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The aim of this note is to prove the following minimax theorem which generalizes a result by B.
Ricceri: let E be an infinite-dimensional Banach space not containing ¢', F' be a Banach space,
X be a convex subset of E whose interior is non-empty for the weak topology on bounded sets,
S and T be linear and continuous operators from F to F, ¢ : ' — R be a continuous convex
coercive map, J C R a compact interval and ¢ : J — R a convex continuous function. Assume
moreover that S x T has a closed range in F' X F and that S is not compact. Then

525)( }\Ielg((p(T{E —ASz) +¢(N)) = /{1615 jg)((w(Tx — ASz) + (V).

In particular, if ¢ is the norm of F' and ¢ = 0, we get

sup inf |Tax — ASz| = inf sup | Tz — ASz|| .
zeX AEJS AeJ geXx
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1. Introduction

It was shown by E. Asplund and V. Ptak in [AP] that for two normed spaces E
and F' of dimension > 2 and any two A and B in L(F, F) the following inequality
holds

sup inf ||Ax + ABz| < inf ||[A+ AB|| = inf sup ||Az + ABz||
ol <1 AR AR AR Jal|<1

and that the equality in the above relation is attained for every pair A, B in
L(E, F) if and only if both £ and F' are inner product spaces. In the sequel the
unit ball of E is replaced by a convex set whose interior is non-empty for the
weak topology o(F, E*) or more generally the ‘weak topology on bounded sets’
and we are interested in proving such a minimax equality.

For a Banach space E, we will denote by S(F, E*) the finest locally convex
topology on E which agrees with the weak topology o(F, E*) on the bounded
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subsets of E. This topology is finer than o(E, E*) and coarser than the norm
topology : so it is compatible with the duality betweeen E and E*. Converging
sequences for G(E, E*) are all weakly converging sequences, and a subset U of E
is open for B(E, E*) if and only if every weakly converging sequence in E whose
weak limit is in U has all but finitely many terms inside U. It can be noticed that
a closed convex subset C' of E is a neighborhood of 0 for B(E, E*) iff its polar set
C? is norm-compact in E*.

2. The minimax theorem

The following theorem has been proved by B. Ricceri in [3] (Theorem 3).

Theorem 2.1. Let E be a infinite-dimensional reflexive Banach space, T : E —
E a non-zero linear compact operator, ¢ : E — R a convex continuous and
coercive functional, J C R a compact interval with 0 € J, ¢ : J — R be a
continuous convez function. Then, for each r > ¢(0), one has

sup inf (o(Tz — Az) + (X)) = r + (0)

rxeX reJ

where X ={z € E: ¢(Tz) <r}.

Our main theorem extends this latter statement : indeed sup,.y p(Tx — Ax) =
+oo for all A € J\ {0} and so infyec;sup,cx (T — Ax) + ¢(X) is clearly equal
to r +1(0).

In order to prove it, we need some preliminary results.

Lemma 2.2. Let E be a separable Banach space not containing ¢*, N be a closed
linear subspace of E, q : E — E/N be the quotient mapping and (y,) be a
sequence in the quotient space E/N which converges weakly to 0. Then there is
a subsequence (y,,) and a sequence (z;) weakly converging to 0 in E such that

Yny, = 42k -

Proof. The weakly converging sequence (y,) is bounded. So there is M € R*
such that sup,, ||y, || < M, and for all n we can find x,, € ¢~'(y,) such that ||z, || <
T\ . .
M) in the compact set Bg«+ equipped

with the topology o(E**, E*). By Rosenthal’s and Bourgain-Fremlin-Talagrand’s
theorems [2], € is a Baire-1 function on the compact space Bg+ equipped with
o(E*, E), and there is a subsequence (z,,) extracted from (z,) which converges
to M.6 for o(E*, E*). Then y,, = ¢*(z,,) — ¢ (M.0) for o(E*, E*), hence
¢ (M.0) = 0 and since ¢** is the projection of E** onto E**/N** it follows that
0 € N**. Since N C E cannot contain ¢!,  is a Baire-1 function on the compact
space By« equipped with o(N*, N) and there is a sequence (wy) in By such
that wy — 6 for o(N**, N*) which agrees on By« with o(E**, E*). It follows
that (&, w,) — (0,€) for all £ € E* and that z;, = x,, — M.wy converges to 0
for o(E**, E*) what means that q(z) = ¢(xy,) — M.q(wg) = q(x,,) = yn, and
2 — 0 weakly. O

M. Let 6 be an accumulation point of (
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Theorem 2.3. Let E be a separable Banach space not containing (*, V be a
Banach space and T € L(E, V). If for every sequence (v,) in E weakly converging
to 0, the sequence (T'v,) is relatively compact in V' then the operator T is compact.

