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1. Introduction 

 

The present paper is devoted to the existence and uniqueness of positive solutions to a 

Kirchhoff type problem driven by the p-Laplacian as follows: 

−M ( |v |p dy ) pv = a( y )h( v ) in  , 

  

v  0 in 

v = 0 on 



 |v |p dy  J , 

, 
( P ) 

, 

where  pv := div(| v |p−2 v ), 1  p  +,   ℝN is a bounded open set with Lipschitz 

boundary , J (0, +) is an open interval, M is a discontinuous Kirchhoff type func- 

tion and functions a and h are nonnegative which will be specified later. 

As is well known, the problem (P) is a non-local problem because the function M 

appears in the equation. The study of Kirchhoff-type problem, initially suggested by 

Kirchhoff [10], has a strong background in various applications in physics and biology. 

For this reason, there has recently been a great deal of interest in the study of elliptic equa- 

tions involving Kirchhoff coefficients, for instance [2,4-7,11-14,17,19] and the references 

therein. 
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The authors in [5, 13, 14] have considered the existence of nontrivial solutions when 

the Kirchhoff function M : ℝ+ → ℝ+ is an increasing and continuous function with the 

nondegenerate condition inf
tℝ+ M( t )  m0  0 , where m

0 
is a constant. However, since 

the increasing condition excludes the non-monotonic case, the existence of multiple solu- 

tions to a class of fractional p-Laplacian equations of Schrödinger-Kirchhoff type has been 

obtained in [17], where the nondegenerate Kirchhoff function M is continuous and satis- 

fies the assumption: 

(K1) For 0 < s < 1, there is  [1, 
  N 

) such that  ( t )  M( t )t for any t ≥ 0, where 

( t ) := 0 
M( )d . 

N − sp 

Pursuantly, the condition (K1) includes the typical example M( t ) = 1 + at ( a  0,t  0 ) 

as well as the non-monotonic case. In this perspective, nonlinear elliptic equations with 

Kirchhoff coefficient satisfying (K1) have been studied extensively by many research- 

ers in recent years; see [2, 6–9, 17, 19]. In view of these related papers, the functional 

 : W 1,p ( ) → ℝ corresponding to the primitive part in (P) is defined by 

( u) = 
 1 ( |u |p dy ) 

for any u W 1,p ( ) , where M is given in (K1). Then it follows from the fact M C( ℝ+ ) 

that C1( 
0 

1, p 
( ), ℝ) and its Frechet derivative is given by 

0 

( u), = M ( |u |p dy ) |u |p−2 u dy 

for any u, W 1,p ( ) . In particular, conditions M C( ℝ+ ) and (K1) play a fundamen- 
0 0 

tal role in obtaining some topological properties of functionals , ' and the Palais-Smale 

type compactness condition for an energy functional corresponding to (P), which are 

important for applying variational methods such as the mountain pass theorem, Ekeland 

variational principle, fountain theorem and dual fountain theorem. However, the conti- 

nuity of the nondegenerate Kirchhoff function M in [0, ) excludes many examples, for 

instance, let us consider the Kirchhoff functions 

 

 

and 

M( t ) = tant for 0  t  
 

2 

M( t ) = ( c − t )−s for t ( −,c ),  where  c  0 , s ( 0 ,1). 

These examples cannot be addressed by any of the results known up to now. Very recently, 

in order to obtain the existence and uniqueness of positive solutions to elliptic equations 

with discontinuous Kirchhoff coefficients, Ricceri [18] has provided new approach that 

is different from previous related studies [2, 4–7, 11–14, 17, 19]. Based on this work, the 

main purpose of this paper is to demonstrate the existence and uniqueness of positive 

solutions to the p-Laplacian problems with discontinuous Kirchhoff type function. To this 

end, the main tools are the abstract global minimum principle in [18] and the uniqueness 

result of Brézis-Oswald type problem based on [1]. As in [18], the novelties of this paper 
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 

  

 

are the lack of the continuity of the Kirchhoff function M in [0, ) and the localization 

of the solution. Unlike in the paper [18], we apply the Dὶaz-Saa inequality [3] to observe 

the uniqueness of a positive weak solution to Brézis-Oswald type problem involving the 

p-Laplacian. 

