦ a(x, ξ) is measurable on Ω. The operator u ↦ div [a(x, ∇u(x))] is more 
general than the p(·)-Laplacian ∆p(x)u(x) = div [|∇u(x)|p(x)−2∇u(x)] and the mean curva-
ture operator div [(1 +|∇u(x)|2)(p(x)−2)/2∇u(x)]. This generality brings about difficulties and 
requires some conditions.
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We impose the mixed boundary conditions, that is, the Dirichlet condition on Γ1 and 
the Steklov condition on Γ2. The given function f : Ω×R → R is a Carath´eodory function 
satisfying some structure conditions and λ is a real number.

The study of differential equations with p(·)-growth conditions is a very interesting 
topic recently. Studying such problem stimulated its application in mathematical physics, 
in particular, in elastic mechanics (Zhikov [34]), in electrorheological fluids (Diening [11], 
Halsey [20], Mihăilescu and Rădulescu [26], Růz̆ic̆ka [30]).

However, since we find a few papers associate with the problem with the mixed 
boundary condition in variable exponent Sobolev space as in (1.1) (for example, Aramaki 
[3, 4]). We are convinced of the reason for existence of this paper.

The purpose of this paper is to solve eigenvalue problem (1.1) for a class of operators 
containing p(·)-Laplacian and the mean curvature operator. According to some assump-
tions on f, we use the Ljusternik-Schnirelmann principle in the constrained variational 
method. See Ljusternik and Schnirelmann [23] and Szulkin [31].

When p(x) ≡ p = const., there are many articles for the p-Laplacian. For example, see 
Lê [22], Anane [2], Friedlander [19]. For the p-Laplacian Dirichlet eigenvalue problem:

	

2 in ( ) | ( ) | ( )
( ) 0 on 

p
p

,u x = u x u x
u x = ,

λ − Ω−∆


Γ

the following properties are well-known.
(1) There exists a nondecreasing sequence of positive eigenvalues {λn}

∞
n=1

 tending to  
∞ as n → ∞.

(2) The first eigenvalue λ1 is simple and only eigenfunctions associated with λ1 do not 
change sign.

(3) The set of eigenvalues is closed.
(4) The first eigenvalue λ1 is isolated.
On the contrary, recently many authors study the eigenvalue problem for the p(·)-

Laplacian. In particular, Fan [14] has studied the eigenvalue problem for the p(·)-Laplacian 
with zero Neumann boundary condition in a bounded domain, and Fan et. al. [17] has 
studied the eigenvalue problem for the p(·)-Laplacian Dirichlet problem:

	
( ) 2

( )
in ( ) | ( ) | ( )

( ) 0 on 

p x
p x

,u x = u x u x
u x = ,

λ − Ω−∆


Γ
	 (1.3)

where p(x) is a continuous function on Ω
—

 such that infΩ p > 1. The authors of [17] derived 
that the infimum λ* of all eigenvalue of (1.3) is equal to zero or remains positive, accord-
ing to the properties of exponent p(·), respectively. Moreover, for the case λ* = 0, they 
proved an important theorem [17, Theorem 3.3] which will be used in this paper. The case 
λ* > 0 was investigated not only in [17], but also in Allegretto [1], Mihăilescu et. al. [25], 
Mihăilescu et al. [28].

Mihăilescu and Rădulescu [27] have studied nonhomogeneous quasilinear eigenvalue 
problem with variable exponent:

	
( ) 2

( )
in ( ) | ( ) | ( )

( ) 0 on 

q x
p x

,u x = u x u x
u x = ,

λ − Ω−∆


Γ
	 (1.4)
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where p(x) and q(x) are continuous functions on Ω– such that 1 < infΩ q < infΩ p < supΩq, 
supΩp < N , and q(x) < Np(x)/(N − p(x)) for all x ∈ Ω–. The authors established that under 
some condition, there exists λ* > 0 such that for any λ ∈ (0, λ*) is an eigenvalue of (1.4), so 
λ* = 0. See also Deng [10] and the previous paper Aramaki [8].

In this paper, we will deal with the mixed boundary value eigenvalue problem (1.1) for 
a class of operators involving the p(·)-Laplacian and the mean curvature operator which 
is a new topic. Problem (1.3) is a special case of problem (1.1) as a(x, ξ) = |ξ|p(x)−2ξ and  
Γ2 = ∅. We will show that for the problem (1.1), there exist infinitely many positive eigen-
values {λ(n,α)}

∞
n=1 tending to ∞ as n → ∞ for any fixed α > 0. Moreover, we will derive that 

under some condition, the infimum λ* is equal to zero, so there does not exist a principal 
eigenvalue and the set of eigenvalues is not closed. We also show that in the case where 
p(·) = p = const., λ* is positive, and in the case where p(·) is a variable exponent satisfying 
some condition, and the given function f is of special type, λ* is also positive. We also give 
a sufficient condition for λ* = 0 in a case where p(·) ≠ const..

The paper is organized as follows. In Section 2, we recall some results on variable expo-
nent Lebesgue-Sobolev spaces. In Section 3, we give the setting of the problem (1.1) rigor-
ously and a main theorem (Theorems 3.21) on the eigenvalue problem (1.1). In Section 4, 
we present some sufficient conditions for λ* > 0 and λ* = 0, respectively.

2.  Preliminaries

Throughout this paper, let Ω be a bounded domain in ℝN (N ≥ 2) with a C0,1-boundary  
Γ and Ω is locally on the same side of Γ. Moreover, we assume that Γ satisfies (1.2).

In the present paper, we only consider vector spaces of real valued functions over ℝ. 
For any space B, we denote BN by the boldface character B. Hereafter, we use this character 
to denote vectors and vector-valued functions, and we denote the standard inner product 
of vectors ξ = (ξ1, . . . , ξN ) and η = (η1, . . . , ηN ) in RN by ξ · η = ∑N

i=1ξiηi and |ξ| = (ξ · ξ)1/2. 
Furthermore, we denote the dual space of B by B* and the duality bracket by ⟨·, ·⟩B*,B.

We recall some well-known results on variable exponent Lebesgue and Sobolev 
spaces. See Fan and Zhang [16], Kovác̆ik and Rácosnı́k [21], Diening et al. [12] and refer-
ences therein for more detail. Furthermore, we consider some new properties on variable 
exponent Lebesgue space. Define C(Ω–) = {p; p is a continuous function on Ω–}, and for any 
p ∈ C(Ω–), put

	
( ) sup ( ) and ( ) inf ( ).

xx
p p p x p p p x+ + − −

∈Ω∈Ω
= Ω = = Ω =

For any p ∈ C(Ω–) with p− ≥ 1 and for any measurable function u on Ω, a modular ρp(·) = 
ρp(·),Ω is defined by

	

( )
( )( ) | ( ) | .p x

p u = u x dxρ ⋅
Ω
∫

	

The variable exponent Lebesgue space is defined by

	 Lp(·)(Ω) = {u; u : Ω → R is a measurable function satisfying ρp(·)(u) < ∞}
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equipped with the (Luxemburg) norm

	
( ) ( )( )

|| || inf 0 1p pL

uu = > ; .τ ρ
τ⋅ ⋅Ω

   ≤  
   	

Then Lp(·)(Ω) is a Banach space. We also define the Sobolev space

	 W 1,p(·)(Ω) = {u ∈ Lp(·)(Ω); |∇u| ∈ Lp(·)(Ω)},

where ∇ is a gradient operator, that is, ∇u = (∂1u, . . . , ∂N u), ∂i = ∂/∂xi, endowed with the 
norm

	 ∥u∥W1,p(·)(Ω) = ∥u∥Lp(·)(Ω) + ∥∇u∥Lp(·)(Ω), 

and ∥∇u∥Lp(·)(Ω) = ∥|∇u|∥Lp(·)(Ω).
The following three propositions are well known (see [17], Fan and Zhao [18], Zhao 

et al. [33]).

Proposition 2.1. Let p ∈ C(Ω) with p− ≥ 1, and let u, un ∈ Lp(·)(Ω) (n = 1, 2, . . .). Then we 
have the following properties.

(i) ( )( ) ( )( )
|| || 1 =1 1 ( ) 1(=1 1).p pL

u < ,> u < ,>ρ⋅ ⋅Ω
⇔

(ii) ( ) ( ) ( ) ( )( ) ( ) ( )
|| || 1 || || ( ) || || .p p

p p p pL L L
u u u uρ

+−
⋅ ⋅ ⋅ ⋅Ω Ω Ω

> ⇒ ≤ ≤

(iii) ( ) ( ) ( ) ( )( ) ( ) ( )
|| || 1 || || ( ) || || .p p

p p p pL L L
u u u uρ

−+
⋅ ⋅ ⋅ ⋅Ω Ω Ω

< ⇒ ≤ ≤

(iv) ( ) ( )( )
lim || || 0 lim ( ) 0.n n p n p nL

u u = u u =ρ→∞ ⋅ →∞ ⋅Ω
− ⇔ −

(v) ( ) ( )( )|| ||   ( )   .pn p nLu as n u as nρ⋅ ⋅Ω →∞ →∞⇔ →∞ →∞

The following proposition is a generalized Hölder inequality.

