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1. Introduction and Motivation

In this present paper, we consider the fractional elliptic problem with two nonlocal terms
g(iven by
1

r(&)-2 [ 1 _
|7(C )D“ﬁ?W(FQxﬁiwu ‘ D“:B?‘Vu):KlulS(g)—Z ul |u|s(é)da |1.‘ in Q,
0+

1 T 0+ |_Q S(é) J
lu=0 on 0Q, (1.1)
with 1 )
= ——D*¥u "'dg
Lyl o |

where Q c RV is a smooth bounded domain, M : R* — R* is a continuous function, « is a
positive real parameter, T >0, r, s € C(Q) are functions whose properties will be given later
and D%#v () and D%:#v(.) are the y-Hilfer partial derivatives fractional on the right
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and on the left of order 0 < o < 1 and type 0 < <1, respectively and ar (&) < N. An inter-
esting observation regarding problems involving fractional operators is that the negative
sign does not need to be imposed in front of the Laplacian, as this sign is included in the
definition of the left fractional derivative.

Problems of the forr;fresented in Eq.(1.1) are associated with the energy functional

= f r(&)\D”‘" ‘r(é)dé]' r+1LI [B] |r(“d&} (12)

t

forall ue N%fv (Q) and () —jm(s)ds
Depending on the function r(: a* b () is differentiable and its Fréchet
) the functional

derivative is given by /
<(aal3\v) (u),v>:[1 | I r(é’;)‘D‘” ‘

1ose ] )2 .
oy e ] [y og e

for all u,v eN*#v(Q). Thus, we can observe that the critical points of the functional
r(s)
a% PV (-) are the weak solutions to the problem (1.1).

C0n5|der the p(x)-Laplacian operator with variable exponent [46]

r(é) r(g) -2

ge || -1 r(é’;)‘ ‘ D" #uD" ¥ v

Ay = d|v(|Vu |p(X)Vu) (1.3)

Note that for p(x) = p, we have the classic case of the p-Laplacian theory [3, 4, 9, 27]. Over
the years, operators of the type (1.3) have drawn the attention of researchers to discuss
issues of existence and multiplicity, uniqueness and regularity of solutions using varia-
tional techniques, in particular, via the Mountain Pass theorem and Nehari manifold [1,
10, 16, 32].

It is also worth highlighting the importance of these types of operators in problems
involving electrorheological fluids, image processing, non-Newtonian mechanics, med-
icine, economics, ecology and other areas involved [17, 33, 34]. A class of problems that
deserves special attention are those of the diffusive or diffusion type. Movement of fluids
and study of porous media (liquids and gases) are widely investigated in the study of dif-
fusive and convection problems, respectively [19, 35, 45, 47].

Lebesgue spaces with variable exponent appeared in the literature for the first time
in 1931, through an article by Orlicz [31], who demonstrated several results, including
Holder’s inequality, in a discreet presentation in which he considered the spaces LP® on
the real line. Problems involving the p(x)-Laplacian operator are widely used in modeling
problems in elasticity theory, viscous flows of non-Newtonian fluids and fluid mechanics,
more precisely, electrorheological type fluids (called fluids intelligent). Another applica-
tion is related to image processing. For more details, see Mihailescu and Radulescu [29],
Ruzicka [36] and their references. We emphasize that the first major discovery about
electrorheological fluids is attributed to Willis Winslow, in 1949. Such fluids have the
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important property that their viscosity depends on the electric field in the fluid. He dis-
covered that the Viscosity of such fluids (e.g. lithium polymethacrylate) in an electric field
is inversely proportional to field strength. The field induces the formation of streamlines
in the fluid, which are parallel to the field. They can increase viscosity by as much as 5
orders of magnitude. This phenomenon is known as the Winslow effect. We can also high-
light the interesting work carried out by Ambrosio and Isernia on parametric Schrédinger
equations driven by the fractional p-Laplacian operator [5].

On the other hand, Kirchhoff-type problems were motivated by physics problems,
that is, related to diffusion processes. In other words, in 1883 G. Kirchhoff, motivated by
D’Alembert’s wave equation, considered the following equation

& (P E .iou? )@
(e)

- T dx =0
\h 2L 9|ox Jax

where o, Po, h, E, L they are physical constants and can be consulted in [25, 28]. Kirchhoff ’s
original model was used to study problems in one-dimensional cases. In this sense, over
the years, Kirchhoff-type problems have attracted attention. On the other hand, we high-
light the combination of Kirchhoff-type problems with the p(x)-Laplacian operator, in
other cases, it is also possible to discuss the stationary version of the wave-type Kirchhoff
equation [2, 3, 8, 9, 12-14, 18, 48].

In the literature there are several differential equation problems involving Kirchhoff
problems, for example, one of the best known differential equations is the stationary
equation [15]

{|—D(|It||2)Au=f(x,u) in O,
=0 on a0, (1.4)

where f : QxR - R and [J: R* — R* are continuous functions that meet certain con-
ditions and A is the Laplacian operator.
In 2013 Correa and Costa [15], considered the following problem

(I ) rI
0] 7 pO) [VuPCIdx [A pou = Klul“x)zu q(x)|u|q<*>dx | in Q
y

{u=0 on 0Q, (1.5)

where Q — RV is a bounded smooth d omain, «, r > 0, are real parametersand M : R, —
R, is a continuous function, p, s € C(Q).

On the other hand, we can also highlight the problem addressed by Gomes and
Sanchez [24] using

r

j—Au:Kf(x,u)U F(x,u)dx} in Q,

|L“ =0 on 6Q, (1.6)

where F(t):I f(s)ds and fisaregular function.
Q
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On the other hand, non-local fractional problems with infinitely many solutions have
attracted much attention in recent years. Fractional operators have applications in several
areas, such as financial mathematics, quantum mechanics, water waves, phase transition,
minimal surfaces, population dynamics, optimal control, game theory, Lévy processes
in probability theory, among others. For more details on these matters, see [6, 7, 11, 26]
and its references. There are some types of fractional operators that are used to discuss
p(x)-Laplacian problems with Kirchhoff-type equations. First, we highlight the fractional
operators introduced through the Fourier transform and its similar versions, that is,
via the Riesz operator. On the other hand, we have fractional derivatives which are also
used to discuss p(x)-Laplacian problems [4, 9, 30]. The vast majority of such fractional
derivatives are well established. However, it is not a simple and trivial task to choose a
given derivative to formulate and discuss properties of solutions of equations of the p(x)-
Laplacian type. One way to overcome this problem is to propose more general operators
where those existing in the literature are particular cases. In this sense, Sousa and Oliveira
proposed the y-Hilfer fractional operator [37] and discussed some properties. The y-Hil-
fer fractional operator is well established with numerous properties, works and applica-
tions. In this sense, since 2018, the y-Hilfer fractional operator has attracted attention in
helping to discuss theoretical problems involving problems of the type p, p(x) Laplacian
and Kirchhoff [38-40].

Recently Sousa et al. [38], considered a new class of equations of the p(x)-Kirchhoff

type of the form( (
0
Ll e 1 e
1u=0 on 0Q, .7)

_1 De By p(X)dX\La,\v u=g(x,u) in Q,

where Q=[0,T]x[0,T] and L*BYu:=Dx*pv (‘D%f?‘l’u‘p(x)—z Dggﬁ?‘l’u). In addition to

p(x)

the above, there are interesting works whose authors use fractional operators to formulate
problems of elliptic differential equations, whether of the p(x)-Laplacian, p-Laplacian and
Kirchhoff type, and discuss issues of existence and multiplicity of solutions to such formu-
lated problems [41-43] and the references therein.

