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In this work, we introduce the general weighted fractional Sobolev spaces with variable exponents
WsK'fo("'y)(Q) and we proye their continuous and compact embeddings into weighted Lebesgue spaces
with variable exponent L, (). Moreover, we consider a class of fractional elliptic systems involving gen-
eral (p(x, .), q(x, .))—Laplacian operators. Our main tool is based on the Three Critical Points Theorem
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1. Introduction

In this paper, we aim to introduce the general weighted fractional Sobolev spaces with
variable exponents WSK":)(X*V)(Q) and we prove their continuous and compact embeddings
into weighted Lebesgué spaces with variable exponent LY®(Q) . Moreover, we investigate
the existence and multiplicity of weak solutions for the following fractional elliptic system
of (p(x, .), q(x, .))—Kirchhoff type

lﬁ\/l (0 (W) (u)+o(x)uP? u)=1F (x,uVv)+pG (X,u,v), inQ,
K,p(x,y) K u u
(P M I"Iz’q(x’y)(v))(@:(x"’(v)+co(x)|v|°“”’2v):ka(x,u,v)+uG (X,uV), inQ,
| u=v=0, inRY \ Q,

I
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r(x,y)
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where

Q is an open bounded subset in RN, N > 2, with Lipschitz boundary 0Q, s € (0,1),
M : [0, +0) — (0, +0) is a strictly nondecreasing continuous function and o is a
continuous wight function belongs to L* (€2) such that esginf w(x)=wmo >0.

Q= (RN xQ)u(Qx RN ) . The set Q captures a broader range of the domain

compared to Q x Q. This is particularly important when dealing with non-local
operators and problems defined over the entire space RN with a specific domain
of interest Q. Integrating over Q allows for a more comprehensive analysis of the

interactions between points in the domain and its complement.

P,q:Q —(1,+x) are symmetric continuous functions such that

1< pOp(x, y)Op" <min{ pg(x),q {X)} <+,
1<q0g(x,y)0g- <min{ p(x),q"(x)} < +o0, (1.1)

where

p~=inf p(x,y), p"= sup p(x,y)

(x,y)eQ (x,y)eQ
q = inf q(x,y), g"= sup q(x,y),
(x,y)eQ (x,y)eQ

and p.*, g.* are critical fractional Sobolev exponents given by

p*(x){NN—p_s‘&&) it N >sp(x) q*(x)=<fNMs‘mj%%)

where

f N> sg(x),

S

Lo it NOsp(). Lo+ it Nosg(x).

B(x):p(x,x) foranyXEé, and a(x):q(x,x) foranyXEé.

F.G:QxRxR—R are functions such that F(., t, §), G(..t, &) are measurable in
Qforallt, & € Rand F(x,.,.), G(X,.,.) are continuously differentiable in R? for a.e. x
e Q. F,(x,u,v), F(x,u,v), G,(x,u,v)and G (x, u, v) are the partial derivatives of F
and G with respect to u and v respectively. A, u are two real parameters.
o X* is a nonlocal integro-differential operator of elliptic type defined by

o™ (u(x))=pv. Ju(x)—u(y)PE (u(x) —u(y))K(x,y) dy,

K RN

where p.v. is a commonly used abbreviation in the principal value sense, ensuring
that the singularity at x =y is handled properly by considering the limit of the inte-
gral as y approaches x symmetrically from all directions within a neighborhood,
typically represented as a ball centered at x. This approach effectively “subtracts
out” the singularity, ensuring a balanced treatment around Xx.

The singular kernel K : RN x RN — (0, +o0) is a measurable function with the fol-
lowing properties:

K(x,y)=K(y,x) forany (x,y)eRN xRN, (1.2)
there exists ko > 0 such that
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K(x,y)Ok| x =y [(N#POY) - forany (x,y) eRN xRN andx =y, (1.3)

and mK e Ll(RN xRN ) where m(x,y) = min{1,| X—y |F’(XVY)} (1.4)
A typical example for K is given by the singular kernel K(x, y) = [x —y[ N*P&0) In this

case oP() = (—A o) )S is the fractional p(x,.)—Laplacian defined as
lu(x) —u(y) P¥)-2 (U(X)—U(Y))dy

(—Ap(x“) )S u(x) = p.v. LN forall xeRN. (1.5)

| X — y |N+sp(x,y)
The birth of fractional calculus was in a letter dated in 1695 when L’Hopital wrote
to Leibniz and asked himlabout the nth-derivative of the function f (x) = x, D™ . What
n
could be the result if n==7? DX

2

Leibniz respond: “An apparent paradox from which, one day, useful consequences
will be drawn.” After this first discussion between L’Hoépital and Leibniz, fractional calcu-
lus becomes above all for big mathematicians and which can be traced back to L Hopital
(1695), Wallis (1697), Euler (1738), Laplace (1812), Lacroix (1820), Fourier (1822), Abel
(1823), Liouville (1832), Riemann (1847), Leibniz (1853), Grunwald (1867), Letnikov
(1868) and many others. We refer the reader to [17, 25, 32] and the references therein for
a detailed exposition about the history of the classical fractional calculus.

Thanks to these classical definitions, fractional calculus becomes a venerable branch
of mathematics in the last century, and fractional operators give more development to
the fields of Potential theory, Probability, Hyper singular integrals, Harmonic analysis,
Functional analysis, Pseudo-differential operators and Semigroup theory In particular,
the fractional Laplacian operator (—A)®, s € (0,1) is a pseudo-differential operator which
has various definitions in different fields: Fourier transform, distributional definition,
Bochner’s definition, Balakrishnan’s definition, singular integral definition, quadratic
definition, semigroup definition, definition as harmonic extension, and definition as the
inverse of Riez potential. We refer to Kwasnicki [22] who collected all these definitions
and established the equivalence between them.

In the last decade, great attention has been given to the study of nonlinear nonlocal
case. More precisely, the problems involving the fractional p—Laplacian operator (~A),.
We refer to Di Nezza et al. [24] for a comprehensive introduction to the study of nonlocal
problems. Basic properties, embedding theorems and regularity results are established.
The paper opens the door to many mathematicians to deal with general problems in the
field of partial differential equations. In the context of non homogeneous materials (such
that electrorheological fluids and smart fluids), the use of Lebesgue and Sobolev spaces L?
and WsP seems to be inadequate, which leads to the study of variable exponent functional
spaces. The study of problems which involves the p(.)-Laplacian and the corresponding
elliptic equations constitutes promising a domain of research. The interest in studying
such problems was stimulated by their applications in many physical phenomena such as
conservation laws, ultramaterials and water waves, optimization, population dynamics,
soft thin films, mathematical finance, phases transitions, stratified materials, anomalous
diffusion, crystal dislocation, semipermeable membranes, flames propagation, ultra-rela-
tivistic limits of quantum mechanics, electrorheological fluid etc. we refer the reader to [6,
24, 30, 31, 36] for details.
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Now, what results can be recovered if the p(.)S—LapIace operator is replaced by the

fractional p(x,.)—Laplacian of the form (—Ap(xy_)) . In 2017, Kaufmann et al. [19] have
introduced the fractional Sobolev spaces with variable exponent Wsa®:,y (QQ), They are
established continuous and compact embedding theorems of these spaces into variable
exponent Lebesgue spaces with the restriction p(x, X) < q(x), and as applications, they also
prove an existence result for nonlocal problems involving the fractional p(x; y)-Laplacian.
In [5], Bahrouni et al. presented some further qualitative properties of both on this func-
tion space and the related p(x, .)—Laplacian operator o, ,.

