Minimax Theory and its Application
Volume 10 (2025), No. 1, 109-134

On Nonnegative Solutions of Quasilinear Equations
with Oscillating Nonlinearity in RN

Francisco Julio S. A. Corréal, Alannio Barbosa Nobrega!, Leandro S. Tavares?

*Universidade Federal de Campina Grande, Unidade Académica de Matematica, CEP: 58109-970, Campina
Grande — PB, Brazil
2Universidade Federal do ABC, Centro de Matematica, Computagéo e Cognicao, CEP: 09280-560, Santo
André - SP, Brazil Brazilleandro.tavares@ufca.edu.br

Received: February 7, 2024
Accepted: June 28, 2024

In this paper, it is obtained the existence and multiplicity of solutions for a class of quasilinear problems
with an oscillating nonlinearity satisfying an area condition. The approach consists in introducing an auxil-
iary semilinear problem through a suitable change of variables which is equivalent to the original one, and
solve it by means of the Schaefer’s Fixed Point Theorem, sub-supersolutions and minimax results.

Keywords: Comparison principles, Variational methods, Nonlinear elliptic equations
2020 Mathematics Subject Classification: 35B51, 35J20, 35J60

1. Introduction and main results

The purpose of this manuscript is to consider the existence and multiplicity of non-
negative solutions for the quasilinear problem with oscilating nonlinearity given by

f| —Au —A(U?)u = AP(x) f (u)inRN
4 lim u(x) = 0.0 € DR2EN) A L= (V) (P)

[X|—>o0

where N> 3, f: [0, +o0) — R is a continuous function and

PeC, (R",R):={ueC(R", R);u(x) =u(|x]) and u(x) >0, vx € R" }
satisfies
(f) 1(0) =0,
(f,) There are 2m — 1 zeros of f ,0 <a, <b,<a,<b,<---<b_, <a_ such that for
k=1,---,m—-1

f(t)>0, t e(bk,ak),
F()<0, t (a,.b,),

(fs) J-:+1 f(S)dS >0, forallk € {l, 2,-+-,m— 1}’

(P [ IxP™N POdx < o0,
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Sﬁd) P e LY(R") n L*(RN)
P(y) C N
(P.) IRN x—y V2 dy < forallx e R \ {0} and some constant C > 0.

X[

Problem (P ) arises, for instance, in the study of solutions for the SchrOdinger equa-
tion given by

109 = -4 +V()6 —A(p(Id F)p'(9 P)o — h™(9P)oinQcRNandt>0, (1)

where ¢ : R, Q — C, the function V(X) is a given potential and p and "h are real functions.
Depending on the function p in (1) one can consider relevant facts regarding the super-
fluid film equation, theoretical and numerical aspects related to high-power ultra short
laser in matter and self-trapped electrons, see for instance, the references [4-6,9,29,30,34].
For others applications see [3,24,28,32,33,35]. The first manuscript that considered the
quasilinear operator in (P ) was [12], where it was considered the problem

—Au— AU =g(x,u) in RN,

By performing a change of variables, the above problem is transformed in a equivalent
semilinear one given by

—Av :;g(x, f(v))in RN,

JL+ F2)

where f is suitably chosen. Under certain conditions it was proved that if v solves the pre-
vious problem, then u = f (v) solves the original one. Through a variational approach, the
authors obtained several existence results.

We also quote [40] in which it was considered the problem

—AU—A (U)u + V(x)|uP?u=h(u) inRY,

where 1 <p <N, —A u :=div(|Vu[’*Vu), V is a positive continuous potential bounded
away from zero and h(u) is a subcritical nonlinearity. By means of minimax results, it was
obtained the existence of a Ct%(R") solution and that such solution decays to zero at infin-
itywhenl<p<N.

In the recent reference [20], it was considered the SchrOdinger problem with zero-mass

J| —Au—AU?)u = h(x)udinRN,
[ (®E0ueD*RM)AL"R"Y),

where 0 <g < 2.2* — 1 with 2* = 2N/(N — 2); N >3 and h is a locally bounded function
which can change its sign. By applying the change of variable introduced in [12], the
Mountain Pass Theorem and the Ekeland Variational Principle, it was obtained the exis-
tence of solutions.

The consideration of oscillating terms in partial differential equations arises, for
instance, in physical phenomena governed by the Sine-Gordon equation

o°u ~ o°u
Eaar'a

=-sinu,
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which describes several wave phenomena. These include phase differences across
Josephson junctions, the propagation of dislocations in crystals, waves along lipid mem-
branes, torsion waves in strings and pendula. Moreover, such equation has wide applica-
tions in the Theory of Special Relativity. We also point ou that the Sine-Gordon equation
was intensely studied in the nineteenth century due to its connection with the Theory
of Pseudospherical Surfaces. For more details on the mentioned applications, see for
instance [38,39,41] and its references.

On the other hand, problems with oscillating behavior like (f2) — (f3) has been attract-
ing the attention of several researchers in the last decades. We point out for example the
classical references [7,8] where it was considered the equation given by

Lu=Af(x,u)inQ
u=00noQ,

where Q ¢ RN is a bounded domain with smooth boundary, L is a uniformly elliptic oper-
ator, with f (x, 0) > 0 and f (x, t) satisfies (f2) and (f3). Brown and Budin [8], by means of
variational arguments, proved that for 4 > 0 large the above equation has at least n non-
negative solutions ., v,, ---, w, with y, <y, <--- <w_. An improvement of such result
can be found for example in [25], where it was applied the Leray-Schauder degree theory
and minimization arguments to obtain multiple solutions for the equation

—Au=Af(u)in Q
u=00noQ,

where Q < R" is a bounded with smooth boundary, 2 > 0 a parameter, f : R, = R is a
C'—function with f(0) > 0and f(a,) =0 fork=1, - - - ,mfor constants 0 <a,<- - - <a_and

max{F (s);0<s<a,_}<F(), k=2---,m,

where F(s) = f(t)t.
In De Figueiredo [19], a priori estimate for the oscillating problem

—AU = A sinu in Q,
u=0o0n2oQ,

was considered, where Q ¢ R (N > 2) is a bounded domain and A > 11 is a parameter with
A1 being the first eigenvalue of the Laplacian operator. By assuming a hypothesis on the
geometry of the domain and on the level sets of the solutions of the above problem, an a
priori L~ estimate was derived. Moreover, it was proved that the result implies the unique-
ness of the solution, and examples showing the applicability of the result were presented.
We also point out the recent reference [21], which applied truncation arguments, mini-
mization methods, comparison techniques, the topological degree and sub-supersolutions
method to obtain the multiplicity of positive solutions for the quasilinear problem

[|=Au—kAU2)U+p|ulF2u=Af(u)+h(u)in Q

ﬁ u=0,0onoQ, @)
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where Q < RY(N > 1) is a bounded with smooth boundary, x, u, A >0, ¢ >1,and f, g :
R — R are functions satisfying certain conditions with f(0) > 0, (f.) — (f3), and h(t) >0, for
allt>0.