Motivated by the problems (1.4)—(1.7), in this paper, we will consider the existence of
solutions for a new class of fractional elliptic problems involving Kirchhoff-type equations
(see problem (1.1)). In other words, we are interested in discussing the following results:

- * N
Theorem 1.1. Suppose that 1<ar(§)<N with 1<s(E)<r (&):—r@)— for all
o N-ar(§)
EeQand0<a< 1. Furthermore, assume that there exists positive po and vi such that po <
M(t) <v, with ViF (s7)" (v +1) ang (s7)(t +1)>r*. Then the problem (1.1) has a
1 o (S+ )r
weak solution for all « > 0.
Theorem 1.2. Suppose that 1 < ar(€) <N with 1<s(§) <r (&) :M)— forall § eQ
o N-ar(§)

and 0 < a < 1. Furthermore, assume that there exists 0 < po such that po < M(t) < v1.
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If (t+1)s” <r~, then there exists k* > 0 such that the problem (1.1) has a positive solution
u_foreachk € (0, x*).

Theorem 1.3. Suppose that 1<ar(&)<N with 1< s(§)<r*(&,):ﬂ(§)— for all
a N-ar(§)

eQ+ar21d O<ac< 1._Fu+r1thermore, assume that M(t) =a + bt, wherea>0,b>0and t>0.
If 2(r7) < (t+1)(s) and (t +1)s™ > 2r", then the problem (1.1) has a weak positive

r- (st)
solution for all k¥ > 0.
Theorem 1.4. Suppose that 1<ar(§)<N with 1< s(§)<r*(§):ﬂ(§‘)— for all

o N-ar(§)
EeQand0<a<1land M(t)=a+bt wherea>0,b>0andt>0. If (t+1)s <r, then
there exists 1* > 0 such that the problem (1.1) has a positive solution u_ for each « € (0, k*).

Theorem 1.5. Suppose that 1<ar(E)<N with 1<s(§)<r*(§):ﬂ@“)— for
* N-ar(§)
— pro) _(s)*i(r+1)
all £€Q and 0 < a < 1. Let M(t) = t' such that =y < (s and
(t+21)s >pur*>pur->1. Thenthe problem (1.1) has a weak positive solution for all k > 0.
. * Nr(&)
Theorem 1.6. Suppose that 1<ar(§)<N with 1<s(§)<r (§)= for all
o N-ar(§)

€ eQand0<a<1. Let M(t) =t If (t + 1)s” < ur, then there exists k* > 0 such that the
problem (1.1) has a positive solution u_ for each x € (0, x*).

A natural consequence of the study of fractional operators is, in the limit of the oper-
ator fractional order, to obtain the classical case, in this particular case, when oo — 1. This
procedure is repeated when the operator order is 1 < a < 2, within the limit of o — 2, the
entire case is obtained, carrying out this procedure for the operator ordern—1 <a <n
in the limit of o« — n, we obtain the entire case. Furthermore, there are other more gen-
eral operators that preserve all the properties of their respective particular cases. As high-
lighted in the introduction, the y-Hilfer fractional operator has a wide class of fractional
operators based on the choice of parameters a, B and the function y(-). Furthermore, the
problem addressed (1.1) also allows the choice of the function M(&). On the other hand,
it is natural to expect that the particular cases of the results investigated here still continue
to be valid, and in fact they are, since all the properties of the y-Hilfer fractional operator
are preserved for its wide class of particular cases.

Otherwise, the paper is organized as follows: In Sec. 2, we present some classic
concepts about fractional operators and properties related to them. In addition to the
above, the y-fractional space with its respective norm and some results involving the
functional A*PV are investigated. In Sec. 3, it is intended to discuss the main contribu-
tions of the present article, i.e., the existence of solutions through the proof of Theorem
1.1-Theorem 1.2.
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2. A Brief Framework and Preliminary Results

Let6 € {6,,6,}, T {T,, T,}and o € {a, a,} where 0 <o, <1 with 6, <T, forallj e {1,
2}. Alsotake A=1 x1,=[06, T,]x[6, T,], where T, T, and 0,, 0, are positive constants.
Consider also () an increasing, positive, monotone functlon on (6, T,), (6,, T,), with
continuous derivative y'(-) in (6,, T ], (6,, T,].
Let u, y € C'(A) be two functions such that y is increasing and y'(§)) # 0 with &; €

[0, T].J € {1, 2}. The y-Hilfer partial fractional derivatives at two variables of u, y
AC"(A) of order a. € {a,, a,} (0 < o, < 1) and of type B € {B,, B,} where 0 <f3, <1, are
defined by (see [37]) 1 .

b Bl )"V( ( (1-B)(1-a )y
D, u@n&)=l  NyE )y'(E) seee))le u(Er )

and
1 &

@by Pl-a)y ( —( (1B )(1-a)y

D uE &)=k N g€ e ) eeee))ir UELE2),

where I:"V u(&:,&2) and v u(g,,&,) are the y-Riemann-Liouville fractional integrals of
u e LY(A) of order . (0 < o < 1) given by

e v & )=— I Iw(s)w (5 )(w (& )=w (s ) (W (& )=w(s )™ "u(s s )ds ds
Pt T(oy)(oy) %0

foro,<s,<¢,0,<s,<¢&,and
1*vu(g & )=%IEJTZ‘V'(S W(s )W (s)-w(E N (w(s )-w(E )= u(s ;s )ds ds
T 1 2 1_,((xl)l_,((xz) g Je 1 2 1 1 2 2 1 2 2 1

with & <s, <T,§,<s,<T, & [0, T,Jand &, € [0,, T,]. In this sense, it extends to N
variables and can be consulted in the work [44].

Leto€{6,,6,}, T e {Tl, T,}and a € {a, a,,}. Then, we have the integration by parts
for the fractional integral given by (see [38])

IT(W@(E&)N(? § )dg de = j I<P(§ S8 )v (Fv)'” b (5t2) \ae,e, @)

\\v "(&)v'E) )
is holds.

Theorem 2.1. [38] Let y(-) be an increasing, monotone and positive function in [01, T1] x
[0,, T,], with continuous derivative y'(-) #00on (6, T)) x (6,, T,). If & € {o;, 0,,} (0<0;< 1)

and B e {B,, B,},05B, <1, then
i Z(Baﬁvcp(a &) (8.8 )de e

1 2 1 2 21

f“ I 0,8 )v(E)v'E,) Dyo) ﬂ \oe.de,

w'E)v'(E))
forany ¢ € C*and ¢ € C* satisfying the boundary conditions ¢(6,,6,) =0=o¢(T,, T,).



E. F. S. Feitosa / Fractional Elliptic Problem 7

To discuss the Problem (1.1) we need some knowledge about the spaces L"®(€2) and

N?(éﬁ) ¥ (€Q) which we call generalized -fractional space.

Let Q be a bounded domain of R?, denote [1,32]

C(Q) ={r(€);r() eC(Q), 1) >1 for all £ eQ}
and

“=infr§)<r(€)<r* =supr(§)<2.

Forany m e C (Q ), we introduce the Lebesgue space with variable exponent

L'O(Q) ={u;u is a real measurable function such that .[Au(i )16 dE < oo}

endowed with the so-called Luxembourg standard

ml
Pl =, =13

L

which is a separable Banach space and reflexive.

Proposition 2.2. [1,32] The space (L"9(), |-|, ) is separable, uniformly convex, reflexive
and its conjugate space is (L"9(Q), |-|, ) where SEE) is the conjugate function of r(g), i.e.