Proof. It should be first noticed that a Banach space which contains an isomor-
phic copy of ¢! cannot be reflexive. So the present theorem applies in particular
to reflexive spaces. One can also remark that the hypothesis that £ does not
have a subspace isomorphic to ¢! cannot be removed: indeed by Schur property,
if £ =V = (' and T is the identity mapping of E, the operator T is not compact
but every weakly converging sequence (z,) in E converges in norm, and that
implies that (T'z,) is relatively compact in V.

Let (v,) be a sequence in the unit ball By of E. We want to show that there exists
a subsequence (v, ) such that (Tv,, ) converges in V. Let 6 an accumulation
point of (v,) in the compact set Bp« equipped with the topology o(E**, E*).
Again by Rosenthal’s and Bourgain-Fremlin-Talagrand’s theorems, 6 is a Baire-
1 function on the compact space Bp« equipped with o(E*, E), and there is a
subsequence (vy,) extracted from (v,) which converges to 6 for o(E**, E*). If
the set {T'v,, : k € N} is relatively compact in V', there is a subsequence which
converges in V.

If not there is some ¢ > 0 and a sequence extracted from (v, ), still denoted
by (v, ), such that ||Tv,, — Twv,,|| > € for k # ¢. Consider then the sequence
W), = Up,,, — Un, Which satisfies | Twy|| > € for all k. Nevertheless we have for all
e B

<x*7wk> = <x*7vnk+1> - <x*7vnk> - <¢9,£L’*> - <¢9,£L’*> =0

which shows that the sequence (wy) converges weakly to 0 in £. Then the se-
quence (Twy,) should be relatively compact in V' and converge weakly to 0, hence
converge in norm to 0. And this is in contradiction to

|Twy|| = || Tvn,,, — Ton, || > for all k.

Moreover since the compactness of T' follows from the compactness of T, for all
separable subspace Ej of F, the conclusion of Theorem 2.3 holds even if F is not
assumed to be separable. O

Lemma 2.4. Let E be a infinite-dimensional Banach space not containing ¢*
and X be a convex subset of E whose interior for S(E, E*) is non-empty. Then
there exists a Banach space V', a compact linear mapping m : E — V with dense
range and a convexr open subset Y of V such that m=1(Y) C X C m=1(Y).

Proof. 1t is clear that if 7 : F — V is compact, it is continuous from (F, ) to
(V,]|.]), hence that the set 7=*(Y") has necessarily a non-empty S(F, E*)-interior
as soon as the interior of Y in V itself is non-empty.

Let Xj be the interior of X for §(E, E*) and a € Xy. Put W = (Xg—a)N(a— X))
which is a symmetric convex subset of E. Then W is open for B(F, E*) and
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contains 0. Since B(FE, E*) is coarser than the norm-topology, W is absorbing
and the Minkowski functional py :  — inf{r > 0 : r~'z € W} is a semi-norm
on E. Denote by V the separated completion of (E,py ) and 7 the canonical
mapping from F to V. By definition 7(FE) is dense in the Banach space V', and
(W) =n(E)N B(0,1). We will show that m(X,) is open in 7(E) and that if YV’
denotes the interior of m(Xy) = m(X), we have Xy = 7= }(Y). Then since X, # ()
we have 77HY) = X C X C Xo =7 1(Y).

Indeed let b € w(X) and u € X such that mu = b. Theset {t € R: u+t(a—u) €
Xo} is open and contains 0. Hence it contains also —e for some € > 0 and we let

£
v = u — eg(a — u). The homothety with center v € X, and ratio n = 172 <1
€

transforms X into itself and in particular a into u, hence a+W C X into u+n-W.
Thus 7(Xo) D w(E£) N B(b,n) and m(X,) is a neighborhood of b in 7(F). Finally
if Y is the interior of the convex set m(Xy) then Y N7 (E) is a convex open subset
of m(FE) contained in w(F) N 7(Xy) and containing 7(Xy) : indeed if u € 7(Xy)
we have shown the existence of a ball B(u,r) such that 7(E) N B(u,r) C m(Xy),
hence that 7(E) N B(u,r) C B(u,r) C 7(Xp) and u € Y.

It remains to show the compactness of 7w. For this by theorem 2.3 it is enough
to show that whenever (w,) is a sequence which converges weakly to 0 in E the
sequence (mw,) converges to 0 in V| hence show that py (w,) — 0. Let R >0 ;
the sequences (a + R.wy,) and (a — R.w,) converge both weakly to a which is an
interior point of X for S(E, E*). So there is an integer N such that a+R.w, € Xy
for all n > N. This means that R.w, € (Xo —a) N (a — Xy) = W, hence that

1
|mw,|| = pw(w,) < = if n > N and that 7w, — 0 in the normed space V. [

Lemma 2.5. Let E be an infinite-dimensional Banach space not containing (*,
F be a Banach space, J C R be a compact interval, S and T in L(E, F'). Assume
that S x T : E — F x F is one-to-one and that (S x T)(E) is closed in F x F.
If there is no X € J such that T — \S is compact then there exists a sequence
(wy) in E converging weakly to 0 and € > 0 such that || Tw, — X\.Sw,|| > € for all
A€ J and alln € N.