Proposition 2.2. Let p ∈ C+(Ω–), where C+(Ω–) := {p ∈ C(Ω–); p− > 1}.	 For any u ∈ Lp(·)(Ω) 
and v ∈ Lp′(·)(Ω), we have

	
( ) ( )( ) ( ) ( ) ( )( ) ( )

1 1( ) ( ) | || || || || 2 || || || || .
( ) p pp p L LL L

u x v x dx + u v u v
p p

′⋅ ⋅′⋅ ⋅− − Ω ΩΩ Ω
Ω

 
≤ ≤ ′ 

∫

Here and from now on, for any p ∈ C+(Ω–), p′(·) denotes the conjugate exponent of p(·), that 
is, p′(x) = p(x)/(p(x) − 1) for x ∈ Ω–.

For p ∈ C+(Ω–), define

	

( ) if ( )* ( )
( )

if ( )

Np x p x < N,p x =
N p x

p x N.


 −
∞ ≥
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Proposition 2.3. Let Ω be a bounded domain of RN with C0,1-boundary and let p ∈ C+(Ω–). 
Then we have the following properties.

(i) The spaces Lp(·)(Ω) and W1,p(·)(Ω) are separable, reflexive and uniformly convex 
Banach spaces.

(ii) If q(·) ∈ C(Ω–) with q− ≥ 1 satisfies q(x) ≤ p(x) for all x ∈ Ω, then W1,p(·)(Ω) ↪ W1,q(·)

(Ω) where ↪ means that the embedding is continuous.
(iii) If q(x) ∈ C(Ω–) with q− ≥ 1 satisfies that q(x) < p*(x) for all x ∈ Ω, then the embed-

ding W 1,p(·)(Ω) ↪ Lq(·)(Ω) is compact.

Next we consider the trace (cf. Fan [15]). Let Ω be a bounded domain of RN with a 
C0,1-boundary Γ and p ∈ C(Ω–) with p− ≥ 1. Since W 1,p(·)(Ω) ⊂ W 1,1(Ω), the trace γ(u) = u|Γ
to Γ of any function u in W1,p(·)(Ω) is well defined as a function in L1(Γ). We define

	 Tr(W1,p(·)(Ω)) = (TrW1,p(·))(Γ) = {f ; f is the trace to Γ of a function F ∈ W1,p(·)(Ω)}

equipped with the norm

	
1, ( ) 1, ( )

1, ( )
( )( ) ( )

|| || inf{|| || ; ( ) satisfying | }p p
p

TrW W
f = F F W F = f⋅ ⋅

⋅
ΓΓ Ω

∈ Ω
	  

for f ∈ (TrW1,p(·))(Γ), Where the infimum can be achieved. Then we can see that (TrW 1,p(·))
(Γ) is a Banach space. In the later, we also write F|Γ = g by F = g on Γ. Moreover, for i = 1, 
2, we denote

	
1 ( ) 1 ( )(Tr )( ) { | (Tr )( )},p ,p

i i
W = f ; f W⋅ ⋅

ΓΓ ∈ Γ

equipped with the norm

	 1, ( ) 1, ( )
1 ( )

(Tr )( ) (Tr )( )
|| || inf{|| || ; (Tr )( ) satisfying | }p p

i

,p
W W i

g = f f W f = g ,⋅ ⋅
⋅

ΓΓ Γ
∈ Γ

	

where the infimum can also be achieved, so for any g ∈ (TrW1,p(·))(Γi), there exists F ∈ 
W1,p(·)(Ω) such that |

i
F = gΓ  and 1, ( ) 1, ( )( ) (Tr )( )

|| || || || .p p
iW W

F = g⋅ ⋅Ω Γ
Now we consider the weighted variable exponent Lebesgue space. Let p ∈ C(Ω–) with 

p− ≥ 1 and let a(x) be a measurable function on Ω with a(x) > 0 a.e. x ∈ Ω. We define a 
modular

	
( )

( )
( ) ( ) ( ) ( ) | ( ) |  for any measurable function  in p x

p ,a u = a x u x dx u .ρ ⋅ ⋅
Ω

Ω∫

Then the weighted Lebesgue space is defined by

	 ( )
( )
( ) ( ) ( )( ) {  is a measurable function on  satisfying ( ) }p

a p ,aL u;u u <ρ⋅
⋅ ⋅ ⋅Ω = Ω ∞

	

equipped with the norm

	
( )
( )

( )

( )

( )|| || inf 0 ( ) 1p
a

p x

L

u xu = > ; a x dx .τ
τ⋅

⋅ Ω
Ω

  ≤ 
  

∫
	

Then ( )
( )

p
aL ⋅
⋅
(Ω) is a Banach space.

We have the following proposition (cf. Fan [13, Proposition 2.5]).
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Proposition 2.4. Let p ∈ C(Ω–) with p− ≥ 1. For u, un ∈ ( )
( )

p
aL ⋅
⋅
(Ω), we have the following.

(i) ( )
( )

( ( ) ( ))( )
 0,  || || 1.p

a
p ,aL

uFor u u = =τ ρ
τ⋅

⋅
⋅ ⋅Ω

 ≠ ⇔  
 

(ii) ( )
( )

( ( ) ( ))( )
|| || 1(=1 1) ( ) 1(=1 1).p

a
p ,aL

u < ,> u ,>ρ⋅
⋅

⋅ ⋅Ω
⇒ ≤

(iii) ( ) ( )
( )( ) ( )
( )

( ( ) ( ))( ) ( ) ( )
|| || 1 || || ( ) || || .p p

pa a
a

pp
p ,aL L L

u u u uρ
−

⋅ ⋅
⋅⋅ ⋅
⋅

+

⋅ ⋅Ω Ω Ω
> ⇒ ≤ ≤

(iv) ( ) ( ) ( )
( ) ( ) ( )

( ( ), ( ))( ) ( ) ( )
|| || 1 || || ( ) || || .p p p

a a a

p p
p aL L L

u u u uρ
+ −

⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅ ⋅Ω Ω Ω
< ⇒ ≤ ≤

(v) ( )
( )

( ( ) ( ))( )
lim || || 0 lim ( ) 0.p

a
n n n p ,a nL

u u = u u =ρ⋅
⋅

→∞ →∞ ⋅ ⋅Ω
− ⇔ −

(vi) ( )
( )

( ( ), ( ))( )
|| ||   ( )   .p

a
n p a nL

u as n u as nρ⋅
⋅

⋅ ⋅Ω
→∞ →∞⇔ →∞ →∞

The author of [13] also derived the following proposition (cf. [13, Theorem 2.1]).

Proposition 2.5. Let Ω be a bounded domain of RN with a C0,1-boundary and p ∈ C+(Ω–). 
Moreover, let a ∈ Lα(·)(Ω) satisfy a(x) > 0 a.e. x ∈ Ω and α ∈ C+(Ω–). If q ∈ C(Ω–) satisfies

	

( ) 11 ( ) * ( ) for all 
( )
xq x < p x x ,

x
α
α

−
≤ ∈Ω

then the embedding W1,p(·)(Ω) ↪ Lq 
a 

(·)
(·)(Ω) is compact.

Now we consider the Nemytskii operator.

Proposition 2.6. Let q ∈ C(Ω–) with q− ≥ 1 and a be a measurable function with a(x) > 0 for 
a.e. x ∈ Ω. Assume that

(F.1) A function F (x, t) is a Carathéodory function on Ω × R.
(F.2) The growth condition holds: there exist c ∈ Lq1(·)(Ω) with c(x) ≥ 0 a.e. x ∈ Ω, q1 ∈ 

C(Ω–) with q1
– ≥ 1, and a constant c1 > 0 such that

	 |F (x, t)| ≤ c(x) + c1a(x)1/q1(x)|t|q(x)/q1(x) for a.e. x ∈ Ω and all t ∈ R.

Then the Nemytskii operator ( )( ) 1
( ): ( ) ( ( )) ( )qq

F aN L u F x,u x L ⋅⋅
⋅ Ω ∈ Ω  is continuous and there 

exists a constant C > 0 such that

	 1 1

( )
( ) ( ) ( ( ) ( )) ( )( ( )) ( ( ) ( )) for all ( )q

q F q q ,a aN u C c + u u L .ρ ρ ρ ⋅
⋅ ⋅ ⋅ ⋅ ⋅≤ ∈ Ω

In particular, if q1(x) ≡ 1, then NF : La 
q(·)
(·)(Ω) ↪ L1(Ω) is continuous.

For the proof, see Aramaki [7, Proposition 7].

Remark 2.7. This proposition is an extension of [4, Proposition 2.12].