L+ L =1, forall £ eQ.
rg) si)
Forallu e L'"9(Q), v e L°O(QY), the Hol?elitype |r\equallty
I uvdg < 5| ||U|r(<:)|V|s<a)
S

is valid.
An important role in work with generalized Lebesgue-Sobolev spaces is played by the

r(-)- modular of the space L"(Q2) which is the modular o, (-) of space L'0(Q)
or(y(u) = [ul'e) de.

Lemma 2.3. [20-22] Suppose u,, u € L' and p- < +. So, the following properties apply:

=

Foru#0, |ul :ch(g\:l;
© L)

2. |ulp<l(=1;>1)=o(u)<1l(=1;>1);
3. Ju] >1=ul" <o (W<ul|™;
r) r() () r©)

4. |u|l <1=ul" <o (U<l
rQ) () e )

5. |un|re)— 0 (respectively — +o0) < or(y(un) — 0; (respectively — +o);
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6. limlun —ulr(y=0 < limory(un —u) =0 ;

N—0 N—0
7. lim |uk |re)=+0 < lim o (Uk ) = +o.
K—>+o0 K—>-+o0

Corollary 2.4. [23] Let E be a Banach space and let | : E— R be a functional of class C*that
is lower bound. If I satisfies condition (PS), with ¢ = inf,__ I(u), then c is reached at a point
u, € E and u, is the critical point of I.

ueE

Theorem 2.5. [23](Vainberg) Let (f ) be a sequence of functions in L"(€2) such that f — fin
L"(Q). Then there exists a subsequence (}‘n) < (f.) such that:

(A) £ (&) —>Tf(E) aeinQ.
(B) There exists h L"(€2) such that |fr] (&) <h(&) forj e N.

The y-fractional space with variable exponent Nﬁgg;w (€2) is defined by [44]
N v (Q) ={ ueL'0(Q), D* v e L'O(Q) }
reg) ‘ 0+ ‘

and is equipped with norm

u D3/ u

N =||u||r(§) +‘

(&)

r(€)

Then N;‘Zf)jg’(Q) is defined as the closure of N;/}" () in C7(€) with respect to the

ov - Inthis sense, L'O(Q), N2y (Q) and N%Fv () become separable and
r(¢) '

norm |u “p

reflexive Banach spaces.

1 g 1) )

Uz rEg) >

a% P v (u) = -+

: 1.
Proposition 2.6. The functional is of class C in

o,B;
Nr(i)“’(Q).

Proof. The proof of this result will be discussed in two steps.

Step 1: a%{™ is differqgtiadle, R given by G(s) = “Pwy ) where uyv
Consider the function o ‘

e N&Pv (Q). Given & € Qand 0 < [t| < 1, there exists y(g, t) =y € (0, 1) such that

o,B;
‘D0+ Yu+st D

G(1)-G(0)
=G'(y).
1
In this sense, yields that
By By |"(8) By (&) . . g
ID%* y+t DY VI —ID%* ul =r(£)D*F ¥ u+yt D* Py e
0+ 0+

B
tDg Vv

What does it imply

(x,ﬁ;\v (x,ﬁ;\l} reg) a]ﬁ;\u re)
’Dm u+t D%Pvy _‘Dm u

r(&)t

. . r(¢)-2 . . .
:‘ Dg.PYu+yt DyP ""v‘ (DgS Y u+yt D3PV )Dg vy,
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Note that

o= D“’ﬁ;WU-FYt Da,ﬁ:wv[(g)_z(D%;ﬁ:wu +yt D%T;WV)DZ;B;WV
a By, (62 aﬁ:w o By )
—|D° Wu‘ D,, uD,, Vv aein Q (2.2)
when t — 0. In addition to the above, ge have
0+ 0+ ) DOJr
be D‘?‘Tﬁ;“’u+yt Dgfﬁ:wv‘r(g)fl a,B;wV‘S Da,B;\vu‘_i_ Do Bivy r(i)—l‘ a.ﬁ;wv‘_ (2.3)

Using the fact that
| D5." vyl [ D5 P v| e LCX(€)
we have
- rE)
( DS 4] D%B“"v‘) e L"©-1(Q).
Finally, using Holder’s inequality, it’s follows that
(Dered+psrrv]) ™ Dgpvy L) (2.4)

Using Eq.(2.2)-Eq.(2.4) and applying Lebesgue’s Dominated Convergence Theorem, we
obtain

r(&)

o wpoy )
I|mJ-|D SRV (u+tv)| !D B‘“u! dé = Dot Biv (62 Da,B:\qua,B:\deg.
9 (e )t JI 1 De
Q
Using the Chain rtﬁle we have
a“B‘V (u)v_D Depivy re) \’Ilm D&PY (u+tv e Py ©
( ) | |I (z;)‘ ‘ HOLJ A Z'(g)t P '[ dg.

In this sense, it follows that \
af; N r(é) aB: r)-2 w B ap:
(a W)(U)V D \j“r(&_.)\D‘” % IIQ\D(»BWU\@ D vubs hrvde,

and hence a%'¥ is Gateaux-differentiable.

Ste ' is continuous |n N
Corrl)5|de(ath «)q&%?me (u) < Neb ()%)such that u — uin N*Pv(Q) and v

- Ir(2)0 j r(&)o0
NS (€Q) with[v) < 1. Thus,

D; " u; - D3P u in (LE(Q))"

Using Vainberg Theorem, it’s follows that
DeBwy () — D*Pvy(g) ae. in Q (2.5)
0+ j 0+
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and
‘DZ*B;‘VU_ (EJ)‘ <g(§) ae.in Q, (2.6)
where g(§)eL"E)(Q). Using Eq.(2.5), yields
D“'B;"’u(é)‘ a.e. in Q. (2.7)

D u (5]

I@aog(ae to fébl“B&GBtL)e ggygéopgmnt culatlons consider the following notation

S R

ey

. r)-2 ) T2 . i
(o 05 -fos 0 P

<o DUy O ebvy ey (O wbvy Dby dE (2.8)
Lz O+ J" Do, j O+ ‘ D, o+ ‘
On the other hand, choosing
— Dby (S abwy _Debvy 7 Byl e
fj ‘D u_‘ D, uj D0+ u D, ulier
we obtain
r(&) r(g)-1 re)
o T S 0 T S RN (0] (2.9)
r(g)
Thus, we have that f; e L"®*(Q). Using Hélder’s inequality in the inequality (2.8), we
obtain
K(@“ﬁ)(U) (®“ﬁ)(u ><C‘ r(éL‘DaBWV‘<C‘ e VI
r@g)y1 : r(g)-1
Therefore, we get
@ 8) u)-(e*F) ) <C|f|
H( v ) i (\v ) j_rE©)
r(e)-1
Using (2.5) and (2.7)
fj >0 ae.in Q. (2.10)
From (2.6) and (2.9), yields that
f,<g() @1+ Dyfvue) e aein Q.
Thus, it’s follows that
F(Ey© <2¥ (g(g)r(é) Defivy (&)‘r(a)) ae.in Q (2.11)
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where s2)=—5)  Using Eq.2.10) and Eq.2.11) and Lebesgue’s Dominated
r¢)-1

Convergence Theorem, we obtain

[ f9(€)de -0 when j—oo.