Proof. Notice first that since S x T is one-to-one and (S x T')(E) closed in the
space F' X F equipped with the norm (x,y) — ||z|| + ||y||, there exists by the open
mapping Theorem some ¢ > 0 such that ||Sz|| + ||Tz| > d.||z| for all z € E.

Assume that for all sequence (w,) weakly converging to 0 in the unit ball Bg
of E we had lim, infyc; [|Tw, — A.Sw,|| = 0. Then for every sequence (w,)
weakly converging to 0 in Bp it would exist a sequence (A,) in J such that
| Tw, — Ap.Swy|| — 0, hence an accumulation point A € J of (\,), and since

| Tw, — ASwy|| < || Tw, — A Swy|| + A — A || Swa|
< || Twy, — Ap-Swyl| + A — Al [|S]|

we would have a subsequence of (w,,) and a fixed A € J with ||Tw,, — X\.Sw,|| — 0.
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Then two cases could occur : — either this A is the same for all sequences (w,,)
converging to 0 for the weak topology but no in norm, in By — or there are two
sequences (w,) and (z,) in Bg both converging to 0 weakly but not in norm, and
A # pin J such that Tw, — A\.Sw, — 0 and Tz, — p.Sx,, — 0.

We show that in the first case the operator T'— AS is compact. Indeed for
every sequence (w,) weakly converging to 0 we have T'w,, — ASw,, — 0 and the
conclusion follows from Theorem 2.3.

In the second one, take subsequences of (w,) and (x,) satisfying inf,, ||w,| > 0
and inf, ||z,]| > 0 and choose for all n some z; € F* of norm 1 such that
(x}, Sw,) = ||Sxy||. Since (w),) converges weakly to 0 we have lim,, (2, Sw,) =
limy, o (S*z}, w,) = 0. So we can replace (w,,) by some subsequence still denoted
by (w,,) such that |[(x}, Sw,)| < 27" and for every ¢ € R we get

1S — C.Swnll > (ah, S — C.Swy) > [1Saal| — [¢] - |(a, Sw,)]
> || Sl — I¢].27"

1
Put z, = §(wn +x,) ; since (z,) is a sequence in Bg weakly converging to 0 there

must exist v € J such that Tz, — .Sz, — 0. So we have :

Tw, — A\.Sw, -0 ; Tz,—pnSx, —0

2(Tz, —v.Sz,) =Tw, +Tx, —v.S(x, + 2,) = 0,
hence A\.Swy, + p.Sx, —v(Sw, + Sz,) = A—v).Sw, + (p—v).Sz, = 0. fp=v
we get (A — p).Sw, — 0, hence ||Sw,| — 0 and ||Tw,| < ||Tw, — ASw,]|| +
Al [[Swy|| = 0. Then [Jw,|| < 67".(||Sw,| + [|[Tw,|) = 0, a contradiction. And
v—A
p—v
[Szn]] < [[S(zn — Cun)|| +[¢].27"

1
<
| — v

else, with ( =

(A —v).Sw, + (u—v).Sx,|| +1¢].27" = 0

and || Tz, | < [|Tan = pSzall + |ul - [|Szall — 0. So [lza]| < 67"(|| Szl +
|Tx,|]) — 0, what is again a contradiction. This second case cannot occur
and the proof is complete. O

Lemma 2.6. Let E be an infinite-dimensional Banach space not containing (*,
F and V' Banach spaces, \g # 0 be a real number, S € L(E,F) , H € L(E,F)
be a compact operator and T = Xg.S + H. Assume that S x T is a one-to-
one operator with closed range, Y is a non-empty convex open subset of V, m €
L(E,V) a compact operator with dense range and X = w=(Y). Then for X # o,
SUpex || T2 — A\.Sz|| = +o0.