With respect to the study of oscillating problems with area conditions in unbounded
domains there is only the reference [15], whose authors obtained, through variational
methods and sub-supersolutions, existence and multiplicity of positive solutions for the
semilinear problem

J|—Au=xp(x)f(u) in RN
limu(x) =0,

IX|—>00

where f, P and Q satisfy (f,) — (f,) and (P,) — (P,).

Thus, based on the previous comments and mentioned papers, we propose studying
the quasilinear equation (P ).

We say that u : RN - R is a distributional solution for (P ) if u € D*3(R") n L*(RV),
u#0,u>0a.e.in RN and

_[(1+2|u PWVuve+2[ |Vul up = [ AP f(U)e,V ¢ €CF(RM). 3)
R’ RN RN

As described in [12,20,40], variational methods cannot be directly applied to elliptic
problems involving the operator L(u) := —Au — A(u?)u due to the fact that is not possi-
ble to guarantee that the formal energy functional is well defined. In order to avoid such
difficulty, it will be performed the dual approach of [12], which provides an equivalent
semilinear problem. After this, through nontrivial modifications, we adapt the arguments
of [15,25] to prove Theorems 1.1 and 1.2. Below we describe the main results of this
manuscript.

Theorem 1.1. Consider that the function f satisfies (f,) — (f,) and P verifies (P,) — (P,). There
exists a Ao > 0 such that if 2 > o, the problem (P ) has at least m — 1 non-negative weak solu-
tions{u,...,u }cL*(RV)witha_, <|u] a,fork=2, ..., m.

In the infinitely many zeros case we consider the condition below on f.

(f,), There is a sequence of infinitely many zeros of f,0 <a, <b, <a,<b,<...<Db
<a,<...with

m-1

a,b),
k k

f(t ZO,IG b ,ak+1),
<{fEthO,teE Bt
L
(f,), Thereis #> 0 such that
F(a,)-max{F(s);0<s<a,,}
max{| F(s)|;0<s<a}

>fB,vk>2,

where F(s) = [ f(t)dt, and
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(f4)ao
max{|F (s);0<s<a}>da, Vk>2,
where d is a positive constant with a, — a, for some a € R or a, — +oo.
Theorem 1.2. Consider that the function f satisfies (f,) and (f,), — (f,),. There existsa 7, >0

such that for all 2 > 1, the problem (P ) has infinitely many non-negative weak solutions {us,
.}cL*(RV)suchthata_, <|ul <a,fork=2,---,m.

cu
Theorem 1.3. Assume that f (0) > 0 and (f2). If the problem
J|—Au —A(U2)u=P(x)f(u)in RN

lim u(x) =0,
|hx|—>oo
has a nonnegative weak solution u with |u| , € (a,, a,,], forsomek € 1,..., m—1, then for

such k it holds that

A1
[ f)ds>o. @)

Ax

In what follows we describe the notations that will be used in this manuscript.

Basic Notation

- B (x? denotes the open ball in RN centered at x with radius r > Q.
) ,R) ={ue C(RY, R); u(x) =u(|x|) and u(x) >0, vx e RV }

« L3(RY), for 1 <s <o, denotes the Lebesgue space with the usual norm| - |.
» IfH:RY— R*isameasurable function, we define

LA (RN):={u: RN — R measurable; i H(X) [u(x) [ dx < oo},

L2 (RY) is a Hilbert space with the inner product

UV), = i HXuUGV)dx, YUV e Ly RY),

whose associated norm will be denoted by | - |,,..
« D*2(RV) denotes the Sobolev space

D*2(RY) := {u € L* (R); [Vu| € LA(R")},

where 2* is the Sobolev critical exponent: 2* =24 if N >3,and 2* =, if N =1, 2,
which will be endowed with inner product

uv),, = K[ vuvvdyx, UveDYERN).
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Its associated inner product will be denoted by | - |, ,.
« HYRV) denotes the Sobolev space with the inner product

V), = j Vuvvdx + _[ uvdx, uv e HY(RN).
RN RN

The associated norm will be denoted by | - |,,. .
* D(R") denotes the space of C*—functions with compact support in RN,
* D (RY) denotes the set of distributions on RN .
» We denote by E the Banach space given by

E :={u eCRN); sup |u(X)|< oo]f

xeRN

endowed with the norm | - |...

* |- | denotes the Lebesgue measure in RN

» Ifuisamensurable function, we denote by u* and u- the positive and negative part
of u respectively, which are given by

u* =max{u,0} and  u =min{u, 0}

andsou=u"+u.
+ C,C,---,C, arepositive constants.

2. Examples

In what follows, we present a class of weights that verifies the conditions (P1) — (P3). The
example and the justification that it satisfies (P1) — (P3) can be found in [1]. It will also be
presented examples of nonlinearities that satisfy (f1) — (f3), and the case where (f1) and
(f,).. — (f,) occurs simultaneousl?/. ) ) )

“We wifl begin with an example regarding the weights. Consider P € C*rad(RN, R) of the
form P (x) = Q(X)R(x), with Q(x) = Q(|x|), R(x) = R(|x|) being decreasing radial functions
of C’,(RY, R) that satisfy

sup(| x N2 Q(x)) < +oo and R e LY(RN). (5)
xeRN |X |N_2

Note that P satisfy (P1). In fact, the continuity and the mononicity of Q, provides that such
function is bounded and

RL|x|2—N P(x)dx = J;x|2—N P(x)dx

= 4 X [N QUOR(x)dx

R(x
Q). [k
‘RR

< oo,
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where we used (5) in the last inequality. Thus, (P1) is proved.

Now it will be proved (P2). Note that the monotonicity and the continuity of Q and R
provides that P is bounded. We also have

K[ P()dx = [, QIR(x)dx
J‘ M | X |N72

|N2

Q(x)dx

<amww2mmji%%w

xeRN

< 4o0onn

where we used (5) in the last inequality, which concludes the proof of (P2).