The outline of this paper is as follows. We first present a global minimum principle 

provided by B. Ricceri [18], and then we provide the variational framework and a very 

useful auxiliary related to problem (P). Finally, we illustrate the existence and uniqueness 

of positive solutions under suitable assumptions. 

 

 

2. Preliminaries and Main result 

 

In this section, we introduce the variational setting corresponding to the problem (P), and 

then we demonstrate the existence result of a unique positive solution to the p-Laplacian 

problem with discontinuous Kirchhoff coefficients. To do this, we give the abstract theo- 

rem provided by B. Ricceri [18]. 

Let us define the basic function space 

 

 

with the norm 

X =v W 1,p ( ):  v p dy  + 

 
1 

v  X 
= ( 

v p dy )p , 

which is equivalent to the norm v 
W1 , p ( )

. 

Definition 2.1. We say that v  X is a weak solution of (P) if 

M ( 
v p dy ) v p−2 v dy =  a( y )h( v )dy 

for any   X. 

Let us define the functional  : X → R by 

( v ) := 
 1 

p  

 

 

v p dy 

for any v  X. 

 

Definition 2.2. Let X be a topological space, a function g : X → R is said to be inf-compact 

(resp. sup-compact) provided that, for each r  R, the set g−1((−, r]) (resp. g−1([r, +)) is 

compact. 

The following abstract global minimum principle in [18] is crucial to obtain our main 

result. 

Theorem 2.3. Let X be a topological space, and let  : X → R, with −1(0) ≠  and  : X 

→ R be two functions such that, for each  > 0, the function  −  is lower semicontinu- 

ous, inf-compact and has a unique global minimum. Moreover, assume that  has no global 
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 p −1 

1 
~ p p 

v + ( y ) 

0 

 

maxima in X. Furthermore, let J  (0, +) be an open interval and M : J → R be an increas- 

ing function such that M(J) = (0, +). Then, there exists a unique ũ  X such that (ũ)  J 

and 

M( ( u~ ))( u~ ) − ( u~ ) = inf ( M( ( u~ ))( u) − ( u)). 
uX  

Now we introduce the Dὶaz-Saa inequality [3] which is a useful tool in the study of 

uniqueness of positive solutions to boundary value problems with the p-Laplacian. 

Lemma 2.4. Assume that   RN is a open bounded set with Lipschitz boundary д. Then 

the following inequality 

 
− 

 pv1 
+ 

 pv2  
v 

p p 

 
 

v 
p −1 

v 
p −1 ( 1 − v2 )dy  0 

 1 2  

holds (in the sense of distributions) for all v
1
, v

2 
 X, such that v

1 
> 0, v

2 
> 0 for almost all in 

 and both 
v1 , 

v2  L( ). 
  

v2  v1 

As showing each assumption of Theorem 2.3 is satisfied, we demonstrate our main 

result. 

Theorem 2.5. Assume that there exists an open interval J  (0, +) such that the restriction 

of M to J is increasing and M(J) = (0, +). Let h : [0, +) → [0, +) be continuous function 

such that the following assumptions hold: 

(B1) The function   
 h( ) 

is decreasing in (0, +); 

 

(B2) lim 
 h( ) 

= 0 
 →+  p −1 

 

and lim 
 h( ) 

= + 

 →0+  p −1 

Then, for each a  L(), with a > 0, problem (P) has a unique weak solution ũ, which is the 

unique global minimum in X of the functional 

 
p 

M (
|u | dy )

|v( y ) | dy − 
(a( y ) h( )d )dy , 

where v+ = max{0, v}. 