Proof. Notice first that S x H is also one-to-one with closed range, since the
mapping (u,v) — (u,v — Agu) is an isomorphism from F' x F onto itself.
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As above there is a 6 > 0 such that ||Sz| + [|[Hz| > 0. ||z|| for all z € E. Let
yo € Y Nm(E), 2o € 7 (yo) and r > 0 such that B(yy,r) C Y. One can find
in the unit sphere Sg of E a vector wy and a sequence (wy),>1 such that for all

2
n > 0 d(w,.1,span(wg, wy, ..., wy,)) > 3 As in the proof of Theorem 2.3 we
can extract from (w,) a sequence (w,, ) which converges for o(E**, E*) to some
2
w** € B, Then for k > 1, 2, = w,, —w,,_, satisfies ||z|| > 3 and (zy) converges

weakly to 0 in £. We deduce that ||H z|| — 0 and that ||7z|| — 0, since H and
r

7w are compact. Then put t := and xp = xg +t- 2. It

27F + [[Hzg || + 2|
follows that
|72r — ol = [|moe — waol| =t |72 <7,

hence that mxy, € B(yo,r) C Y. This means that x; € X and that

I Tzx — ASze]| = [|(Mo — N).Say + Hayl|
> A= Xo| (ISl + [ Hawl]) = (14 [N = Xo|). | Hayll
> 0. [A = Xo| - [lzgl| = (T + [A = Xo]). [|[Hay]|

and at the same time
2
2kl =t 2]l — llzoll > 3t |20 — 400

and || Hag|| < ||Haol| +¢. | Hz| < | Hxol| + 7.
Thus limy, || Tz, — ASxy|| = 400, hence sup,cx ||Tr — A\.Sz|| = +oo. O

Corollary 2.7. Let E be an infinite-dimensional Banach space not containing
(*, F a Banach space, \g # 0 be a real number, S € L(E,F) , H € L(E, F) be
a compact operator, T = \g.S + H and ¢ : F — R be a conver continuous and
coercive function. Assume that S xX'T' is one-to-one with closed range, that'Y is a
non-empty convex open subset of the normed space V, m € L(E,V) is a compact
operator with dense range and X = 7= 1(Y).

Then for X\ # Ao, sup,cx p(T'r — A.Sx) = +o00.

Proof. Since ¢ is coercive, for each M € R™, there is R > 0 such that ¢(u) <
M = ||lu|]| < R for all u € F. Following Lemma 2.6, there exists x € X such
that ||Tx — A\.Sz|| > R ; then we have for this vector z : p(Tz—A.Sz) > M. O

Lemma 2.8. Let E be an infinite-dimensional Banach space not containing (*,
F a Banach space, S € L(E,F), J C R be a compact interval, T € L(E, F) such
that T — X.S be compact for none X € J. Assume that S X T is a one-to-one
operator with closed range, that'Y is a non-empty open subset of the normed space
V,m € L(E,V) is a compact operator with dense range and X = 7= (V).

Then sup,ey infrey [Tz — X\.Sz|| = +o0.
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Proof. Let yo € Y N7(E), 2o € 7 '(yo) and r > 0 such that the closed ball

B(yo,r) is contained in Y. It follows from Lemma 2.5 that one can find in Bg
a sequence (w,) converging weakly to 0 and € > 0 such that for all n € N and
all A € J the inequality ||Tw, — A.Swy|| > € holds. Then the sequence (mwy)

,
-w,,. We then

converges to 0 in V and we put forn > 1: z, =20+ —————
277 + || mwy|

have

Imn = goll = lmn — mzo]] = 7l

hence 7x,, € B(yo,r) C Y, it is x, € X, and for A € J :

.
|72 = S| = 5= (T = A.8)wn|| — || Tzo — ASzol|

+ [[rwall

r.e
> — || Two — ASxo||
Z 5 ] ol

r.e

hence inf Tz, — A\.Sz,|| > ———————
el 12 o

— |[|[Tzg — ASxp|| and

r.€
sup inf ||Tz — A.Sz|| > sup ————— — ||[T'xg — ASxg|| = +00 ,
sup | |2 sup g — [T = A
which completes the proof of the lemma. O

Corollary 2.9. Let E be an infinite-dimensional Banach space not containing
', F a Banach space, S € L(E,F), J CR be a compact interval, T € L(E,F)
such that T'— \.S be compact for none A € J and ¢ : F' — R a convex continuous
and coercive function. Assume that S x T is a one-to-one operator with closed
range, Y is a non-empty convex open subset of the normed space V., m € L(E, V)
a compact operator with dense range and X = n=(Y).

Then sup,¢y infrey (T — X\.Sz) = +00.

Proof. Since ¢ is coercive, for each M € RT, there is R > 0 such that ¢(u) <
M = ||u|]| < R for all u € F. Following Lemma 2.8, there exists z € X
such that ||[Tx — A.z|| > R for all A € J ; then we have for this vector = :
infyey o(Tx — A\.Sz) > M. O

Lemma 2.10. Let ¢ be a convex continuous and coercive function on the Banach
space E. Then the dual function ¢* has a proper domain D which is a convex
netghborhood of 0 in E*. And if Z is any dense subset of E*, we have for all

r € E ;o) =supgy( x) — " (§).