Therefore, by Lemma 2.3 we have that [f|, ., — 0 when j — co. Therefore,

‘ (@W‘X*B) (" )—(Q‘*'B) (L“) — 0 when j— o.
Therefore, we conclude that the Gateaux derivative (@“ B ) is continuous, which implies

\%
that a*.’v () is of class C* (N‘&% (), R) .

o K 1 —|r+1
Proposition 2.7. The functional v (4 r+1|_f‘3€%)|u|5(é)dg| is of class
a*?v(u)y=—— ]
Ct(N&fs (), R) - Lo
Proof. Firstly, note that \,
1
(aaB\v) (U= Kr+1|'J‘ —|u|S(§)d§ r” —|u|5(<';)d(t_', .
K2 r+1L Qs(§) Qs(€) J
1N
Analogously to the idea a?;*ﬁ ¥ (), we have that
|J- 1 lu |s(&)d§| =J' |u 562 uvdg.
2s(&) @

Like this,
() @y=xq j |u|s<é>da [ lupe e,

Let’s show that (a‘* Py ) is continuous.
Letu —uin NO‘B‘V(Q) ie., (u —u)—0in N*Bv (Q). Forallv e N*B:v(Q) with

r(¢)o r(&)0 r(¢)0
IIvl| <1, We get

(aoc,B;\U )' (U — U)V
K,2 n

|_ L r s(g)-2
K| J-Qs(g) |(Un —U) |S(E-‘),d& "| J-Q|un_u | €) (un —U)Vdﬁ-,

s()-1

AL @ Eds | oo vee,

. -1 , ) _
Like (u, — u) e L%, we have that |un —uf¥ = eL . Now using Holder’s inequality,

we q@ta}n
— ' |(u

~uP@de T ju—uP©tvde <= —[o(u ~wI'lu ~u| |v| |

(syla o Jda (s) n nooorE) (@)
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s . . .
where r(g):—@—. In this sense, through continuous Sobolev embeddings, there
s(€)-1
exists C > 0 such that
[o(u —u) U <7 [o(u —u)'Cu —uiv)
(S, )f n r(g)! Is(¢) (S )r n n S(i)
Using the fact that (u —u) — 0in N*#:v(Q), we have that ||u —u||—>0 which is equiv-
n r(¢)0
alentto |papw, _popw,| —0.UsingPoincare’ slnequallty, there exists C' > 0 such
0+ n 0+ r
that ©
|U —U| a B oB; — 0.
) r@;C Dy Yu —Dg! ‘"ur@)

Therefore, Ju, —ul ., — 0and then oju, —u| — 0. Therefore, we conclude that

‘ ()

(a‘;‘;giw )’ (LL)—(a?j;ZB“V )’ (u*{ — 0 when n— oo.
Next, we have the definition of a weak solution to the problem (1.1).

Definition 2.8. A functionu e N“r&)‘%(Q) is a weak solution of problem (1.1) if

0 L‘Da,ﬁ vy r(é)dg\u. ‘D“ By r(g)-z D Bvy DBV yds
E[r(&) 0+ 0+
=k (—L (u)y®de | (Ut )se -t
u) vdg
L[ s(§) i
forallu e N¢£¥ (Q).

Theorem29 38] Let Y, — ( N¢ Q the application given b
[ 3 Bis g)& Sl O ég )g Vo R ?Q) d

r(e) ‘ 0+ ‘ D0+ r(e)0
Q

So, we assert that

LY, NeBw(Q)—(Nepiv(Q)) isa continuous, bounded and strictly monoto-
nous operator; _ _ _ _ »
2. Y is an application of type S ie., if u = uin N*Pv(Q) and in addition
r) r(&).0

lim sup <Yp(x)(un)—Yp(x)(u) Un — ><0 then u,—uin Nr(;)ow(Q)

3. Yy Nr(f)g"(Q)—>(N g)g’(Q)) is @ homomorphism.

3. Main Results

Theorem 3.1. Suppose that 1 < ar(&) <N (0 < a. < 1) with 1<s(§)<r” (&):M)—
* N-ar(§)
for all €e€. Furthermore, assume that there exist positive p, and v, such that
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0 <M(t) <V, with VaF " . (s)" (T +1) ang (s )(t +1)>r*. Then the problem (1.1)

’ ' Po (s)
has a weak solution for all « > 0.
Proof. First, consider the following functional )
a® P (u)= [y LDouﬁ;\mf(é)okq —L” L (u+)5<&>dg1|”lv]< r>0. (3.1)
2r(8)| o | ) LQS(&)

Let us now verify that Eq.(3.1) satisfies the first and second geometry of the Mountain
Pass Theorem. Note that, fort >0
p <U(s)= pdss L(s)ds=Lr)=pt< ).

0 1 0 0 (e 0 0
Therefore, writing t :J DB d& , we get
al i)‘ ‘
[:,(| i Dqﬁwur(é)da?zpo LDQ,B;\Vur(“;)dg. (32)
“rE)| | ore)) > |
\
Since r*=maxr(§ ), we obtain
£eQ
P —Dqu dc’;>p0 D“'B;"’ur(é)d&. (3.3)
S B A
Furthermore, since s~ = mips(&,) , yields
£eQ
K u+)sed ”1<— sE) el
il 0 T s o d | . (3.
L ]
Using the inequalities (3.2)—(3.4), we have -
a* v (u) > Po Da,B:wur(é)da_#r |I.J|S(‘i)d§—| . (3.5)
K A (t+1)(s )+t ]

Taking ||u| <1 in Lemma 2.3 item 4, we obtain
‘Dmﬁ wU  <l=o (Do+13 w u) Z‘Dmﬁ Wl

:>J' ‘Dmﬁ wu
r(g) Q

r)’

r(e)
that is,

dg > [ulr . (3.6)

a By )
D5 ul

Ja

Therefore, from the inequalities (3.5) and (3.6), it follows that

o By poyFr € (&) g
aK (u)2r+ ”U" ( +1)(S )‘r+1 ,:J. | | a] ' (37)

¥ (Q) © LE(Q), there exists C > 0 such that
|ulyey <Clul, (3.8)

By embedding Nr(é)
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and adopting o = ||u|| sufficiently small, we have

lul,.,, <Clul<Cs <1,
which implies

Julse, <(clul)” (3.9)
From Lemma 2.3 (4), it follows that

[ Jurde <uf;..,- (3.10)

Using the inequality and raising (t + 1) on both sides of inequalities (3.9)—(3.10), we
obtain

(J,Jur®de )< (dul)"". (3.10)

Replacing ||u|| with ain (3.7) and considering (3.11), we obtain

K

a* v (u)> P (Co )es .
) r+ (t +1)(s)
In this sense, it follows that T
PR W(u)>c Po KCl G(Hl)si_ﬁ—',
K |Lr+ (’C-i—l)(S*)H'l |J

T+1)s—

where C1 = C!
nce s >1and have r' <s (r.+ 1) < (s)"*(r +1). Theefore we can fi
a, o 8constg%ts) such tﬁat ahvge‘lf (u\s >a> O( if Hu?\ ( P gi" K Ir1erefore a“qg F)
satisfies the first geometry of the Mountain Pass Theorem.
Now, take 0 < eN% £V (Q), so we have

),
aa,s,mm):gq —— Do Bvig ““dgp_%g —|to)|5<€s>o|g|1 (3.12)
“ awE) | r+10es(g)
L |
Fort> 1, we have t'©@ <t™ and t= < . Furthermopre, it follows that
H(s)sv =  [(s)ds< vds=[Hg)<vt
1 0 0 1 1
Consequently,
d J‘ —— D B Yim r(‘t’) J‘ — D% B Yim r(&)d&. (313)
r(&)\ > r(&)\ >
In addition to the above, note that
1 r) v 1)
a.Biy af iy
P, ) D% ¥ tay [Dg el e (3.14)
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and