Proof. First of all, extend h to R putting h() = 0 for all  < 0. To apply Theorem 2.3, defin- 

ing  by 

( v ) := p 
a( y )H( v +( y ))dy 

for all v  X, where H( ) =  h( t )dt . The functional  is C1 with derivatives given by 
0 

( v ),w  = p 
h( v )w( y )dy 

for all v, w  X. Moreover, due to the subcritical growth of h, the functional  is 

sequentially weakly continuous. Fix  > 0. Also, we infer that the functional  −  is 

. 

v 
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 

 X 

 

1   

sequentially weakly lower semicontinuous on X. Choose  (0 ,( pCp,imb )−1 ) , where C 

is an imbedding constant of X ↪ Lp(). Since lim 
 H( ) 

= 0 , there is C() > 0 such that 

 →+   p 

H( )   
p 

+ 
C( ) 

p 
(2.1) 

for any   R, where C := ess sup
 

a. Thus, one has 

p 

( v )   
v( y )  dy + C( ) a( y )dy. 

This together with (2.1) yields that for any v  X, 

( v ) − ( v )  
 

 |v( y ) |p dy −  v( y ) p dy − C( ) a( y )dy 

p    

= 
 

v 
 p 

−  v( y ) p dy − C( ) a( y )dy 

p X   

 
  

− C p 
 

p ,imb  
p − C( ) a( y )dy. 

  

Hence, due to the choice of ϵ, we have 

lim (( v ) − ( v )) = +. 
v 

X 
→+ 

 

This together with the reflexivity of X and the Eberlein-Smulyan theorem yields that the 

sequentially weakly lower semicontinuous functional  −  is weakly inf-compact. We 

now claim that it has a unique global minimum in X. Indeed, its critical points are exactly 

the weak solutions of the problem 


− 

 
v = 

a( y ) 
h( v ) in , 

 

 

 
(2.2) 


v = 0 on  , 

where v  X is a weak solution of (2.2) if 

 v p−2 v dy = 
 1 

 a( y )h( v )dy 
   

 

for any   X. Now, fix any nonnegative function v C 2 ( )  C0 ( ) , with v = 0 on д, 

such that 

 v( y ) p dy = v( y ) p dy , 

 

where 1 is a positive eigenvalue that can be characterized as 
 

1 = min 
vW1,p ( ) 

 
v( y ) p dy : v 

 

 

Lp ( ) 
= 1. 

 

pC 

p,imb 

v 
 

p 
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1   

v1( y ) v2 ( y ) 

Also, fix  ( 0 , a  L ( ) 
) . Of course, the set 

 := { y  : a( y )   } 

has a positive measure. Furthermore, fix M > 0 so that 

1  

p  

v( y ) p dy 

v( y ) p dy 
. 

Since lim 
 H( ) 

= +, there exists  

 →0+   p 0 
> 0 such that 

H() ≥ Mp 

for all   [0,
0
]. Now, set u = v, where  = 

0 
 

 

supv 
 

 

 

. Then, we have 

( u) = p 
a( y )H( u( y ))dy 

 pM a( y ) u( y ) p dy   M  u( y ) p dy 
  

   u( y ) p dy = |u( y ) |p dy =( u). 

 

This implies that 0 is not a global minimum for the functional  − . 

Since the right-hand side of the equation (2.2) is non-negative, we know that the non- 

zero weak solutions of the problem are positive in . Let v1, v2  X be two positive solu- 

tions of problem (2.2). We write 

− 
 pv1 

= 
1 a( y )h( v1 ) 

  

(2.3) 

v p −1  v p −1 

and 
1 1 

 

 

− 
 pv2 

= 
1 a( y )h( v2 ) 

.   

 

 
(2.4) 

v p −1  v p −1 

2 2 

Subtracting the above two equations (2.3) and (2.4), we know 

− 
 pv1 

+ 
 pv2 

= 
 1  a( y )h( v1 ) 

− 
a( y )h( v2 ) 

. 