In order to prove (P,) note that for a fixed x € RN if A _:={y € RY; |x—y| < [x|/2} and
B, :={y €R"; [x—y| > [x|/2}, then

P(y) P(y)
= dy + dy
II>< g2 jIX y["? II>< y["* ©)
N-2
J.IX le—Z y |X |N—2 K[ P(y)dy
Lety € R"be such that |x —y| <|x|/2. For z := x —y we have
x| [x
x—z x| -z x| -2 =
2 2
and
X —2| = X ~ Jz] = 2Jz| ~ |7z
Since R, and Q are decreasing we have Q(|x-z[)<Q | f and R(x — z|) < R(z)).
2
Therefore \
P P(|x—-z
[ PO g [ PUxCZDg,
AlX=Yl w121
Q(x[72)R( z]) 4,
J. |N—2
i<t
’?Vl X WJ. R%Z) dz,
- )RN
which combined with (5) and (6) provides (Ps).
Note that the functions R(X)=—" ——,0<a <2< and Q(x)= 1 are decreas-
| X[+ x [P el

ing radial functions of C’ _ (R", R) and satisfy (5).
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Concerning a function f satisfying (f1) — (f3), note that a direct computation shows that
the function

. [tsint,  te[0,6n]
()_10, t>6m,

where a, =, a, = 3x, a, = 5=, b, = 27, b, = 4z, and b, = 67 verifies () — (f,).
Now, it will be presented an example where (f,), (), — (f,) hold true. Consider f (t) =
e'sin't, and a, =r (2k — 1) =, b, = 2kz, k> 1. Note that (f,) and (f,),, occurs.

We now set F(s) = IO f(t)dt, s>0. In order to prove (f,)_, note that for k > 1 we have

Zk: (ZiII)Tr ¢ 1+ + e(2kfl)n e2kn -1
F(a) = € sintdt = =— . 7
i=1 (2i-2)n 2(6 _1)

Since F is a nondecreasing and nonnegative function, it follows from (7) that

F(a)-max{|F(s)[;0<s<a_} F(a)-max{F(s),0<s<a }
max{| F(s)[;0<s<a}  max{F(s);0<s<a}
— F(ak) B F(ak—1)
- F@)
(k-
- 2F(a,)

a1z

(€ -1)

ean _1

2k1'[ T _
AN )
Zfe“ —11
e

Y.

which proves (f3), .

With respect to the proof of (f4), note that from (7), and the inequality > 1+ x, x>0,
we obtain that

max{| F(s);0<s<a}=max{F(s);0<s<a}

=F(a)
e2kn —l

2(e™ -1)
2km +1-1

> 2™ -1)

_ &
2(e™=1)

which imply (fs),.
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3. Existence and multiplicity of solutions

In this section, we will obtain the existence and multiplicity of solutions to problem (P ).
We start by stating a technical result, which can be found in [15, Lemma 2.1], that will be
important to ensure the positivity of the solutions and that allows us to distinguish the
obtained multiple solutions. The proof of this lemma is based on the arguments of [37]
and we invite the reader to see the proof on [15].

Lemma3.1. Letg: R — R be a continuous function such that

{ 88 >0, t e%—oo,O)

1) <0, t e(s ,+x).
0

for some s, >0. If u € D**(R") is a weak solution of the problem
—Au =P (x)g(u) in R, Q)
thenu>0a.e. inQand |u|_ <s,

We will apply the dual approach developed in the papers [12,36] to deal with the qua-
silinear equation (P ). The quasilinear problem (P ) will be transformed into an equivalent
semilinear one by performing a suitable change of variables. More precisely, we make the
change of variables v = h™!(u), where h satifies

1
h (t) = [1+2h2(t)]1/2 on [0’+OO)1 (8)
h =  —h(-t) on (-0,0]

The classical ODE theory provides that h is uniquely determined, invertible and that
belongs to C¥R, R). Therefore, by this change of variables, the original equation (P) is
transformed in the following auxiliary semilinear problem:

[ |-Av=APh'M) f (h(v)) in BN
lim v(x) = 0. ()

| [X|—o0

We say that that v € D*?(RN) n L*(RV), v # 0 is a distributional solution for (P’) if

[ Vg = [ APOON' M) f (h(V)e, ¥ @ €CF(Q). ©)

Note that from [20, Lemma 1], it follows that if a function v e D*?(RN) n L*(RV) satisfy
the identity (9), where h is given in (8), then the function u = h(v) solves the problem (P),
i.e., satisfies (3).

In what follows, we present the main properties of the functionh: R - R givenin (8),
which will be often applied in our study of the problem (P’).

Lemma 3.2 (see [12,40]). The function h and its derivative enjoy the following properties:

(i) hiis uniquely defined, C? and invertible;
(i)'t <1forallteR;
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(iii) |n(®)| <[t for all t e R;

(iv)h(t)/t —» 1last—0;

(v) [h(t)| <24t for all t € R;

(vi) h(t)/2 < th'(t) < h(t) for all t > 0, and the reverse inequalities hold for t < 0;
(Vi) h(t)/ \t — 2'ast— +oo;

(viii) there exists a constant ¢ > 0 such that

eltl, i<t

|h@® > 1|C|t 2 el

(ix) h2(ts) > th2(s) for allt>1and s> 0.

To study (P") we will consider a truncation of the nonlinearity. Consider for each
k=1, - .-, mthe function f_defined as

f(s)= {Hrf é%fssee[ﬁ%ok’f]’

k

[0if s e[a,,+0).

It will be considered the truncated problem

J |—Av="2AP(X)h'(v) f,(h(v)) in BN, ’
lim v(x) =0, P.)

| [X|—>o0
and the energy functional associated to (P,’), say I, , : D**(R") - R, which is defined by

1 () =& [ 19V dx—2. [ POOF, W),
2

R RN

where

S

F ()= ﬁ[ b () f, (h()dt.

Note that I, € CY(D"*(R"), R) with the derivative I', , given by

L, (V)W = 1 vvvwdx — A l POOR' () f (h(v))wdx, Vw e DEXRN),

R R

The proof of Theorem 1.1 will be splitted in some lemmas.

Lemma3.3. 1, is coercive, that s, I, ,(v) - +ewoas|v|, , - +o.
Proof. The boundedness of f, and (ii)~Lemma 3.2 implies that there exists ¢, with
IF W <cvl,

which provides 1 1
o, (V) == J.|Vv Pdx—A  PX)F (v)dx>==|v[2 —ic, . P(X)|v|dx. (10)

2 2 v

R RN RN
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Since

K[ P(x)|v|dx = K[ PL2(x)PL2(x) v | dx,

it follows from Holder’s inequality that

12 12

{j P(X)|v |2 dx} . (11)

RN

[ PIv]dx < (j P(x)dx]

RN
By applying (10), (11) and the embedding D**(R") & L% (R") (see [22]) we obtain that
1
L, (V=7 ke~ v |1 -

2 12

Therefore, |, ,(v) = +o0 as |v|, , = +eo.

Lemma3.4. 1, is bounded below.
Proof. Since |, , is coercive, given M > 0 there is R > 0 such that,
l,,(v) >M, when |v| ,>R. (12)

On the other handlwe have 1
[, (W= I IVV 2 dx+A _|PX)F ()]dX <= |V +he~ V], -
2 . 2 12

R RN
By fixing |v|, , <R, we get

[, @) [19V E dx-+2. [ IPGF, (]dx < T RE 4 Ae= R == M,
2

RN RN

Therefore, I,

(v)>—-M,, forall ve D**(R).