Proof. Since ¢* is convex and the proper domain of ¢* is

D={¢:¢7(€) < +oo} = [ J{€: 9"(©) <n}
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it is clear that D is convex. Since ¢ is coercive the set {x : p(z) < 1+ p(0) } is
bounded in F, and there exists R > 0 such that ¢(z) < 1+¢(0) = ||z|| < R. By

convexity we deduce that p(x) > ¢(0) + @ if ||z|| > R hence that ¢(z) — (£, x)

1
is bounded from below outside of the ball of radius R if £ € E* and ||€|| < T

The convex continuous function x — ¢(x) — (£, x) is necessarily bounded from

~ 1
below on the bounded convex complete set B(0, R) ; it follows that D D B(0, ﬁ)

hence that the interior D° of D is non-empty. The convex l.s.c. function ¢* is
finite on D. Hence, if L,, denotes the closed subset of D° defined by {{ € D° :
©*(&) < m} we have D° = J,,cy Lm and some L,, has non-empty interior by
Baire’s Category Theorem. So ¢* is bounded from above on a neighborhood of
some point of D° , hence is continuous on D°. Since (£, x) < ¢(x) + ¢*(&) for all
r € Eand all § € E*, we have p(z) > supc4 [(§, ) — »*(§)] for any Z C E*.

Since D¢ is open, D°NZ is dense in D°. By continuity of ¢* on D° we necessarily
have

p(r) = sup [(§ x) —@"(§)] = sup [(§,2) — " (§)] .
¢eD°nz g¢eDeo
If @ < p(x), the point (x, @) does not belong to the closed convex set G = {(u, ) :
t > ¢(u)}. Then it follows from Hahn-Banach’s theorem that exists £ € E* such
that

(& 2) —a> sup [(§ u) —s| =sup[{§,u) — p(u)] = *(¢)

(u,8)eG

what implies £ € D and (£, z) —¢*(§) > «, whence ¢(x) = supgcp (€, 7) — ¢™(£)].
For ¢ € D, we have t{ € D° for all t € [0,1] since 0 € D°. The function
t — @*(t€) is convex and l.s.c. on [0,1], hence continuous, and it follows that

(&) —¢"(§) = lim (1€, x) — " () < sup [(§, 2) — " (§)]

t—1,t<1 ¢eDe
hence that
p(z) = sup (&, 2) — @™ ()] < sup, (&, 2) — @™ (§)] < Sup (&) — " ()] < p(z)

O

Lemma 2.11. Let E be an infinite-dimensional Banach space , V' be a normed
space and K : E — V' a compact linear operator. Then there exists a o-compact
set Zoy C E* and for all § ¢ Zy a sequence (wy,) in'V such that (£, w,) =1 for all
n and | Kwy,| — 0.

Proof. Since K is compact, the operator K* : V* — E* is compact too and for
all m € N the set T,,, = K*(mBy-) is a compact subset of the space E*. Thus
Zy =,, Tin is o-compact and if £ ¢ Z; there cannot exist any continuous linear
functional 77 on V' such that £ = K*(7).
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If it existed v > 0 such that {z : (¢,z) = 1} be disjoint from {z : ||Kz| < v}
the set {(£,z) : ||Kz| < v} would be convex and symmetric hence an interval
centered at 0 and non containing 1. So it would exist some r < 1 such that

|, z)| < T, |Kz| for all x € E and it would exist a linear functional 7 on
v
K(FE) C V whose norm would be at most " such that E=mnoK : indeed if y €
g
K(F) satisfies y = Kz = K1/, we have [(¢,z —2')| < z |Kx — K2'|| = 0 ; hence
v

n(y) = (£, =) depends only on y = Kz and satisfies |n(y)| < L |Kz| = r |yl|-
g v

By Hahn-Banach’s theorem it would exist 7 € V* extending n and we would
have £ =1 o K = K*(7), a contradiction with the choice of Z;. We conclude
that if £ ¢ Zy we can find for all n € N some w,, such that [|[Kw,| < 27" and
(& wy,) = 1. O

Lemma 2.12. Let E be an infinite-dimensional Banach space, F' be a normed
space, S : E — F be a continuous non-compact linear operator, H € L(E, F') be
a compact operator, Y be a mon-empty convex open subset of the normed space
Voand 7 : E — V be a compact operator with dense range, Xo =7~ 4(Y), JCR
be a compact interval, \g € J and 1 : J — R be a convex continuous function.
Then there exists a dense subset Z of F™* such that

sup <)‘0<£7 Sl’) + <§,HSL’> - w*(<£7 SSL’>)> Z ¢()\0) + sup <£,HSL’>

z€Xo z€Xo

forall & € Z.

Proof. Let K be the operator z — (Hz,7x) from E to the product space W =
F xV normed by ||(y,u)|| = ||ly||+|lu||. Since H and 7 are compact, K is compact
too and by Lemma 2.11 one can find an o-compact set Zy C E* such that for
&0 & Zy there exists a sequence (w,,) in E such that | Kw,|| = ||[Hw,||+]||7w,| = 0
and that (&, w,) = 1.