 

 

 
(2.5) 

v p −1 v p −1  
 

v p −1 v p −1  

1 2  1 2  

In order to apply Lemma 2.4, we also need to check that 

v1 , 
v2  L( ). 

  

v2 v1 

To do this, we claim that 

  max limsup , limsup  +,  (2.6) 
  y → y v ( y ) y → y v ( y ) 
 0 2 0 1  

whenever y → y0  д with y  . In fact, it follows from the Hopf boundary point 

lemma in the strong maximum principle for problem (2.2) that solutions v1 and v2 satisfy 

the following properties 

 

M  
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1 2 

   

 

v1  0 , 

 

v2  0 for all y 

 
, (2.7) 

where v denotes  the exterior normal unit vector to д; see [16, Theorem 5.5.1]. Recalling 

that v1 ,v2 C1( ) , it is clear from l’Hôpital’s theorem and (2.7) that (2.6) is satisfied. 
Consequently, we arrive v /v , v /v  L(). 

1  2 2  1 

Multiply (2.5) through by v p − v p and integrate over . Applying Lemma 2.4, one has 

 
− 

 pv1 
+ 

 pv2  
v 

p p 

 
 

v 
p −1 

v 
p −1 ( 1 − v2 )dy  0. 

 1 2  

Then we infer 

1  a( y )h( v1 ) 
− 

a( y )h( v2 )  p p 

  
  

v p −1 
 

v p −1 ( v1 − v2 )dy  0. 

 1 2  
 

Hence, since the function   
a( y )h( ) 

 p −1 

is decreasing in (0, +), we obtain that v1 = 

v2. Therefore, we ensure that the problem has at most one positive solution. As a con- 

sequence, we deduce that the functional  −  has a unique global minimum in X, 

since otherwise, in view of [15, Corollary 1], it would have at least three critical points. 

Consequently, the global minimum of this functional agrees with its only non-zero criti- 

cal point. 
Finally, let us show that  has no global maxima. Arguing by contradiction, suppose 

that v̂  X is a global maximum of . Clearly, ( v̂ )   0 . Consequently, the set 

+ := { y  : a( y )h( v̂ (  y ))  0 } 

has a positive measure. Fix a closed set C  
+ 

of positive measure. Let   X be such that 

 > 0 and (y) = 1 for all y  C. Then, we have 

 
a( y )h( v̂ (  y ))( y )dy  C 

a( y )h( v̂ (  y ))dy  0 , 

and thus ( v̂ )   0 , which is absurd. 

Therefore, each assumption of Theorem 2.3 is satisfied. As a result, there exists a 

unique ũ  X , with ||ũ||
X 

 J, such that 

M ( |u~ |p dy ) |u~ |p dy − p a( y )H( u~ +( y ))dy 

= inf M ( |u~ |p dy ) |v |p dy − p a( y )H( v +( y ))dy. 

vX 
   

Obviously, as seen above, the function ũ is the unique positive weak solution to problem (P). 

This completes the proof. 

As an application of Theorem 2.5, we give a simple example as follows: 

 

Example 2.6. Let us consider functions M : (0,1) → R and h : [0, +) → [0, +) defined by 

M( ) = tanh−1  and h( ) = (1 +  p−1 )e − , 

respectively. Then, for each a  L(), with a > 0, the problem 

0 
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 

v 
X 

1 
~ p p 

v + ( y ) 

0 

 

−M ( |v |p dy ) pv = a( y )h( v ) in  , 

  

v  0 in  , 

v = 0 on  , 


 

p 
( 0 ,1) 

 

has a unique weak positive solution ũ, which is the unique global minimum in X of the 

functional 

 
p 

M (
|u | dy )

|v( y ) | dy − 
(a( y ) h( )d )dy. 
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