Define a space by

	 X = {v ∈ W 1,p(·)(Ω); v = 0 on Γ1}.	 (2.1)

Then it is clear to see that X is a closed subspace of W1,p(·)(Ω), so X is a reflexive and sep-
arable Banach space. We can see the following Poincaré-type inequality (cf. Ciarlet and 
Dinca [9]).
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Proposition 2.8. Let Ω be a bounded domain of RN with a C0,1-boundary and let p ∈ C+(Ω–). 
Then there exists a constant C = C(Ω, N, p) > 0 such that

	 ( ) ( )( ) ( )
|| || || ||   .p pL

u C u for all u X⋅ ⋅Ω Ω
≤ ∇ ∈

L

In particular, ∥∇u∥Lp(·)(Ω) is equivalent to ∥u∥W1,p(·)(Ω) for u ∈ X.

For the direct proof, see [3, Lemma 2.5]. 
Thus we can define the norm on X so that

	 ( ) ( )
|| || || || for pXv = v v X,⋅ Ω

∇ ∈
L

	 (2.2) 

which is equivalent to ∥v∥W1,p(·)(Ω) from Proposition 2.8.

3.  Assumptions and the main theorem

In this section, we state the rigorous set-up of the problem (1.1), the assumptions and 
main theorem according to the Ljusternik-Schnirelmann theory.

Let p ∈ C+(Ω–) be fixed. Assume that the following (A.0)-(A.5) hold.
(A.0) A : Ω ×RN → R is a function satisfying that for a.e. x ∈ Ω, the function A(x, ·) : 

RN ∋ ξ ↦ A(x, ξ) is of C1-class, and for all ξ ∈ RN , the function A(·, ξ) : Ω ∋ x ↦ A(x, ξ) is 
measurable. Moreover, suppose that A(x, 0) = 0 and put a(x, ξ) = ∇ξA(x, ξ). Then

a(x, ξ) is a Carathéodory function.
In the following (A.1)-(A.3), c, k0, k1 > 0 denote some constants, a function h0 ∈ Lp′(·)

(Ω) is non-negative and h1 ∈ L1
loc(Ω) with h1(x) ≥ 1 for a.e. x ∈ Ω.

(A.1) |a(x, ξ)| ≤ c(h0(x) + h1(x)|ξ|p(x)−1) for all ξ ∈ RN and a.e. x ∈ Ω. 
(A.2) A is p(·)-uniformly convex, that is,

	

( ) ( )1 1
1 1( ) | | ( ) for all and a.e. 

2 2 2
p x N+A x, + k h x A x, + A x, , x .  − ≤ ∈ ∈Ω 

 
ξ η ξ η ξ η ξ η

(A.3) k0h1(x)|ξ|p(x) ≤ a(x, ξ) · ξ ≤ p(x)A(x, ξ) for all ξ ∈ RN and a.e. x ∈ Ω. 
(A.4) (a(x, ξ) − a(x, η)) · (ξ − η) > 0 for all ξ, η ∈ RN with ξ ≠ η and a.e. x ∈ Ω. 
(A.5) A(x, −ξ) = A(x, ξ) for all ξ ∈ RN and a.e. x ∈ Ω.

Remark 3.1. (i) The condition (A.1) is more general than that of Mashiyev et al. [24] who 
considered the case h1(x) ≡ 1. In our case, to overcome this we have to consider the space 
Y defined by (3.1) later as a basic space rather than the space X defined by (2.1).

(ii) (A.3) implies that A is p(·)-sub-homogeneous, that is,

	 A(x, sξ) ≤ A(x, ξ)sp(x) for any ξ ∈ RN , a.e. x ∈ Ω and s ≥ 1.	 (3.1) 

For the proof, see Aramaki [5, (4.14)].

Example 3.2. (i) ( )( )( ) | |
( )

p xh xA x, =
p x

ξ ξ  with p− ≥ 2, h ∈ L1
loc(Ω) satisfying h(x) ≥ 1 a.e. x ∈ Ω.

(ii) ( )( )( )/22( )( ) 1 | | 1
( )

p xh xA x, = +
p x

ξ ξ −  with p− ≥ 2, h ∈ Lp′(·)(Ω) satisfying h(x) ≥ 1 a.e. x ∈ Ω.

Then A(x, ξ) and a(x, ξ) = ∇ξA(x, ξ) of (i) and (ii) satisfy (A.0)-(A.5).
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Remark 3.3. In Example 3.2, when h(x) ≡ 1, (i) corresponds to the p(·)-Laplacian and  
(ii) corresponds to the prescribed mean curvature operator for nonparametric surface.

For the function h1 ∈ L1
loc(Ω) with h1(x) ≥ 1 for a.e. x ∈ Ω, we define a modular on X by

	
1

( )
( ( ), ( )) 1( ) ( ) | ( )  for p x

p h v = h x v x dx v X,ρ ⋅ ⋅
Ω

∇ ∈∫ 	 (3.2)

where the space X is defined by (2.1). Define our basic space 

	 1( ( ), ( )){ ; ( ) }p hY = v X vρ ⋅ ⋅∈ < ∞

equipped with the norm

	
( ( ) ( ))1

|| || inf 0 1Y p ,hv = > ; .⋅ ⋅

   ≤  
  



ντ ρ
τ

Proposition 3.4. The space (Y, ∥ · ∥Y ) is a separable and reflexive Banach space.

For the proof, see Aramaki [6, Proposition 3.4].
We note that C0

∞(Ω) ⊂ Y . Since h1(x) ≥ 1 a.e. x ∈ Ω, it follows that

	 ( )
1

1/ ( )
( ( ), ( )) ( ) 1 ( )( ) ( ) for p

p h p pv = h v v v Y,ρ ρ ρ⋅
⋅ ⋅ ⋅ ⋅∇ ≥ ∇ ∈

and so

	 ∥v∥Y = ∥h1
1/p(·)∇v∥Lp(·)(Ω) ≥ ∥∇v∥Lp(·)(Ω) = ∥v∥X for v ∈ Y.	 (3.3)

From (3.3) and Proposition 2.1, we have the following proposition.

Proposition 3.5. Let p ∈ C+(Ω–) and let u, un ∈ Y (n = 1, 2, . . .). Then the following proper-
ties hold.

(i) Y ↪ X and ∥u∥X ≤ ∥u∥Y.
(ii) ∥u∥Y > 1(= 1, < 1) ⇔ ρ̃(p(·),h1(·))(u) > 1(= 1, < 1).
(iii) ∥u∥Y > 1 ⇒ ∥u∥Y

p– ≤ ρ̃(p(·),h1(·))(u) ≤ ∥u∥Y
p+.

(iv) ∥u∥Y < 1 ⇒ ∥u∥Y
p+ ≤ ρ̃(p(·),h1(·))(u) ≤ ∥u∥Y

p–.
(v) limn→∞∥un – u∥Y = 0 ⇔ limn→∞ ρ̃(p(·),h1(·))(un – u) = 0.
(vi) ∥un∥Y → ∞ as n → ∞ ⇔ ρ̃(p(·),h1(·))(un) → ∞ as n → ∞.

We assume the following (f.0)-(f.2) on the function f in (1.1).
(f.0) f (x, t) is a Carathéodory function on Ω × R and there exist 1 ≤ a ∈ Lα(·)(Ω) with  

α ∈ C+(Ω–) and q ∈ C+(Ω–) satisfying

	

( ) 1( ) * ( ) for all 
( )
xq x < p x x

x
α
α

−
∈Ω

such that

	 |f (x, t)| ≤ d(1 + a(x)|t|q(x)−1) for a.e. x ∈ Ω and t ∈ R

for some constant d > 0.
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(f.1) For x ∈ Ω, f (x, t) is an odd function with respect to t ∈ R. 
(f.2) 0 < f (x, t)t = q(x)F (x, t) for a.e. x ∈ Ω and t > 0, where

	 0

( , ) ( , )  for a.e.  and .
t

F x t f x s ds x t= ∈Ω ∈∫ 

	

We note that from (f.1) and (f.2), we obtain the homogeneity of F with respect to t, 
that is,

	 F (x, t) = F (x, 1)|t|q(x).	 (3.4)

Indeed, from (f.2), we have ( ) ( )
( )

f x,s q x=
F x,s s

 for a.e. x ∈ Ω and s > 0. Taking that F (x, t) is 

an even function with respect to t into consideration, for t ≥ 0, if we integrate this equality 
from 1 to t, we easily get (3.4). 

For example, a function f (x, t) = a(x)|t|q(x)−2t, where a is a function as in (f.0), satisfies 
(f.0)-(f.2). 

Here we introduce the notions of a weak solution and an eigenfunction for the 
problem (1.1).

Definition 3.6. (i) We say that a pair (u, λ) ∈ Y × R is a weak solution of (1.1), if

	 ( ( )) ( ) ( ( )) ( )  for all x, u x v x dx = f x,u x v x dx v Y.
Ω Ω

∇ ⋅∇ ∈∫ ∫λa 	 (3.5)

(ii) Such a pair (u, λ) ∈ Y × R with u ≠ 0 is called an eigenpair, λ is called an eigen-
value and u is called an associated eigenfunction.