Under the restricted condition p(x, X) < q(x), the space Wsa®rt¥ (QQ) is in fact not a
generalization of the typical fractional Sobolev space WsP(Q2) with a constant exponent.
However, Ho et al. [18] and Azroul et al. [3] provided some fundamental embeddings for
the fractional Sobolev space with variable exponent to cover the case p(x, X) = q(x) and
their applications such as a priori bounds and multiplicity of solutions of the fractional
p(x, .)—Laplacian problems. We refer also to [12] in which the authors proved a trace the-
orem in fractional Sobolev spaces with variable exponents.

The equation presented by Kirchhoff in 1883 ee [Zq)épf the following form

2
P _aafi (Si 20 I 0 l )I 6#

IS an extension of the classical d’ Alembert’s wave equation by considering the changes in
the length of the string during vibrations. In (1.6), L is the length of string, h is the area
of the cross section, E is the Young modulus of the material, p is the mass density, and Po
is the initial tension. The Kirchhoff ’s model takes into account the length changes of the
string produced by transverse vibrations. Some interesting results can be found, for exam-
ple in [8]. On the other hand, Kirchhoff-type boundary value problems model several
physical and biological systems where u describes a process which depend on the average
of itself, as for example, the population density. We refer the reader to [1, 16, 28] for some
related works.

In the nonlocal case, many publications [7, 11, 15, 23, 33, 34] have appeared concern-
ing elliptic systems of Kirchhoff type. Existence and multiplicity results have been inves-
tigated. For example, when the exponents p(.) and q(.) are reduced to be constants, the
authors have considered in [7] the following boundary problem involving (p, q)-Kirchhoff

type

(1.6)

||([I|\_/I (UVUP gx)];lg—A) pU=AFu(x,u,v)+uGu(x,u,v), inQ,
(P1) T L|M(.[Q|VV| dx)“ (m)gv=AF(X,u,v)+uGy(x,u,v), inQ,
u=v=0, on 0Q,

!

where Q is a bounded smooth domain, 2, p, € [0, +o0), p >N, g > N, and (-4), is the
p-Laplacian operator (—A)p(u) = —div(|Vu|P? Vu). Based on Ricceri three critical points
theorem [28], they established the existence of three weak solutions.

In [23], using the same approach, Liu and Shi proved the existence of three solutions
for a (p(.), q(.)-Laplacian system of the form
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(—A)px)u=AFu(X,u,v) + puGu(X,u,v), in Q,

(P) (-A)  v=AF (x,u,v)+uG (x,u,v), in Q,
2 a(x) v v

| u=v=0, on 0QY,

In our paper, we aim to prove the existence of three positive solutions for problem
(P’;) using the three critical points theorem introduced by Ricceri.

The rest of our paper is organized as follows. In section 2 we briefly review some nota-
tions and basic properties of the spaces LP¥(Q2), W sP&)(Q3) and W, 5P (€Q). Moreover,

we introduce the weighted fractional Sobolev spaces with variable exponent Wf('figx'y)(Q) :
In Section 3 we study the existence of three weak solutions for system (P¥) by using the
three critical points theorem.

2. Preliminaries and basic assumptions

We will study our problem (P¥) in the general fractional weighted Sobolev spaces with
variable exponent, so we recall some basic properties of these spaces and we need to
establish some new embedding results of these spaces into generalized Lebesgue spaces
with weight.

Variable exponent Lebesgue spaces

In this subsection, we recall some properties of variable exponent spaces. For more details,
we refer to [13, 14, 21, 26], and the references therein. Let Q be a Lipschitz bounded open
set in RV, Set

C(Q)={y eC(Q) :1y(x)>1,vx O }.

Foranyy eC+(§) , we define the generalized Lebesgue space LY)(Q) as
Lr(Q)={u: Q- R is measurable '[Q|u(x) 1) dx < +o0

this space equipped with the Luxemburg norm

| =inf{x>0: I |M 10 dx11},
y(x) o A
is a separable reflexive Banach space. 1 1
Lety"eC+(Q) be the conjugate exponent of y, i.e. + . . =1.Thenwe have the

v(x) v (x)
following Holder-type inequality.

Lemma2.1. (Holdermequall ){If v LY(X)(Q) and veL"™(Q), so
uvdx Dlz —)HuH Mo o2l

'Y y(x)  vY(x) y(x)  vY(x)
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The modular of LY®)(Q) is defined by
pry L'OAQ) >R

U= pro(u) = Ju0x) [ dx.

Proposition 2.2. Letu e LY®)(Q), then we have
1 fu] <1 (resp=1,>1) = py(y(u) <1(resp=1,>1).

2. Jull gy <2=>[ull, Oy (WE
3' Hu”y(x) >1:>||u||1;x)DpY(-) (U) DHUH\{VYX)

. €3] . .
Proposition 2.3. If u, u, € L' (©2) and k € N, then the following assertions are
equivalent

1. JLFPOO”uk _tu(x) =0.

2. JLTOO Py, (U —u)=0.

3. uk —>uinmeasure in Qand lim py(uk) = py(u).
K—>+o0

Proposition 2.4. Let Q be a bounded open subset of RY, y € C (Q), then LY®)(Q) , ||u]| (
+ (X
is a reflexive uniformly convex and separable Banach space.

)

Proposition 2.5. Lety , r e C+(§) such that 1 < r(x)y(x) < +oo for a.e. x € Q. Letu e
LYC)(Q), u+#0. Then

r+

Lol F(x)(x)

01= |u

ur

F(0r (x) Y(X)DHMJ Koo oo

2 Hu”f(X)Y(X)D:L:> ”u”:;x)v(X)D”ulr(X)

v (x) DHMJ H:(X)V(X) )

In particular, if r(x) = r is constant, then

flur

v (X) :”uHrrV(X)'

Next, let ® € C(Q2,R) with (x) > 0. we define the weighted variable exponent
Lebesgue space LY(Q) by

Ly0(Q)={u: QR ismeasurable : [ o(x)]u(x)['® dx<+e},

with the norm

] u)l® )|
||u||y o, =infF >0 | o(x) dxi1 1%
(x), I L N E

From now on, we suppose that o € L*(Q) and essinfxeam(Xx)=wo >0 . Then obviously
Lr()(Q) is a Banach space. In that context, we refer the reader to [2, 10] for more details.
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Moreover, the weighted modular on L'*(Q) is the mapping P10 Q) >R
defined as follows

Py .o (U) =Lco(x)|u(x)|Y(X) dx.