P jepeae s k€0 T gpege T (3.15)
r1l 2s(e) | orea(s) L ]
From the inequalities (3. 12) (3.15), we obtain the following inequality
ocﬁ‘V(t(D)SUt Do(,fs;wmr(g)dEJ t(Hl)s [ |O)|S(i)dé—|
K 17 IQ 0+ ‘ r+1(st)*t Lo ]

r

Considering that (t + 1)s” > r* and doing t — <, we have a‘f('B?"’ (tw) — —oo. With this,
we guarantee that a* B (1) fulfills the second geometry of the Mountain Pass Theorem.
Now, let’s discuss a**®V () satisfies the Palais-Smale condition, i.e., that every

sequence (un) < N%Lw () such that

ashv(u)>C, and (a2Pv) ()0 (3.16)
contains a convergent subsequence under the norm of N%B:v (Q). Then, consider the
sequence (U) © Nebv (0 r(€)0 u') is bounded.

n reyo . that satlsfles Eq)(3 .16). We will show that (
Choosing @ such that Lif <0< , We have
po (s")
(&) \ (&) —|H1
C+un |2 @Urc%) DES ™, \ dé) i1 jsénu F©) de |
1 [ 21 r(e) r( :
=0 ? Bivy dE', U.?aﬁw
6 U r&)
kl 1

s() s
U ({;)l Uy | d&jJ] n|(é)d§

Note, sin(f DQ> po(t) and r* >\1 we obtalnthat
. —=—Dubwy "E)dE >pJ. —— Debivy "E)dE > Po  pusiy re)de. (3.17)

I’((tv)| 0+ " Qr(§)| 0+ n T_i; Q| 0+ n
As v1 > M(t), we have o )
D(| 1 gy | dE |Sl)1. (3.18)
ar)] o

Furthermore, we can state that

|_ s T +1 S T +1
ﬁl”@%)lu |(a)d§} SWU{JU“ md%] (.19)

and
|_ i s(&) r S(&) -|r+l

—| K
r (&)
KILIQS(&)lunl d&J|(IQ|un| d‘i)z(g)rLLz'““' dg | (3.20)
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Using the inequalities (3.17)—(3.20), we have

¢ +||U|n|| Z(ff‘lg}f‘D:;B;Wun‘r(é)dg+K[e(sl+)r e +1)1(s)Hlﬂrﬁu“f“’)d&]m
Q

Na |

Note that

LA <9:>or+<p9:> <Po

Po ' ’ 9 re
and
0(s") <(t +1)(s7)*
are positive values.
Therefore, from the inequality (3.21), we have
CK +” u > Po _ .[ ‘ Dedvy r(a) (3.22)

For |jul| > 1 and using Lemma 2.3 (3), it foIIows that

‘DwﬁN’Un
r(g)

r() Q

r(€)

i.e., less than a constant
'[ ‘D“ By ‘r(ﬁ) Exu T (3.23)
If (u ) is an unbounded sequence in NO“B "V (Q) and without loss of generality passing

toa subsequence if necessary, that |u || > l and using (3.22) and (3.23), we have

C +u >| Po Ul| r
T e
Thus, we obtain an absurd, since r~ > 1. Therefore, (u,) is bounded. Since N;“(&B)QV(Q) [
a reflexive Banach space, there exist a subsequence (u ) such that u — uin N*B:v (Q).
n n r(€)0
Thus, from

(22Pv) () -0,
it’s follows that
(@) e, ™
e
\

r a,pB; r)- . o,B; - d
N T

K I 1y |3@)d§} | U FOZu (u ~u)dg 0. (3.24)
os(g) "
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Therefore, we have that s(§)<r, (), for all &e(Q). Thus, N%A¥ (Q) is compactly

immersed in LS@ Q) Using this fact and Holder s inequality, we have
=2y (U —u)dg < @1y —udé <CuU sy U —U

Ug|n noon ‘ Q| ”| |” | | |S(§H| n |s(&)

As a consequence of the embedding of N#B:v (Q) in L*®(Q), (u ) — u strongly in LSO(Q).
Therefore _u -2y (u —u)dé 0. Gi'the other hand, thete are ¢ and ¢ (positive

n| n n 1 2

Q
constants) such that 1
c< ——u ®dg<c .
' IQs(&)' d ’
This implies that
[ “(c y2
[ (£)|Un d&,] j |Un Un(un —u)d§ — 0. (3.25)

Using Eq.(3.24), we obtain
Y (U)(u —U): Du,B;\yu r(¢)-2 a,B;\yu Da,ﬁ;\y(u —U)d(i—)o, (326)

r(¢) n ol 0+ n 0+ n 0+ n

since there are positive constant(s b1, b such that
b <O |J—D°°B‘Vu "Cdg <

: ﬂr@)\ ”

\__ v
()

Consequently,
<Yr(a)(un )— Yr(g)(u)aun -u >—> 0.

. . a,B; . a.B;
Using Theorem 2.9, we have thatu_— uin N r(;’(}"(Q). Thus, the functional a_ "

satisfies the Mountain Pass geometries and satisfies the condition (PS). Therefore, the
problem (1.1) has a weak solution.

Theorem 3.2. Suppose that 1 < ar(§) < N with 1< s(é’;)<r*(2;):ﬂ(§)— for all
©  N-ar(8)

€ e(Q) and 0 < a < 1. Furthermore, assume that there exists 0 < po such that po < M(t)

<o If (t + 1)s” <r, then there exists k* > 0 such that the problem (1.1) has a positive

solution u_ for each k € (0, k*).

)

Proof. To prove this result, we will use Ekeland’s Variational Principle. Using the inequal-
ity (3.7), we have

o.Biy ﬂ o S(é)
aK (U)ZI’Jr ”U" ( +1)(S )r+1|:.|. | | a]
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Taking ||u|| = o, sufficiently small and considering (3.11), it follows that

. + K T =
a‘)“ﬁ""(u)zpocr —~ (CG)( e
) re (t+1)(s )+
Choosing ¢, =Ct+s we hayve
rt—(t+1)s —|
aﬁw(u)>6(r+l)s | PO kC1 |>a>0,if 0<k <x”

L D(s ) ]
for some k* > 0. In this sense, for all k € (0, k*)

inf a>fv >0. (3.27)
0Bs (0)
Here the k parameter plays a crucial role. Using hypothesis, (t + 1)s” <r. Therefore, there

exists eo>0suchthat (t+1)s +¢g(t+1)<r.Sinceq e C(ﬁ), there exists an open set Q |
c Qsuch that [s(€) —s7| <g, forall £ € ©Q, which implies that (S(§) —s7)(t + 1) <g,(t + 1).
In this sense, yields that

SE)t+1)<(t+1)s +y(t+1)<r V& eQ. (3.28)
Consider ¢ eC>(€2) such that suppp > €0, ¢(E) =1 forall§ € Q and0<¢p <1in Q.
Taking a sufficiently small t, in particular t € (0,1), we have t$ € B_(0). Additionally, note

that
"®y [
a% By (td) = l]( —— D**¥t¢ —— |t [{6) dE 4e+1.  (3.29)
r(z;)\ - ) ey 1
|
Analogously to ineguality (3.2), |tfoIIows that
I:IFJ- iDaBWt aSUJ' _Daﬁ\vt r(g)da_ (330)
“rE)| > \ ) > |
Sincet e (0, 1), it follows that t"®) <t" .Furthermore, since -1 si,we have
reg) r-
(—&) Dy 1] de <25 [rygpn[ " de. (3.31)

gi.Furthermore, ifs(E)(r+1)<s(r+1)+0,(r+1),
(s )™ s(€)

then ts*(r+1)+i0(r+1) Sts(é)(r+1) ) ThUS

Inthissense, wehavethat

S e TR T T
r+1 2s) | @+ns) L |
Therefore, using Eq.(3.29) and the inequalities (3. 30) 3. 32) we obtain
actv(g)<” ey g M e e jprodg T

K R PN ‘ (’E+1)(S+)T+1 Q J

r
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Since J;

Dy, ?wq)‘r“)dg >0 andt" <t@Ds (D for gl t € (0, 1), we obtain
a% v (1) <0.