Let (T,,) be a sequence of compact subsets of E* such that Zy = J,, Ton. If
the closed set S*~'(7},) had non-empty interior in F™* there would be some ball
B(&,r) in F* such that S*(B(&,r)) C T,, and S* would be a compact operator
which in turn would imply that S is compact. So S* !(T},) is nowhere dense
and M =, S*(T,,) is meager in F*. Therefore Z = F*\ M is dense in F*.
Moreover, if £ € Z, then & = S*¢ ¢ Z, and there exists a sequence (w,) € E
such that Kw, — 0 and (&, Sw,) = (&, w,) = 1.

Then if zy € Xo, yo = 7(x9) € Y and t € R, z,, = zg + (t — (£, T0)).w, satisfies
(S*€, xn) = (o, xn) =, Ty = yo + (t — (S*E, x0)). 7w, — yo. Because Y is open
in V we have mx,, € Y for n large enough, hence x,, € X,. Moreover

<§? H$n> = <§a H$0> + (t - <S*§ax0>)<€>Hwn> — <§a H$0> )
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from what it follows that

sup (Mo(€, Sa)+(¢, Ha) = v* (€, S1))

z€Xo

> timsup(Xo(€, Sz.) + (€, Han) = (€, S2.)))

= lim sup (Ao(&], zn) + (¢, Hr,) — w*(<§07$n>)>

n

= Nt + <€,H1'0> - ¢*(t) )

and since this holds for all ¢ € R and all zy € X, we get

sup (Xo(€, Sa) + (€, Ha) = (€. Sx))) = sup (At — 0*(1)) + sup (€. Ha)

zeXo z€Xp

= ¢(Xo) + sup (§, Hz)

z€Xo

what is the wanted inequality. O

Lemma 2.13. Let E and F be infinite-dimensional Banach spaces, S : E — F
be a continuous non-compact linear operator, ™ be a compact linear mapping with
dense range from E to a normed space V', Y be a convex subset of V' with non-
empty interior, H € L(E, F') be a compact operator, J C R be a compact interval,
XM € J, ¢: F — R be a convex continuous and coercive function and ¢ : J — R

be a continuous convex function. Assume S X T is one-to-one with closed range.
Then

sup inf o((Ao — N).Sz+ Hz) + (X)) > ¢(Xo) + sup ¢(Hz) .
r(z)ey AEJ r(z)eY

Proof. Put ®(\,z) = ¢((Ao — A).Sz + Hz). It follows from Lemma 2.10 that,
for a dense subset Z of F™*, (A, x) = supgcz (€, (Ao — A).Sz + Hr) — ¢*(£), hence

inf (B(\, )+ ())) = inf sup(<g, (o — A).Sz + Ha) — 0*(€) + w))

redJ redJ ez

> sup inf ((¢, (ho — A).Sz + Ha) = ¢"(€) + v (V)
ez eJ
> 2161123(%(5, Sa) + (€, He) = ¢"(€) + inf (-\(E, Sz) + ww))

> sup (Mol Sz) + (€, Ha) — () = ¥ (€. Se)))

£ez
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and after Lemma 2.12,

sup inf (®(X\, z) + (X))

w(z)eY AeJ
> sup_sup(ho(€, Sz) + (€, Ha) — () = v (€, Sa))
w(z)eY €2
> sup(—"(€) + sup_(o(€, Sx) + (€ Ha) = v°((€, 5a)))
{ez w(z)eY
> sup (=" (€) + ¢ (Xo) + sup (€, Ha))
£ez w(x)eY
> (Xo) + sup (sup(é, Hz) — o™ (€))
r(x)EY ¢€Z
=Y(Ao) + sup p(Hz)
w(z)eY
what is the wanted inequality. O

Theorem 2.14. Let E be an infinite-dimensional Banach space not containing
¢*, F a Banach space, S, T € L(E,F), J CR be a compact interval, ¢ : F — R
be a convex continuous and coercive function, X be a convexr subset of E whose
interior is non-empty for the topology B(E, E*), J C R be a compact interval and
Y J — R be a conver continuous function. Assume S X T has a closed range
and S is not compact. Then the following holds :

sup ng(go(T:c — ASz) 4+ (X)) = inf sup (p(Tz — ASz) + (X)) .

i
TEX AE Aed geXx

Lemma 2.15. We can reduce the problem to the case where SXT : x — (Sx,Tx)
is one-to-one from E to F' X F.

