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In this present paper, we are interested in investigating the existence of weak solutions for a new class of 

fractional partial differential equations with r()-Laplacian involving the Kirchhoff-type equation in the 

space -fractional N , ; ( ) via Mountain Pass Theorem and Ekeland Variational Principle. The idea is 

to discuss the existence of a weak solution u
 

for  > 0 and a positive solution u
 

for   (0, *) for * > 0. 
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1. Introduction and Motivation 

 

In this present paper, we consider the fractional elliptic problem with two nonlocal terms 

given by 
  

r (  )−2   1   
 ( )D , ; ( D , ; u D , ; u)=   | u |s(  )−2 u  

 

u 
s(  ) 

d  
in , 

 

 
T 0 + 0 + 

 
 s( )  

u = 0 on , (1.1) 

with 

 := 
 1  

D , ; 
u 

r (  ) 

d 

 r( ) 0+ 

where   RN is a smooth bounded domain, M : R+ → R+ is a continuous function,  is a 

positive real parameter,  > 0, r, s  C() are functions whose properties will be given later 

and D , ; () and D , ; () are the -Hilfer partial derivatives fractional on the right 
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r ( )  

0 + 

 

p( x ) 

 

and on the left of order 0 <  < 1 and type 0 ≤  ≤ 1, respectively and r () < N. An inter- 

esting observation regarding problems involving fractional operators is that the negative 

sign does not need to be imposed in front of the Laplacian, as this sign is included in the 

definition of the left fractional derivative. 

Problems of the form presented in Eq.(1.1) are associated with the energy functional 
 +1 

a , ; ( u) = ‸ 
 

  1   
D , ; u 

r (  )

d 
 

− 
      1   

u 
r (  )

d 
 

, (1.2) 
   r( ) 0+ 

 
r + 1 

 r( )  

    
t 

for all u  N , ; () and ‸( t ) =  ( s )ds 
0 Depending on the function r( a , ; () is differentiable and its Fréchet 

 

derivative is given by 

) the functional  

 

(a , ; ) 
( u),v  = 

  1  
D , ; u 

r (  )

d 
  1  

D , ; u 
r (  )−2 

D , ; uD , ; vd    r( ) 0+ 
 r( ) 0+  

0 + 0 + 

  
  1  s(  ) 

r 

 s(  )−2 

−  s( ) 
u ud   

u D , ; uvd 

  

for all u,v N , ; ( ) . Thus, we can observe that the critical points of the functional 

a , ; () 
r (  ) 

are the weak solutions to the problem (1.1). 

Consider the p(x)-Laplacian operator with variable exponent [46] 

 = div( u p( x ) u). 

 

(1.3) 

Note that for p(x) = p, we have the classic case of the p-Laplacian theory [3, 4, 9, 27]. Over 

the years, operators of the type (1.3) have drawn the attention of researchers to discuss 

issues of existence and multiplicity, uniqueness and regularity of solutions using varia- 

tional techniques, in particular, via the Mountain Pass theorem and Nehari manifold [1, 

10, 16, 32]. 

It is also worth highlighting the importance of these types of operators in problems 

involving electrorheological fluids, image processing, non-Newtonian mechanics, med- 

icine, economics, ecology and other areas involved [17, 33, 34]. A class of problems that 

deserves special attention are those of the diffusive or diffusion type. Movement of fluids 

and study of porous media (liquids and gases) are widely investigated in the study of dif- 

fusive and convection problems, respectively [19, 35, 45, 47]. 

Lebesgue spaces with variable exponent appeared in the literature for the first time 

in 1931, through an article by Orlicz [31], who demonstrated several results, including 

Holder’s inequality, in a discreet presentation in which he considered the spaces Lp(x) on 

the real line. Problems involving the p(x)-Laplacian operator are widely used in modeling 

problems in elasticity theory, viscous flows of non-Newtonian fluids and fluid mechanics, 

more precisely, electrorheological type fluids (called fluids intelligent). Another applica- 

tion is related to image processing. For more details, see Mihailescu and Radulescu [29], 

Ruzicka [36] and their references. We emphasize that the first major discovery about 

electrorheological fluids is attributed to Willis Winslow, in 1949. Such fluids have the 
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 

 

important property that their viscosity depends on the electric field in the fluid. He dis- 

covered that the Viscosity of such fluids (e.g. lithium polymethacrylate) in an electric field 

is inversely proportional to field strength. The field induces the formation of streamlines 

in the fluid, which are parallel to the field. They can increase viscosity by as much as 5 

orders of magnitude. This phenomenon is known as the Winslow effect. We can also high- 

light the interesting work carried out by Ambrosio and Isernia on parametric Schrödinger 

equations driven by the fractional p-Laplacian operator [5]. 

On the other hand, Kirchhoff-type problems were motivated by physics problems, 

that is, related to diffusion processes. In other words, in 1883 G. Kirchhoff, motivated by 

D’Alembert’s wave equation, considered the following equation 

 
2   P   E  t u 2  2 

t 
2 

− 
  

0 +  dx 
 2 

= 0 
 

 h 2L 0 x  x 

where , P0, h, E, L they are physical constants and can be consulted in [25, 28]. Kirchhoff ’s 

original model was used to study problems in one-dimensional cases. In this sense, over 

the years, Kirchhoff-type problems have attracted attention. On the other hand, we high- 

light the combination of Kirchhoff-type problems with the p(x)-Laplacian operator, in 

other cases, it is also possible to discuss the stationary version of the wave-type Kirchhoff 

equation [2, 3, 8, 9, 12–14, 18, 48]. 

In the literature there are several differential equation problems involving Kirchhoff 

problems, for example, one of the best known differential equations is the stationary 

equation [15] 

− (|| t ||2 )u = f ( x ,u) in 

u = 0 on 

, 

, 

 

 

(1.4) 

where f :  ℝ → ℝ and : ℝ+ → ℝ+ are continuous functions that meet certain con- 

ditions and  is the Laplacian operator. 

In 2013, Correa and Costa [15], considered the following problem 

    1     1  
r 

−   
 p( x ) u p( x ) dx   

p( x ) u =  | u |s( x )−2 u  
 q( x ) u 

q( x ) 
dx  in , 

 
     

u = 0 on , (1.5) 

where   RN is a bounded smooth d
−

omain, , r > 0, are real parameters and M : R
+ 

→ 

R
+ 

is a continuous function, p, s  C(). 

On the other hand, we can also highlight the problem addressed by Gomes and 

Sanchez [24] using 

  
r 

−u =  f ( x ,u)  F( x ,u)dx  
 

in , 
   

 

 

where F( t ) =  f ( s )ds 
 


u = 0 on 

 

and f is a regular function. 

, (1.6) 
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   

 

p( x ) T 0 + 
D0 + 

 0 

On the other hand, non-local fractional problems with infinitely many solutions have 

attracted much attention in recent years. Fractional operators have applications in several 

areas, such as financial mathematics, quantum mechanics, water waves, phase transition, 

minimal surfaces, population dynamics, optimal control, game theory, Lévy processes 

in probability theory, among others. For more details on these matters, see [6, 7, 11, 26] 

and its references. There are some types of fractional operators that are used to discuss 

p(x)-Laplacian problems with Kirchhoff-type equations. First, we highlight the fractional 

operators introduced through the Fourier transform and its similar versions, that is, 

via the Riesz operator. On the other hand, we have fractional derivatives which are also 

used to discuss p(x)-Laplacian problems [4, 9, 30]. The vast majority of such fractional 

derivatives are well established. However, it is not a simple and trivial task to choose a 

given derivative to formulate and discuss properties of solutions of equations of the p(x)- 

Laplacian type. One way to overcome this problem is to propose more general operators 

where those existing in the literature are particular cases. In this sense, Sousa and Oliveira 

proposed the -Hilfer fractional operator [37] and discussed some properties. The -Hil- 

fer fractional operator is well established with numerous properties, works and applica- 

tions. In this sense, since 2018, the -Hilfer fractional operator has attracted attention in 

helping to discuss theoretical problems involving problems of the type p, p(x) Laplacian 

and Kirchhoff [38–40]. 

Recently Sousa et al. [38], considered a new class of equations of the p(x)-Kirchhoff 

type of the form 
    1   

D , ; u p( x )dx 

L , u = g ( x ,u) in , 

   p( x ) 0+ 
 p( x ) 

 

u = 0 on , (1.7) 

where  = [0 ,T ] [0 ,T ] and L , ; u := D , ; ( D , ; u p( x )−2  , ; u). In addition to 

the above, there are interesting works whose authors use fractional operators to formulate 

problems of elliptic differential equations, whether of the p(x)-Laplacian, p-Laplacian and 

Kirchhoff type, and discuss issues of existence and multiplicity of solutions to such formu- 

lated problems [41–43] and the references therein. 

Motivated by the problems (1.4)–(1.7), in this paper, we will consider the existence of 

solutions for a new class of fractional elliptic problems involving Kirchhoff-type equations 

(see problem (1.1)). In other words, we are interested in discussing the following results: 

Theorem 1.1. Suppose that 1  r( )  N  with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

  and 0 <  < 1. Furthermore, assume that there exists positive 0 and v1 such that 0 ≤ 

M(t) ≤ v , with 1r + 

 
( s− ) +1( + 1) and ( s− )( + 1)  r + . Then the problem (1.1) has a 

1 ( s+ )r 

weak solution for all  > 0. 

Theorem 1.2. Suppose that 1 < r() < N with 1  s( )  r* ( ) = 
  Nr( )  

for all   
 N − r( ) 

and 0 <  < 1. Furthermore, assume that there exists 0 < 0 such that 0 < M(t) < v1. 
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If ( + 1)s−  r − , then there exists * > 0 such that the problem (1.1) has a positive solution 

u
 

for each   (0, *). 

Theorem 1.3. Suppose that 1  r( )  N  with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

  and 0 <  < 1. Furthermore, assume that M(t) = a + bt, where a > 0, b > 0 and t ≥ 0. 