As asimple example of w, we can take o(x) = (1 +[x|)* for all x € Q where o € R* or o(x)
= (1 + X))@ with o € C(Q).
The following proposition is similar to Proposition 2.2, and it follows easily from the

definition of |u| ., and p; ...

Proposition 2.6. Letu, {u} c LY®)(Q), then we have

ul . <1 (resp.=1,>1) < py(x0(u) <1(resp.=1,>1),
<Ll 00y (W [
v (x)o Py (mﬂwmum’
lim |Ju, HY =0 < nllrllpy(x),m(un)=0,

N—-+o0

Ilm ||u Hy =00 << nl_i)rpoopy(x),g)(Un)ZOO.

N—>+o0

Hu ||y(X)0)

ull ey > 1=l

Y (X).0

o &~ DD

Fractional Sobolev spaces with variable exponents

In this subsection, we recall the definition and some results on general fractional Sobolev
spaces with variable exponent introduced in [4], and we prove continuous and com-
pact embeddings of these spaces into weighted Lebesgue spaces with variable exponent
LY (€2) . Moreover, we introduce the general weighted fractional Sobolev spaces with vari-
able exponents W5 P ¥)(Q) .

We define the usual fractional Sobolev space with variable exponent as:

W s
W o 00 -u(y P 1

juel (Q): .|'Q u‘”’y)|x—y|”*5‘“vy)dXdy<oo’ for some u>0¢,

which we endowed with the Luxemberg norm
HuHs,p(x,y) = Hu”ﬁ(x) + [u]s,p(x,y) !

where [u]s p(xy) IS a Gagliardo semi-norm with variable exponent which is given by

pixs y;|X ylvﬂpu Y

[Uls.pixy) = |nf{p>0 J‘Q |u(x)— U(y)lp(xy) ddymif.

The space (W, || ., ,) is separable reflexive banach space.
We define the general fractional Sobolev space with variable exponent as in [4] as

follows

[u(x) —u(y)P*”

WEPCN(Q) ={u e LP(Q): [ O

K(x,y)dxdy <o, for some u >0},
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The norm in WS,P¥)(Q) can be defined as follows:

HUHK,p(x,y) = HU ”ﬁ(x) + [u]K,p(x,y)’

where (
[u] =inf%M>01IQ|“(X)‘“(y)|p(x'y)K(x,y)dxdyD ]

K,p(x,y) n(x,y) 1},

J

Corollary 2.7.
. (V\ks,p(x,y)(Q).”u ™ ,p(x,y)) is a separable and reflexive uniformly convex space.

« ifQc R"isadomain of class C%, then (Wivp(xvy)(Q);

UHK oy) ) is a Banach space.

Theorem 2.8. [4] Let Q be a Lipschitz bounded open domain in R"and let s € (0, 1). Let
p(x, .) satisfies (1.1) with sp* < N. Let r : Q — (1, +o0) be a continuous variable exponent
such that

1<r-<r(x)< p:(x) for all xeQ

Let K: RNV x RN — (0, +o0) be a measurable function satisfy{/r\llg &1.2)—&1.4). Then, there
existsaconstant C =C (N, s, p, r, 2) > 0 such that for any u €Ws P*Y/(Q))
0 0 K

Hq‘r(x) SC:O HuHs,p(x’y) SC:O max { l’k~0 }HuHKvp(x,y) :

That is, the space WSK*F’(X*V)(Q) is continuously embedded in L"™)(Q). Moreover, this
embedding is compact.

Corollary 2.9. L_etheaL'{'oschitz bounded open domainin RNands,e (0,1). Let peC+(Q)
satisfies (1.1) with sp* < N. Let heC (Q3) with 1<h™ <h(x)<p (X) I xe

a e L*X)(Q) where a. eC,(Q) satisfying:

p(x)<n(x)= LMD _ gy
a(x)-1 s

Suppose that K : RY x RN — (0, +0) is a measurable function satisfying (%.g()x—yglA). Then,
there exists a constant C1 =C1 (N, s, p, h, r, Q) > Osuch thatforany ueW .~ (Q)

HuHh(x),a < ClHuHsyp(ny) <C, max { 1.k, }HUHK oy

where ~ isapositive constant. ) _ _
Thaf is, the space W sP)(Q) is continuously embedded in L"®(C2). Moreover, this
K a

embedding is compact.

Proof. We shall prove the continuous embedding, we just need to prove that W sP)(QQ)
K

L"®(Q). Indeed, since ﬁ%)mn(x <p QX) for all x Q) , then by the above theorem we
have that the embedding Ii'p(va)( ), EM(QY) is continuous. Thus for all u e W ip(XvW(Q),

we have u e L"®(Q). Then
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hO\ ROy = [ [y M)
jQ(|u| x )hmdx—jglul“ dX < +o.

n(x 1 h(x)
As a result, |ul (fe L'ﬂ(ﬂ)(Q). Since aeL“X)(Q) and + =1, then by
a(x) n(x)
Lemma 2.1, we have
ha(Uu)2|a| . [u M, < +oo. (2.1)
h(x)

Therefore, UEL:(X)(Q), that is, the embedding W sP®)(Q),& L'®(Q) is continuous.
Next, let {u } ¢ W =Pt)(Q) such thatu — 0'in WS~P(X'V3<(Q). Since W sP(QQ) &6 L"0(Q),
K n K K

we have that
ur =0 in L"®(Q).

Then, it follows that HI u, 200 = 0,asn — +co. By equation (2.1),onehasp (u)— 0.
n ha n
h(x)

From Proposition 2.6, we deduce that

U0 2.0

h(x).a n —+e0

Consequently, the embedding W sP&)(QQ) & L"(QQ) is compact.
K a

3. Mains Result

General fractional weighted variable exponent Sobalev spaces
We introduce the general fractional weighted variable exponent Sobolev space as follows:

lu(x) —u(y) [

WEBCV(Q) ={ u € LEO(X)(Q) :IQ T K(x,y)dxdy < oo, for some u >0},

which endowed with the norm

HUHK ®,p(x,y) = ”U W3 PCY) ()
()
[ |u(x) —u(y)Pey) u(x) [
:|nf{|E/>O:IQ ) K(x,y)dxdy+_|.Qw(x) ‘ dxgli.
Moreover, the space (WS POY)(Q), [l ) is a separable reflexive Banach space.
K,o

K.o,p(x,y)
Forany u e W $P9(Q), we set

PK oy (U) = IQ|U(X) —u(y)POY) K(x,y)dxdy + IQW(X)| u(x) [P dx,

which is a modular on WP (Q), and it satisfies the following inequalities
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Proposition 3.1. Letu, {u } c WSPXY)(Q) | then we have
n K,o

Julle o opeyy <1(resp.=1,>1) < i) (u)<1(resp.=1,>1),
Hu”K,m,p(x,y) <1:>||u||lz,m,p(x,y) 90 ey (U I oy

Ju I o pyy > 1= ”u”gw,p(x,y) 9 % oy (WO K 09y

lim ||Un—UH =0 < lim <oy (Uy —U) =0.