It follows, by Lemmas 3.3 and 3.4, that there is a global minimum v, of I, . The func-
tion v, D**(R") is a critical point of I, ; and it follows from the Riesz Potencial Theory (see
[31, p. 43]) that

P(x)h'(v,) f (h
Vk (X) _ C T!N (X) |§(Vk_)§k|£| _(ka))w d&, VX e RN )

From the boundedness of f,, (i) of Lemma 3.2 and the hypothesis (Ps) we have

and therefore lim|x|—oo u,(x) = 0. Note that

h@®)f (h) = | gh'(o)f(o) >0,ift <0,
| 0ift>h"(a,).
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Thus, it follows from Lemma 3.1 that 0 <v, <h™'(a,). From Lemma 3.2 we conclude that
foreachk=2, - - -, m, the problem (P ) has a solution u, = h™'(v,) with0 <u, a,.
In the next lemma it will be obtained that

a, <l <a,k=2,---,m

and so, (P ) has at least m — 1 solutions when 4 > 0 is large enough.

Lemma3.5. Foreachk=2, .- -, m,thereis/, >0, such that for all 1>/, it holds
3, <lul, =8,

Proof. It suffices to prove thath™'(a, ) <|v,].. Suppose that |v,| <h™'(a,_,).
We have

1, (v) <1, (W), vw € D*3(RV ). (13)

In order to prove the result, it will be obtained the existence of both 2, > 0 and w, €
D**(RN) with w, >0 and |w,|  <a,, such that

Ikrl(Wk) < Ik—l,i(vk)v VA> 4,

which contradicts (13).
We have

h™(ay)
Ri@)-R0@.)= | fhomod

b (@y-1)

Applying the change of variables s = h(t) we obtain
ay
Fh(@)) - F( ()= [ 100

Since we supposed that f verifies (f3), we have
o =F (h"i(a ))—max {F
k k

O<t<ay k

)} >o.

Then forallvin D“(F]’» )Wlth 0<v< h™'(a, Pa .. in RN we obtain that
P(x)F (h~ l(a ))dx > P(x)F (V)dx +a |P|

'RN RN
Since P € LY(RY), given ¢ > 0, there is R =R(e) > 0 large enough, with
[ IPldx<e.

RN \Bg (0)
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Consider w, € D**(R") with 0 <w_, <h!(a,) and w, = h™!(a,) for all x € B_(0). We have

r[P(x)Fk(wR)dXZ ?j POOF, (@ )dx+ [ POOF, (wg)dx
2y ©)

) ) RNI\ Bg (0)

= PXF (h(a ))dx— POLF " (h'@")) — F w")]dx

RN\ Bg ((2[

> P(X)F k(h*l(a k))dx -2C P(x)dx,

RN RN \ Bk (0)
where C =max F,(t); 0<t<h"'(a,) . Thus, forall v e D**(R") with 0 <v h!(a,_,) we have
J P(X)F, (W,)dx > J P(X)F, (V)dx +a |P |, —€.
Fix ¢ > 0 such that # = a|P |, — & > 0, and define w, := w,. Forall v e D**(R"),0<v <
h™'(a,_,) we get
e, (W) =1y (V) = 1 (' 1|212) - XI RNP(X)(FK(W) —F(v_))dx

12

=N

S_|W|1’2 -An <0,

N

provided that A >

Wcha . ) Therefore h'(a )<h*a ) <|v| <=h?*@a), which
5 k k-1 k-1 k o k

provides thata,_, <|u,| <a,.

In view of this result, it follows that problem (P ) has at least m — 1 solutions u. : R,
- R,i=1,,m1fori> 4, where 1, := max {4, ---, 4,_,} with 4_define in the proof of
Lemma 3.5.

3.1. The infinite zeros case

Based in the ideas of [14] it will be considered the case of infinite zeros.

As in the case of Theorem 1.1, by Lemmas 3.3 and 3.4, there is a global minimum v, of
l,,- Moreover, 0<v,<h*(a,). The next result provides that fork € {2, 3,4, - - - }

h(a.) <Ml =h"(@a),

in the infinite zeros case, for all A > 0 large enough, and as in the first part we obtain
infinitely many solutions u; with

a,_ <lul <a,
that completes the proof of Theorem 1.2.
Lemma 3.6. Consider (f)), (f,), and (f,),. There is a positive constant £, such that for all 1 >
Z,, it holds that
a'k*l < |uk|oo E ak'
Proof. Itis enough to show that h™'(a,_,) <|v,|,. Recall that

l,(v) <1, ,(w), vw € D**(R"). (14)
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Suppose that |v,| < h™'(a,_,). The idea of the proof will consist in obtain a contradic-
tion by showing the existence of both 1, > 0, w € D**(R") with w > 0, jw|_ <h'(a,) and

L W) <1, (%), VA> Ay, (15)

where 1o > 0 is a constant that will be described before.
From (f,), and (f,)  we obtain that

0<a,:=F(h'(a)) —max{F(s);0<s<h™(a_)}

Thus, it follows that for all v € D**(RY) with0<v <h™'(a,_,) a. e. in R" we obtain that

K[ P(X)Fe(hL(ax))dx > K[ PX)F, (v)dx +oy, Pl

Since P € L}(RY), given ¢ > 0, we may find R = R(e) > 0 large enough, with

[ 1Pldx<e.

2N \Bg (0)
Consider w, € D*3(R") with 0 <w, <h"'(a,), and w, = h™'(a,) for all x € B.(0). Therefore

] POOF ()= f[ POOF (M @)dx+ [ POF, (w,)dx
¢ Bk (0) R \Bg (0)
= PMF(h(@))dx - PO[F(h(@")) - F(w")]dx

RN BN \ B (0)

> KLP(X)F(h‘l(ak))dx—ZCk I P(x)dx,

R \Bg (0)

where C, = max{|F (t)|; 0 <t<h'(a,)}. Thus, we have for all v € D**(R") with0 <v <
h™'(a,_,) that

[ POOF(wa)dx > | P(x)F(v)dx+Ck|(0i PL-2 | P(x)dx).