If 
2( r + )2 

 
( + 1)( s− ) +1 

and ( + 1)s−  2r + , then the problem (1.1) has a weak positive 
  

r − ( s+ )r 

solution for all  > 0. 

Theorem 1.4. Suppose that 1  r( )  N  with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

  and 0 <  < 1 and M(t) = a + bt, where a > 0, b > 0 and t ≥ 0. If ( + 1)s− < r−, then 

there exists * > 0 such that the problem (1.1) has a positive solution u
 

for each   (0, *). 

Theorem 1.5. Suppose that 1  r( )  N with 1  s( )  r* ( ) = 
  Nr( )  

for 
 

 
 

all   and 0 <  < 1. Let M(t) = t−1 such that 

 

 

( r + ) 
 

( r − ) −1 

N − r( ) 

( s− ) +1( + 1) 
 

( s+ )r 

 

and 

( + 1)s−  r +  r −  1. Then the problem (1.1) has a weak positive solution for all  > 0. 

Theorem 1.6. Suppose that 1  r( )  N  with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

 

  and 0 <  < 1. Let M(t) = t−1. If ( + 1)s− < r−, then there exists * > 0 such that the 

problem (1.1) has a positive solution u
 

for each   (0, *). 

A natural consequence of the study of fractional operators is, in the limit of the oper- 

ator fractional order, to obtain the classical case, in this particular case, when  → 1. This 

procedure is repeated when the operator order is 1 <  < 2, within the limit of  → 2, the 

entire case is obtained, carrying out this procedure for the operator order n − 1 <  < n 

in the limit of  → n, we obtain the entire case. Furthermore, there are other more gen- 

eral operators that preserve all the properties of their respective particular cases. As high- 

lighted in the introduction, the -Hilfer fractional operator has a wide class of fractional 

operators based on the choice of parameters ,  and the function (). Furthermore, the 

problem addressed (1.1) also allows the choice of the function M(). On the other hand, 

it is natural to expect that the particular cases of the results investigated here still continue 

to be valid, and in fact they are, since all the properties of the -Hilfer fractional operator 

are preserved for its wide class of particular cases. 

Otherwise, the paper is organized as follows: In Sec. 2, we present some classic 

concepts about fractional operators and properties related to them. In addition to the 

above, the -fractional space with its respective norm and some results involving the 

functional Aα,β;ψ are investigated. In Sec. 3, it is intended to discuss the main contribu- 

tions of the present article, i.e., the existence of solutions through the proof of Theorem 

1.1–Theorem 1.2. 
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 T 

 

 

 

 

2. A Brief Framework and Preliminary Results 

 
Let   {

1
, 

2
}, T  {T

1
, T

2
} and   {

1
, 

2
} where 0 < 

j 
< 1 with 

j 
< T

j
, for all j  {1, 

2}. Also take  = I
1 

× I
2 

= [
1
, T

1
] × [

2
, T

2
], where T

1 
, T

2 
and 

1
, 

2 
are positive constants. 

Consider also () an increasing, positive, monotone function on (
1
, T

1
), (

2
, T

2
), with 

continuous derivative '() in (
1
, T

1
], (

2
, T

2
]. 

Let u,   Cn() be two functions such that  is increasing and '(
j
) ≠ 0 with 

j 
 

[
j
, T

j
], j  {1, 2}. The -Hilfer partial fractional derivatives at two variables of u,   

ACn() of order   {
1
, 

2
} (0 < 

j 
< 1) and of type   {

1
, 

2
} where 0 ≤ 

j 
≤ 1, are 

defined by (see [37]) 
 , ;  ( 1− ),  1  

2 

( 1− )( 1− ),  

D u(1 ,2 ) = I 
(
 ( ) ( )

( 
  ))I u(1 ,2 ) 

 

and 

1 2 1 2 

  , ;  ( 1− ),  1  
2 

 
( 1− )( 1− ),  

DT u(1 ,2 ) = IT 
( −

 ( ) ( )
( 

  ))IT u(1 ,2 ), 
1 2 1 2 

 

where I , u(1 ,2 ) and I , u( , ) are the -Riemann-Liouville fractional integrals of 
1 2 

u  L1() of order  (0 <  < 1) given by 

I , u( , ) = 
 1  1  2 

 ( s ) ( s )( ( ) − ( s ))1 −1( ( ) − ( s ))2 −1 u( s , s )ds ds , 
 1  2 

(1 )(2 )  1 2 

1 2 1 1 2 2 1  2 2  1 

for 
1 
< s

1 
< 

1
, 

2 
< s

2 
< 

2 
and 

I , u( , ) = 
 1  T1  T2 

 ( s ) ( s )( ( s ) − ( ))1 −1
( ( s ) − ( ))2 −1 

u( s , s )ds ds , 
T 1 2 

(1 )(2 )  1 2 

1 2 1 1 2 2 1  2 2  1 

with 
1 

< s
1 

< T
1
, 

2 
< s

2 
< T

2
, 

1 
 [

1
, T

1
] and 

2 
 [

2
, T

2
].  In this sense, it extends to N 

variables and can be consulted in the work [44]. 

Let   {
1 
, 

2
}, T  {T

1
, T

2
} and   {

1
, 

2
}. Then, we have the integration by parts 

for the fractional integral given by (see [38]) 
T

1 
T

2 (I ; ( , )) ( , )d d = 
T1 T2 

 ( , ) ( ) ( )I ; 
 

 (1,2 )  
d d 

 (2.1)    1  2 1  2 2 1   1  2 1 2  T    2 1 

 

1  2 1  2 

 

 

is holds. 

 
 

 (1 ) (2 )  

 
Theorem 2.1. [38] Let () be an increasing, monotone and positive function in [1, T1] × 
[

2
, T

2
], with continuous derivative '() ≠ 0 on (

1
, T

1
) × (

2
, T

2
). If   {

1
, 

2
} (0 < 

j 
< 1) 

and   {
1
, 

2
} 0 ≤ 

j 
≤ 1, then T1 T2 (D , ; ( , )) ( , )d d 

   
 

1 2 1 2 2 1 
1 2 

 

=  
T1 

 T2 

 ( , ) ( ) ( ) D , ; 
  (1 ,2 )  

d d   1 2 1 2 T   2 1 
 

1 2  (1 ) (2 )  

for any   C1 and   C1 satisfying the boundary conditions (
1 
, 

2
) = 0 = (T

1
, T

2
). 
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r (  ) 

+ 

 

Lr( ) r ( )   

r (  )  
 

 

 

To discuss the Problem (1.1) we need some knowledge about the spaces Lr()() and 

N , ; ( ) which we call generalized -fractional space. 

Let  be a bounded domain of R2, denote [1,32] 
 

C+( ) ={ r( ); r( ) C( ), r( )  1 for all  } 

and 

r − = inf r( )  r( )  r + = supr( )  2. 
  

For any m  C (
−

), we introduce the Lebesgue space with variable exponent 

Lr()( ) ={ u; u is a real measurable function such that  | u( ) |r( ) d  } 
 

endowed with the so-called Luxembourg standard 

u = u = inf 


  0 :  

 

 

 

u( ) 
r (  ) 

 

 

d  1
 

, 

   

which is a separable Banach space and reflexive. 

 
Proposition 2.2. [1,32] The space (Lr()(), 

r 
) is separable, uniformly convex, reflexive 

and its conjugate space is (Lr()(), 
s 

() 
) where s() is the conjugate function of r(), i.e. 

() 

  1  
+ 

  1  
= 1, for all  . 

r( ) s( ) 

For all u  Lr()(), v  Ls()(), the Hölder type inequality 

uv d  
  1  

+ 
 1  

| u |r( )| v |s( ) 
  

r − s−  

  

is valid. 

An important role in work with generalized Lebesgue-Sobolev spaces is played by the 

r()- modular of the space Lr()(Ω) which is the modular 
r
() of space Lr()(Ω) 

r()( u) :=  | u |r( ) d . 

 

Lemma 2.3. [20-22] Suppose u
n
, u  Lr() and p- < +. So, the following properties apply: 

1. For u ≠ 0, | u | =    
  u  

= 1 ; 
  

2. | u |r()  1( = 1;  1)   ( u)  1( = 1;  1) ; 
− + 

3. | u |  1 | u |r   ( u) | u |r  ; 
r ( )  r ( )  r ( )  r ( )  

+ − 4. | u |  1 | u |r   ( u) | u |r  ; 
r ( )  r ( )  r ( )  r ( )  

5. | un |r() → 0 ( respectively → +)  r()( un ) → 0 ; ( respectively → +); 
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j 

j 

r (  ) 

D u 

N ( ) N ( ) 0 

r (  ),0 r (  ) 

r (  ) 

  

 ,1 

r (  ) 

D u+t D v − D u 

0 + 

0 + 0 + 0 + 0 + 0 + 

N 

6. lim| un − u |r() = 0  limr()( un − u) = 0 ; 
n→ n→ 

7. lim | uk |r( ) = +  lim  ( uk ) = +. 
k →+ k →+ 

 

Corollary 2.4. [23] Let E be a Banach space and let I : E → R be a functional of class C1 that 

is lower bound. If I satisfies condition (PS)
c 
with c = inf

uE 
I(u), then c is reached at a point 

u
0 

 E and u
0 

is the critical point of I. 

 
Theorem 2.5. [23](Vainberg) Let (f

n
) be a sequence of functions in Lr() such that f

n 
→ f in 

Lr(). Then there exists a subsequence (f
n 
)  (f

n
) such that: 

(A) f
nj
() → f

n
(), a.e. in . 

(B) There exists h  Lr() such that f
n 
() ≤ h() for j  N. 

The -fractional space with variable exponent N , ; ( ) is defined by [44] 

N , ; ( ) =u  Lr()( ), D , ; u  Lr()( ) 
r (  ) 

 

and is equipped with norm 

 

 

 

 

 

 

 

 

u   , ; = 
r (  )  

 

 

 

 

 

u 
r (  ) 

+ 

0 + 

 

 

 

 

 , ; 

0 + 

 

 

 

 

 

 

r (  ) 
 

Then  , ; 

r (  ),0 
is defined as the closure of  , ; 

r (  ) in C( ) with respect to the 

norm u  , ; . 
r (  )  

In this sense, Lr()(Ω), N , ; ( ) and N , ; ( ) become separable and 

reflexive Banach spaces.  
a , ; ( u) = ‸ 

 
  1   

D , ; u 
r (  )

d 
 

1 

Proposition 2.6. The functional 

N , ; ( ). 