Define functionals on Y by

	 ( )( ) ( )    ( ) ( ( ))  for u = A x, u x dx, J u = F x,u x dx u Y.
Ω Ω

Φ ∇ ∈∫ ∫ 	 (3.6)

It follows from (A.5) and (f.1) that Φ and J are even functionals, that is, Φ(−u) = Φ(u) and 
J (−u) = J (u) for all u ∈ Y .

Lemma 3.7. (i) We have

	
ρ ρ′ ⋅ ⋅⋅ ⋅ ⋅ ⋅+ Ω Ω

≤ Φ ≤ ∇ + ( ) ( )
1 1

0
(( ), ( )) 0 ( ( ), ( ))( ) ( )

( ) ( ) (2 || || || || ( ))p pp h p h
k

u u c h u u
p L L

	

for u ∈ Y , where c and k0 are the constants in (A.1) and (A.3).
(ii) We have

	
1 ( ( ) ( ))1

1 1( ) ( ) ( )
2 2 2p ,h

u + v + k u v u + vρ ⋅ ⋅
 Φ − ≤ Φ Φ 
 



	

for all u, v ∈ Y, where k1 is the constant in (A.2), in particular, Φ is convex, that is, Φ((1 − τ)
u + τv) ≤ (1 − τ )Φ(u) + τ Φ(v) for all u, v ∈ Y and τ ∈ [0, 1].

Proof. (i) easily follows from (A.3) and the Hölder inequality (Proposition 2.2). (ii) easily 
follows from (A.2) and the continuity of A(x, ξ) with respect to ξ.
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Proposition 3.8. (i) Φ is coercive, that is, Φ(u) → ∞ as ∥u∥Y → ∞.
(ii) Φ is sequentially weakly lower-semicontinuous on Y.
(iii) Φ ∈ C1(Y, R) and we have

	
*,

( ) ( , ( )) ( )   , .
Y Y

u v x u x v x dx for u v Y
Ω

′Φ − = ∇ ⋅∇ ∈∫a 	 (3.7)

Proof. (i) follows from Lemma 3.7 (i) and Proposition 3.5 (vi). (ii) follows from  
[5, Proposition 4.4 (iii)]. (iii) follows from [5, Proposition 4.1].	

Proposition 3.9. If un → u weakly in Y and Φ(un) → Φ(u) as n → ∞, then we have 

0
2

nu u− 
Φ → 
 

 as n → ∞, so un → u strongly in Y.

Proof. Assume that the conclusion is false. Then there exists ε0 > 0 and a subsequence {un′} 

of {un} such that 02
nu u

ε′ − 
Φ ≥ 
 

 for all n′. From Lemma 3.7 (i), there exists a constant 

C(ε0) = C(ε0, p) > 0 such that

	

( )0 0 ( )

0
0

|| ||
2 2 2 2

( )(|| || || || ).
2

p

p p
n n n n

L
Y Y Y

p p
n Y n Y

u u u u u u u u
c h

C u u u u

+ −

′ ⋅

+ −

′ ′ ′ ′
Ω

′ ′

 − − − −   ≤ Φ ≤ + ∨      

≤ + − ∨ −

ε

ε
ε

Here and from now on, a ∨ b = max{a, b} and a ∧ b = min{a, b} for real numbers a and
b. Hence 0 0( ) || || || || /2

+p p
n Y n YC u u u uε ε−
′ ′− ∨ − ≥ , so by Lemma 3.7 (v), there exists a subse-

quence of {un′} (still denoted by {un′}) and c1 > 0 such that k1ρ̃p(·),h1(·)(un′ −u) ≥ c1.
Hence it follows from Lemma 3.7 (ii) that

	
1

1 1( ) ( )
2 2 2

n
n

u + u
+ c u + u .′

′
 

Φ ≤ Φ Φ 
 

Since (un′ + u)/2 → u weakly in Y and Φ is sequencially weakly lower semi-continuous,  
we have

	
1 1

1 1( ) liminf liminf ( ) ( ) ( )
2 2 2

n
nn n

u + u
u + c + c u + u = u .′

′′ ′→∞ →∞

 
Φ ≤ Φ ≤ Φ Φ Φ 

 

This is a contradiction. Thus Φ((un − u)/2) → 0 as n → ∞. By Lemma 3.7 (i), 

1( ( ), ( )) 0
2

n
p h

u u
ρ ⋅ ⋅

− 
→ 

 
  as n → ∞. Thus from Proposition 3.5 (v), un → u strongly in Y.

Proposition 3.10. (i) Φ ∈ WY , that is, if un → u weakly in Y as n → ∞ and lim infn→∞ Φ(un) 
≤ Φ(u), then there exists a subsequence {un′} of {un} such that un′ → u strongly in Y as n′ → ∞.

(ii) Φ is bounded on every bounded subset of Y .
Proof. (i) Let un → u weakly in Y as n → ∞ and lim infn→∞Φ(un) ≤ Φ(u). Since Φ 
is sequentially weakly lower semi-continuous from Proposition 3.8 (ii), we have  
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Φ(u) ≤ lim infn→∞Φ(un), so lim infn→∞Φ(un) = Φ(u). Hence there exists a subsequence {un′} 
of {un} such that limn′→∞ Φ(un′) = Φ(u). By Proposition 3.9, un′ → u strongly in Y.

(ii) easily follows from Lemma 3.7 (i).	

Proposition 3.11. (i) Φ′ is strictly monotone in Y , that is,

	 ⟨Φ′(u) − Φ′(v), u − v⟩Y*,Y > 0 for all u, v ∈ Y with u ≠ v.

Moreover, Φ′ is bounded on every bounded subset of Y and coercive in the sense that

	

*,

|| ||

( ),
lim .

|| ||
Y Y

u Y
Y

u u

u→∞

′Φ
= ∞

(ii) Φ′ is of (S+)-type, that is, if un → u weakly in Y and

	
*,

lim sup ( ), 0n n Y Y
n

u u u ,
→∞

′Φ − ≤

then un → u strongly in Y.
(iii) The mapping Φ′ : Y → Y* is a homeomorphism.

For the proof, see [7, Proposition 21].
For the functional J defined by (3.6), we have the following proposition.

Proposition 3.12. Under the hypotheses (f.0), we have the following.
(i) J ∈ C1(Y, R) and

	
*,

( ), ( ( )) ( )  for 
Y Y

J u v = f x,u x v x dx u,v Y.
Ω

′ ∈∫ 	 (3.8)

(ii) J is sequentially weakly continuous in Y.
(iii) J′ : Y → Y* is weakly-strongly continuous, that is, if un → u weakly in Y as n → ∞, 

then J′(un) → J′(u) strongly in Y* as n → ∞.

Proof. Since (i) and (ii) follows from Aramaki [5, Proposition 4.2, Proposition 4.4], we 
only derive (iii). Let un → u weakly in Y. Then

	
*,

( ) ( ) ( ( ( ) ( ( ))) ( )  for n nY Y
J u J u ,v = f x,u x f x,u x v x dx v Y.

Ω

′ ′− − ∈∫

From Proposition 2.5 and (f.0), the embedding 1 ( )( ),pW ⋅ Ω  ↪ ( )
( ) 2( )q

aL ⋅
⋅ Γ  is compact. Since 

Y ↪ X ↪ W 1,p(·)(Ω), there exists a constant C > 0 such that

	
( )

2( ) ( )
|| || || || for all q

a
YL

v C v v Y.⋅
⋅ Γ

≤ ∈

By the HÖlder inequality (Proposition 2.2), for any v ∈ Y,

	
( )

( )

-1/ ( ) 1/ ( )
*,

1/1/ ( )
( )( ) ( )

| ( ) ( ) | ( ) | ( ( )) ( ( )) | ( ) | ( ) |

2 || ( ) | ( ( )) ( ( )) ||| || | ( ) |||q

q x q x
n n xY Y

qq
n qL L

J u J u ,v a x f x,u x f x,u x a x v x d

a f ,u f ,u a v .′ ⋅

Ω
⋅− ⋅

⋅Ω Ω

′ ′− ≤ −

≤ ⋅ ⋅ ⋅ − ⋅ ⋅ ⋅

∫ σ
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Since

	
( ) ( )

( )

1/ ( )
( ) ( )

|| ( ) || || || || ||q q
a

q
YL L

a v = v C v ,⋅ ⋅
⋅

⋅
Ω Ω

⋅ ≤

we have

	 ( ) ( )
1/ ( )

* ( )
|| ( ) ( ) || 2 || | ( ) ( ( )) ||| .q

q
n Y n L

J u J u C a f ,u f ,u ′ ⋅
− ⋅

Ω
′ ′− ≤ ⋅ ⋅ − ⋅ ⋅

We want to show that ∥J′(un) − J′(u)∥Y* → 0 as n → ∞. By Proposition 2.1 (iv) and the 
above inequality, it suffices to show that

	 ρq′(·)(a
−1/q(·)f(·, un(·)) − a(·)−1/q(·)f (·, u(·))) → 0 as n → ∞.	 (3.9)

We can see that

	

( )
1/ ( ) 1/ ( )

( )/ ( ) ( )

( ( ( )) ( ( )))

( ) | ( ( )) ( ( )) |

q q
nq

q x q x q x
n

a f ,u a f ,u

a x f x,u x f x,u x dx.