RN RN Ck RN \Bg (0)
Fix R > 0 such that (a" |P| -2 P(x)dx >0 and definew =w . From (f) | and
| C_ 1 J.RN \BR(O) R 3 o
(f,), we get LG )
1
o W)= hea (1) = = QW I P )= [ POOCF, (W)= F, (4 ))dx
s£|w|2 _AC (4, IP| -2 P(x)dx\. (16)
9 12 k |\C_k ! J-RN \B_0) )

Note that from (f,)_, and (f,)  we have

W 2 W 2
(o W Y < Qdak—eﬁ—\ﬁﬁf—wl_ i Wk > 2.
2¢,| " IPl,-2f P(X)dx |

2N\ B (0) RN \Bg (0)

\ G " )
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Since a, —» aor a, — +oo, it follows that the right-hand side given in the last inequality is a
bounded sequence. By defining

A~ =sup |w |#2

o2 2dak(ﬁ PL-2, (O)P(x)dx)

and considering 4 > £, it follows from (16) and (17) that

L, (W) =1, (v) =1, (W) — 1, (v)
<0,

which contradicts (14).

From the previous result, it follows that problem (P) has has infinitely many non-
negative weak solutions u, : R, » R, i>1for 1> 1 , where [, was defined in (18).

4. Asymptotic behaviour

The main goal of this section consists in analyze the behavior of u,, the “first solution” of
problem (P), as 4 — o. As mentioned before, the ideas of this section were inspired by
[10] and [18].

In this section it will be considered that f satisfies: f (0) =f (a1) =0, f(t)>0forall0 <t
<a,, the right derivative f,'(0) exists and satisfies f,'(0) > 4,, where 4, is the first eigenvalue
of the problem

[|-Au=AP(X)u, in RN

9
llim|x|—>+oo U(X) = O (l )

Since in this section we are interested in f on the interval [0, ai] we consider an extension
of f, still denoted by f, such that f (t) =0 fort € R\ [0, ai].

In what follows it will be considered a pair of sub-supersolutions for (P’). We say that
0 <veD*RN)nL*RN) is asubsolution for (P') if

[|-Av < APX)h'(W) f (h(v)), in RN

| lim,,.. v(x) =0, (58)
and 0 <ve D*(RY) nL*(R") is a supersolution for (P") if

[|-Av > AP(X)h'(v) f (h(V)), in BN

L% lim,,,,v(x)=0, (SP)

in the weak sense.

First it will be obtained the subsolution. Since f,' (0) > A1, by considering f(t)y=(f - h)
(t), we have from (8) that

f(0) =h'(0)f'(h(0)) =1,'(0) > 4,
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Hence, there ist > 0 such thatift € (0, t), we have (T (h(0)
0
t
h'(©)f (h(t)) > At, t € (0, t,).
On the other hand, we have 0 < e¢,(x) < to for all x € R" if 0 < ¢ is small enough.
Therefore,

> A, and so
1

—A(e¢, (X)) = 4,P(X)(e@,(x)) = P(X)N'(ed,(X))f(N(e4,(x))), in R
Thus, it follows for 2 >> 1 that
—A(e@,) < AP (X)h (e¢,)f (h(eg,)) in RN . (20)

We quote that 4 > 1 does not depends on ¢ > 0 and, consequently, 0 < v(x) = e@,(X) is
a subsolution of (P"), for A large enough.

Now it will be considered the supersolution. For a fixed A large enough as in the con-
struction of the subsolution, consider e € D*?(R") L*(R") be the unique solution of the
problem

[|-Ae =P(x), in RN
I (21)
| 'lim,,,..e(x)=0.

We will show that there is M > 0 large enough such that G= Me is a supersolution for the
problem (P ). Consider

A

f: R - R
s 0 f(s)=maxe, O (h(D)

Note that, fis nondecreasing with
lim @ =0

S$—>00 S
and so, it is possible to choose M =M (4) > 0 such that

1 f(Mlel)
Llel, Mlel,
Then, for 2 > 0 large enough, we have that v~ = Me satisfies
—AV =P(X)M = AP(X)f (M |e,)
> AP(X) f (Me)
> AP(X)h'(V) f (h(V)), in RN,
which provides that v = Me is a supersolution for (P').
Now it will be proved that for & > 0 small enough that
Me > e¢, in R,
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We have L ) .
0<|(Me—-g¢ ) P = V(Me—ed)V(Me—ed ) dx
Y 4 Vev(Me —ed) dx —¢ &VQV(Me—S%)dx

=M PX)(Me—gd)dx—s PXAd (Me—ged ) dx

RN RN

= K[ P(X)(M — A1) (Me —eds)-dx <0,

which provides that |(Me —e¢,) |, ,= 0 and, consequently, v™= Me > ¢¢, = v in D**(R").
In the proof of the next lemma it will be used the following fixed point result whose
proof may be found in Evans [23, p. 504]:

Theorem 4.1. (Schaefer’s Fixed Point Theorem). Suppose that A : X — X is a continuous
and compact mapping in the Banach space X. Consider that the set
{u e X;u=pA(u), forsome0<pu<1}

is bounded. Then A has a fixed pointin X.

Lemma 4.2. There exists a solution v, of (P") with v, € M, where M is the set defined by
={ve D¥?*RN);v<v<va.e. in R"}
Proof. Initially, note that v < vand v, v € D**(RV)NnL*(R"). Consider the operator T :
D!2(RN) —» D**(RN) given by
v(X), if v(x) > v(x),
Tv, (X) = {v(X), if v(x) < v(x) < Vv(x),
v(x), if v(x) < v(x).

Hence, we can consider the auxiliary problem
| [—Aw=AP(x) f~(T,v) in BN,
{0 (22)

Ul'm|x|»w w(x) =0,

where f was defined previously and the fixed 2 > 0 is as in the construction of the sub-
supersolutions. We have that for each v € L2 (RM) there is a unique solution w € D*2(RV)
for (22), because f € L*(RV)and P € LR ) N L=(R"). So, it is well defined the solution
operator for (22) defined by S : L2(RY) — D**(R"), where w := Sv, v € L*(R") is the unique
solution of (22). Since the embedding D**(RY) < L*(R") is compact (see [22]), we can
consider that S : L3 (RY) — L3(R") is a compact operator.

In order to use the Schafer’s Fixed Point Theorem, we consider the equation v = puSu
for u € [0, 1]. We may consider 1 # 0 and so —tv =Sv, that Is,

[1—=Av = pAP(X) £(T, V) in RN
v(x) =0,

L% lim @)

[X[—>o0
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which provides that, for each fixed 4 > 0 as above, the set {v € L? (R"); v = uS(v) for all
0 <p <1} is bounded. Invoking the Schaefer’s Fixed Point Theorem, it follows that there is
v € D*2(RN) such that v = S(v), that is,

~Av = 2P (X)f (Tv) in RV, (24)
Now, we need show that v € M. For this, consider z := v —v. We have
~Az =P (Xf (V) — P () (TV) in RV (25)

Multiplying both sides of the last inequality by —(v —v)~ and integrating, we getv<"v. A
similar reasoning provides that v <v. Therefore T,v = v. Setting v, :=v, we havev<v,< 7y,
that is, v, € M.