 ,1   r( ) 0+ 
 is of class C in 
 

Proof. The proof of this result will be discussed in two steps. 

Step 1: a , ; is differentiable. G : R → R given by G( s ) =  , ; u+st 
 , ; 

v r( ) , where u,v 
Consider the function D0 + D0 + 

 N , ; ( ). Given    and 0 < t < 1, there exists (, t) =   (0, 1) such that 

In this sense, yields that 

G(1) − G(0) 
= G( ). 

1 

 , ;  , ;  
r (  ) 

 , ; 
r (  ) 

 0 + 0 + 0 +  
= r( ) D , ; 

u+t D , ; 
v 

r (  )−1 

. 

What does it imply 

t D , ; v 
0 + 0 + 

r( )t 

= D , ; u+t D , ; v 
r (  )−2 

(D , ; u+t D , ; v )D , ; v. 

N 

D , ; u+t D , ; v 0 + 0 + 

r (  ) 

− D
 , ; u 0 + 

r (  ) 
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 ,1 

 ,1 
r (  ),0 

N ( 

D u 
0 + 

0 + 0 + 

0 + 0 + 
D0 + 

Note that 

 = D , ; u +t D , ; v 
r (  )−2 

(D , ; u +  t D , ; v )D , ; v 
0 + 

→ D , ; u 
r (  )−2  

0 + 0 + 

 , ;  , ; 

0 + 0 + 

0 + D0 + u D0 + v a.e.in  (2.2) 

when t → 0. In addition to the above, we have 

0 + 0 + 

D0 + 
( 0 + 0 + ) D0 + 

  D , ; u+t D , ; v 
r (  )−1  

 

Using the fact that 

 , ; v  D , ; u + D , ; v r (  )−1   , ; v . (2.3) 

 

D , ; u , D , ; v  Lr (  )( ) 

 

we have 

0 + 0 +  

 

 

 

 
r (  )−1  

 

 

 

 

 
 r (  )  

( D , ; u + D , ; v )  Lr (  )−1 ( ). 
 

Finally, using Hölder’s inequality, it’s follows that 

( D , ; u + D , ; v )
r (  )−1  

 

 
 , ; v  L1( ). 

 

 

(2.4) 

Using Eq.(2.2)–Eq.(2.4) and applying Lebesgue’s Dominated Convergence Theorem, we 

obtain 

 lim 
 

D , ; ( u + tv ) 
r (  ) 

− D , ; u 
r (  ) 

 0 + 0 +  
d = 

 

 

D , ; u 
r (  )−2  

 

  , ; u D , ; vd . 
t →0  r( )t  0 + 

D0 + 0 + 

  

 

Using the Chain rule, we have 

(a , ; ) 
(u)v = 

 ‸   1  
D , ; u 

r ( ) 
d 

  lim D , ; (u + tv) 
r ( ) 

− D , ; u 
r ( )  

 0+ 0+ 
d .  ,1 

   r( ) 0+  
t →0  r( )t 

   

In this sense, it follows that 

(a , ; ) 
(u)v = 

 

 

  1  
D , ; u 

r ( ) 

d 
 

 

 

 

 

D , ; u 
r ( )−2 

D , ; u D , ; vd , 
 

 ,1 

  r( ) 0+  0+  
0+ 0+ 

  

and hence a , ; is Gateaux-differentiable. 

Step 2: (a , ; ) 
(u) is continuous in N , ; ( ). 

Consider the sequence (u )  N , ; ( ) such that u → u in N , ; ( ) and v  

 , ; 

r (  ),0 ) with v ≤ 
j 

1. Thus, 

 , ; 

0 + 

r (  ),0 

 

 

j → D , ; u 

j 

 

 

in (Lr( )( ))
N 

. 

r (  ),0 

 

Using Vainberg Theorem, it’s follows that 

D , ; u ( ) → D , ; u( ) a.e. in  
 

(2.5) 
0 + j 0 + 

 
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 

0 + 0 + 

0 + 

 j  

 0+ j 
D

0+ uj − D0+ u D
0+ u D

0+  d 

j 0 + 

j 

 

and 
 
D , ; u ( )  g ( ) a.e. in , 

 

 
(2.6) 

0 + j 

where g ( )  Lr( )( ) . Using Eq.(2.5), yields 

D , ; 
u ( ) → D , ; 

u( ) 

 

 
a.e. in . 

 
(2.7) 

0 + j 0 + 

In order to facilitate the development of calculations, consider the following notation 
 , ( u) = 

 1  
D , ; u r( ) d . So, we have 

  r( ) 0+ 

( , ) 
(u ) − ( , ) 

(u), 

= ( D , ; u 
r ( )−2 

 , ;  , ; 
r ( )−2 

 , ; )  , ;  

 D , ; u r ( )−2   , ; u − D , ; 
u 

r ( )−2   , ; u D , ; d . (2.8) 

 0+ j D
0+ j 0+ 

D
0+ 0+ 

 

On the other hand, choosing 
 

f = D , ; u 
r (  )−2 

 , ; u − D , ; u 
r (  )−2 

 , ; u , j  , 
j 0 + j 

D0 + j 0 + D0 + 

 

we obtain 
 

 

 

 
r (  )−1  

 

 

 

 
r (  )−1  

 

 

 

 r (  )  

f j  D , ; uj 

 r (  )  

+ D , ; u  Lr (  )−1 ( ). (2.9) 

Thus, we have that 

obtain 

f j  Lr (  )−1 ( ). Using Hölder’s inequality in the inequality (2.8), we 

 

(
 , ) 

(u ) − (
 , ) 

(u),  C f  r ( )  D
 , ;  C f  r ( )   . 

 j  

 

 

Therefore, we get 

j 0+ 

r ( )−1  

j 

r ( )−1  

( , ) 
(u ) − ( , ) 

(u)  C | f | . 

 

 

Using (2.5) and (2.7) 

 j  

 

 

 

 

 

f j → 0 a.e. in . 

j  r ( )  
 

r ( )−1  
 

 

 

(2.10) 

From (2.6) and (2.9), yields that 

f  g ( )r( )−1 + D , ; u( ) r( )−1 a.e. in . 

 

Thus, it’s follows that 

f ( )s(  ) 
 2

s+  (g ( )r (  ) 
+ D , ; 

u( ) 
r (  ) ) a.e. in , (2.11) 
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j 

 ,1 p(  ),0 

 

r (  ),0 

 

 ,1 

 ,2 

 
     

 

 j  

 

r 

 

 

where s( ) = 
 r( )  

. Using Eq.(2.10) and Eq.(2.11) and Lebesgue’s Dominated 

r( ) − 1 

Convergence Theorem, we obtain 

 f q ( )d → 0 when j → . 

Therefore, by Lemma 2.3 we have that  f
j

s() 

→ 0 when j → . Therefore, 

( , ) 
(u ) − ( , ) 

(u) → 0 when j → . 

Therefore, we conclude that the Gâteaux derivative ( , )
 

is continuous, which implies 

that a , ; () is of class C1 (N , ; ( ), ℝ) . 
 ,2 

 

 

  
r + 1 

 

1 
s( ) 

 

 

 


 +1 

Proposition 2.7. The  functional 

C1 (N , ; ( ), ℝ) . 

Proof. Firstly, note that 

a , ; ( u) =   

 

| u |s( ) d  
 

is of class 

(a , ; ) 
(u)v =  r + 1  

 

 1  
| u |s( ) d 

r 

 
 

 1  
| u |s( ) d 

 
. 

 ,2 r + 1 
 s( )   s( ) 

   

Analogously to the idea a , ; (), we have that 
  1  

| u |s( ) d 
 

= | u |s( )−2 uvd . 
  s( ) 

  

  

Like this, 

(a , ; ) 
(u)v =  

  1  
| u |s( ) d 

 
| u |s( )−2 uvd . 

 
 ,2 

 s( )   

  

Let’s show that (a , ; ) 
is continuous. 

Let u → u in N , ; ( ) , i.e., (u − u) → 0 in N , ; ( ). For all ν  N , ; ( ) with 
n 

ν ≤ 1, we get 

 
(a , ; ) 

(u 

r (  ),0 

 

 

 − u) 

 

 
=  

 

n 

 

 

  1  
|(u 

r (  ),0 

 

 


r 

− u) |s( ),d 

 

 | u − u |s( )−2 (u 

r (  ),0 

 

 

 − u) d 
 ,2 n 

 s( ) n   n n 

  
r 

s( )−1 

(s
− 
)

r 
| (un − u) |s( ) d  

| un − u |  d . 

 s(  )  
 )−1 s(  )−1 

Like (u
n 

− u)  Ls(), we have that | un − u |s(  L . Now using Hölder’s inequality, 
we obtain 

     |( u − u) |s( ) d 
r 

| u − u |s( )−1  d  
   

[ ( u − u)]r | u − u | | | , 

( s− )r  
n   

n 

( s− )r 

 

n n r (  ) 

 

s(  ) 
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r (  ),0 

  

 

r (  ),0 

r (  ),0 

 ,2 n  ,2 

r (  ) r (  ),0 r (  ),0 

r (  ) r (  ),0 r (  ),0 

r (  ) r (  ),0 r (  ),0 

 

 

where r( ) = 
 s( )  

. In this sense, through continuous Sobolev embeddings, there 

s( ) − 1 

exists C > 0 such that 
    

[ ( u 
 
− u)]r u − u  

 

 
    

[ ( u 
 
− u)]r C u 

 
− u  . 