N—>-+o0 K. p(x.y) N—-+o0

> w0 o

Proof. The proof is similar to [4, Lemma 4].

Lemma 3.2. Let Q be a Lipschitz bounded open domainin R¥and s € (0,1). Let p eC+(Q)
satisfies (1.1) with sp* < N. Let heC+(Q) with 1<h-<h(x)<p’(x) forallxeQ. Let
a e L“)Y(Q) with a satisfying:

p(x) <n(x) = LN _ oy
a(x)-1 s

Suppose that K : RN x RN — (0, +o0) is a measurable function satisfying (1.2)—(1.4). Then,

. s.p(x.y)
there exists a constant Co=C2 (N, s, p, h, r, ®, Q) > 0 such that foranyu e W (f ’ (Q)

oy < Comax {107 i, ) <C,max { 1K, o]

Ko,p(x,y)

That is, the embedding from W 2X¥)(Q3) into L1®(Q) is continuous and compact.

Proof. Since essinfeam(X)=wo >0, then LPMI(Q)o LPXY(Q). Thus WSPXY(Q)
SW spe3(Q3). By the use of Corollary 2.9 we have
W YP(X,y)(Q) oW s,p(x,y)(Q) [ENEN Lh(X)(Q)
K, K a

Since the latter embedding is compact, then the embedding WS POY)(Q) | & L"®0(Q) is
K, a

also compact. ,
We define E=W:*p(x'y)(Q)xWS’Q(X’V)(Q) as the solution space corresponding to
,® K,®»

(BX), equipped with the norm

Juv)E =l o ey * IVl o.q0x.4 - ClEaMlY (E, [I(uV)]le) is a reflexive, separable Banach
space.

Existence result

Before starting our results, we introduce some assumptions that we will use to prove that

problem (P(DK) has at least three weak solutions by using Theorem 3.6. We assume the
following conditions hold:

(Mo) M : R* — R is nondecreasing continuous function and there exists a constant mo
> 0 such that

M) >mo,  Vt>0
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(Ho) F (x,0,0) =0, fora.e.x e Q,

(Hy) there existsd >0 suchthat F (x, s, t) >0 fora.e. x e Qand all s, t € [0, d] % [0, d],
(H,) There are functions a.(.), B(.) e C,(Q), 1 <o <a*<p and1<B <B*<qg such
that

F(x, s, t) <C(1 + a(X) [s|*® + b(x) [t[F®), fora.e.x e Q,

where
ax)eLo(), px)<" ) g,
rn(x)-1 °
and
b(x)eLe0(q), go< 2P gy,
ra(x)—1 :

(H) Thereexist p ,q €C (),p*<p <p*<p (x)andg* <q <qg* <q (x) such that
3 1 1 + 1 1 S 1 1 S

supF(x,s,t)
limsup Xl
(s.-0.0) &(X) [ [ +b(x) [t [+

< +00,

Definition 3.3. For sp*; sq* < N, we denote by A the class of functions F: Q x R > R

such that R, = Z—E and R, :%5 are two Caratheodory functions and

Sup |F5(X,S,t)| < 400,
|T11(X)—1 +| t |nz—1

(x,5,1)eQxRxR 1+| S

sup |[Fe(X,st) < +oo,
|n1(><)fl _l_ltlnrl

(X,8,t)eQxRXR 1+| S
forall nl(-) e(p*, p:(X)) and nz(-) e(q" ,q*S(X)) :

Definition 3.4. We say that (u,v) € E is a weak solution of (P K ) if
K,p(x,y)(u))xrj u(x)—u(y)l (u(x) —uCy)(e(x) —o(y))K(x,y )dxdy

M1 Co
+[ o(x)[ufpro-2 u(x)(p(x)dx]
K,q(x,y)(V))X||_I VOOV, (VOO V(Y)W (X) —y (¥ )K (x, y)dxcly

+M( | |_
) +Iw(x)|v|qix)‘2u(x)\y(x)dx]

p(x.y)-2

a(x.y)-2

:XIQ Fu(x,u,v)o(x)dx + pJQGu(x,u,v)(p(x)dx +7LIQ Fv (X, u,v)y (x)dx + ujﬂGv(x,u,v)w(x)dx,

forall (o, ) € E.
Our result is formulated as follows.
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Theorem 3.5. Let Q be a bounded open set of RN and lets € (0,1). Let p,q:Q —(1,+x)

be two continuous variable exponents with sp* < N and sq* < N for all (x,y) €Q satisfying
(1.1) and F € A. Assume that the assumptions (Mo) and (Ho) — (Hz) hold. Then, there exists
an open A c (0, +) and a positive real number & > 0 such that, for each A € A and every
function ¥ € A, there exists u* > 0 such that for any u e [0, u*], system (Po*f ) has at least
three weak solutions whose norms are less than .

In the literature, different versions of the Three Critical Points Theorem are estab-
lished, we refer the reader to [27, 29] for example. In order to prove our existence results,
we will use the following result proved in [28] that, on the basis of [9, Theorem 1], is
equivalently stated as follows.

Theorem 3.6. Let X be a reflexive real Banach space. Let @ : X — R be a continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose
Gateaux derivative admits a continuous inverse on X* and @ is bounded on each bounded

subset of X; J : X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact. Assume that:

i lim @(u)+AJ (u) =+oo forall A > 0;

Jul -+

il. thereexisty e Randu, u, € X such that

D(Ug) <y <d(ur);
i.  inf J(u)> (©(u1) =7 ) I (uo) +(y = P(0)) I (us)
uedt((—oy 1) ®(u1)—D(Uo)

Then there exist an open interval A < (0, «) and a positive real number 6 such that, for each
A € A and every continuously Gateaux differentiable functional ¥ : X — R with compact
derivative, there exists u* > 0 such that for each pn < [0, u*], the equation

®'(u)+AJ'(u)+ uP'(u)=0

has at least three solutions in X whose norms are less than 9.

Itis clear that problem (Pm" ) has a variational structure. The energy functional corre-
sponding to problem (PX ) is defined as H : E - R

H(u,v)=®(u,v)+AJ(u,v)+pu¥(u,v),

where

J(u,v):—IQF(x,u,v)dx ; ‘P(u,v):—IQG(x,u,v)dx
and OUV) = MO g0y (W) + MR g1 (V)
with M(t)= [ M(s)ds,  vt>0

In the following auxiliary lemmas are useful to prove our existence theorem.
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Lemma 3.7. the following proprieties hold true:

i.  The functional ®<C* (E,R”) and its Gateaux derivative @' : E — E* is given by:
(@'(uV)(@w))=(Py(u).e )+ (Pg(u)y ),
where
(@, (u).)
= M('&",p(x,y,(U))XMQIU(X) —u(y) PO (u(x) —u(y N(e(x) —p(y )K(x, y )dxdy
* () [uPX-2 u(x)p(x)dx]
and
@, (W)
= 'Vl(|°K",q(x,y>(U))xMQIV(X)—V(y)l‘*(x'y)‘2 (v(x) =v(y )y (x) —w (y))K(x,y)dxdy
[ o(x)|v )2 u(x)\u(x)dx].

ii.  The functional @ is sequential ly weakly lower semi-continuous.
iii. The functional ® bounded on each bounded subset of E.