Proof. Denote by N = ker S Nker T the kernel of S x T and by ¢: E — E/N
the quotient mapping. It is clear that S and T factor through ¢ : S = S o ¢ and
T="Toq:soforall A € R, Te — ASz depends only on gz. So we can replace E
by E = E/N, S by S, Tby T, and X by X = q(X). Clearly if S was compact,
S would be compact too. Finally it is enough to check that the convex subset X
of F has non-empty interior for the topology 8 (E , E*) . let a be an interior point
of X for (E, E*) and a = qa. We want to prove that a is an interior point of X
for B(E, E*). If not it would exist a sequence (y,) in E\ X weakly converging to
a and we could find by Lemma 2.2 a subsequence (y,, ) and a sequence (z;) in E
weakly converging to 0 such that ¢(z;) = y,, —a. Then (2 +a) converges weakly
to a thus satisfies z; + a € X hence q(z + a) = y,, € X for k large enough, a
contradiction. O

Proof. By Lemma 2.15, we can and do assume that S x T is one-to-one. By
Lemma 2.4, we know that there exists a normed space V', a compact linear map-
ping 7 : £ — V and a convex open subset Y of V such that V = 7 (F) and
7 YY) c X c 77 Y(Y). It is then easy to see that the supremum over X is
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equal to the supremum on 77(Y), and we will only prove the statement when
X = 771(Y). The inequality

sup inf (¢(Tz — ASz) + ¢(N)) < inf sup(o(Tx — ASz) + ()

zeX AEJ MeJ zex
is standard. So we have only to prove the converse inequality.

Following Corollary 2.9, it is enough to consider the case where T' = \g.S + H,
X € Jand H € L(E, F) is compact. Then by Corollary 2.7, we have

inf sup (¢(Tz—ASz)+1 (X)) = sup (p(Tz—NoSz)+1¥ (o)) = sup p(Hz)+1(A) ,

Aed gex zeX zeX

and it follows from Lemma 2.13 that

sup p(Hz)+ (M) < sup inf o((Ao — A).Sz + Hz) + (N

r(@)ey @)y \ET
= sup inf o(Tx — ASz) + ¥(N),
w(x)eY Aed
and this completes the proof of the theorem. O

The hypothesis made on the operator S x T' to have closed range and on S to
not be compact could seem quite artificial. In fact without any hypothesis on S
the statement of Theorem 2.14 becomes false, as shown by the following.

Example 2.16. There exist two continuous linear operators S and T' from the
Hilbert space £ = 2 to a Banach space F, X a convex subset of £ whose interior
is non-empty for §(&,£*), a compact interval J C R and a convex continuous
and coercive function ¢ : F — R such that

2161)1? }\relg(ap(T:B — A\Sz)) < ;\IGIE 22)12 (o(Tx — ASz))

Proof. We begin by exhibiting a concrete example of a pair A, B of operators
between normed spaces which do not satisfy the minimax equality of Asplund
and Ptak.

Define the two-dimensional normed spaces E and F as the linear space R2
equipped respectively with the norms ||.[|, : (z,y) — |z|+ |y| and .|| : (z,y) —
max(|z|,|y|). Denote by A € L(E, F') the operator whose matrix in the canonical

bases is (_31 (1)) and by [ the identity mapping.

3
Lemma 2.17. We have : infyersup <1 |4z — Az, = infrer [[A — M| = 3"
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Proof. It is easily noticed that the norm in L(F, F') of the operator T" having ma-

trix (: ?) is max(|al, |5],]7],]d]). Indeed, denoting by (eq, es) the canonical

basis of £ ~ F*, we have |le1]| = |le2|| = 1 and || = [(e1, Ter)| < |lex|| . [|T]] - [|ea|
hence |a| < ||T|| and similarly for |3], || and |§]. Moreover, if z = (z,y),
172l = max(|azx + Byl [y + dyl)
< max(max(|al, [B]).(Jz] + [yl), max(|y[, |6]).(|=[ + [y]))
= max(|a| ’ |ﬁ| ’ |7| ) |5|) ||Z||1

Thus ||A — M|| = max(|3 — Al, 1,1, |}A]). And since

1 3
max(|3 — A[, 1,1, |A]) = max(|3 = Al [A]) = (|3 “AFRAD) 25 B-A+AI=5
and [|A — §I = max(é, 1,1, §) = §, we conclude that infyeg [|[A — M| = § O

2 2 2 2 2
: 5 3 :
Lemma 2.18. We have: sup, < infyer [[Az — Az < 1<% More precisely,

for each z in the unit ball of E there is a \* € [0,2] such that ||[Az — XN*z|| , < 1

Proof. Let z € [0,1] and |y| <1 — 2. Then for z = (z,y) we have
[Az = Azll o = max([(3 = M)z +y[, [-2 — Ay|) = max(|(3 = M)z +y|, |z + Ay[)
<max(|3—A.z+1—z,2+[M.(1-2))
Then for \* =z + 1 € [0, 2] we get
Az = Xz|p <max((2 —z)x+1—z,2+ (z+1)(1 —2))
=max(z +1—2% 2+ 1 —2?)