( s− )r 
n n r (  ) s(  ) ( s− )r n n s(  ) 

Using the fact that (u − u) → 0 in N , ; ( ) , we have that u − u → 0, which is equiv- 
n r (  ),0 n 

alent to D , ; u − D , ; u → 0 . Using Poincaré’s inequality, there exists C' > 0 such 

that 
0 + n 0 + r (  ) 

 

 

| u − u | 

 

 

 

 C D , ; u 

 

 

 

− D , ; u 

 

 
→ 0. 

n r ( )  0+ n 0+ r ( )  

Therefore, u
n 
− u

r() 
→ 0 and then u

n 
− u → 0. Therefore, we conclude that 

(a , ; ) 
(u ) − (a , ; ) 

(u) → 0 when n → . 

 

Next, we have the definition of a weak solution to the problem (1.1). 

 

Definition 2.8. A function u  N , ; ( ) is a weak solution of problem (1.1) if 
    1   

D , ; u 
r (  ) 

d 
  

D , ; u 
r (  )−2 

D , ; u D , ; vd 
  r( ) 0+ 

 0 + 

 

 

0 + 0 + 

=  
 


r 

( u
+ 

)
s(  ) 

d  
 

( u+ )s(  )−1 vd 
 s( )   

for all u  N , ; ( ). 

Theorem 2.9. [38] Let  : N , ; ( ) → (N , ; ( ))
* 

the application given by 
 ( u)v = D , ; 

u 
r (  )−2  , ; 

u D , ; 
vd , u,v N

 , ; 
( ). 

 

r (  ) 

 

 

So, we assert that 

 0 + 

 

D0 + 0 + 

 

r (  ),0 

1.  : N , ; ( ) → (N , ; ( ))
* 

is a continuous, bounded and strictly monoto- 

nous operator; 
2.  is an application of type S , i.e., if u ⇀ u in N , ; ( ) and in addition 

r() + n r (  ),0 
 , ; 

lim sup  p( x )( un ) −  p( x )( u),un − u  0 then u
n 

→ u in N ( ); 

3.  : N , ; ( ) → (N , ; ( ))
* 

is a homomorphism. 

 

3. Main Results 

Theorem 3.1. Suppose that 1 < r() < N (0 <  < 1) with 1  s( )  r* ( ) = 
  Nr( )  

 N − r( ) 

for all   . Furthermore, assume that there exist positive 
0 

and v
1 

such that 

  1  
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 

u , 

0 + 

 
u

r + 
− 

    
 

r (  ),0 

 , ;  , ;  , ;  
r + 

 , ; 
r (  ) 

 , ; 

 

 ≤ M(t) ≤ v , with 1r 
+ 

 
( s

− 
)

 +1
( + 1) and ( s− )( + 1)  r + . Then the problem (1.1) 

 
 

0 1 

0 

 
 

( s+ )r 

has a weak solution for all  > 0. 

Proof. First, consider the following functional 

 

 

 

 

 
 +1 

a , ; ( u) = ‸ 
  1  

D , ; u r( ) d 
 

− 
     1 

( u+ )s( ) d 
 

  ,r  0. (3.1) 
   r( ) 0+ 

 
r + 1 

 s( ) 
 

    

Let us now verify that Eq.(3.1) satisfies the first and second geometry of the Mountain 

Pass Theorem. Note that, for t ≥ 0 
  ( s )  

t 

 ds  
t 

( s )ds = ‸( t )   t  ‸( t ). 

0 0  0 0 0 

Therefore, writing t = 
 1  

D , ; u 
r (  ) 

d , we get 

 r( ) 0+ 
 

‸   1  
D , ; 

u 
r (  ) 

d 
 

  
 1  

D , ; 
u 

r (  ) 

d . (3.2)   r( ) 0+ 
 0  r( ) 0+ 

  

Since r + = maxr( ) , we obtain 
 

 
 1  

D , ; 
u 

r (  ) 

d  
0  D , ; 

u 
r (  ) 

d . (3.3) 

0  r( ) 0+ 
r 

+  0 + 

Furthermore, since s− = mins( ) , yields 
 

 

     1  
 

 +  s(  ) 
 


 +1     

 

 s(  ) 
 


 +1 

r + 1 
 s( ) 

( u ) d   
( + 1)( s− ) +1 

| u | 
d 

 
. (3.4) 

  

Using the inequalities (3.2)–(3.4), we have 

a , ; ( u)  
0 D , ; u 

r (  ) 

d − 
    | u |

s(  ) 
d 

 +1 

. (3.5) 

 
r 

+  0 + ( + 1)( s− ) +1   

Taking u < 1 in Lemma 2.3 item 4, we obtain 

D0 + u  1   (D0 + u)  D0 + u  D0 + u d  D0 + 

r (  )  r (  ) 

 

that is, 
 

 

 

 D , ; u 
r (  ) 

d  

 

u r
+ 

. 

 

 

(3.6) 

Therefore, from the inequalities (3.5) and (3.6), it follows that 

 

a , ; ( u)  
( + 1)( s− ) +1  

u 
s(  ) 

d 
 +1 

. 

 

(3.7) 

By embedding N , ; ( ) ↪ Ls()(Ω), there exists C > 0 such that 

u 
s(  ) 

 C  u , (3.8) 

0 
+ 

 

 

r (  ) 

r + 

 
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s(  ) 

r (  ),0 

t 

 0 + 
1 D  

s(  ) 

 

and adopting  = u sufficiently small, we have 

u 
s(  ) 

 C  u  C  1, 
 

which implies 

 

 

From Lemma 2.3 (4), it follows that 

 

 

u s
− 

 (C u )
s− 

. 

 

u 
s(  ) 

d  u 
s− 

. 

 

 

(3.9) 

 

 

(3.10) 

Using the inequality and raising ( + 1) on both sides of inequalities (3.9)–(3.10), we 

obtain 

( 
u 

s(  ) 
d )

 +1 

 (C u )
( +1) s− 

. (3.11) 

Replacing u with a in (3.7) and considering (3.11), we obtain 

a , ; ( u)  
0  r + − 

  
(C )( +1) s− . 

 

 

 

In this sense, it follows that 

 
 

r + ( + 1)( s− ) +1 

a
 , ; 

( u)   r +  0 − C1  ( +1) s− −r +  
, 

 
  

 
 r 

+ ( + 1)( s− ) +1 
 

 
+1)s− 

where C1 = C( . 

Since s() > 1 and r > 0, we have r+ < s−(r + 1) < (s−)+1(r + 1). Therefore, we can find 
a,  (constants) such that a , ; ( u)  a  0 , if u =  for all  > 0. Therefore, a , ; () 

 

satisfies the first geometry of the Mountain Pass Theorem. 

Now, take 0   N , ; ( ) , so we have 

 

 

 

 

 
 +1 

a , ; ( t ) = ‸ 
  1  

D , ; t 
r (  ) 

d 
 

− 
     1  

| t |s( ) d 
 

. (3.12) 
   r( ) 0+ 

 
r + 1 

 s( )  

    

For t > 1, we have tr() ≤ tr+ and ts− ≤ ts(). Furthermore, it follows that 
( s )    ( s )ds  

t

 ds  ‸( t )   t. 
 

 

Consequently, 

1 0 0  1 1 

 ‸   1  
D , ; 

t 
r (  ) 

d 
 

  
 1  

D , ; 
t 

r (  ) 

d . (3.13)   r( ) 0+ 
 1  r( ) 0+ 

  

In addition to the above, note that 

 
 1  

1  r( ) 

 

 

D , ; t 

 

r (  ) 
 

d  

 

 t r
+ 

 
 

r −  

 

 , ; 

0 + 

 

r (  ) 

d 
 

(3.14) 

 
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 +1   

1 

 

 

 

r (  ),0 

  D u   

  

 

 n   n 

+ 

t 

 

and  

 
  1 

 

 

 


 +1 

 

 

 

 t( +1) s− 

 

 

 
 +1 

 | t |s( ) d    |  |s( ) d  . (3.15) 
 

  

r + 1   s( ) 

 
 

 r + 1( s )    

From the inequalities (3.12)–(3.15), we obtain the following inequality 

 a
 , ; 

( t )  
 

 t r
+ 

 
D , ;  

 r (  ) d −  
 

( +1) s−  
 |  |s(  ) 

d 
 +1 

. 

 
r 

−   0 + r + 1( s+ ) +1   

Considering that ( + 1)s− > r+ and doing t → , we have a , ; ( t ) → −. With this, 

we guarantee that a , ; () fulfills the second geometry of the Mountain Pass Theorem. 

Now, let’s discuss a , ; () satisfies the Palais-Smale condition, i.e., that every 

sequence ( un )  N , ; ( ) such that 

 

a , ; (u ) → C 

 

and (a , ; ) 
(u ) → 0 

 

(3.16) 

contains a convergent subsequence under the norm of N , ; ( ). Then, consider the 
sequence (u )  N , ; ( ) 

r (  ),0 u ) is bounded. 

n r (  ),0 that satisfies Eq.(3.16). We will show that ( 
n 

Choosing θ such that 
1r + 

   
( s− ) +1( r + 1) 

, we have 
  

 

 
C + un 

0 

 ‸ 
 

 

  1  
r( ) 

( s+ )r 

 
 , ; 
0 + n 

 

 

 

r (  ) 

 

d 
 

− 

 

  
r + 1 

 

 

1 
 

 s( ) 

 

 


 +1 

| un |
s(  ) 

d  
     

− 
 1    1   

D , ; u 
r (  ) 

d 
  

D , ; u 
r (  ) 

d 

 
  r( ) 0+ n 

  1 
r 

 0 + n 

 

+ 
 

 s( ) 
| un |

s(  ) 
d  

 
| un |

s(  ) 
d . 