In this sense, for all u € B_(0), we have

o By & M _L T+1)s
a, (U)Z e ”U" (‘E +1)(S_ )T+Hur )

Thus, it follows that
—o< ¢ = inf a%Pv <0. (3.33)
Bs (0)

Using (3.27) and (3.33), we know that inf a*®:v —inf a*#v >0. So we choose

. . I wo) B .
O<O<inf a*Bv —inf a*Bv  Using Ekeland’s Variational Principle for the functional

K
0Bs(0) Bs(0)

a%Pv:By(0)—R, wefind u- €Bs(0) such that
a*Pv(u)<infa*Pv +Canda*Pv(u)<a*Pv(u)+0 w—u 7”,u¢u .

Bs (0)

Thus, we obtain a sequence (w,) < B_(0) such that

a%Pv (w,) > c and (a‘*'ﬁ?"’ )’(W )—0.
Since s(&)<r*(¢) and a*#v () satisfies the condition (PS), we have a subsequence

(w), and an element WEN,";;)Q”(Q) such that w, — w and a (W) c<0. By the

Corollary 2.4, a*#¥(w) =0, and thus we conclude that w is a non-trivial weak solution
to the problem (1.1).

Theorem 3.3. Suppose that 1 < ar(§) < N with 1< s(§)<r*(§):ﬂ@‘)— for all
@ N-ar(§)

€ e(f_Z) and 0 < o < 1. Furthermore, assume that M(t) =a + bt, wherea>0,b>0and t>
2(r+)? (1: +1)(s7)
r- (sh)

solution for all « > 0.

0. If

and (t +1)s™ > 2r*, then the problem (1.1) has a weak positive

Proof. Since M(t) = a + bt, we obtain
= t bt?
O(t) =] O(s)ds=at + 'R

So, in this sense, we get
a“'ﬁ?“’(u):lfl; LDaﬁwur(é)dgp_ |J‘ S(é)dgﬂm
' wOp | s(&)|| |
a1 pesvy @ e 4 b|r LDa,ﬁ;wuL( )dil _L[‘.L s(g)da}ﬂ (3.34)
arE)| | °5(8)] |

ore)| | J'
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Note that as -+ < -1 , We have
re @)
aJ. _1 D #vy r(g)dﬁzi Da,B;wur(é)d& (3.35)
orey] o | e
and
2
by 1 e 1> b _[[ Despw rer T
2[ r(&)‘ u‘ d&J 2(r*)2L|IQ‘ b wu‘ d&L. (3.36)
Furthermore, since 1 < 1 , it follows that
S(E_,)H-l (S—)r+1
k[ 1w k[« T
u d < ul d : 3.37
r+1UQs<a>" ] (e syl ) 837
Using the inequalities (3a34) —(3. 37)band taking |Ju]| < 1 in the |Fequallty (3.6), we have
a* bv (u) >~ ulk + lubr —————1 useige [, (3.38)
. r 2(r+ Y2 (r+1)(S‘)T+lL-[Q|| |

Using the inequality (3.11) and subs%tutlng | and (388) |tfollows that
o,B; i r 2r
a*Pv(uy>—"u'" + u- - s(é)da—|
I

T+1 (3.39)

K rt ” 2(r+)2 ” ” W

Since (t +1)s™ > 2r*, we find , o such that
a®Pv (u)>8 >0if |u|=c, vk >0,

and thus a®#:v (.) satisfies the first geometry of the Mountain Pass Theorem.
Now take 0 < eN%Bv (Q) . Note that

r(€)0
a® b (t0) =a [ —— D*F¥ie r“”c|z;+b|r LDoc,ﬁ:wtmr“”dz;ll _%rfitm““dg}“.
Qr(&.)\ o \ 2 “r(é)\ o \ QS(&)\ |
| L
Fort>1,it foIIows that t"® < t™ and t* < t5©). Hence
B o r rt o r 2 T+l)s S| T+
" (o)< j D;." "o dg + bt 2[L2|Do;“"0> Dag [ -kt el [ @9 e T,

2(r ) L I @+ni) L | |
Sinces(r+ 1) >2r*, we have a"‘*B "V (te) — —oo when t — +oo. We are done that a* v (-)

K

satlsfles he seco eometr of e Mounta ss Theorem.
Finally, Wewtﬁjgrovethf% tp M sat"is econ {ﬁon (PS). Let (u )cNO‘B v(Q)

r(€)0
be a sequence such that

a% P (U )—>C and a*®Vv(u)—0.

K n
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Therefore, taking
[e2r ] @ D)(s)

maxy, <0< ____
B (s)

it follows that

Cy +u H>af*wu)— (am)(u u
DaBQv r(a)dg

=a ‘
Lol o
°r(g) )
+%[J‘Q%§)D%P§W Un r@) dﬁ—' r]il[_[g S(&)U”S(é)dﬁ—h
_Q.[ ‘Da,ﬁ:wu '@)da
% o 7 ] @) © 1
D“ By dée Dobv s(é)dg u ©de. 3.40
odorey > ILS@U IIQ\ ) 440

As l< 1 <= 1 , we have the following inequalities
o)
D* Py ") ge (3.41)

1 :
—— DBV r()
aIQr(g)‘ 0+ un‘ dEJ> + Q‘ 0+ n
r

b 1 wU T b Pyl T 2
Euﬂr(g)‘DM u, (a)d&} W'UQ‘DM u, (é)dg 6

|
and D L a By r(g) apy,, ") Lr a,Biv r(¢) —|2
D u d¢ D“"“u dg < [D**FYu |"*'dg | . (3.43)
J.Qr(a)‘ n Q‘ 0+ n er—LQ 0+ n J
On the other hand, as L le,therefore
st s(§) s
1 T+l T+l
rLHHQQM e e )T+IU e ] (3.44)
and
E[ o=y Un 5(€)d§—’ 5(8) K| s&) T
GLI s(§)| | JIQ|un| d&ZG(SJr)r LJQ|Un| d@] : (3.45)
Using (3.40)—(3.45), we have
C+ u z/sd af S f(é>da+|( by P ora
| G If‘ n K2(r+)2 ULI‘ o o I
+K(e(s+)r (T+1)(S_)T+l [JQ|UH a)dg] (346)

\
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Note that r* < 0,

+32
200) o= o(r+)2 <0

r

and

0(s*) <(t +1)(s) L

Therefore, from the mengaIlty (3.46), one has (
C+u 2 “ﬁ“’u ME)de +
r+ |J- ‘ n

| by aﬁwu r(a)dﬁ (3.47)
k2(r+)2 or- ||L ‘ 0r I

K n

Suppose that the sequence (u,) is unbounded in N )0 (Q) Taking to a subsequence, if
necessary, we have |ju || > 1 and con3|der|ng (3 23) and (3 47), we obtain

a
C +u - 2r
x it Ty e e
| || 0 || \ 0(r") )II ||

VNP SE Trer sl o subseqtbnee. sl aenoied By 105, dieh tRal QT %% 1
N8 (Q). From (a‘“3 ‘V) (u ) — 0, we have

r(e)o
o piv U)— a+br 1 papwy o ) (U)U —u)
(aK ) (un)(un | Q 0+ un dEJ |Y‘r(&_,) n n
L r(€)
|' r
ﬂqj lu POde INF@Zuw—m%—w
L osE) °
Using Theorem 3.1, we have
[ 2 T s(8)-2

LI (§)| nP@>da| [ Jun|]  un(un —u)dg >0

1 @)
Furthermore, there are positive constants c andc sothatc < —— DeBvy '

dé <c

2

P 1 il’(i)‘ o
Y (u)(u —uy=_ D*Pwy €2 «bvy Debv(u —u)dg —0.
DO

and

r(¢) n n ol 0+ n + n 0+ n

In addition to the above, yields that
Y (u(u —u)y= Debvyrerz abivypebv(u —u)dg —0.
DO

r(¢) n ol 0+ ‘ + 0+ n

Consequently,

<Yr(§)(u” )= Y(e)(U),Un —u > — 0.
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Therefore, by Theorem 2.9, thatu — uin N*#v (Q). Thus, a°° B () satisfies the condi-
n r(£)0

tion (PS) and, thus, by the Mountain Pass Theorem, the problem (1.1) has a weak positive
solution for all « > 0.