5
= 1—a22< =

T + r° < 1
If z = (z,y) satisfies ||z||; < 1, we have |z| < 1 and up to replacing z by —z,
which does not change ||Az — Az||__, we can assume 0 < 2 < 1. It follows from

oo’

the previous computation that there exists some A* such that ||[Az — A" z|| < 1

)
Hence for any z such that ||z]|; < 1 we get infyep ||Az — Az < 7
)
And this achieves the proof that SUP|4||, <1 infyer [[Az — Az]| < 1 O

Lemma 2.19. There exist two Banach spaces Ey and Fy which are isomorphic
to the Hilbert space (* and operators Ay and By in L(Ey, Fy) such that

5 3
f ||Ayz — AB <-<=<inf Arz — A\B
||ziup<1/\é?0 2 | Az 2ZHF =719 )1\I€1R | ﬁup | Azz 2Z||F



304 J. Saint Raymond / A Minimax Theorem for Linear Operators

Proof. Take Ey = F x (% with the norm : (z,&) — \/||2[|7 + ||€]]°, Fo = F x (2
with the norm : (2,€) — /|22 + ||€]|*. These spaces are clearly isomorphic to
the Hilbert space ¢2.

For (z,£) € Ey define Ay(z,&) = (Az,€) and Ba(z,€) = (2,£). Then Ay and B
are clearly continuous linear operators from Fy to F,. It is easily checked that

3
|As — ABs|| > 3 for all real A\. Indeed

sup [(A2 = AB,)(z,€)[| = sup [[(Az — AB).(2,0)]|

I(z,6)]1<1 2], <1

3
= s (A= AD)zllg = A — AT = 5

=1, <1

) . 3
Thus inf)er SUP||(z,6)|I<1 ||(A2 - )\32)(27 5)” = infyer ||A2 - )‘B2|| > 5
Conversely by Lemma 2.18 and by homogeneity, if ||(z,§)||z, < 1 there is a A* in
5
[0,2] such that ||Az — X z|| < 1 |2]|;- Then
* * * 5 *
(A2 = X*B2)(2, O)I° = [ Az = 2[5+ 1€ = M€ lI” < () [l2ll7 + (1= X ig]

5
and since |1 — \* <1< 1 we get

(s = X B)(= O < P (Il + 1617) = 0 101, < (57

hence

w

5
su inf ||As(2,&) — ABs(z, <-<-<inf su Ay — ABy)(2,8)],
||(Z,§)I||)S1 AE[0,2] H 2( g) 2( £)||F2 4 2 AER ||(z,§)l||)gl H( 2 2)( 5)”

and this completes the proof. O

Since Es is isomorphic to £2, we can find a one-to-one compact operator 7 : £ =
(? — E, with dense range, define F = I, T'= Ay omand S = By o ™ and ¢ =
||l ,- Choose J = [0,2] and Y as the unit ball of E;. Then define X = 7~'(Y)).
So, for any A € J, we have sup,ey [|(A2 — AB2)yl| = sup ey gz (A2 — AB2)yl,
thus

sup o(Tx — ASz) = sup | Tz — ASz| = sup [Tz — ASz||

zeX zeX m(z)eY
= sup ||Asmx — ABymz|| = sup ||Asy — ABayl|
w(z)eY yey
3
=42 = ABs| = 3,

whence infye;sup,cy ¢(T'r — ASx) > 3
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Similarly, because the function v : y + infye ;s [|[(A2 — ABa)y|| , is Lipschitz, hence
SUPyey V(Y) = SUP,eyrq(e) ¥(y), and using Lemma 2.19,

sup ({6 o(Te —A5%)) = sup(fnf 172 =255

= sup(ilelg ||(A2 — ABz)(Wx)HI%)

zEX \A

= sup <;\n§ (A2 — >\B2)(7TI)||F2)

n(z)eYy ME

= sup (it (4> = \B)(9)lI,

yey

. )
= sup (inf (A2 = AB)() ) <7

[yl <1 \A€[0,2]

SO SUDP,ex (inf)\eJ o(Tx — ASm)) < infyeysup,cy (T'r — ASx), as announced. It

can be noticed that in this example Bs is an isomorphism, so S is one-to-one. A
fortiori S' x T is one-to-one. But it is compact, and its range is not closed. O

It would be interesting to know whether the interior of X for 5(E, E*) has to be
non-empty for guaranteeing the validity of Theorem 2.14. Suppose E is a Banach
space not containing ¢!, X C E is a non-empty convex set and the conclusion
of Theorem 2.14 holds for all F, S, T, J,p,1 as in the hypotheses: should the
interior of X for the topology S(F, E*) be non-empty?
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