 

Note, since ‸( t )  0 ( t ) and r+ > 1, we obtain that 
‸   1  

D , ; u r( ) d 
 

  
 1  

D , ; u r( ) d  


0 D , ; u r( ) d . (3.17) 
  r( ) 

0 + n 
 0  r( ) 

0 + n 
r +  0 + n 

  

As υ1 ≥ M(t), we have 
  1  

D , ; u 
 r (  ) 

d 
 

  . (3.18) 
  r( ) 0 + n  1 

  

Furthermore, we can state that 

     1   s(  ) 
 


 +1     

 s(  ) 
 


 +1 

r + 1 
 s( ) 

| un | d   
( + 1)( s− ) +1 

| un | 
d 

 
(3.19) 

  

and 
   1  s(  )  

s(  ) 
     s(  ) 

 +1 

  s( ) 
| un | d  (

| un | d )  
( s+ )r 

| un | d 
 

. (3.20) 

  

r 
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N ( ) is 

 n  

 , ;  , ;  , ; 
r − 

 , ; 
r (  ) 

 , ; 
r − 

 1   

Using the inequalities (3.17)–(3.20), we have 

     r (  )  1 1 
 

 
 +1 C + u   

  0  −  1 D , ; 
u d +  −   u s(  ) 

d  .  
 n 

 r 
+   0 + n 

  ( s+ )r ( + 1)( s− ) +1 
  n 

 

 

Note that 

    

 

 
1r + 

    r +     
1  

0 

 

 

and 

 

0 

1 0 
  

 r + 

( s+ )r  ( + 1)( s− ) +1 

are positive values. 

Therefore, from the inequality (3.21), we have 

C + u  
 0 − 

1   D , ; u 
 r (  ) 

d . 
(3.22) 

 n  
r 

+  
 0 + n 

  

For u ≥ 1 and using Lemma 2.3 (3), it follows that 

D0 + un  1   (D0 + un )  D0 + un  D0 + un d  D0 + un , 
r (  )  r (  ) 

 

i.e., less than a constant 
 

 

 
D , ; u 

 

 

 r (  ) 

d  u 

 

 
 

 
r − 

. 

 (3.23) 

 0 + n n 

If (u ) is an unbounded sequence in N , ; ( ), and without loss of generality passing 
n r (  ),0 

to a subsequence, if necessary, that u
n
 > 1 and using (3.22) and (3.23), we have 

C + u  
 0 − 

1  
u  r

− 

. 
 n  

r 
+  

 n 

  

Thus, we obtain an absurd, since r− > 1. Therefore, (u
n
) is bounded. Since 

 

 

 

 , ; 

r (  ),0 

a reflexive Banach space, there exist a subsequence (u ) such that u ⇀ u in N , ; ( ). 

Thus, from 
n 

 

 

(a , ; ) 
(u ) → 0, 

n r (  ),0 

 

it’s follows that 

(a , ; ) 
(u )(u 

 n 

 

 

 

 

 

− u) 
 

= 
 n n 

 1  
D , ; u 

 
r ( ) 

d 
 

 

 
D , ; u 

 

 
r ( )−2 

D , ; u 

 

 
D , ; (u 

 − u)d   r( ) 
0+ n 

 0+ n  
0+ n 0+ n 

  

− 
 r 

| u |s( ) d  | u |s( )−2 u (u − u)d → 0. (3.24) 

  s( )   

r (  ) 

n n n 
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 N ( ) 

r (  ),0  

 
u

r + 
− 

    
 

 

Therefore, we have that s( )  r* ( ) , for all  ( ) . Thus,  , ; 
r (  ),0 is compactly 

immersed in Ls()(). Using this fact and Hölder’s inequality, we have 
u s( )−2 u ( u − u)d  u s( )−1 u − u d  C u  s(  )  u − u . 

  n n n   
n n n 

s(  )−1 
n s(  ) 

As a consequence of the embedding of N , ; ( ) in Ls()(), (u ) → u strongly in Ls()(). 
r (  ),0 n 

Therefore u s( )−2 u ( u − u)d → 0 . On the other hand, there are c and c (positive 

 n n n 1 2 

 

constants) such that 

c  
 1  

u s( ) d  c . 

This implies that 

 

 

 

 
  1  

 

1 

 

 

 

 

 

 s(  ) 

 s( ) 
 

 


r 

n 2 

 

 

 

 

 

 s(  )−2 

  s( ) 
un d   

un un( un − u)d → 0. (3.25) 

  

Using Eq.(3.24), we obtain 
 ( u)( u − u) = D , ; u r (  )−2   , ; u D , ; ( u − u)d → 0 , (3.26) 

 

r (  ) n  0 + n 
D0 + 

 

n 0 + n 

since there are positive constants b1, b2 such that 

b  
  1  

D , ; u r( ) d 
 

 b . 
1   r( ) 

0 + n  2 

  

Consequently, 

r (  )( un ) − r (  )( u),un − u → 0. 
 

 
 , ;  , ; 

Using Theorem 2.9, we have that u
n 
→ u in N ( ). Thus, the functional a () 

satisfies the Mountain Pass geometries and satisfies the condition (PS). Therefore, the 

problem (1.1) has a weak solution. 

Theorem 3.2. Suppose that 1 < r() < N with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

 ( ) and 0 < α < 1. Furthermore, assume that there exists 0 < ρ0 such that 0 ≤ M(t) 

≤ υ1. If ( + 1)s− < r−, then there exists * > 0 such that the problem (1.1) has a positive 

solution u
 

for each   (0, *). 

Proof. To prove this result, we will use Ekeland’s Variational Principle. Using the inequal- 

ity (3.7), we have 

 

a , ; ( u)  
( + 1)( s− ) +1  

u 
s(  ) 

d 
 +1 

. 
0 

+ 
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1 

 

0 

0 

 1   

 +1   

1 

D , ; t 1 

D , ;  

+ 

 

Taking u = , sufficiently small and considering (3.11), it follows that 

a
 , ; 

( u)  
0  r 

+ 

− 
   

(C )
( +1) s− 

. 
 

 

 

Choosing c = C( +1)s
− 

, we have 
 

 
 

r + 

 

 

 

 r + −( +1) s− 

( + 1)( s− ) +1 

 

  

a , ; ( u)   ( +1) s− 
 

0 
− 

C1   a  0 , if 0    * 

 r + 
 

( + 1)( s− ) +1  

for some * > 0. In this sense, for all   (0, *) 

inf 
B ( 0 ) 

a , ;  0. (3.27) 

Here the  parameter plays a crucial role. Using hypothesis, ( + 1)s− < r−. Therefore, there 
− 

exists 0 > 0 such that ( + 1)s− +  ( + 1) < r−. Since q  C(), there exists an open set  

  such that s() − s− < 
0 
for all   

0
, which implies that (s() − s−)( + 1) < 

0
( + 1). 

In this sense, yields that 

s( )( + 1)  ( + 1)s− + 0 ( + 1)  r − ,  0 . (3.28) 

Consider  C( ) such that supp   0 , ( ) = 1 for all    and 0 ≤  ≤ 1 in . 
0 

Taking a sufficiently small t, in particular t  (0,1), we have t  B

(0). Additionally, note 

that 

a , ; ( t ) = ‸ 
    1  

D , ; 
t 

r (  ) 

d 
 

− 
    

 +1 | t |s( ) d .  (3.29) 
   r( ) 0+ 

 
r + 1 

 s( )  

    

Analogously to inequality (3.2), it follows that 
 ‸   1  

D , ; 
t 

r (  ) 

d 
 

  
 1  

D , ; 
t 

r (  ) 

d . (3.30)   r( ) 0+ 
 1  r( ) 0+ 

  

Since t  (0, 1), it follows that t 
r (  )  t r 

− 

. Furthermore, since 
 1  

 
 1  

, we have 

 

  1  

 r( ) 0+ 

 

 

r (  ) 

 

 

 

 t r
− 

 
 

r 
−  0 + 

r( ) r − 

r (  ) 

Inthissense, wehavethat 
 1  

 
 1  

. Furthermore, if s( )( r + 1)  s−( r + 1) + 0 ( r + 1) , 

( s+ ) +1 

then t s
− ( r +1)+ 0 ( r +1)  t s(  )( +1) . Thus, 

s( ) 

  1 
 


 +1 

 

t(  +1) s− + 0 ( r +1) 
 

 +1 

 | t |s( ) d    | |s( ) d  . (3.32) 
 

  

r + 1   s( ) 
 

 

 ( + 1)( s )    

Therefore, using Eq.(3.29) and the inequalities (3.30)–(3.32), we obtain 
 

− ( +1) s− +  ( r +1) a
 , ; 

( t )  
 t r 

D , ; 
r (  ) 

d − 
t 0 

| |s(  ) 
d 

 +1 

. 

 
r 

−   0 + 
( + 1)( s+ ) +1   

 1 d  d . (3.31) 

 

0 
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0 + 

 

 

 

  

w  N ( )  

 

 n  n 

 

Since  D
 , ; 

r (  ) 

d  0 
 

and t r
− 

 t( +1)s
− + 0 ( r +1) 

for all t  (0, 1), we obtain 

 

a , ; ( t )  0. 

In this sense, for all u  B

(0), we have 

 

 

 

Thus, it follows that 

 

a , ; ( u)  u 
r + 

− 
  C  

u 
( +1) s− 

. 
( + 1)( s− ) +1 

−  c :=  inf  a , ;  0. (3.33) 
B ( 0 ) 

Using (3.27) and (3.33), we know that inf a , ; − inf a , ;  0. So we choose 

B ( 0 ) 
  

B ( 0 ) 

0    inf a , ; − inf a , ; . Using Ekeland’s Variational Principle for the functional 

B ( 0 ) 
  

B ( 0 ) 
 

  

a , ; : B ( 0 ) → ℝ, we find u   B ( 0 ) such that 

a , ; ( u )  inf a , ; +  and a , ; ( u )  a , ; ( u) +  u − u  , u  u . 
        

B ( 0 ) 

Thus, we obtain a sequence (w
n
)  B


(0) such that 

a , ; (w ) → c and (a , ; ) 
(w ) → 0. 

Since s( )  r* ( ) and a , ; () satisfies the condition (PS), we have a subsequence 
 

(w
n
), and an element 

 
 , ; 

r (  ),0 

 , ; 

such that w
n 

→ w and a ( w ) = c  0 . By the 

Corollary 2.4, a , ; ( w ) = 0 , and thus we conclude that w is a non-trivial weak solution 

to the problem (1.1). 