Theorem 3.4. Suppose that 1 < ar(§) <N, 0 <o <1 with 1<s(§) < r*(&,):ﬂ@)—
o N-ar(§)

forall £ €(Q) and M(t) =a + bt,wherea>0,b>0and t>0. If (t + 1)s <r-, then there

exists k* > 0 such that the problem (1.1) has a positive solution u_for each k € (0, x*).

Proof. Using the inequality (3.39), when |ju|| < 1, it follows that

) a + +
a® v (u)2~ulr + Juler — «C s
. re 2(r+)? (t+1)(s )+

We will show that, for sufficiently small ||u|| = o

a% PV (u)>8>0,if 0<x <x”,

where

l ( | (T + 1)(3_ )”1a(c5 )I'+_(T +)s” (f[ + l)(s— )r+1b(6 )2r+—(r+1)s’ ”

k' = min
3

L Cur+ ’ 2C1(r+ ) E

Infact, if k* = L (t +1)(5)"™a(6)” “™°  and assuming that « = ", then

3 Cur
- 1+l rt—(t+1)s (t+1)s
aa,ﬁ;\u(u)zicr + GZr*_é(T—l'l)(s ) a(G) Cl(G)
) * 2(r+)> 3 (t+1)(s7)HCar*
7b 2rt 2a rt
= c c" >0. (3.48)

2(r+)? 3rt

—\t+1 2p —(t+1)s
On the other hand, if k” _1(x+1)(s)"b(o)

, and suppose that k = k*, we

have 3 2Ca(r*)>?
a1 (>l + 2~ (cue
) re 2(r*)? (t+1)(s7)
a ¢ 1 b 2rt
=— 0 + o >0. (3.49)
r+ 3(r+)?

Furthermore, returning to (3.39), note that (t +1)s” <r~<2r* and ||u|| < 1. Therefore,
from the inequalities (3.48) and (3.49), it follows that

a% PV (u)>8 >0,if 0 <k <x”.

In this sense, we obtain that

inf a%#:v (u) > 0.
B, (0)
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Let ¢ eC*(Q) besuchthat suppd o2 ,¢p(g)=1forall £eQ and0<¢ <1 inQ. Note
0 0 0

that for t € (0,1), sufficiently small, we have t¢ € B_(0) and af'B ;W(t<|>)<0. In fact, it is
immediate that

ar v () =a] — =D md“jfﬁré)‘ %f*”%"(“dawf

@) | :
1 s .
_L"J‘ T Da,B,‘l’t(I) (g)d§—||r 1. (350)
r+1 Qs(g)‘ 0+ ‘
L L1 |
Sincet € (0, 1), we have t™ >t"®and —>—"—. Hence, it follows that
r— rE)
L o gy |18 at” ()
a QE) DO—;—B 'Wtd) d&_) < r—_ 0 ngiﬁ W d& (351)
and
2 -
b 1 Das: td r(g) —| < bt' r Dg v r) ‘|2
geP v = gbv
2[ °T(E)| CE J zu_)2_|LIQ‘ I (3.52)
Using the inequality (3.28) (see Theorem 3.21, theri exists go > 0 such that s(§)(t + 1) <s~
(t+D+e(t+1)<r,VEeQ cQ.Since —<——,yields that
’ ’ st s(8)
K r 1 —|r+l (t+1)s™ +0g (1 +1) T+l
o el > By . 3.53
r+1UQs(§)| d aj' r+1 (s*)" UQ|¢| ﬁ] (3:59)
Using (3.50)—(3.53), it follows that

at’ o apy r@ T

Biw By r(@) bt" T
ac (@) =] Po. 0] derjop [ Po ¢ )

_x t(r +1)s +0o (1 +1) |(I)|S(E")dé—| .
I

r+1 (s*)+
re)

a,

Therefore, since  D*Pivg  dg >0, we obtain that a*PV (t¢p) <0.

0+ K
Q
Asforall u € B_(0), we have
acbv (u) > ulr + lufer = G |
K r+ 2(r+)2 (’E +1)(S—)r+1

|u|\(r+l)5’ ,

thus, it follows that

—w<c:=inf a%?¥ <0.
Bs(0)

Applying Ekeland’s Variational Principle to the functional ge#wv - g, (0)— R, we have
(Wn) € Bs(0) such that
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a®Pv (wn)— ¢ and (610‘,(’B ¥ ) (w,)—>0.

Therefore, by the same idea as the Theorem 3.2, we conclude thatw =lim_, w,_ isanon-
trivial weak solution to the problem (1.1).

Theorem 3.5. Supposethat 1 <ar(&) <N,0<a<1with1<s(E)<r (&):MQ— forall
« N —ar

Wy (5D Ner®)

(YT ()

Then the problem (1.1) has a weak positive solution for all ¥ > 0.
Proof. Firstly, note that

€ e(Q). Let M(t) = t+* such that and (t +1)s >pr >ur >1.

~ top tu
D(t):js ds=" .
Thus, taking t = L pa By @) dg , we obtain that
-
aaﬁ\v (u) |'[ DGBWur(é)dE}P_%r Lus(i)d{;—l‘“
r(i)‘ HlL 2s8)] |
=lﬁLD§*BYWur(§)d§ﬁ}“— K|rj —Lusedg . (3s4)
m Qr(a)‘ + ‘ r+1 QS(§)||
L L ]
forall « > 0.
Notethatls L and L 1 . S0, we have
r* r@g) S(i) s’
1F r(e) —|> pyw re P
LJ )y o | ™y el
and
k[ 1w Mk w T
sl %] Syl %) (3:56)
Using (3.54)(3.56), it fqllows that )
smg(aa,g;w((u))zl 1o a“'ﬁ?wu“i)dﬂp—#r us@)dﬂH. (3.57)
. M(r+)HL|IxJD°+ ‘ j| (T+1)(s—)r+1LIQ|| ]
Since ||ul| < 1 by (3.57) and the inequalities (3.6) and (3.11), we obtain
@ piv e — K 405 (3.58)
O ey ()
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Taking ||u|| = o in (3.58), yields that

a%’ﬁ:W(U)ZG“r+ [M(r]-i-)p. (I ])(s—)'r+ G(T+l)s e —l
L |

Since s (r+1) > ur*, we find positive numbers a, o such that

a% PV (u)>a>0if u|=c,vk >0.