ρ − ⋅ − ⋅
′ ⋅

′ ′−

Ω

⋅ ⋅ − ⋅ ⋅

= −∫

Since un → u weakly in Y and the embedding Y ↪ ( )
( )( )q

aL ⋅
⋅ Ω  is compact, we can see 

that un  → u strongly in ( )
( )( )q

aL ⋅
⋅ Ω . From [4, Theorem A.1], there exist a subsequence 

{un′} of {un} and g  ∈ Lq(·)(Ω) such that a(x)1/q(x)un′(x) → a(x)1/q(x)u(x) a.e. x ∈ Ω and  
|a(x)1/q(x)un′ (x)| ≤ g(x) for a.e. x ∈ Ω. Since a(x) > 0 and f is a Carathéodory function,  
f(x, un′(x)) → f(x, u(x)) a.e. x ∈ Ω. From (f.0) and a(x) ≥ 1, we have

	 a(x)–q′(x)/q(x)|f(x, un′(x) − f (x, u(x))|q′(x)

		  ≤ C1a(x)−q′(x)/q(x)(1 + a(x)|un′(x)|q(x)−1 + a(x)|u(x)|q(x)−1)q′(x)

		  ≤ C1(a(x)−q′(x)/q(x) + a(x)q′(x)
 
−q′(x)/q(x)(|un′(x)|q(x) + |u(x)|q(x)))

		  ≤ C1(1 + a(x)(|un′(x)|q(x) + |u(x)|q(x)))
		  ≤ 2C1(1 + g(x)q(x)).

The last term is an integrable function in Ω independent of n′. Thus by the Lebesgue dom-
inated convergence theorem, we have

	 ρq′(·)(a(·)−1/q(·)f(·, un′(·)) − a(·)−1/q(·)f(·, u(·))) → 0 as n′ → ∞.

From the convergent principle (Zeidler [32, Proposition 10.13]), we see that (3.9) holds, 
so ∥J′(un) − J′(u)∥Y* → 0 as n → ∞.

Remark 3.13. From (3.7), (3.8) and Definition 3.6, we can see that (u, λ) ∈ Y × R is a weak 
solution of the problem (1.1) if and only if

	 Φ′(u) = λJ′(u).	 (3.10)

In particular, we have ⟨Φ′(u), u⟩Y*,Y = λ⟨J′(u), u⟩Y*,Y. If u ≠ 0, then it follows from (A.3) and 
(f.2) that

	

( )
0 1*,

0

( ), ( ( )) ( ) ( ) | ( ) |

|| || || || 0

p x
Y Y

p p
Y Y

u u = a x, u x u x dx k h x u x dx

k u u
+ −

Ω Ω

′Φ ∇ ⋅∇ ≥ ∇

≥ ∧ >

∫ ∫
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and

	
*,

( ), ( ( )) ( ) 0
Y Y

J u u = f x,u x u x dx > ,
Ω

′ ∫

so we have

	 *,

*,

( )
0

( )
Y Y

Y Y

u ,u
= > .

J u ,u
λ

′〈Φ 〉
′〈 〉

	 (3.11)

This means that any eigenvalue of the problem (1.1) is positive.

In order to solve the eigenvalue problem (3.10), we apply the constrained variational 
method. We take Φ as an objective functional and J as a constraint functional. For any 
fixed r > 0, put

	 Mr = {u ∈ Y ; J (u) = r}.	 (3.12)

If u ∈ Mr, then from (f.2),

	 *,( ) ( ( )) ( ) ( ( )) ( ) 0Y YJ u ,u = f x,u x u x dx q F x,u x dx = q J u = q r > ,− − −

Ω Ω

′〈 〉 ≥∫ ∫ 	 (3.13)

so J′(u) ≠ 0. Hence Mr is a C1-submanifold of Y with codimension one. Moreover, Mr is 
weakly closed subset of Y. Indeed, let uj ∈ Mα and uj → u weakly in Y as j → ∞. Since J is 
sequentially weakly continuous from Proposition 3.12 (ii), r = J (uj) → J (u), so u ∈ Mr. If 
we denote the tangent space of Mr at u ∈ Mr by TuMr, then we can see that

	 TuMr = Ker(J′(u)) := {v ∈ Y ; ⟨J′(u), v⟩Y*,Y = 0}.

Let P : Y → TuMr be the natural projection. Note that the bounded linear map J′(u) : Y → 
R is surjective. We denote the restriction of Φ to Mr by Φ̃  = Φ|Mr

 and the derivative dΦ̃(u) 
∈ Y* of Φ̃  at u ∈ Mr can be defined by ⟨dΦ̃ (u), v⟩Y*,Y = ⟨Φ′(u), Pv⟩Y*,Y for v ∈ Y. We note 
that ⟨dΦ̃ (u), h⟩Y*,Y = ⟨Φ′(u), h⟩Y*,Y for any h ∈ TuMr.

It is well known that when u ∈ Mr, there exists λ ∈ R such that (u, λ) ∈ Mr × R solves 
(3.10) if and only if u is a critical point of Φ̃ with respect to Mr, that is,

	 ⟨Φ′(u), h⟩Y*,Y = 0 for all h ∈ TuMr,

(for example, see [32, Proposition 43.21]).
For u ∈ Mr, put w = (Φ′)−1(J′(u)). Then since we have (3.13), we see that J′(u) ≠ 0. 

From (A.5), the functional Φ is even, so Φ′ is odd and so Φ′(0) = 0. Since (Φ′)−1 is injec-
tive, we have w ≠ 0. From strict monotonicity of Φ′ (Proposition 3.11 (i)),

	 ⟨J′(u), w⟩Y*,Y = ⟨J′(u), (Φ′) (J′(u))⟩Y*,Y = ⟨Φ′(w), w⟩Y*,Y > 0.	 (3.14)

Hence since w = (Φ′)−1(J′(u)) ∉ TuMr, we can see that

	 Y = TuMr ⊕ {β(Φ′)−1(J′(u)); β ∈ R}.

For every v ∈ Y , there exists unique β ∈ R such that v = Pv + β(Φ′)−1(J′(u)). Since Pv ∈ 
TuMr = Ker(J′(u)), we have

	 ⟨J′(u), v⟩Y*,Y = β′⟨J (u), (Φ′)–1(J′(u))⟩Y*,Y.
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Thus from (3.14), we can write

	

*,
1

*,

( )
( ) ( ) ( ( ))

Y Y

Y Y

J u ,v
= .

J u , J u
β −

′〈 〉
′ ′ ′〈 Φ 〉 	

Now we have

	

*,

*,

*, *,

*, 1
*, 1

*,

1
*,

1
*,

( ), ( ), ( )

( ),
( ), ( ), ( ) ( ( ))

( ),( ) ( ( ))

( ),( ) ( ( ))
( ), ( ),  for any .

( ),( ) ( ( ))

Y Y

Y Y

Y Y Y Y

Y Y
Y Y

Y Y

Y Y

Y Y

d u v u P v

J u v
u v u J u

J u J u

u J u
u J u v v Y

J u J u

−
−

−

−

′〈 Φ 〉 = 〈Φ 〉

′〈 〉
′ ′ ′ ′= 〈Φ 〉 − Φ Φ

′ ′ ′〈 Φ 〉

′ ′ ′〈Φ Φ 〉
′ ′= Φ ∈

′ ′ ′〈 Φ 〉



Thus we have

	 dΦ̃(u) = Φ′(u) – λ(u)J′(u),

where

	

1
*,

1
*,

( ) ( ) ( ( ))
( )

( ) ( ) ( ( ))
Y Y

Y Y

u , J u
u = .

J u , J u
λ

−

−

′ ′ ′〈Φ Φ 〉
′ ′ ′〈 Φ 〉

Proposition 3.14. For any r > 0, the functional Φ : Mr → R verifies (PS)c-condition for 
any c ∈ R, that is, if any sequence {un} ⊂ Mr satisfies that Φ̃(un) → c and ∥dΦ̃(un)∥Y* → 0 as  
n → ∞, then {un} contains a convergent subsequence.

Proof. Let {un} ⊂ Mr satisfies that Φ̃ (un) → c and dΦ̃ (un) → 0 in Y* as n → ∞. Then since 
from (A.3),

	

( )0 0
1( ) ( ) ( ) || ( ) | || || || || ,p x p p

n n n Y n Y
k k

u = u h x u x dx u u
p p

−+
+ +
Ω

Φ Φ ≥ ∇ ≥ ∧∫

	

{un} is bounded in Y. Since Y is a reflexive Banach space, there exist a subsequence {un′} of 
{un} and u0 ∈ Y such that un′ → u0 weakly in Y. By Proposition 3.12 (ii) and (iii), J′(un′) → 
J′(u0) in Y* and J (un′) → J (u0) as n → ∞. Thereby, u0 ∈ Mr. Put wn′ = (Φ′)−1(J′(un′)). Since 
J′(un′) → J′(u0) ≠ 0 in Y*, it follows from Proposition 3.11 (iii) that wn′ → w0 ≠ 0 in Y , where 
w0 = (Φ′)−1(J′(u0)). Thus

	 ⟨J′(un′), (Φ′)−1(J′(un′))⟩Y*,Y = ⟨Φ′(wn′ ), wn′⟩Y*,Y → ⟨Φ′(w0), w0⟩Y*,Y > 0.	 (3.15) 

On the other hand, we have

	 |⟨Φ′(un′ ),(Φ′)−1(J′(un′))⟩Y*,Y| = |⟨Φ′(un′), wn′ ⟩Y*,Y | ≤ ∥Φ′(un′)∥Y* ∥wn′∥Y .