Theorem 3.3. Suppose that 1 < r() < N with 1  s( )  r* ( ) = 
  Nr( )  

for all 
 N − r( ) 

 ( ) and 0 <  < 1. Furthermore, assume that M(t) = a + bt, where a > 0, b > 0 and t ≥ 

0. If 
2( r + )2 

r − 
 

( + 1)( s− ) +1 

( s+ )r 
and ( + 1)s− > 2r+, then the problem (1.1) has a weak positive 

solution for all  > 0. 

Proof. Since M(t) = a + bt, we obtain 

‸ 

 

 
 
 

 
t bt 2 

( t ) = 0 
( s )ds = at +  

2 
. 

So, in this sense, we get 
 +1 

a , ; ( u) = ‸ 
  1  

D , ; u r( ) d 
 

− 
     1  

u s( ) d 
 

   r( ) 0+ 
 

r + 1 
 s( ) 

 

    
2 

 

 
 +1 = a 

 1  
D , ; u 

r (  ) 

d + 
b   1  

D , ; u 
r (  ) 

d 
 

− 
     1  

u s( ) d 
 

. (3.34)  r( ) 0+ 2 
 r( ) 0+ 

 
r + 1 

 s( ) 
 

    

0 
+ 
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  

 

 

r (  ),0 

Note that as 
 1  

 
  1  

, we have 

r + r( ) 

a 

 

 

   1  
D , ; u 

r (  ) 

d  
 a  

 

 

 

D , ; u 
r (  ) 

d 
 (3.35) 

 

and 

 r( ) 0+ 
r 

+  0 + 

b   1    , ; 
 

r (  ) 
2 

 b     , ; 
 

r (  ) 
2 

2 
 r( ) 

D0 + 
u d  

 
2( r + )2  

D0 + 
u d 

 
. (3.36) 

  

Furthermore, since 
 1  

 
 1  

, it follows that 

s( ) +1 ( s− ) +1 

 
 +1      1  s(  )      s(  ) 

 +1 

r + 1 
 s( ) 

u d   
( + 1)( s− ) +1  

u d 
 

. (3.37) 

Using the inequalities (3.34)–(3.37), and taking u ≤ 1 in the inequality (3.6), we have 
a , ; ( u)  

 a  
u r

+ 

+ 
 b  

u 2r
+ 

− 
    u s( ) d 

 +1 

. (3.38) 
 

 
r 

+ 
2( r + )2 ( + 1)( s− ) +1   

Using the inequality (3.11) and substituting u and (3.38), it follows that 

a , ; (u)  
 a  

u r
+ 

+ 
  b  

u 2r
+ 

− 
C

1  

 u 
s( ) 

d 
 +1 

. 
(3.39) 

 

 
r + 2(r + )2 ( + 1)(s− ) +1   

Since ( + 1)s− > 2r+, we find ,  such that 

a , ; ( u)    0 if u  =  ,   0 , 

and thus a , ; () satisfies the first geometry of the Mountain Pass Theorem. 

Now take 0   N , ; ( ) . Note that 
2 

 

 

 
 +1 

a , ; ( t ) = a 
 1  

D , ; t 
r (  ) 

d + 
b   1  

D , ; t 
r (  ) 

d 
 

− 
     1  

t 
s(  ) 

d 
 

. 
  r( ) 0+ 2 

 r( ) 0+ 
 

r + 1 
 s( ) 

 

    

For t > 1, it follows that tr() < tr+ and ts < ts(). Hence 
  , ; atr

+ 

  , ;  r (  ) bt 2 r +  

 
  , ; 

 
r (  ) 

2  

t(  +1) s−  s(  ) 
 

 +1 

a ( t )  
−   

D0 +  d + − 2  
D

0 + 
 d 

 
− +  +1 

 
 d  . 

 
   

r 2( r )   ( + 1)( s )   

Since s−(r + 1) > 2r+, we have a , ; ( t ) → − when t → +. We are done that a , ; () 
 

satisfies the second geometry of the Mountain Pass Theorem. 
Finally, we will prove that a , ; () satisfies the condition (PS). Let ( u 

 

 
)  N , ; ( ) 

be a sequence such that 
 

 

 

a , ; ( u 

 

 
) → C 

 

 
and a , ; ( u 

 

 
) → 0. 

n r (  ),0 

 n   n 
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Therefore, taking 

max 
 + 2( r + )2  ( + 1)( s− ) +1 
r , 

r 
−     

( s
+ 

)
r 

, 

  

it follows that 

C + u   a , ; (u ) − 
 1 (a , ; ) 

(u )u 
n  n 

 
 n  n 

= a 
 1  

D , ; u r( ) d 

 r( ) 0+ n 

2 

 
 

 
 +1 

+ 
b   1  

D , ; 
u 

r ( ) 
d 

 
− 

     1  
u 

s( ) 
d 

 
2 

 r( ) 0+ n 
 

r + 1 
 s( ) n 

 

    
− 

 a 
D , ; u 

r ( ) 

d 

  
0+ n 

r 
− 

 b  1  
D , ; u 

r ( ) 

d D , ; u 
r ( ) 

d + 
   1  

u s( ) d 
 

u s( ) d . (3.40) 
  r( ) 

0+ n  
0+ n  

 s( ) n    
n 

  

As  1  
 
 1  

 
 1  

, we have the following inequalities 

r + r( ) r − 

 

a 
 1  

D , ; u 

 

 

 
r (  ) 

d  
 a  

 

 

 
D , ; u 

 

 

 r (  ) 

d , 

 

 (3.41) 

 r( ) 0+ n r 
+  0 + n 

 

b   1    , ; 
 r (  ) 

2 

 b     , ; 
 

r (  ) 
2 

2 
 r( ) 

D0 + un d   
2( r + )2  

D0 + un 
d 

 
(3.42) 

  

and 
b  1  

D , ; 
u 

r (  ) 

d D , ; 
u 

r (  ) 

d  
 b   | D , ; 

u |
r (  ) 

d 
2 

. (3.43) 

  r( ) 
0 + n  0 + n 

r 
−  0 + n  

On the other hand, as 
 1  

 
  1  

 
 1  

, therefore 

s+ s( ) s− 
 

     1   s(  ) 
 


 +1      s(  ) 

 


 +1 

r + 1 
 s( ) 

un d   
( + 1)( s− ) +1  

un 
d 

 
(3.44) 

  

and 

   1  
 

s(  ) 
r  

 s(  )       s(  ) 
 


 +1 

  s( ) 
un d  

 
un d  

( s
+ 
)

r  
un d 

 
. (3.45) 

  

 

Using (3.40)–(3.45), we have 

C + u  
  a  

− 
 a   , ; u r( ) d + 

  b  
− 

 b    , ; u r( ) d 
2 

n  
r +  

 
D

0 + n 
 

2( r + )2 r −   
D

0 + n  
    

+ 
  1  

− 
 1   u 

s(  ) 
d 

 +1 

. 
(3.46)  

( s+ )r ( + 1)( s− ) +1 
  

n  

  
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r (  ),0 

n  

 

 

 

Note that r+ < , 
 

 
2( r + )2 

   2( r + )2  r − 
r − 

 

and 

 

( s+ )r  ( + 1)( s− ) +1. 

Therefore, from the inequality (3.46), one has 

C + u  
  a  

− 
 a   , ; u r( ) d + 

  b  
− 

 b    , ; u r( ) d 
2 

. (3.47) 
 n  

r +  
 

D
0 + n 

 
2( r + )2 r −   

D
0 + n  

    

 , ; 

Suppose that the sequence (u
n
) is unbounded in N ( ). Taking to a subsequence, if 

necessary, we have u
n
 > 1 and considering (3.23) and (3.47), we obtain 

C + u  
  a  

− 
 a  

u  r
− 

+ 
  b  

− 
 b   

u  2r
− 

, 
 n  

r + 
 

 n 
 

2( r + )2 ( r − )2  n 

    

obtaining an absurd, since r− > 1. Consequently, the sequence (u
n
) is bounded in 

N , ; ( ), and so there exists a subsequence, also denoted by (u ), such that (u ) ⇀ u in 
r (  ),0 

 
n n 

N , ; ( ). From (a , ; ) (u ) → 0, we have 
r (  ),0  

(a , ; ) 
(u )(u 

n 

− u) = 
 

a + b 
  1  

D , ; u 
 

r ( ) 

d 

 

 (u )(u  − u) 
 n n   r( ) 

0+ n   r ( ) n n 

  
  1  

r 

−  | u |s( ) d  | u |s( )−2 u (u − u)d → 0. 

  s( )   

Using Theorem 3.1, we have 

  1  
 


r 

s(  )−2  

  s( ) 
| un |

s(  ) 
d  

 
 

un un( un − u)d → 0. 

Furthermore, there are positive constants c and c so that c  
 1  

D , ; u 
r (  ) 

d  c 

 

and 

 

1 2 1  r( ) 
0 + n 2 

 ( u )( u − u) = D , ; u r( )−2  , ; u D , ; ( u − u)d → 0. 

r (  ) n n  0 + n 
D0 + n 0 + n 

In addition to the above, yields that 
 ( u)( u  − u) = D , ; u r( )−2  , ; u D , ; ( u − u)d → 0. 

r (  ) n 

Consequently, 

 0 + 
D0 + 0 + n 

r (  )( un ) − r (  )( u),un − u → 0. 

n n n 
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 

 

 

Therefore, by Theorem 2.9, that u → u in N , ; ( ). Thus, a , ; () satisfies the condi- 
n r (  ),0  

tion (PS) and, thus, by the Mountain Pass Theorem, the problem (1.1) has a weak positive 

solution for all  > 0. 

Theorem 3.4. Suppose that 1 < r() < N, 0 <  < 1 with 1  s( )  r* ( ) = 
  Nr( )  

 N − r( ) 
 

for all  ( ) and M(t) = a + bt, where a > 0, b > 0 and t ≥ 0. If ( + 1)s− < r−, then there 

exists * > 0 such that the problem (1.1) has a positive solution u
 
for each   (0, *). 