Proof. i. By astandard argument, we have that @ is differentiable and its Gateaux deriva-
tive is given by

O'(u,v).(p.y)

= MOIR sy )% JUO) ~UCY) P2 (u(x) = u(y))(@(x) @y DK (X, y )drcly
+ o(x)|upt-? u(x)cp(x)dx]

M1 o0 @) )><[LJ.Q|V(X)—V(B/)Iq(x'y)‘2 (v(x) =v(y)(w (x) -y (y))K(X,y)dxdy

+ [LoCOIVIIZ vx)y (x)dx ),
for all (u, v), (¢, v) € E. Now, we prove that @' is continuous. The conti-
nuity of I ., and of 12 . . is similar to the continuity of the p(x, .) and
q(x, .)-Laplacian operators, and since M is continuous, it remains to show that

(IR pxy) ) and (I¥ acxy ) e continuous.
We define

1

La(u) =
wpy)
and L (W)= o[ UCOPY o

2

[u(x) —u(y) P*¥ K(x,y) dxdy

Q

p(x)
Then,

19 500y (W) = Ly () + Ly (u) and (1% g,y )’ (U) = Ly (u) + L (u). (3.1)



14

E. Azroul, A. Boumazourh and H. El-Yahyaoui / Three Solutions

Let u <= Wy P*Y(Q) be a sequence such that u  converges to u in
Wi PXY)(Q)) then we have

(%En)—u(u),(p )
= 1) U Y) PV (X)) -y P (i) iy

x(@(x)—o(y))K(x,y)dxdy.

Set

1

H(x,y) =lu (x)=u (y)PEY72 (U (x) —u (y)K(x,y) ¥ e LPEN(Q),

1

H(X,Y) =1U(x) ~Uu(y) P2 (u(x) ~u(y DK (x,y) P09 € LXON(Q),

1

@(X,¥)=(@(x) =(y)K(x,y)PHV e LPEYI(Q),
1

wherep : Q — (1,+00) isthe conjugate exponent of p, that is, . 1 + =1.
p(x,y) p(x.y)

By Holder inequality, we get
(L1(un) = La(u) ) <[Ha O, ¥) =HOG Yy TGV -

Thus
HL'(u)—L'(u)‘ xSHH (x,y)—H(x,y)|| .
1 n 1 (Wg‘p(x‘y)(g)) n p(x,y)
Now, let
tn(X, ¥) = (Un(X) ~Un(y DK (, ¥ ) PO & LPN(Q),
and t(x,y) =(u(x)—u(y))K(x,y)P¥) e LPCY)(Q).

Since u, — uin WPe(QQ). Thent — tin LP*(Q).
Hence, for a subsequence of (t,),.,, we get
t (X, y) > t(x, y) a.e. in Q and 3g € LP®)(Q) such that

It Y)I<a(x, y).
So, we have

Hn(Xx,y) — H(x,y)a.e.inQ,

and Ha(X, Y)[<]ta(X, y) PEY1< g (x, y) POE3-L
Then, by the dominated convergence theorem, we deduce that

Hn(X,y) = H(X,y)in LP&Y)(Q),
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Consequently
L (u,) = Ly (u) in (WP(Q) ) .
By the same argument, we show that

L, (u,) = Ly(u) in (L)) .

Then, we deduce that (|(JJ ) is continuous.
K, p(x,y) ® ' ) .
Using the same argument we conclude also that (|K q(x.y) ) Is continuous.
ii. Sincet—|t[P®Y) jsconvex, we have that I is convex on WS PCY)(Q) and
|o is also convex on Ws909(Q) . Let {u™V )  E be a sequéfice such that
K.a(x.y) Ko non

u, = uin WeP*(Q) and v, — v in WIY)(Q). Then, by the convexity of
Ik oex.yy» WeE have

[© (u)-1Ie O O <|‘*’ "(u),u —u>.

Kop(cy) 0o KLp(x.y) K.p(x.y) n

Hence, by passing to limit, we get

IO)

K'p(xyy)(u)DIiminf I@Kyp(xyy)(un).
—+00

n—-

Thus, IR ., Issequentially weakly lower semi-continous. As well, Ty oy is
also sequentially weakly lower semi-continous. Additionally, by the continuity
and monotonicity of the function t 0 M(t), we get
liminf ®(un,vn)  Climinf M(1© 5 xy (un))+liminf M(1© g xy (Va))

KoL) Ko

N—-+o0 N—-+o0 N—+00

CM (liminf(1e (u )+ Mliminf(le (v )
e K,p(x,y) n - K.a(x,y) n

IM(L2 oy (U) + MOS0, 0 ) =D(u,v),

that is, @ is sequentially weakly lower semi-continous.
(iii) Obviously, @ is bounded on each bounded subset.

Lemma 3.8. The functional @' : E — E* is a homeomorphism.
Proof. we show that the operator ®' : E — E* is invertible on E. By Minty-Browder
Theorem (see. [35]), it suffices to prove that @' is strictly monotone, hemicontinuous and

coercive in the sense of monotone operators. So, let (u,v) € E, withu#vand A, pn € [0,1]
with A +p =1, since I, ., isstrictly convexe and M is strictly nondecreasing, then

M(1¢ (M+pv))<Me )+l (V)

K, p(x,y) ~ K,p(x.,y) Kop(x,y)
M (P (u) + Ml (V).
K, p(x,y) K, p(x,y)

This shows that is M is strictly convex.
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Now, let (u,,v,), (u,, v,) € Ewith (u,v,) # (u,v,) and A, p € [0,1] with A + n = 1, by the
strict convexity of M, we have

CD(K(U1,V1)+M(U2,Vz))zCIA)(?\,U1+},LU2,7\,V1+},LV2) A

=M(I°® (Au +pu )+ M(I® (Av +pv )
M (U )+ pM(Ie (‘*&”3’
a0 oy piee 0

Ka(xy) 1 K.a(x,y) 2
= }\‘ H[M ( IOKJ,p(X,y)(ul) + M( IU}z,q(x,y)(Vl)T_{
|

+MLM(|w (u )+ M(1® (v)

Kip(x,y) 2 K.p(x,y) 2

=AD(uz,v1)+ pd(uz v2).