Let 0 < eN% BV (Q). Note that

Nr(©)0
(\ Qr(i)‘ 0 r+ LQS(§)| |
0 Qr(g)‘ 0+ ‘ r+1 QS(E_,)| |
| |
Assuming t > 1, note that t"¢) <t" and S , We have
rg) r
[ 1 O R T r)
u'L'[Q reE) D%LB;‘“I(D‘ dé} yf_r_)L H '[Q DS;B;WO)‘ dg. (3.60)
In addition to the above, for t° <t5¢) and isL . one has
st s€)
K 1 T+1)S T+
_“ - |S(‘t’)d§1| « &[J o] 3 (3.61)
r+1 2s) | r+i(s) |
Using the inequalities (3.59)—(3.61), and since (t + 1)s > ur*, yields
B (tw) < thr Dayﬁ;wo)f(i)da t(17+l)S s(&)dﬁ—rﬂ NS
" Wy el rrasyldl T

when t — +oo from which we conclude that  a%*:¥ () satisfies the geometries of the
Mountain Pass Theorem.

We assert that a%#v (-) satisfies the condition (PS). Indeed, let (un) < N r(i)o v (Q),
a sequence such that

achv (u) > C, and (a9 ) (u,) 0.

B g (s e+
( )ul (s+)r

Taking , and note that
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C, +u |z apv ()L (@ s ) W)

re) |“

:lngflg)‘D%f““un‘
s(@) T @ |

r+1“93(§) j U (§)| | dg | I|U e dg

a By, T n-l aByy, T 3.62
—§|Lfer(a)\D g | P “nf)da (362)
Since lgisi , One has
r~ r@E) r-
il 4 Wil © . 1 Pyl T p
T I r(éi)\DBL+B ’ (é)da] >WTUQ‘DW ey ]| (3.63)
and
el apw v Py apy @ L [ apw T
ok Y d&} e Ao il e | . (364)
On the other hand, 1 < -1 < i, it,s follows that
st s(€) s
r S v +1 T+l
ﬁltfgs(g)( AT S )T+1(r+1)['[| | da] (3.65)
and
K [JQ s(&) K |' s(&) T+l
eL s(a)| | daJ“un dé’;ze(s+)r|_'[g|un| de | (3.66)
Using the inequalities (3.62)—(3.66), we obtain .
C+u 2| || D‘)‘B“’n é)dé |p
| R o(r ) |
(1 1)L \“ Ju g (3.67)
O (s )+
\ JLo ]
Note that

(“( )3“1<e:>,u(r+)u<e(r -t
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and
O(s*) <(s)*(t +1),

are positive terms.
Therefore, from (3.67), we have

) ll{w F o 1“\% Wunr@)d&] |

Now, suppose that the sequence (u,) is unbound. Moving on to a subsequence, if neces-
sary, we take [lu || > 1 and considering (3.23) and (3.68), we obtain

1 1 -
C+||“”||Z(p(r-)“ “o(r ) }Il“"ll !

(3.68)

which is absurd, since ur- > 1. Consequently, (u,) is bounded in N 0(Q) which is
a reflexive Banach pace. Tus, there exists a subsequence (u,), such tEhat (u) —uin
NeBv (Q) . Using (a (S B ‘V (u )—>0 we have

r()o
(@) |, |u-t u)(u —u

dg |“ Yrm( n)( n )

(@) (u )(u -u —|j (g)‘D%vf:\"un

[ 1 s T )2
_KUQ S(§)|un dg | j |un Un(un —u)dg — 0.

Using the idea of Eq.(3.25) (see Theorem 3.1), yields

|jQ S(§§|u S(é)dZBJ '[ |Un Un(Un —u)d& — 0.

Furthermore, there are positive constzints b1 and b (s that
b < ——D**vy dg <h

1 g'[l’(&)‘ 0+ n 2

and
Yo(u)(u —W)= pesvy @2 wsvy pesw(y —U)AE 0.
rE) n n ol 0+ n 0+ n 0+ n
Also note . . '
Y (u)(u —u)= DeBwy -2 abivyDebiv(y —u)dé —0.
r(¢) n ol 0+ ‘ DO+ 0+ n
Consequently,

(Yr(e)(Un) = Yyey(u),un —u) — 0.
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We conclude by Theorem 2.9, that (u,) — u in N’ r(g)o (Q) Therefore a (-) satisfies
the condition (PS) and, by the Mountain Pass Theorem, the problem 1.1 has a weak posi-
tive solution for k > 0.

Theorem 3.6. Suppose that 1 < ar(€) <N, 0<a < 1with 1<s(E)<r ()= —Nr(e) for
* N-ar(g)

all £ e(Q). Let M(t) =t If (t + 1)s” < ur-, then there exists «* > 0 such that the problem

(1.1) has a positive solution u_for each x € (0, k*).

Proof. Note that if ||u || < 1, then we have through the inequalities (3.6) and (3.11), we have
that

o,Biy r(é) T ur [ s(&) -|r+1 (x+D)s
|Luom o e zh and)f ] dz ) <clu
Furthermore, since —<L and L<i , We obtain
r r@E) s(§) s
1f Dg.f (@) ol 1 ure (3.69)
ooy 25y MR
and
K ust) T+l T+1)s”
H{L’S@H dé} K *’ES_’M(C ) | (3.70)
By (3.69) and (3.70), it follows that
a°‘w"3;“’(u)—1rI r(é)‘ aﬁ;wu\r(é) Tr+l qns(i)I |S(&)°|<i]r
] i

(t+1)s”

u(r s _W”

Replacing ||u|| with o and highlighting c®*95 ", we obtain

: . 1 R . kC . .
a® PV (u) 2o s [ o s = J)(Sl_)r+1—'28 >0,if 0<x <x’,
[Hr) J

for some k* > 0. Thus, for x € (0, «*), we have

inf a%# >0,
8Bs(0)

Given g, > 0, there exists (0, — Q such that [s(¢) —s7| <, for all § € QO (see Theorem 3.2).

Analoousl 10 (3.28),s(E)(t+1) < (t+1)s +¢g,(t+1 ors(&) <s +eg, V& € Q
Le%q)e)(/:w(gz) b()eséga(thatgupéq):))g ¢(&S %orallé;eg)and0<¢<lmsnz

For sufficiently small t, tf (0, 1) we have t¢( S B (f) Note t[hat 1
BV (td) = DeBivtp thp & dg (. (3871
= e ¢‘ T QS@” | &) @

L J L |
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- 1 1
Since t € (0,1), we have t") <t". Furthermore <= . In this sense, from the first
part of Eq.(3.71), we have rg) r
lr 1 Da Bwt r(g)d H r- D r(g) m
- geP v d) E_> t” §.P \Ild) —|

i
- - (r+1)+o(r+1 i —1
Since ts (M) < 5(6)+1) gng
st s(€)

K r 1 -|r+l K t(r+1)5’+Do(r+l)

(&) o2) T+l
QHQ@M)I d§J| > 7 UQ|¢|"=da] . (3.73)

, it follows that

Using Eq.(3.71) and the inequalities (3.72)—(3.73), we have

BW('[(1))< - ur.[ ‘Daﬁwd)‘r(é)da} - Hls: 0+T1+1 |_J' |¢|5(§)d§}r+1

o R(r ) L r+1 (s)
Like DO‘B“’(I) d§>0 and s(€)(t+1)<(t+1)s +C (t +1)<ur‘ follows that

0+ 0

Q
a® P (thp) — —oo when t — +oo. Therefore, a>" ™ (t¢) <0
Since forall u € B_(0) we have
a® PV (u) > KCy Jul€De
) p(re ) (t+1)(s )

In this sense, we have

—w<c:=inf a*’V <0.
Bs (0)

Applying Ekeland’s Variational Principle to the functional a*# : B_(0) — R, there
is a sequence (w,) such that

a%fv (w,) - ¢ and (a% P )' (w,) = 0.

Therefore, in this way, we have, in a similar way to what was demonstrated in Theorem 3.2
thatw =lim___ w,_is a non-trivial solution for the problem (1.1).
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