Since {un′} is bounded in Y, it follows from Proposition 3.11 (i) that ∥Φ′(un′)∥Y* is bounded. 
Hence, there exists a constant c2 > 0 such that

	 |⟨Φ′(un′), (Φ′)−1(J′(un′))⟩Y*,Y| ≤ c2.	 (3.16) 
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From (3.15) and (3.16), {λ(un′)} is bounded in R. Passing to a subsequence, we may assume 
that λ(un′) → λ0 for some λ0 ∈ R. Since dΦ̃ (un′) → 0 in Y*, we see that Φ′(un′) − λ(un′)J′(un′) 
→ 0 as n′ → ∞. Hence, since J′(un′) → J′(u0) in Y*,

	 Φ′(un′) = (Φ′(un′) − λ(un′)J′(un′)) + λ(un′)J′(un′) → λ0J′(u0) in Y* as n′ → ∞.

Therefore, using again Proposition 3.11 (iii), we can see that un′ → (Φ′)−1(λ0J′(u0)) strongly 
in Y as n′ → ∞.

Here we recall the notion of “genus” which is introduced in Rabinowitz [29, Chapter 
7] or [32, Section 44.3]. Let E be a real Banach space and let ε denote the family of sub-
sets A ⊂ E \ {0} such that A is closed in E and symmetric with respect to 0, that is, x ∈ A 
implies −x ∈ A. For ∅ ≠ A ∈ ε, define the genus of A to be n ≥ 1 (denoted by γ(A) = n) if 
there is a map φ ∈ C(A, Rn \ {0}) with φ odd and n is the smallest integer with this prop-
erty. When there does not exist a finite such n, set γ(A) = ∞. Finally set γ(∅) = 0.

The main properties of genus are listed in the next proposition.

Proposition 3.15. Let A, B ∈ ε. Then the following properties hold.
(i) If there exists an odd map f ∈ C(A, B), then γ(A) ≤ γ(B).
(ii) If A ⊂ B, then γ(A) ≤ γ(B).
(iii) γ(A ∪ B) ≤ γ(A) + γ(B).
(iv) If A is compact, then γ(A) < ∞ and there exists δ > 0 such that if we put Nδ(A) =  

{x ∈ E; ∥x − A∥ := inf{∥x − y∥; y ∈ A} ≤ δ}, then Nδ(A) ∈ ε and γ(Nδ(A)) = γ(A).
(v) If Ω is a bounded neighborhood of 0 in Rn, and there exists a mapping h ∈ C(A, ∂Ω) 

with h an odd homeomorphism, then γ(A) = n.

For the proof, see [29, Lemma 7.5 and Proposition 7.7] or [31, Proposition 2.3]. We note 
that it can be easily seen that when A ∈ ε, A ≠ ∅ if and only if γ(A) ≥ 1.

Let Σr = {H ⊂ Mr; H is compact and symmetric}, γ(H) be the genus of H ∈ Σr, and 
define

	
( , ) , ( )

inf sup ( ) ( 1,2, ).
r

n r H H n u H
c u n

∈Σ ≥ ∈
= Φ =



γ
	 (3.17)

The following proposition is due to [31, Corollary 4.3].

Proposition 3.16 (Ljusternik-Schnirelmann principle). Assume that M is a closed sym- 
metric C1-submanifold of a real Banach space B and 0 ∉ M. Let f ∈ C1(M, R) be an even 
functional and bounded from below. Define

	
( )inf sup

j
j H u H

c = f u ,
∈Γ ∈

where

	
{  is compact, symmetric and ( ) }j = H M;H H j .γΓ ⊂ ≥

	

If Γk ≠ ∅ for some k ≥ 1 and f satisfies (PS)c-condition for c = cj, j = m, . . . , k with 1 ≤ m ≤ k, 
then f has at least k − m + 1 distinct pairs of critical points.
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Since Y is a separable reflexive Banach space, it is well known that there exist {en}
∞
n=1⊂ 

Y and {fn}
∞
n=1 ⊂ Y* such that ⟨fn, em⟩Y*,Y = δnm, where δnm is the Kronecker delta and

	 1 2 1 2span{ } and * span{ }Y = e ,e ,… Y = f , f ,… .

Define spaces

	 1
span{ } .

n

j j n j n j
j j n

Y = e ,Z = Y ,W = Y
∞

= =
⊕ ⊕

	

If we apply Proposition 3.16 with B = Y, M = Mr and f = Φ̃, then we obtain the following 
lemma. We note that Φ̃ is bounded from below on Mr and satisfies (PS)c-condition for any 
c ∈ R by Proposition 3.14.

Lemma 3.17. For any m ∈ N, we have Γm ≠ ∅. Thus we see that all c(n,r) defined by (3.17) are 
critical values of Φ̃  with respect to Mr and

	 −∞ < c(n,r) ≤ c(n+1,r) < ∞ for every n ∈ N.

Proof. For any m ∈ N, we claim that Zm ∩ Mr is bounded and symmetric. In fact, if u ∈ 
Zm ∩ Mr, then from (3.4) we can see that

	

( )( ) ( ( )) ( 1) | ( ) |q xr = J u = F x,u x dx = F x, u x dx.
Ω Ω
∫ ∫

	

If we define

	
ˆ( ) ( ( ))  for mu = F x,u x dx u Z ,ρ

Ω

∈∫

then ρ̂ is a modular on Zm and ˆ|| || : inf 0 1uu = > ;
   ≤  

  
τ ρ

τ
 is a norm on Zm. From 

Proposition 2.5 and (f.0), we have ∥u∥q+ ∧∥u∥q− ≤ ρ̂(u) = r for all u ∈ Zm ∩ Mr. Since Zm is 
of finitely dimensional, all the norms are equivalent, so there exists a constant C > 0 such 
that ∥u∥Y ≤ C for all u ∈ Zm ∩ Mr. Clearly Zm ∩ Mr is symmetric and closed. Since Zm ∩ 
Mr is bounded and closed subset in a finitely dimensional space Zm, we see that Zm ∩ Mr is 
compact. Let G = {u = u1e1 + · · · + umem ∈ Zm; J (u) < r}. Then G can be identified with an 
open neighborhood of 0 in Rm by a trivial odd homeomorphism. Since the identity map: 
Zm ∩ Mr → ∂G is an odd homeomorphism, from Proposition 3.15 (v), we have γ(Zm ∩ 
Mr) = m, so Γm ≠ ∅. By the definition of c(n,r), it is clear that −∞ < c(n,r) ≤ c(n+1,r) < ∞.

It follows that the following lemma holds.

Lemma 3.18. Assume that a functional Ψ : Y → R is sequentially weakly continuous and 
satisfies Ψ(0) = 0. Then for any fixed s > 0,

	
,|| ||

lim sup | ( ) | 0.
n Y

n u W u s
u

→∞ ∈ ≤
Ψ = 	 (3.18)

Proof. Put dn = supu∈Wn,∥u∥Y ≤ s|Ψ(u)|. Then there exists uj ∈ Wn with ∥uj∥Y ≤ s such that  
limj→∞|Ψ(uj)| = dn. Since Y is a reflexive Banach space, there exist a subsequence {uj′} of {uj} 
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and u(n) ∈ Y such that uj′ → u(n) weakly in Y. Hence ∥u(n)∥Y ≤ lim infj′→∞∥uj′∥Y ≤ s. Since Wn 
is a closed subspace of Y, Wn is weakly closed, so u(n) ∈ Wn. Since Ψ is sequentially weakly 
continuous, we have |Ψ(uj′)| → |Ψ(u(n))| as j′ → ∞. Thereby |Ψ(u(n))| = dn. Since clearly 
dn+1 ≤ dn, we see that limn→∞dn = d0 ≥ 0 exists. Since {u(n)} satisfies ∥u(n)∥Y ≤ s, there exists a 
subsequence {u(n′)} of {u(n)} and u0 ∈ Y such that u(n′) → u0 weakly in Y. So ∥u0∥Y ≤ s. Since 
again Ψ is sequentially weakly continuous, |Ψ(u(n′))| = dn′ → |Ψ(u0)| = d0. Since Y is reflex-
ive, we can look upon u0 ∈ Y** = Y. Therefore, for any fj ∈ Y*, since u(n′) ∈ Wn′, we have

	
( )

0 **, * 0 *, *,lim 0n
j Y Y j Y Y j Y Yn

u , f = f ,u = f ,u = .′

′→∞
〈 〉 〈 〉 〈 〉

	
Thus we have u0 = 0, so d0 = 0, that is, (3.18) holds.