Therefore, @ is strictly convex, so by proposition 25.10 in [35], @' is strictly monotone.
Let (u,v) e E such that ||u]| v| >1 by Proposition 3.1, we have

K.o,q(x,y)
(@'(u,v).(u.v)) _ MR o (U)) pR oy (W) + MUIR i) (V) pR gy (V)
[Cuv)le [Cuv)le
M0 (P .0 (W) + PK s (V)
[Cu )

(81 ey I

[(u vl

min(p~.,q7)
M (10 s V) )
vl
- m (uy) e
L

omo [(u )

K,o,p(x.y) "

Hence,

. d'(u,v),(u,v
lim = +o0,

ICuv)g 4o ”(U,V )” E

and @' is coercive. Since ® € C}(E, R), then @' is hemicontinuous. Hence, in the light of
Minty-Browder Theorem, @' is surjective. By the monotonicity, ®' is aloso an injection.
Thus @' is invertible and @' : E* — E is bounded. It remains to show that @' is continu-
ous. Let us first prove that @' ! satisfies the following property:
(S):1f(u,v)—(uv)inEand ®'(u,v)— d'(u,v), then (u, v.) = (u, v). Indeed, let (u., v, )
~ (u,v)inEand ®'(u,,v,) = ®'(u, v) in E*. Then, using the compact embedding in Lemma
3.2, we getu (X) — u(x) a.e. x € Qand v, (x) = v(x) a.e. X € Q. By Fatou’s lemma we obtain

liminf | [ Jun(x) —un(y) PO K (x,yYaxdy + [ o(x) [un(x) PO dx |

n%+oo|Q Q

> [ Ju(x)—u(y) Py K(x,y)dxdy+j o) [u(X)PX dx,  (3.2)
Q Q
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and
liminf FJ' IVa(X) =Va(y)[0OXY) K(x,y)dxdy+j o(X)|vn(x) 1) dxw|
N—>-+o0 |-Q Q J
2_[ V(x) —v(y) [y K(x,y)dx+I o(X)|v(x)[*) dx. (3.3)
Q Q

On the other hand,we have
i (0,0, =040 00 =) | = 1 (@t 30, (1 00) =)
=n|ir+T;IOCD' ((un Vn) = ®'(u,v),(Un Vo) —(u,v)) =0.
Using young’s inequality we get
On :<(Dp(Un),Un —u>+<CDq(vn),vn —v>
= M(I s,y (Un ))mun(x)—un(y)|p<x'y> K(x,y)axdy + [ eo(x)] un(x) P dx
—,leun(X)—un(y)l"(x'y)*2 (un(x) —un(y))(u(x) —u(y))K(x,y)dxdy
= [ @O0 () P2 un(x)u(x)ex |
MO g (Y | 000 =0 () K (x, ey + [ (X)) (X))
—IQIVn(X)—Vrm(y)lq(x’y)‘2 (vn(x) =vn(y))(v(x) —v(y))K (X, y)dxdy
= [ @00 Tun(X) 02 v(x)u(x)ax |

> MU (U [ J0s00) U)K,y ey + [ o)l un(x) PO i
- )~y P )~y KO,y ey co(x)|un(x)|p<*>-1|u(x)|dx7IJ
Q Q
MO o (Ve ))Mo"’“(x)“’n(y)|q(x’y) K(x,y)dedy + [ o(x)]vn (x)[0 dx
= 00UV W) ~vCy) KO,y = | @010 (]|

Q Q
>M © fp‘—p++l p(x.y)

('K,p<x,y>(un>>|L Jun(x)=un(y)l K(x,y)dxdy

p,
ot 1
n pr—-p +1'[Q®(X)|un(x)|p(x) dX—p_IQlu(X)_u(y)lp(x’Y) K(x,y)dxdy
L] o(0lux)P ™

p Q

+M |© g —g7+1 a0x,y)
CranliD] — [ W) -vtnl - Kxy)iy

- +

2 - +1Jﬂw(x)|vn(x)|q<x> dx—qﬂolwx)—V(y)l“*“ K(x,y)dxdy

_ Lt () v(x) [ dx-|.
q JQ J
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Going to the limit inf in the above inequality, we obtain

0>mo |_Iiminfj' Jun(X) —un(y) PO K(x,y)dxdy+_[ o(X) | un(x) [P dx

nosto @ Q
—} WO —=u(y) P9 K (x, )iy + [ @(x)]u(x) P dx—||
Q o |
+mo ! imin [ Jva(x) ~va( y) B9 K (x, y)abdy + | eo(x)[va(x) %) de

|_ Nt Q Q

— | M) =v(y) PO K (x, y Yaxdy + [ o(x)|v(x) 20 dx7|.
Q Q

This and (3.2) and (3.3) yeild
timinf [ [ Jun(x) —un(y)POY) K (x,yYxdy + | 0(x) un(x) P d |

N—>+0 | Q Q |

= [ O =u(y) P K (x, y)dxdy + [ o(x)|u(x)PX) dx,
Q Q

and
liminf [ () ~va(y) FO9 K O, y)axdy + [ (x)[va(x) 100 dx—||

N—>+o0 Q Q

= [ MOX) = V() [FO0 K (x, y)dxdy + [ (x)[v(x)[1) dx.
Q Q

For a suitable subsequence, we have
lim | [ Jun(x) = un(y) PO K (x, yYaxdy + [ @(x)|un(x) P dﬂ'

n—HOC| Q Q

:L|u(x) —u(y) POV K(x, y)dxdy +.|'Q o(X)[U(X) PO dx,

and
lim [ (%) = Va(y ) FO9) K (x, y)dxely + [ @(x)]va() 10 x|

nN—-+w0 Q Q |

='[ IV(X) —v(y)[axy) K(x,y)dxdy+j o(X)|v(x)]4¥) dx,
Q Q

that is, lim p® (u)=p® (u), and lim p® (v )=p° (v) . Proposition
K,q(x,y)

K.p(x,y) n K,p(x.y) n K.a(x,y)

N—>+o0 nN—>+%

3.1 implies that (u,,v.) = (u,v) in E.

Now we show that @' is continuous. Let {(f , g, )} € E* be a sequence strongly converge
to (f,g)inE*and let (u, v ), (u, v) € E such that

U =@*(f), v=0%g) u=0(f)andv=d(g).
p n n q n p q

Then, we have
fa=®,(Un) > f =D (u),
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and
gn =Dy (Vn) > g =Dy (V).

By the continuity of ®" we get
@'(Un ,Vn ) > D'(u,v). (3.4)

On the other hand, since ®' is coercive, then (u.,v.) is bounded in E, so, we can assume
that it converges weakly to a certain (u,, v,) € E. Since (f ,g.) converges strongly to (f, g),
we have

lim (@'(un ,va )~ ®'(Uo Vo ),(Un V) —(Uo Vo))

. :nl_lmj(( fn,gn ),(Un,vn)—(Uo,Vo )>:

In view of property (S) and the continuity of @' we deduce (u,,v,) = (u,, v,) in E and
@'(Un ,Vn) = D'(Uo ,Vo ). (3.5)

From (3.4), (3.5) and using the fact that @' is an injection, we conclude that (u,v) = (uo, Vo).

Lemma 3.9. Let F, G € A. Then the function J, ¥ € CY(E, R) with the derivatives given by
(J'(uv),(o,w))= —J'Q Fu(X,u,v)pdx —JQ Fv(X,u,v)y dx,

for all (o, v) € E. Moreover J' : E — E* is compact.