Proof. Using the inequality (3.39), when u < 1, it follows that 

a , ; ( u)  
 a  

u r
+ 

+ 
 b  

u 2r
+ 

− 
 

u
( +1) s− 

.  
r 

+ 
2( r + )2 

We will show that, for sufficiently small u = , 

a , ; ( u)    0, if 0    * , 

 

where 

1 ( + 1)( s− ) +1 a( )r
+ −( +1) s−  

( + 1)( s− ) +1b( )2r
+ −( +1) s− 

 

* = min  
3  

 

C1r + 
, . 

2C1( r + )2  
 

In fact, if * = 1 ( + 1)( s
− 
)

 +1 
a( )p+ −( +1) s− 

+ , and assuming that  = *, then 

3 C1r  
 

 −  +1 

 

 r + −( +1) s− 

 

 ( +1) s− 

a , ; ( u)  
 a 

 r + 

+ 
 b 

 2 r + 

− 
1 ( + 1)( s ) a( ) C1( ) 

 
r 

+ 
2( r + )2 

 

3 ( + 1)( s− ) +1C1r + 

= 
 b 

 2r
+ 

+ 
 2 a 

 r
+ 

 0. (3.48) 

2( r + )2 3 r + 

 
+ − 

1 ( + 1)( s− ) +1 b( )2 p −( +1) s 

On the other hand, if * = 

have 3 2C1( r + )2 
, and suppose that  = *, we 

a , ; ( u)  
 a  

u r
+ 

+ 
 b  

u 2r
+ 

− 
  

(C u )( +1)s
− 

 
r 

+ 
2( r + )2 ( + 1)( s− ) +1 

= 
 a 

 r
+ 

+ 
 1 b 

 2r
+  

 0. (3.49) 

r + 3 ( r + )2 

Furthermore, returning to (3.39), note that ( + 1)s−  r −  2r + 

from the inequalities (3.48) and (3.49), it follows that 

a , ; ( u)    0, if 0    * . 

and u < 1. Therefore, 

 

In this sense, we obtain that 
 

inf 
B (0) 

 

a , ; ( u)  0. 

C1 

( + 1)( s− ) +1 
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 

   

 

  

D , ; t D , ;  

t  

 
Let  C( ) be such that supp    , ( ) = 1 for all   and 0    1 in . Note 

0 0 0 
 , ; 

that for t  (0,1), sufficiently small, we have t  B

(0) and a ( t )  0 . In fact, it is 

immediate that 

 a , ; ( t ) = a 

 

 

   1  
D , ; 

t 
r (  ) 

d + 
b  

 

   1  
D , ; t 

r (  ) 

d 
 

  r( ) 0+ 2 
 r( ) 0+ 

 

  
 +1 

− 
    

 1  
D , ; 

t 
s(  ) 

d 
 

. (3.50) 
r + 1 

 s( ) 0+ 
 

  

Since t  (0, 1), we have tr− ≥ tr() and 
 1  

 
 1  

. Hence, it follows that 

 

  1  

 r( ) 0+ 

r − 

 

r (  ) 

r( ) 

atr
− 

 
 

r 
−  0 + 

 

 

 

r (  ) 

and 
 

 
b   1  

 

 

 

  , ; 

 

 

 
r (  ) 

2 

 

 
btr

− 

 

 

 

 

  , ; 

 

 

 

 
r (  ) 

2 

2 
 r( ) 

D0 + t 
d  

 
2( r − )2  

D0 +  
d 

 
. (3.52) 

  

Using the inequality (3.28) (see Theorem 3.2), there exists 0 > 0 such that s()( + 1) ≤ s− 

( + 1) +  ( + 1) < r−,     . Since 
 1  

 
 1  

, yields that 
0 

 

 
  1 

0 

 


 +1 

s+ s( ) 

 t(  +1) s− + 0 ( +1) 

 

 

 
 +1 

r + 1 
 s( ) 

t 
s(  ) 

d  
 

 
r + 1 ( s+ 

 

) +1 
 

 
s(  ) 

d  . (3.53) 

Using (3.50)–(3.53), it follows that 

  , ; atr
− 

  , ; 
 r (  ) btr

− 

   , ; 
 

r (  ) 
2 

a ( t )  
r 

−   
D0 +  d + 

2( r 
− 
)

2  
D0 +  d 

 

 ( +1) s− + 0 ( +1) 
−  

s(  ) 
d 

 +1 

. 

r + 1 ( s+ ) +1   

Therefore, since D , ; 
r (  ) 

d  0 , we obtain that a , ; ( t )  0 . 

 0 +  

 

As for all u  B

(0), we have 

a , ; ( u)  
 a  

u r
+ 

+ 
 b  

u 2r
+ 

− 

 

 

 

u
( +1) s− 

,  

 

 

thus, it follows that 

r + 2( r + )2 

 

 

−  c := inf 
B ( 0 ) 

 

 

 

 

 

 

a , ;  0. 

 

Applyin g Ekeland’s Variational Principle to the functional 

( wn )  B ( 0 ) such that 

 
 

a , ; : B ( 0 ) → ℝ , we have 

C1 

( + 1)( s− ) +1 

 a d  d (3.51) 

2 
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  

 

 

  

n 

t 

a , ; ( wn ) → c and (a , ; )
 

( w ) → 0. 

 
Therefore, by the same idea as the Theorem 3.2, we conclude that w = lim

n→ 
w

n 
is a non- 

trivial weak solution to the problem (1.1). 

 

Theorem 3.5. Suppose that 1 < r() < N, 0 <  < 1 with 1  s( )  r* ( ) = 
 Nr( )  

for all 

 
( r + ) 

 
( s− ) +1( + 1) 

 N − r( ) 
− + − 

 ( ) . Let M(t) = t-1 such that 
( r 

− 
)

 −1 
 

( s+ )r 
and ( + 1)s  r   r  1. 

Then the problem (1.1) has a weak positive solution for all  > 0. 

Proof. Firstly, note that 

t  ‸  −1 

 

 Thus, taking t = 

( t ) =  s ds = . 
0 

  1  
D , ; u r( ) d , we obtain that 

 r( ) 0+ 

 

 

 

 
 +1 

a , ; ( u) = ‸ 
  1  

D , ; u r( ) d 
 

− 
     1  

u s( ) d 
 

   r( ) 0+ 
 

r + 1 
 s( )  

    
  +1 = 

 1   1  
D , ; u 

r (  ) 

d 
 

− 
     1  

u s( ) d 
 

, (3.54) 
  r( ) 0+ 

 
r + 1 

 s( )  

    

for all  > 0. 

Note that 
 1  

 
  1  

and 
 1  

 
 1  

. So, we have 

r + 

 
1  

r( ) 

  1  

s( ) 

 
 , ; 

s+ 

 

r (  ) 
  

 1   

 

 

  , ; 

 

 

 
r (  ) 

 

  r( ) 
D0 + 

u d  
 

( r + )  
D0 + 

u d 
 

(3.55) 

  

and 
 

 +1      1  s(  )      s(  ) 
 +1 

r + 1 
 s( ) 

u d  

Using (3.54)–(3.56), it follows that 

 
( + 1)( s− ) +1  

u d 
 

. (3.56) 

a , ; ( u)  
 1    , ; 

u r( ) d 
 

− 
    u s( ) d 

 +1 

.  (3.57) 

 
( r + )  

D0 +  ( + 1)( s− ) +1   

Since u < 1 by (3.57) and the inequalities (3.6) and (3.11), we obtain 

a
 , ; 

( u)  
 1  

u
r + 

− 
   

(C u )
( +1) s− 

. 

 

 
(3.58) 

 ( r + ) ( + 1)( s− ) +1 
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 

r (  ),0 

0 + D  

 

 

 r (  ),0 

 n   n 

t 

Taking u =  in (3.58), yields that 

a , ; ( u)   r +  1  
− 

C1  ( +1) s− −r +  
.   ( r + ) ( + 1)( s− ) +1 

 

  

Since s− (r + 1) > r+, we find positive numbers a,  such that 

a , ; ( u)  a  0 if u  =  ,  0. 

Let 0   N , ; ( ) . Note that 

 

 

 

 

 

 

 
 +1 

a , ; ( t ) = ‸ 
  1  

D , ; t 
r (  ) 

d 
 

− 
     1  

t s( ) d 
 

   r( ) 0+ 
 

r + 1 
 s( )  

    
  +1 = 

 1   1  
D , ; t 

r (  ) 

d 
 

− 
     1  

t s( ) d 
 

.  (3.59) 
  r( ) 0+ 

 
r + 1 

 s( )  

    

Assuming t > 1, note that t r( )  t r
+  

and 
  1  

 
 1  

, we have 

 
1   1  

 

 

 r (  ) 

r( ) 


 

r − 

 

t r + 

 

 

 r (  ) 

  r( ) D , ; t d  
 

( r − )   , ; 

0 + 
d . (3.60) 

  

In addition to the above, for t s
− 

 t s( ) and 
 1  

 
  1  

, one has 

 

 
  1 

 

 

 


 +1 

s+ s( ) 

 
 t( +1) s− 

 

 

 
 +1 

 t s( ) d   +  +1   
 

s(  ) 
d  . 

(3.61) 
 

 

r + 1   s( ) 
 

 

 r + 1( s )    

 

Using the inequalities (3.59)–(3.61), and since ( + 1)s− > r+, yields 

 a
 , ; 

( t )  
 

t r +  
D , ;  

 r (  ) d −  
 

( +1) s−  
 

 
s(  ) 

d 
 +1 → − 

 
( r 

− 
)

  
0 + 

r + 1( s
+ 
)

 +1   
 

when t → + from which we conclude that 

Mountain Pass Theorem. 
a , ; () satisfies the geometries of the 

We assert that a , ; () satisfies the condition (PS). Indeed, let ( un )  N , ; ( ) , 

a sequence such that 

a , ; (u ) → C and (a , ; ) 
(u ) → 0. 