Proposition 3.19. We have limn→∞ infu∈Wn ∩ Mr
 ∥u∥Y = ∞.

Proof. Suppose that the conclusion is false. Then there exist c1 > 0 and a sequence {un} ⊂ 
Wn ∩ Mr such that ∥un∥Y ≤ c1 for all n ∈ N. Then

	 1,|| ||
sup | ( ) | ( ) .
n Y

n
u W u c

J u J u r
∈ ≤

≥ =

Therefore,

	 1,|| ||
lim sup | ( ) | lim ( ) 0

n Y

nn nu W u c
J u J u = r > .

→∞ →∞∈ ≤
≥

If we apply Lemma 3.18 with Ψ = J , this is a contradiction.

Proposition 3.20. For any fixed r > 0, we have

	 ( , )lim .n rn
c

→∞
= ∞ 	 (3.19)

Proof. By Proposition 3.19, for any c > 1, there exists n0 ∈ N such that for any n ≥ n0 and u 
∈ Wn ∩ Mr, ∥u∥Y > c. For any H ∈ Σr, we have γ(H ∩ Zn−1) ≤ n − 1. On the other hand, we 
have codim Wn ≤ n − 1. Hence for H ∈ Σr with γ(H) ≥ n, H ∩ Wn is non-empty. Indeed, 
since H = (H ∩ Zn−1) ∪ (H ∩ Wn), it follows from Proposition 3.15 (iii) that

	 n ≤ γ(H) ≤ γ(H ∩ Zn−1) + γ(H ∩ Wn) ≤ n − 1 + γ(H ∩ Wn),

so γ(H ∩ Wn) ≥ 1. Hence H ∩ Wn ≠ ∅. For n ≥ n0, we have

	

1 1

1

1

( , ) , ( )

, ( ) ( \ )

, ( ) ( \ )

, ( ) ( \ )\

,

inf sup ( )

inf max sup ( ), sup ( )

inf sup ( )

inf max sup ( ), sup ( )

inf

r

r n n

r n

r n n n

r

n r H H n u H

H H n u H Y Z u H Z

H H n u H Y Z

H H n u H Y Z W u H W

H

c u

u u

u

u u

γ

γ

γ

γ

γ

− −

−

−

∈Σ ≥ ∈

∈Σ ≥ ∈ ∩ ∈ ∩

∈Σ ≥ ∈ ∩

∈Σ ≥ ∈ ∩ ∈ ∩

∈Σ

= Φ

 
= Φ Φ 

 
≥ Φ

 
= Φ Φ 

 
≥



 



 

( )

0 0 0, ( )

sup ( )

inf sup || || .
n

r n

H n u H W

p p
YH H n u H W

u

k u k c
γ

− −

≥ ∈ ∩

∈Σ ≥ ∈ ∩

Φ

≥ ≥



Thus we have limn→∞ c(n,r) = ∞.
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We are in a position to state the main theorem.

Theorem 3.21. Assume that (A.0)-(A.5) and (f.0)-(f.2) hold and fix r > 0. Then for every 
n ∈ N, c(n,r) defined by (3.17) is a critical value of Φ̃  with respect to the submanifold Mr such 
that

	 0 < c(n,r) ≤ c(n+1,r) < ∞ and c(n,r) → ∞ as n → ∞.

Moreover, the problem (1.1) has infinitely many eigenpair sequence {(u(n,r), λ(n,r))} such that

	 J (±u(n,r)) = r, Φ(±u(n,r)) = c(n,r) and 0 < λ(n,r) → ∞ as n → ∞.

Proof. Taking Proposition 3.16, (3.11) and Proposition 3.20 into consideration, it suffices 
to derive that λ(n,r) → ∞ as n → ∞. It follows from (f.2) that

	 ⟨J′(u(n,r)), u(n,r)⟩Y*,Y ≤ q+J (u(n,r)) = q+r.

Hence

	 ( ) ( ) *, ( ) ( ) *,
( )

( ) ( ) *,

( ) ( )
.

( )
n,r n,r Y Y n,r n,r Y Y

n,r +
n,r n,r Y Y

u ,u u ,u
=

J u ,u q r
λ

′ ′〈Φ 〉 〈Φ 〉
>

′〈 〉
	 (3.20)

Assume that λ(n,r) ≤ M for all n ∈ N. Then by (3.20), ⟨Φ′(u(n,r)), u(n,r)⟩Y*,Y ≤ Mq+r =: c2. From 
(A.3), we have

	
1

( ) 2
( ( ), ( )) ( ) 1 ( ) ( ) ( ) *,

0 0

1( ) ( ) | | ( )p x
p h n,r n,r n,r n,r Y Y

c
u = h x u dx u ,u .

k k
ρ ⋅ ⋅

Ω

′∇ ≤ 〈Φ 〉 ≤∫

In particular, ∥u(n,r)∥Y ≤ c3 for some constant c3 > 0. Then from Lemma 3.7 (i),

	 ( )( )
1( ) ( ) 0 ( ) ( ( ), ( )) ( ) 4( )

( ) 2 || || || || ( )pn,r n,r n,r Y p h n,rL
c = u c h u + u cρ′ ⋅ ⋅ ⋅Ω

Φ ≤ ≤

for some constant c4 > 0. This contradicts Proposition 3.20.

Remark 3.22. We do not know whether the problem (1.1) only has eigenvalue sequence 
of the form {λ(n,r)}.

Remark 3.23. We assume the following more restrictive condition (A.3′) instead of (A.3). 
(A.3′) k0h1(x)|ξ|p(x) ≤ a(x, ξ) · ξ = p(x)A(x, ξ) for a.e. x ∈ Ω and all ξ ∈ RN.

We note that (i) in Example 3.2 satisfies this condition, but (ii) does not satisfy this 
condition. Under the hypotheses (A.1)-(A.2), (A.3′), (A.4)-(A.5) and (f.0)-(f.2), we have

	 ( 1 ) ( , )  for 1,2,n+ ,r n r
p q n
p q

λ λ
− −

+ +≥ =  	 (3.21)

In particular, if p(x) = p = const. and q(x) = q = const., then it follows that λ(n,r) ≤ λ(n+1,r) 
for n = 1, 2, . . ..
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Proof. Let un be the eigenfunction of the problem (1.1) associated with λ(n,r) (n = 1, 2, . . .). 
From (A.3′), (f.2) and Theorem 3.21, we have

	

1 11 1 *,
( 1, )

1 1 *, 1 1

1 1
( 1, ) ( . )

11

( , ( )) ( )( ),
( ), ( , ( )) ( )

( ) ( , ( )) ( )
.

( )( ) ( , ( ))

n nn n Y Y
n r

n n Y Y n n

n n
n r n r

nn

x u x u x dxu u
J u u f x u x u x dx

p x A x u x dx p u p pc c
q J u q r q rq x F x u x dx

+ ++ + Ω
+

+ + + +Ω

− − −
+ +Ω

++ + +
++Ω

∇ ⋅∇′〈Φ 〉
= =

′〈 〉

∇ Φ
= ≥ = ≥

∫
∫

∫
∫

λ
a

	

On the other hand, from (f.2) we have

	

( )

1
( ) *,

( , )1
*,( )

( , ( ))( )
( )

( ) ( , ( ))

( , ( )) ( ) ( ),
( ),( , ( )) ( )

nn
n,r n

n n

n np x n n Y Y
n r

n n Y Yx nq x

A x u x dxu
c = u = r = r

J u F x u x dx

x u x u x dx q r u u q rr
p J u u pf x u x u x dx

Ω

Ω

− −
Ω

+ +

Ω

∇Φ
Φ

∇ ⋅∇ ′〈Φ 〉
≥ ≥ =

′〈 〉

∫
∫

∫
∫

λ
a

Thus we have the conclusive estimate (3.21).

4.  The infimum of all the eigenvalues

In this section, we consider the infimum of all the eigenvalues of the problem (1.1). We 
show that there exist two cases where the infimum is equal to zero or positive according to 
the hypoetheses on the variable exponent.

For a subset A ⊂ Ω and δ > 0, put B(A, δ) = {x ∈ RN ; dist(x, A) < δ}. In particular, for 
x0 ∈ Ω, if A = {x0}, then we write B({x0}, δ) by simply B(x0, δ).

Put Λ = {λ; λ is an eigenvalue of the problem (1.1)} and λ∗ = inf Λ.

Lemma 4.1. For r > 0, the following inequality holds.

	 1( ( ), ( )): inf ( ) 0,
r

r p hu M
uβ ρ ⋅ ⋅∈

= >

where ρ̃(p(·),h1
(·)) is defined by (3.2).

Proof. Arguing by contradiction, assume that βr = 0. Then there exist {un} ⊂ Mr such that 
ρ̃(p(·),h1(·))(un) → 0 as n → ∞. Hence by Proposition 3.5 (v), un → 0 in Y as n → ∞.