Proof. We prove the result for the operator J. For ¥, the proof is similar. First, fromF € A

and the embedding result, we have that J is well defined on E . Using a standard argument
we have that

(J(uv),(o,w )>:—.[Q Fu(x,u,v)(pdx—fQ Fv(X,U,v)y dx.
Now, we claim that J' is continuous. Let {(u cE b sg%eq e onver ngstron
e e el WESHE T RPAE Y
define the operator (u, v) = F (., u(), v()) +F (., u(), v()) 2rom LY(X§(Q)>< LY(X¢Q) into

LYO(Q) with —=—+——=1. Then, fixing (, ) € E with (i =1, by the Holder
v(X) 7(x)

inequality, we get

(3" (un V) = 3 (U, (u~v=))|

< (R () 9n(30) = Ful X (), V00N )u=()dx |
+‘ [ (FeOxun(x)vn(X)) = Fu (x u() MO)) o=(x)dlk ‘
< Ca]l (%,Un(x),vn(x)) = Ful X u() VO Lo gy (XN
+CalFy(Un(),Vn(0) = Fu U0V O Ly =000y
< Cs [Fux un(x)vn (X)) = Fulx U)Wy =)
+ ColFy Um0,V (30) = Fu (X U0V oy ()]

K.s,p(x, y)

Ks,a(x,y)’
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for some constants C,, C,, C,, C, > 0. Thus, for ||(iZ, "v)||z <1, we obtain

|3 (un ) = 3 (U,V) < C7 [Fu(x,Un(x), V(X)) + Fu(X,U(X), VOO o
TC{;HFV(x,un(x),vn((x))HFv(x,u(x),v(x))\L~y(x)(Q). (3.6)

On the other hand, since W*P>*Y)(Q) and Ws-axy re compactly embedded in

LY(quQ) , we have that Ef Ko () K. f_%)‘)(aQe) R ToiTows that there exist
un,v? converge strongly in

a subsequence of {(u , v )}, still denoted’by {(u’, v )}, and (h, g) € L) X Lr((Q)

such that

un(x) = u(x) a.e.xeQ, Vn(X) = v(X) ae.xeQ

and |un(x)[€h(x) ae.xeQ, |v(x)|£g(x) a.e.xeQ,.

This fact combining with F € A implies that
Fu(X,un(Xx),vn( X)) — Fu(x,u(x),v(x)) >0 asn — +oo,
Fv(X,un(X),vn(x)) — Fv(x,u(x),v(x)) >0 asn— +ox,
and
| Fu(X,Un(X),Va(X) IS C {1+ h[r I 4] g [r091) € LYOI(€),
| Fy (X,Un(X),vn(X)[<C f1+[h [ 4] g [F9) € LY (),

for almost everywhere x € Q. Hence, by applying the dominate convergence theorem,
we get

[Fu(X,Un(X),Vn( X)) = Fu(X,u(x),V(X))|- =0 asn — +o,

IFv(X,un(X),Va( X)) = Fv(X,u(x),v(x))|- —0asn— -owo.

This proves that J' is continuous. Now, in order to verify the compactness of J', we take {(u,,
v.)} a bounded sequence in E. Then there exists a subsequence of {(u_, v.)}, still denoted
by {(u,, v)}, converging weakly in E. So, it converges strongly in LY ®€2) % LrOI(Q) .
Using the same argument as above we show that {J'(u., v,)} converges strongly and then
the operator J' is compact.

Proof of Theorem 3.5
To prove our existence result, we take X = E and it is enough to check that @, J satisfy the
hypotheses of Theorem 3.6. Indeed, by Lemma 3.7 we have that ® € C*(E, R) is sequen-
tially weakly lower semi-continuous, bounded on each bounded subset and its Gateaux
derivative @' : E — E* admits a continuous inverse. Moreover, Lemma 3.9 implies that J €
C! (E, R) and its derivative J' : E — E"is compact.

Next, we will check that condition (i) of Theorem 3.6 is satisfied. Indeed, by Proposition

3.1, forall ul, o) VHK,m,q(x,y) >1, we have
®(u,v) :M('ﬁ’,p(x,y)(u))+n|\q/|(|°£,q(x,y)(V))

Mo o (w+_°p”  (v)

| %1 AT e ) (3.7)
0 Lp+ q+J K.o,p(x,y) K.,®,q(x,y)
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On the other hand, for all A > 0, From the condition (H2) we have

M) =] Foouvyd [ C(+a00) () ) +b(x)|v(x)P*) )dx

N g+
1-1¢ (1904l 0 + M5 ) 39
Since W 209(Q) < LiEH(Q) ang WRE(Q) © LECI(Q), there exist two positive
constants C,,, C,, > 0 such that
Hu“a(x)'a Dcll max {1’k~0 } HUHK o,p(x,y) "’
and
HVH B(x).b DClZ max {1’k~0 } ‘M‘K,m,q(x,y)'
Thus,
}\"] (U,V)D _7"C (l Q' +C11 ||u||aK+,m,p(x,y) +C12 ||V||i+,m,q(x,y) ) (39)
By, (3.7) and (3.9) , it follows that (1 ) ) )
O(u,v) +AJ(uv) Om min 4_’_ Q uP + v )
0 Lp+ q+J || |K,w,p(x,y) || ||K,m,q(x,y)

10 (1004l s+ ol )

since a* < p~and * <q-, we conclude that

lim  @(uv)+2AJ(uv) = +w.

\ (uy) \e—>+0

Consequently, the assertion (i) of Theorem 3.6 is satisfied.
Next, we will prove that the assertions (ii) and (iii) are also satisfied.
Since Q is a nonempty bounded open set there is a point Xo € Q, let R > 0 we put

[
€O\ B(x0,R),
m(x):J%(R—M—X ) )>((eB(x (,)Ig))\B)(x ,B),
‘ R 0 0 0 2
Ld’ XeB(Xo,%). (3.10)

Lets now choose
(uo(x),vo(x))=(0,0) and (u1(x),vi(x)) =(m(x),m(x)).

It is easy to see that
D(uo(x),Vo(x)) = J(uo(x),vo(x))=0.
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From (H1), we have -J(m(x),m(x)) = IQ F(x,m,m)dx >0 . From (H,) and (H.) there
exists C > 0 such that

F(X,LE)<CtP: +|& ), V(t,E)e 2aexeQ.