Theorem 4.3. Under the above assumptions, let u, = h(v,) be a nontrivial solution to (P) as
we before. Then for everyp>1onehasu, —a, in|.? (RY), as A — +o.
Proof. Note that
P (x)f (v,) > 0, in D'(RY), as A — .
In fact, since —Av, = AP (x)f~(vi) in RV, we have
[ Px) f'“(vk)(pdx:i [ Vv, vedx, Ve eDEN)
R R
and so, because ¢ € D(RY) and |jv || <h™!(a,), we get
[ POOT (v, )polx = i [ vA(-A@)dx 0, when & —> =,
R R
that is, P (X)f (v,) = 0in D'(RV).
On the other hand, let K = RN be a compact set. For each > 0 we have
{x € K;v,(x)<h*(a,) —#} —0,as1— .
Indeed, if 9 € D(RY) with ¢ = 1 in K, then
[ POOT(v, )pdlx > iP(x) f~(v, )dx > [ PO, ) (26)
R v sh™ (as)-n}
where {v,<h™'(a)) —#} ={x €K; v,(x) <h”'(a,) —#}. Inthe set {v, <a, — 5} it occurs that
f(v)>inf f =:C >0, which provides
J POF(v)odx>C | P (27)

{v,.<h*(a)n}

[0h'@dn

Since P (x) > 0 in RN there is a constant C1 > 0 such that,
P(X)>C1>0,VXx€eK, (28)
which imply

[ P (v, )odx > C [{v, <h}(a)-n}| (29)

RN
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and, consequently
{v,<h*(a)—#n} —0,asi— . (30)

Since

1 pK A 1
v, -h™*@)P = |v ~h(a)P dx
K

1 A 1
= v, —h-(@ )P dx + v —h?@)P dx
{v, <h@;)-n} v, >h ' (@)-n}
<h(a)’ {v, <h?*(a)n}|+nP|K]|
when 4 — oo, we have
lim|u,—a,P <nP|K]|, vn >0, (31)
A —0 pK
which implies
lim|v, ~ht@)pP =o. (32)
A—0 1 pK
Therefore, since h is a C? function we conclude that
lim|u, —a,|P =0. (33)
p.K

A —>0

Proof of Theorem 1.3
In order to to prove Theorem 1.3 it will suffice to consider the case that k = 2. Now, we
have that if u is a solution of

J |~Au— A(U2) = P(X) f,(u)in RN
limu(x)=0,

[X|—>0

(34)

then we get by [2] that u € C*(R") because f, € L*(R"). Performing the change of variables
v =h"!(u) again, where h is defined by (8), we obtain

f|—Av: AP(X)N'(v) f,(h(v)) in RN
limv(x) =0,

[X|>c0

(35)

Before proving the theorem, we need some important auxiliary results. Initially, we estab-
lish a version of a sub-supersolution method to the problem (35).

Proposition 5.1. [15] Consider that problem (35) has a sub-solution v and a super-solution
v~ satisfying —o < ¢ <v <y < ¢~ < +oo. Then problem (35) has a solution v € D**(R") with v
<v<v~ Moreover, there is a minimal solution w and a maximal solution w~ such that, for all
solution v with v <v <v~, we have

VSW<V<W<VinRN, (36)
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Lemma 5.2. The maximum (minimum) of two solutions of (35) is a sub(super)solution of
(35).

Proof. Consider v, and v, two solutions of problem (35). We have that v, v, > 0 in R™.

Invoking the Riesz Potential Theory it follows that if v is a solution of (35) one has

h'(v(y)) f,(h
V) =C J PN (VYD | (WY

Ix—y [N

and so,v € C(RV), see [1, Lemma 3.1]. Since

—Av =P ()h'(v)f2(h(v)),
P (x) € LY(RY) n L*(RY) and h'(v)f,(h(v)) € L*(R"), we have P (x)h'(v)f,(h(v)) € L’(RY),
forall p> 1. Thus, we have that v e W2P(RY).

loc

Now, similarly to the ideas of [17], we will show that v* defined by
v*(x) = max{v,(x), v,(x)} (37)
is a sub-solution of (34).
From KJato’s inequality 927] we have

~ |w|Aedx<—  sign(w)AW)oedx, for all w eWEL(RN),@ € D*(RN),  (38)

RN RN

where D*(RY) = {¢ € C*(R"); ¢ > 0}.
For u,, u, € W2(R") we obtain that

—.[ V* Apdx _ 1 I (v, +V,+ v, =V, )Apdx

RN RN

s-% '[ (Av, + Av, +sign(v, —V,)(Av, — AV, ))edx
RN

< [ OO ' () o (0)

ol « NV (V2) B (h(V,)) + L A = 10" (v1) f5(Uy) +h'(v,) f,(U,))) pdx
1 2 2 1 2
= K[ P(X)h'(v¥) f, (h(v*))edx, for @ € D*(RN),

which implies that

K[ VV * Vodx < i POOR' (v*) T, (h(v*))pdx, (39)

forall p € D*(RN). Therefore, it is clear that v* is a sub-solution of (35). Similarly we show
that v.(x) = min{v,(x), v,(x)} is a supersolution of (35), using that v.(X) = v, + Vv, —|v, = V,|.

Remark 1. From what has been exposed so far, if w is a solution of (35), then w € W3°(R")
forall p>1. Thus, by the Sobolev embedding theorem we have w € C}(R").
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Lemma5.3. Let v e C}(R") be a nonnegative weak solution of (35). If f (0) > 0, then v is
positive in RN,

Proof. Consider x, € R" such that v(x,) = 0. Let D = B (Y,) © R" be an open ball such that
Xo € 0D and ga strictly decreasmg continuous func Wlth <f, defined on [0, «) such
that g(0) =h'(0)f (h(O)) h'(0)f(h(0)) >0andy =g |nf g(s);0<s< al? > 0. Define

the function b on D as

b()=c(E | * —ed),
where ¢ is sufficiently small such that

sup | Ab(x) <y .

xeD

Then b is a subsolution of
—Aw =P (x)g(w) in D, w =0 on oD.
It follows for all ¢ >0 in HY(D) that

J (Vb — Vv)Vedx < J P(X)(g(b) — h'(v) f, (h(v)))edx.
Choosing ¢ = (b — v)*, and using the fact that the Laplacian operator is monotone and g is
strictly decreasing, we obtain
0< J' IV(b—V) ? dx < I P(X)(g9(b)—h'(v) f,(h(v)))(b-v)dx <0,
D* D*

where D* = {x € D; b(x) > v(x)}. Therefore, D* is empty or equivalently v > b in D.
Since v(Xo) = b(xo) =0, and b >8 in D we Bave that the normal derivative with respect

to the boundary of D satisfies — (x )< (x ) <0, implying that [Vv(x )I # 0, which
ov ov
contradicts the fact that v(xo) = 0 is a minimum value of v in RN,

Remark 2. Using the ideas of [2, Lemma 3.1], note that: if v € D**(R") n C(R") is a posi-
tive solution of (35), there exists ¢ > 0 such that

V(X)> ¢ >0,vx € B, (0).