Taking 
( r + ) 

   
( r − ) −1 

( s− ) +1( + 1) 

( s+ )r 
, and note that 
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  
n 

 

 

 

 

C + u   a , ; (u ) − 
 1 
(a , ; ) 

(u )u 
n  n   n n 

 

= 
 1   1  

D , ; u 
r ( ) 

d 
 

  r( ) 0+ n 
 

  
   1 s( ) 

 +1 

  1 s( ) 
r 

− 
r + 1 

 s( ) 
u

n 
d  

 
+ 

  s( ) 
u

n 
d  

 
 | u |

s( ) 
d 

− 
 1   1  

D , ; u r ( ) 

d 
  −1  

D , ; u r ( ) 

d . 
(3.62) 

  r( ) 
0+ n 

  0+ n 

  

Since 
 1  

 
  1  

 
 1  

, one has 

r + r( ) r − 

1   1  

 

 

  , ; 

 

 

 
r (  ) 

 
  1   

 

 

  , ; 

 

 

 
r (  ) 

 

  r( ) 
D0 + un d   

( r + )  
D0 + un 

d 
 

(3.63) 

  

and 

1   1  
 

  , ; 
 r (  ) 

 


 −1 

 

  , ; 
 r (  )  1   

  , ; 
 

s(  ) 
 

  r( ) 
D0 + un d   

D0 + un d  
( r 

− 
)

 −1 
| D0 + un | d 

 
. (3.64) 

  

On the other hand, 
 1  

 
 1  

 
 1  

, it,s follows that 

s+ s( ) 

     1  

s− 

 s(  ) 

 

 

 


 +1 

 
    

 

 

 s(  ) 

 

 

 


 +1 

r + 1 
 s( ) 

( un ) d   
( s− ) +1( + 1)  

un 
d 

 
(3.65) 

  

and 

   1  
 

s(  ) 
r  

 s(  )       s(  ) 
 


 +1 

  s( ) 
un 

d   
un d  

( s
+ 
)

r  
un d 

 
. (3.66) 

  

Using the inequalities (3.62)–(3.66), we obtain 
 

C + u  
  1  

− 
 1   

D , ; u 
r (  )

d 
 

n  
( r 

+ 
)

 ( r 
− 
)

 −1  0 + n  

  

+ 
  1  

− 
 1   

 
 +1 u 

s(  )

d .  (3.67)  ( s+ )r ( s− ) +1( + 1) 
 n  

 

Note that 

   

 

 
( r + ) 

   ( r + )  ( r − )−1 
( r − ) −1 
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p(  ),0 

 

 

and 

 

 

are positive terms. 

 

( s+ )r  ( s− ) +1( + 1), 

Therefore, from (3.67), we have 
 

C + u 
 

  1  
− 

 1   
D , ; u 

r (  )

d 
 

. 
(3.68) 

n  
( r 

+ 
)

 ( r 
− 
)

 −1  0 + n  

   

Now, suppose that the sequence (u
n
) is unbound. Moving on to a subsequence, if neces- 

sary, we take u
n
 > 1 and considering (3.23) and (3.68), we obtain 

C + u  
  1  

− 
 1   

u  
r − 

, n  
( r − ) ( r − ) −1  n 

  

 , ; 

which is absurd, since r− > 1. Consequently, (u
n
) is bounded in N ( ) , which is 

a reflexive Banach space. Th
 
us, there exists a subsequence (u

n
), such that (u

n
) ⇀ u in 

N , ; ( ) . Using (a , ; ) ( u ) → 0, we have 
r (  ),0  

 

(a , ; )
 

( u 

 

 )( u 

n 

 
− u) = 

 
 

   1  
D , ; u 

 

 
r (  ) 

d 
 

 

 −1   ( u )( u  − u) 
 

 n n 
 r( ) 

0 + n 
 r (  ) n n 

  
  1  s(  ) 

r 

 s(  )−2 

−   s( ) 
un d   

un un( un − u)d → 0. 

  

Using the idea of Eq.(3.25) (see Theorem 3.1), yields 

  1  
 

s(  ) 
r  

 s(  )−2   s( ) 
un 

d   
un un( un − u)d → 0. 

  

Furthermore, there are positive constants b1 and b2 so that 

b  
 1  

D , ; 
u 

r (  ) 

d  b 
 

 

and 

 

 

 

  ( u 

 

 

 

 )( u 

 

1 

 

 

 

 

 − u) = 

 r( ) 
 

 
D , ; u 

 

0 + n 

 

 

 

 

 r (  )−2  

 

 
 

 

 

 

  , ; u 

 

2 

 

 

 

 

 
D , ; ( u 

 

 

 

 − u)d → 0. 

r (  ) n n  0 + n D0 + n 0 + n 

 

Also note 
 ( u)( u  − u) = D , ; u r( )−2  , ; u D , ; ( u − u)d → 0. 

 

r (  ) n 

 

Consequently, 

 0 + 
D0 + 

 

0 + n 

r (  )( un ) − r (  )( u),un − u → 0. 
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r (  ),0  

 1       

 

n 

 
 , ;  , ; 

We conclude by Theorem 2.9, that (u
n
) → u in N ( ) . Therefore a () satisfies 

the condition (PS) and, by the Mountain Pass Theorem, the problem 1.1 has a weak posi- 

tive solution for  > 0. 

Theorem 3.6. Suppose that 1 < r() < N, 0 <  < 1 with 1  s( )  r* ( ) = 
  Nr( )  

for 
 N − r( ) 

all  ( ) . Let M(t) = t−1. If ( + 1)s− < r−, then there exists * > 0 such that the problem 

(1.1) has a positive solution u
 
for each   (0, *). 

Proof. Note that if u
n
 < 1, then we have through the inequalities (3.6) and (3.11), we have 

that 
   , ; r (  ) 

  r +   s(  ) 
 


 +1  ( +1) s− 

 
D0 + u d 

 
 u  and 

 
u d 

 
 C  u . 

Furthermore, since 
 1  

 
  1  

and 
  1  

 
 1  

, we obtain 

r + r( ) s( ) s− 

 1   1  
D , ; 

u 
r (  ) 

d 
 

 
 1  

u 
r + (3.69) 

  r( ) 0+  ( r + ) 

 

and 

 

 

     

  

 

 
 +1 u s( ) d  

 

 

 

 

 

 

C  u 
( +1) s− 

. 
r + 1 

 s( )  
( + 1)( s− ) +1 

( n ) 
(3.70) 

  

By (3.69) and (3.70), it follows that 

 

 

 

 

 
  +1 

a
 , ; 

( u) = 
 1   1  

D , ; 
u 

r (  ) 

d 
 

− 
     1  

u 
s(  ) 

d 
 

 
  r( ) 0+ 

 
r + 1 

 s( )  

    

 
 1  

u 
r + 

− 
( r + ) 

u 
( +1) s− 

. 

Replacing u with  and highlighting (+1)s−
, we obtain 

a , ; (u)   ( +1) s−  1 
 r+ −( +1) s− − 

C1 
 

   0, if 0     *, 
  (r + ) ( +1)(s− ) +1 

 

  

for some * > 0. Thus, for   (0, *), we have 

inf 
B ( 0 ) 

a , ;  0. 

Given 
0 

> 0, there exists 
0 
  such that |s() − s−| < 

0 
for all   

0 
(see Theorem 3.2). 

Analogously to (3.28), s()( + 1) ≤ ( + 1)s− + 
0
( + 1) < r− or s() < s− + 

0
,   

0
. 

Let  C( ) be such that supp   
− 

, () = 1 for all    and 0 ≤  ≤ 1 in . 
0 0 0 

For sufficiently small t, t  (0, 1), we have t  B

(0). Note that 
  +1 

a , ; ( t ) = 
 1   1  

D , ; t 
r (  ) 

d 
 

− 
     1  

t s( ) d 
 

. (3.71) 
 

  r( ) 0+ 
 

r + 1 
 s( )  

    

C1 

( + 1)( s− ) +1 
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   

  

 

  

 n  n 

Since t  (0,1), we have t r( )  t r
− 

. Furthermore 
  1  

 
 1  

. In this sense, from the first 

part of Eq.(3.71), we have 
r( ) r − 

1   1    , ; r (  ) 
  

t r − 

 
  , ; 

 
r (  ) 

 

  r( ) 
D0 + t d   

( r − )  
D0 +  

d 
 

. (3.72) 

  

Since t s
− 

( r +1)+ 0 ( r +1) 
 t s( )( +1) and 

 1  
 
 1  

, it follows that 

s+ s( ) 

  1 
 


 +1 

 

 t(  +1) s− + 0 ( +1) 
 

 +1 

r + 1 
 s( ) 

t 
s(  ) 

d  
 

 
r + 1 ( s+ 

 

) +1 
 

 
s(  ) 

d  . (3.73) 

 

Using Eq.(3.71) and the inequalities (3.72)–(3.73), we have 
 

 , ; 
 

t r − 

 
 

 , ; 
 

r (  ) 
  

 t(  +1) s− + 0 ( +1)  
s(  ) 

 
 +1 

a ( t )  −    
D0 +  d 

 
− +  +1 


| | d  . 

( r )    r + 1 ( s )   

Like D , ; 
r (  ) 

d  0, and s( )( + 1)  ( + 1)s− +  ( + 1)  r − , follows that 

 0 + 0 

 

a , ; ( t ) → − when t → +. Therefore, a
 , ; 

( t )  0 

Since for all u  B

(0) we have 

a , ; ( u)  
 1  

u r
+ 

− 

 

 

 

u
( +1) s− 

.  

 

 

In this sense, we have 

( r + ) 

 

 

−  c := inf 
B ( 0 ) 

 

 

 

 

 

 

a , ;  0. 

Applying Ekeland’s Variational Principle to the functional a , ; : B ( 0 ) → ℝ , there 

is a sequence (w
n
) such that 

a , ; (w ) → c and (a , ; ) 
(w ) → 0. 

Therefore, in this way, we have, in a similar way to what was demonstrated in Theorem 3.2 

that w = lim
n→ 

w
n 

is a non-trivial solution for the problem (1.1). 
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