Fix0<r<1.When

.11 + a.
mming= 0y e )ert
0 p+ q+ K.,w,p(x,y) K.w,q(x,y)
by the continuous embedding of yys.p(x.y) in LP (©) and of yys.ax.y) :
y g of ye 2t Q) 5 (6 W S(Q) in
L, (©) we have
“J(uv)=] F(x,uv)dx OC| (a(X)IUI"I +b(X)IVIq1)dX
Q Q _ _
OC juyh + v
13” ”K,m,p(x,y) || ||K,<DVQ(X~Y)
(o a)
DC“'UD +rd |J
for some positive constants C_,, C,,. Since p- > p*and q” > q* we get
1 1
Pt LA et )
lim P g =0. (3.11)
_ 1 Ao o + r
if m m|n< : u + v <r
AR o | SR A
<m mingi,i]r}nin{mp* +md ,mP +md '1}'
oA g st et oo oo
then, if [|[(m, m)||. <1
@(Ul,Vl)Zq)(m,m) :M(ILKOVpFXi)(nP%_'—M(Iolz,q(x,y)(m))
[IJm min <—— gp“’ (m)+p® m)
0 p+ i K.p(x.y) K.a(x,y)
4 1q] - -
Dmmin<—,— m P +m ¥
SRR I R e
>r>0,
From (3.11), we know that
r —J(Ul,Vl)
na P ; —Jv) 32' f cﬂ( ©.p(x.Y) o)
momin{T,T}hu\va‘p(x‘y)+\v\§'vm‘q(x‘y) <r max LFS:,J \m\‘é p(x,y +\m\¢
<F I(u,v)
2 O(uy,v1)
<r —J(Ul,Vl)
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and, if [|(m, m)]lc > 1

S(mm) =M g, (M) + MO g (M)
Om min r - gp‘” (m) + p® (m))

0 K.,p(x.y) Ka(x.y)

PT o
. (LL _]é p q
CJm min [ m + m
0 Lp+ q+J || ||K,w,p(x,y) || ”K,w,q(x,y)

>r>0.

From (3.11), we know that

r =J(u1 v
sup ~J(uyv) <. ( 1V1)
m_min{ i,i}(Hqu+ +HVH’4+ <r 2
o g kopon Tleoacan | max ” Ko p(xy) T K ©,q(x, Y))

S£_—J(ULV1)
2 ®(ug,v1)

<r —J(Ul V1)

(D(Ul V1)

Consequently, ®(uo,vo)<r <®(uz1,v1) . Hence, the condition (ii) in Theorem 3.6 is veri-
fied. On the other hand, we have

_(CD(ul,vl)—r)J(uo,vo)+(r—d>(uo,vo))J(ul,vl) o J(Ul V1)
®(uz,v1)—D(uo Vo) d(uy V1)

Forany (u,v) e®(—oo,r), we get d(u,v)<r,i.e.
MCIZ 0y (OO + MO oy (VOO <,

then, we get

m min[i,lw(p‘” (u)+p® (v))Sr.
0 % + +> K.p(x.y) K.a(x,y)
Lp q
So,
r
® u+p® (V)< <1,
pK p(x y)( ) pKYQ(X y) . JL l]
Moming =, ¢
lp q )
then

p(}?,p(x,y)(u) <1 and pl?,q(x,y)(v) <1'
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it follows that,

Ulk o o0y < ]( 11and1M£°’q(x+y) <1. JFrurthermore, it is clear that
p

m min %—,— v )<r.
0 Lp+ q+J ” ”K,w,p(x,y) ” ”K,w,q(x,y)
So, we get that ( ]
D Y(—or)cK(r), K(r)= tj,v)eE,m min{— ~3(u ¥ +v e )<rF
| | R | e
L P A )
Then
— inf J(uyv) = sup -J(u,v)
ue®(—oo,r) ue®(—oo,r)
< sup —J(u,v)<—rM,
(uv)eK(r) ®d(u1,v1)
that is
inf J(u1v)>((D(ul,Vl)—r)J(Uo,Vo)+(r—(D(Uo,Vo))J(Ul,Vl)’
Ued (o) ®d(ug,v1)—Dd(Uo,Vvo)

which means that condition (iii) in Theorem 3.6 is verified. Then the proof of Theorem 3.5
Is achieved.

Example
LetQ=(0,1) x (0,1), p,q: Q — (1, +0) be two continuous functions satisfying (1.1) with
sp*, sq* < N. We consider

« M(t)=a1+aqt, ai,a2 >0,
¢ K(xy)=lx-y [,

. —| g 11 (X)) <j 2 (X) —
:/:_(ir;atx) zlss)q(}S)k(_ Js:g)gt)zl v where  y1 v, €Co(Q) such  that
1 2

e o(X)=0(X1,% )=2+X1.

Then, we have
Fs(x,s,t) =y (x)cos(s)sin(s)|sin(s)[=*)?sin(t)[=*,
Fe(x,s,t) =1 (x)]sin(s)[=*) cos(t)sin(t)|sin(t)[=*)2,

- a
and M=at+ 2t?
)
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In this case the system (PK) becomes
(a ta (I ))( _A )S(u) 2+X1 |U|P(X) 2 \|
s,p(X, y) p(x T

.—ky (x)cos(u)sin(u§| sin(u) "2 sin(v) 2 +uG ()x,u,v), inQ,
(Paﬁ'az) {(a e (Im ( ) )))|((_A ( ))S(v)+2+Xllvlq(X)2 VD\| nQ,
s.a(x.y q(x.. ——
)
|=7W2(x)cos(v)sin(v)| sin(u) [*] sin(v) [2%72 +uGy (x,u,v),
{u=v=0, inRN \ Q,

Next, we will show that the hypotheses of Theorem 3.5 are achieved. For each s;t € R,
we claim that F € A. Indeed, we have

Fs(x,5,t) <y, <y (L] s [,

and I:t(X,S,'[)S’y;’S'YZJr (1+|Slnl(X)_l+|t|n2(X)_l)’
forallm ()e(p, p (X)), 1 ()e(gt.q"(x)) and any (x,s,t) e Qx Rx R , then
1 s 5 .

sup | Fs(x,s,1)| <y <4,

(x,5,1)eQxRxR 1+| S |T]1(X)—1 +| t |T]2 -

sup |[Fe(X, s <y* <o,
|n1(><)—1 +|t|nz—1 2

(x,5,1)eQxRxR 1+| S

On the other hand, we have
F(x,0,0)=0, F(x,5,t)>0,
and

F(x,s,t)<1<1+a(x)|s® +b(x)[t[P),

forany o, B eC+(Q) suchthat a* <p-,B* <q ,a(x)eL"Y(Q) and b(x) e LY(Q),
r(x)a(x) <p*(x), and q(x) < r(x) B(x) <q" (%)

n(x)-1  ° nL(x)-1 °
Moreover, if we choose p ,q €C (€),suchthat p"<p <p"<y andqg"<q <q"<y~,
1 1 1 1 1 1 1 2

then

where p(x) <

lim |sing[y Isintf
so-o0a(x)|s|:  +b(x)[t]*

) =0 < +o0.

Which means that (H,), (H,), (H,) and (H,) are verified. Also, for m, = a, the condition
(Mo) is satisfied.
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Then, there exists an open A — (0,+) and a positive real number & > 0 such that, for
each A € A and every function G € A, there exists u* > 0 such that for any p € [0, pu*], the

system (Pa‘? ,az ) has at least three weak solutions whose norms are less than o.
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