Now, if we set w(x) = v(x) — &[x]*™™ and

,q |x|< a2
W~ (x) |x|>a

Il 2
it follows that w € D**(R"), supp(w™) < B® (0) and W> 0. Therefore

W =

Q[vaw~dx= JVWWW= z[P(x)h'(v)fz(h(v))wolx= [ POON@) T, (h(v))wdx =0
] F I BS, (0)
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and so
[ Ivw Pdx=0.
B, (0)

Hence, w =0 in RV\ B, (0), which provides that
v(X) = elxP™, x| = &, (40)
The previous remark is very useful in the proof of Theorem 1.3.

Proof of Theorem 1.3
Observe that p : RN — R defined by

Jo, Ix<bi,
B(x)= m(lxl—bl),bl s|x|3a2

2
2N x>a.

2

| 2
e|x

is a subsolution of (35). Moreover, v is a supersolution of (35). Therefore (35) has a min-
imal solution o with A(x) < o(x) < v(x) for all x € R". Thus, for all solution v of (35) with
LX) <w(x) < v(x) it occurs that w > o. See Lemma 5.1 and Remark 2.
We claim that this implies that ¢ is radially symmetric, that is, o(x1) = o(x2) for all
X, X, € RN with |x,| = [x,|. Suppose that this not occurs, then there exist x,, x, € RN with
IX,| = |X,| such that a(x,) > a(x,). Let T be an N x N matrix in SO(N ; R), the special
orthogonal group, such that x = Tx;. Note that the transpose matrix T ' of T is also its
inverse matrix. Consider vi(x) = o(Tx). Since for all x € RM

Vvi(x) = TVo(TX),
and the map x = Tx is an isometry, it follows that
[Vvi(X)| = [TVa(TX)| = [Va(TX)|.

We next show that v1 is a weak solution of (35). That is, we need to prove that for all ¢ €
D2(RM) it occurs

] Vuatoverqax = [ POoR (v)) f(h(v))o(xdx. (41)
Define y(x) = ¢(T X) € D**(R"). Note that
| Vuat9ver)dx = [ TVe (TVe0yds
= | TVo (TX)-(TVy (TX))dx
= [ Vo (y)Vy (y)detTdy
= [ P(TT )N (o (TT'Y) F, (h(o (T y))y (T y)dy

= P(Tx)h'(c (TX)) f,(h(c (TX)))w (Tx)detT'dx

= [ POON'(v,00) F, (h(v,00))(X)elx.
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Hence, (41) is holds. And so, (35) has two solutions v and vi. It follows that (35) has
another solution vz such that # < v. < min{v, vi}. Since ¢ is the minimal solution with
respect to the pair of sub-supersolutions (v, 5), we get a(x,) <V,(x,) <V, (x)) = a(X,) < a(X,).
This contradiction shows that o must be radially symmetric.
Next, define a C'—function ® : [0, o) — R* by O(|x|) = o(x) for all x € RV . Using the

chain rule for classical diferentiation, we have for all r € (0, ) that

do _d®dr _ X j=1,0,N,

ox, drox, T

and
Vo [=|e’ II(%:QTJZ =e"].
N
For any w € C(0, ), put

oc(r)=m, re(0,0), a(0)=0,

I,.N—l

and

W) =w(x]), e =a(x)), xeR".
As aweak solution of (34), o satisfies
K[ VoVerdx = K[ PN (c)f,(h(c ))etdx.

On the other hand, 2&:(X) — o' 8, which provides that

X, X

o0 0

t[@)’w’rN—lolr = I P(N)h'(©) f,(h(@))wrN-1dr.

I W w N-1 . . .
Substitutinga. =— —anda’'=—"——"_—"w into the previous equation, we get
I.N—l , rN— N
N-1
wol W N1

0 | rN—l rN

Loy
"N—ldr - J-wP(r)h’((a)f (h(®))~rN-Ldr,

2 N-1
r

or

o0

” ! ! OOM !
[ewdr—[  hvdr=[P(r)f,@)wdr,
0 0 r 0

forall w € C7(0, o). This implies that @ € C* weak solution of the equation

~o" ="t P () (h©)), @)

r
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and by the continuity of the right-hand side, the distributional derivative 0 above becomes
a classical derivative and hence h is a classical solution of (42).

Since o is radially symmetric, ®'(0) = 0. Hence, O is a solution of (42) subject to the
condition ®'(0) =0 = lim__ ©(r). Let r, € [0, «) be such thatv__ = O(r,) = max{O(r);
r [0, ©)}. Multil?lying both sides of (4]%&?4 @%and integrating it, we have

—| I O'e"dt+(N —1)J' dt |=I P(t)h(@)fz(h(G)))G)’dt,
k 0 0 t ) 0
forall 0 <r <oo. Now, since v, = O(r,) is greater than h™'(a,), we can choose r € (0, )
such that ®(r) = h™!(a,). The previous equality becomes
@) o) "l©'F
[ W) fh)ds<— [ sds—(N-1)] —dt<o.
0 0

This equation shows that e h'(s)f (h(s))ds > 0. Since f<0in (h(a)h(b), u €
h’l(al) 1 1 max
(h*(b,),h*(a,)] and f is nonnegative in [u__, h™'(a,)], we get

h(ay) Unax
| MEfhE)s> [ h(e)f(h(s)ds>0,

h(ay)

Therefore, applying the change of variable t = h(s), we obtain

a

J f(t)ds > 0.

Acknowledgments

We would like to express our gratitude to an anonymous reviewer for his/her suggestions
that improved this paper.

References

[1]  Alves CO, de Lima RN, NObrega AB. Bifurcation properties for a class of fractional Laplacian
equations in RN, Mathematische Nachrichten. 2018; 291; 2125-2144.

[2]  Alves CO, de Lima RN, Souto MAS. Existence of a solution for a non-local problem in RN via
bifurcation theory, Proc. Edin. Math. Soc. 2018; 61: 825-845.

[3] Bass F, Nasanov NN. Nonlinear electromagnetic spin waves, Phys. Reports. 1990; 189:
165-223.

[4] Brandi H, Manus C, Mainfray G, Lehner T, Bonnaud G. Relativistic and ponderomotive
self-focusing of a laser beam in a radially inhomogeneous plasma, Phys. Fluids B5. 1993;
3539-3550.