On the other hand, J (un) = r > 0, and since J is continuous in Y , J (un) = r → J (0) = 0. 
This is a contradiction.

Lemma 4.2. For r > 0, let u0 be an eigenfunction of the problem (1.1) associated with λ(1,r) 
defined in Theorem 3.21. Then

	 Φ(u0) = c(1,r) = inf{Φ(u); u ∈ Mr}.
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Proof. Put br = inf{Φ(u); u ∈ Mr}. Since c(1,r) = infH∈Σr,γ(H)≥1supu∈H Φ̃ (u), if u ∈ H with  
H ∈ Σr and γ(H) ≥ 1, then we have Φ(u) = Φ̃ (u) ≥ br from u ∈ Mr, so c(1,r) ≥ br. 

On the other hand, by the definition of br, there exists a sequence {un} ⊂ Mr such that 
br = limn→∞Φ(un). For large n, br + 1 ≥ Φ(un) ≥ k0∥un∥Y

p+ ∧ ∥u∥Y
p– . Thus {un} is bounded in 

Y. So there exist a subsequence {un′} of {un} and u∗ ∈ Y such that un′ → u∗ weakly in Y. 
Thereby, Φ(u∗) ≤ lim infn′→∞Φ(un′) = br. Since Mr is a weakly closed subset of Y, u∗ ∈ Mr, 
so Φ(u∗) ≥ br. Thus we have Φ(u∗) = br. By (A.5), Φ(±u∗) = br. Let H0 = {±u∗}, then H0 ∈ Σr 
and γ(H0) = 1. Therefore, c(1,r) ≤ supu∈H0

 Φ(u) = Φ(±u∗) = br.
Thus we have c(1,r) = br.

From now on, we suppose that more restrictive assumptions on the function f in (1.1). 
(f.0′) (f.0) holds with q(x) = p(x).
(f.2′) (f.2) holds with q(x) = p(x), that is, 0 < f (x, t)t = p(x)F (x, t) for a.e. x ∈ Ω and  

all 0 ≠ t ∈ R.
For example, a function f (x, t) = a(x)|t|p(x)−2t with a function a(x) satisfying the condi-

tion in (f.0) with q(x) ≡ p(x) verifies (f.0′), (f.1) and (f.2′).

Theorem 4.3. Assume that (A.0)-(A.5), (f.0′), (f.1) and (f.2′) with p(x) = p = const. for all  
x ∈ Ω hold. Then we have λ∗ > 0.
Proof. Let u be the eigenfuction of (1.1) associated with λ. Then clearly J (u) > 0. We show 
that there exists t0 > 0 such that 

0

1
1 1: tu = u M∈ . Indeed, since f (x, t)t = pF (x, t) for a.e. x ∈ 

Ω and all t ∈ R, we can write F(x, t) = F(x, 1)tp from (3.4). Hence J(u) = ∫ΩF(x, 1)|u(x)|pdσx. 
Thus ( )u

tJ  = t−pJ(u) for t > 0. Here we can see that to ( )u
tJ  → 0 as t → ∞ and ( )u

tJ  → ∞ 
as t → +0. Since ( )u

tJ  is continues with respect to t ∈ (0, ∞), there exists t0 > 0 such that 
( )u

tJ  = 1, so 
01 1: .u

tu M= ∈
Now since J(u1) = 1, it follows from Lemma 4.1 that we have

	

0 1 0 1 0 1

0 1

0 0 1 1 0 0
1 1 1

0 1

( , ( )) ( ) ( ) | ( ) | ( ) | ( ) |

( , ( )) ( ) ( , ( )) ( ) ( , ( )

( ) | ( ) |
( ) | ( ) | 0.

( , ( ))

p p

p p
p

p

x u x u x dx k h x u x dx k h x t u x dx

f x u x u x dx f x u x u x dx p F x t u x dx

k t h x u x dx k k
h x u x dx

p ppt F x u x dx

Ω Ω Ω

Ω Ω Ω

Ω

Ω
Ω

∇ ⋅∇ ∇ ∇
= ≥ ≥

∇
= = ∇ ≥ >

∫ ∫ ∫
∫ ∫ ∫
∫

∫∫

λ

β

a

	

Thus we have 0
* 1inf 0.k

p= Λ ≥ >λ β

Remark 4.4. Though this theorem is well known for p-Laplacian, our theorem also con- 
tains the result for a class of operators which also contains the mean curvature operator.

Next we consider the following assumption.
(f.3) f (x, t) = a(x)|t|p(x)−2t with 1 ≤ a ∈ L∞(Ω).
Then we can derive a sufficient condition for λ∗ > 0 for the case p(x) ≠ const.

Theorem 4.5. Assume that (A.0)-(A.5) and (f.3) hold. Moreover, suppose that Γ2 = ∅ and 
there exists a vector l ∈ RN \ {0} such that for all x ∈ Ω, the function

	 k : Ix := {t; x + tl ∈ Ω} ∋ t ↦ p(x + tl)

is monotone. Then we have λ* > 0.
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Proof. Since Γ2 = ∅, we note that X = W0
1,p(·)(Ω). By the proof of [17, Theorem 3.3], we have

	

( )

( )\{0}

| ( ) |
: inf 0.

| ( ) |

p x

p xv X

v x dx
c

v x dx
Ω

∈
Ω

∇
= >∫

∫
Since Y ↪ X and h1(x) ≥ 1, for any v ∈ Y \ {0},

	
( ) ( )

1

( ) ( )

( ) | ( ) | | ( )

| ( ) | | ( ) |

p x p x

p x p x

h x v x dx v x dx
c.

v x dx v x dx
Ω Ω

Ω Ω

∇ ∇
≥ ≥∫ ∫

∫ ∫
	 (4.1)

Let (u, λ) be any eigenpair of (1.1). Then from (A.3), (f.3) and (4.1),

	

*,

*,

( )
0 1 0

( )
( )( )

( ( )) ( )( )
( ) ( ( )) ( )

( ) | ( )
0

|| |||| || ( )

Y Y

Y Y

p x

p x
LL

x, u x u x dxu ,u
= =

J u ,u f x,u x u x dx

k h x u x dx k
c > .

aa u x dx ∞∞

Ω

Ω

Ω

ΩΩ Ω

∇ ⋅∇′〈Φ 〉
′〈 〉

∇
≥ ≥

∫
∫

∫
∫

λ
a

Thus 0
*

( )

0.
|| ||

L

k
c >

a
λ

∞ Ω

≥

Remark 4.6. This conclusion holds not only for p(·)-Laplacian, but also for mean cur- 
vature operator, so this theorem is an extension of [17, Theorem 3.3].

Theorem 4.7. Let (A.0)-(A.5), (f.0′), (f.1) and (f.2′) hold. Moreover, assume that there exist 
an open subset U ⊂ Ω and x0 ∈ U such that p(x) < p(x0) for all x ∈ ∂U. Then we have λ* = 0.

Proof. Without loss of generality, we may assume that U– ⊂ Ω. Then there exist ε0, ε1, ε2 > 0 
such that p(x) < p(x0) − 4ε0 for all x ∈ ∂U , p(x) < p(x0) − 2ε0 for all x ∈ B(∂U, ε1), B(x0, ε2) 
⊂ U \B(∂U, ε1) and |p(x)−p(x0)| < ε0 for all x ∈ B(x0, ε2). Choose u0 ∈ C0

∞(Ω) such that 0 ≤ 
u0(x) ≤ 1 for all x ∈ Ω,

	

1
0

1

1 \ ( , ),
( )

0 ( , ),
x U B U

u x =
x U B U

ε
ε

∈ ∂
 ∉ ∪ ∂

and |∇u0(x)| ≤ C for all x ∈ Ω.
For t > 0, define

	

( )
0 0 0( ) ( ) ( ( )) ( ( ))p xh t = J tu = F x,tu x dx = t F x,u x dx.

Ω Ω
∫ ∫

Then h is differentiable in (0, ∞) and

	

( ) 1
0( ) ( ) ( ( )) 0 for 0p xh t = p x t F x,u x dx > t > .−

Ω

′ ∫

Thus h is strictly monotone increasing in (0, ∞), h(t) → 0 as t → +0 and h(t) → ∞ as t → 
∞. Hence for any r > 0, there exists unique t(r) > 0 such that t(r)u0 ∈ Mr. We note that  
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t(r) → ∞ as r → ∞. Thus there exists r0 > 0 such that t(r) > 1 for all r > r0. For r > r0, let 
(u(1,r), λ(1,r)) be the eigenpair of the problem (1.1). Using (A.3) and Lemma 4.2, we have
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Therefore, using Remark 3.1 (ii), since t(r) > 1, we obtain
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Thereby we have limr→∞ λ(1,r) = 0, so λ∗ = 0.

Remark 4.8. In particular, if p(x) has a strictly local maximum in Ω, then from Theorem 
4.7, we see that λ∗ = 0. Under (A.3′) instead of (A.3), if p(x) has strictly local minimum, 
then we can similarly derive λ∗ = 0.
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