(5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

F.J. S. A. Corréa/ On Nonnegative Solutions of Quasilinear Equations 25

Borovskii A, Galkin A. Dynamical modulation of an ultrashort high-intensity laser pulse in
matter, JETP. 1983; 77: 562-573.

Brizhik L, Eremko A, Piette B, Zakrzewski WJ. Static solutions of a D-dimensional modified
nonlinear SchrOdinger equation, Nonlinearity. 2003; 16: 1481-1497.

Brown KJ, Budin H. Multiple positive solutions for a class of nonlinear boundary value prob-
lems, J. Math. Anal. Appl. 1977; 60: 329-338.

Brown KJ, Budin H. On the existence of positive solutions for a class of semilinear elliptic
boundary value problems, SIAM J. Math. Anal. 1979; 60: 875-883.

Chen XL, Sudan RN. Necessary and sufficient conditions for self-focusing of short ultrain-
tense laser pulse, Phys. Review Letters. 1993; 70: 2082—2085.

Chipot M, Corréa FISA. Boundary layer solutions to functional elliptic equations, Bull Braz
Math Soc. New Series. 2009; 40(3): 381-393.

Chipot M, Roy P. Existence results for some functional elliptic equations, Differential Integral
Equations. 2014; 27: 289-300.

Colin M, Jeanjean L. Solutions for a quasilinear SchrOdinger equation: a dual approach,
Nonlinear Anal. 2004; 56: 213-226.

Corréa FJSA, Corréa AS, Santos Junior JR., Multiple ordered positive solutions of an elliptic
problem involving the p&g-Laplacian, Journal of Convex Analysis. 2014; 21(4): 1023-1042.

Corréa FJSA, Carvalho ML, Gon,calves JVA, Silva KO. Positive solutions of strongly non-lin-
ear elliptic problems, Asymptotic Analysis. 2015; 93: 1-20 DOI 10.3233/ASY-141278.

Corréa FISA, de Lima RN, NObrega AB. On Positive Solutions of Elliptic Equations with
Oscillating Nonlinearity in RN, Mediterr. J. Math. 2022; 19:62.

Dai G. On positive solutions for a class of nonlocal problems, Electron. J. Qual. Theory Differ.
Equ. 2012; N. 58: 1-12.

Dancer EN, Sweers G. On the Existence of a Maximal Weak Solution for a Semilinear Elliptic
Equation, Differential Integral Equations. 1989; 2 (4): 533-540.

De Figueiredo DG., On the existence of multiple ordered solutions for nonlinear eigenvalue
problems, Nonlinear Anal. 1987; 11: 481-492.

De Figueiredo DG. On the Uniqueness of Positive Solutions of the Dirichlet Problem for
—Au = Asin u. Nonlinear Partial Differential Equations, College de France Seminar, vol. 7,
Pittman (1985), pp. 80-83.

dos Santos GCG, Muhassua SS. Existence of solution for a class of quasilinear SchrOdinger

equation in RN with zero-mass, Journal of Mathematical Analysis and Applications. 2022;
506(1): 125536.

dos Santos, GC., Silva, JRS. Multiple ordered solutions for a class of quasilinear problem with
oscillating nonlinearity. J. Fixed Point Theory Appl. 2024 (26), 7.

Edelson AL, Rumbos AJ. Linear and semilinear eigenvalue problems in RN, Comm. in Part.
Diff. Equations. 1993; 18(1-2): 215-240.

Evans LC. Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, AMS
1998.

Hasse RW. A general method for the solution of nonlinear soliton and kink SchrOodinger
equation, Z. Phys. B. 1980; 37: 83-87.



26

[25]

[26]

[27]
[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

F. J. S. A Corréa/ On Nonnegative Solutions of Quasilinear Equations

Hess P. On multiple solutions of nonlinear elliptic eigenvalue problems, Comm. Partial
Differential Equations. 1981; 6(8): 951-961.

Ho K, Kim CG, Sim I. Multiple solutions for quasilinear elliptic equationsof p(x)-Laplacian
type with sign-changing nonlinearity, Electron. J. Differential Equations, 2014; 237.

Kato T. SchrOdinger operators with singular potentials, Israel J. Math. 1972; 13: 135-148.

Kosevich AM, Ivanov BA, Kovalev AS. Magnetic solitons in superfluid films, J. Phys. Soc.
Japan. 1981; 50: 3262—-3267.

Kurihura S. Large-amplitude quasi-solitons in superfluids films, J. Phys. Soc. Japan. 50:
3262-3267.

Laedke E, Spatschek K. Evolution theorem for a class of perturbed envelope soliton solutions,
J. Math. Phys. 1963; 24: 2764-27609.

Landkof NS. Foundations of modern potential theory. Die Grundlehren der mathematicschen
Wissenschaften, Band 180. Translated from the Russian by A. P. Doohovskoy. Springer,
New York, 1972.

Makhankov VG, Fedyanin VK. Non-linear effects in quasi-one-dimensional models of con-
densed matter theory, Phys. Reports. 1984; 104: 1-86.

Quispel GRW, Capel HW. Equation of motion for the Heisenberg spin chain, Phys. A. 1982;
110: 41-80.

Ritchie B. Relativistic self-focusing and channel formation in laser-plasma interactions, Phys.
Rev. E. 1994; 50: 687-689.

Takeno S, Homma S. Classical planar Heinsenberg ferromagnet, complex scalar fields and
nonlinear excitations, Progr. Theoret. Physics 1981; 65: 172-189.

Liu J, Wang Y, Wang ZQ. Soliton solutions for quasilinear SchrOdinger equations 1I. J.
Differential Equations. 2003; 187: 473-493.

Loc NH, Schmitt K. On Positive solutions of Quasilinear Elliptic Equations. Differential
Integral Equations 2009; 22 (9-10): 829-842.

Ruijsenaars, SNM. Sine-Gordon Equation, Encyclopedia of Mathematical Physics, Academic
Press, Editors: Jean-Pierre Franc,oise, Gregory L. Naber, Tsou Sheung Tsun. 2006; 576-583.

Ruijsenaars, SNM. Sine-Gordon Solitons vs. Relativistic Calogero-Moser Particles. In:
Pakuliak, S., von Gehlen, G. (eds) Integrable Structures of Exactly Solvable Two-
Dimensional Models of Quantum Field Theory. NATO Science Series, vol 35. Springer,
Dordrecht 2001; 273—-292.

Severo UB. Existence of weak solutions for quasilinear elliptic equations involving the p-La-
placian. Electron. J. Differential Equations 2008; (56): 1-16.

Zarmi Y. Sine-Gordon Equation in (1 + 2) and (1 + 3) dimensions: Existence and Classification
of Traveling-Wave Solutions. PLoS ONE 10(5): e0124306. 2015.



